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ABSTRACT Direction-of-Arrival (DOA) estimation capability of sensor arrays is greatly influenced by
geometric configuration of arrays. We proposed a new type 2-D planar array, improved Archimedean spiral
array (IASA), to arrange sensor elements and enhance the array performance through Archimedean curves.
The 2-DMUSIC algorithm is used to estimate the spatial spectrum of signals. The analysis is complemented
with numerical simulations. By comparing the root mean square error, the IASA has better 2-D DOA
estimation results than circular array, rectangular array, and concentric ring array.

INDEX TERMS Sensor arrays, Spirals, Direction of arrival estimation, Planar arrays, 2-DMUSIC algorithm.

I. INTRODUCTION
Sensor array’s signal processing has been widely used in
many fields such as radar, sonar, and electronic recon-
naissance [1]–[5]. The spectrum of time domain sequence
represents the energy distribution of the signal at specific
continuous frequencies. And the spatial spectrum represents
the energy distribution of the signal in all directions, which
is an important concept of spatial domain processing [6].
Hence, if the spatial spectrums of the signals are obtained,
the Direction of Arrival (DOA) of the sources will be con-
sequently handled and located. The high-resolution spatial
spectrum estimation can accurately determine the spatial sig-
nal sources. Spatial spectrum is the superposition and extrac-
tion of spatial signals by sensor arrays. Moreover, there are
several crucial factors to determine the performance of spatial
spectrum estimation, such as topological structure of sensor
arrays, amplitude and phase distribution of array elements,
and mutual coupling effect between array elements.

At present, the researches and analyses of the spatial
spectrum estimation with traditional sensor arrays have been
explored and have got great achievements. Meanwhile, there
are much less studies and researches of DOA with spiral
arrays. The direction of arrival with logarithmic spiral array

FIGURE 1. Logarithmic spiral array.

has been developed in [7], as shown in Figure 1 and their
research result showed that the logarithmic spiral array has
high spatial resolution.

Also, Compressed Sensing algorithm was applied to thin
concentric ring array in [8]. Planar array with elements obey
one or several concentric rings are commonly referred to as
concentric ring array. As shown in Figure 2, it shows that
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FIGURE 2. Concentric ring array.

the concentric ring array pattern has better performance and
larger aperture. Due to the symmetrical structure of the ring
array, the coupling effect between array elements restrained
in some range. But the number of array elements increases
significantly with the increase of radius of the ring, according
to the relationship between the radius ρm and the number of
elements Nm.

ρm = (m− 1)ρ + ρ1 (1)

Nm =
4π · ρm
λ

(2)

Where ρ is the radius of the adjacent ring, ρ1 is the radius of
the first ring, and the number of rings is represented as m.
The Archimedean spiral antennas are widely used as

a kind of broad-bandwidth antennas [9]. For example,
Figure 3 shows a 2-turn Archimedean spiral antenna with a
10 mm starting radius and 40 mm outer radius.

FIGURE 3. Archimedean spiral antenna.

This paper proposes a new array configuration named
Improved Archimedean Spiral Array (IASA) with eight arms,
which can reduce the number of array elements, restrain
coupling between array elements, and improve the resolution

of arrays. We applied the 2-D MUSIC algorithm to estimate
the spatial spectrum. And simulation results show that the
effectiveness of the IASA for spatial spectrum estimation is
quite good.

We defined a narrow steering vector and the direction
function in sec.2, and reviewed the 2-DDOAmusic algorithm
in sec.3, then performed simulation in sec.4. As a result,
we gave the RMSEs in different array structures, followed
with conclusions in sec.5.

II. IMPROVED ARCHIMEDEAN SPIRAL ARRAY MODEL
In order to restrict the complexity of simulation, this paper is
based on the following assumptions.
1). The source is a far-field signal;
2). The weight amplitudes of array elements are arranged

with uniform distribution and equals to 1;
3). Ignore the Doppler effect of channel transmission;
4). Signal and noise are independent with each other;
The data model of IASA is shown in Figure 4.

FIGURE 4. The data model of IASA.

Where the origin of the coordinate system is taken at the
center O, S represents the narrowband source impinges upon
the array from the far-field, θ ∈ [0, π/2] indicates the eleva-
tion angle of the source, the angle between the incident direc-
tion of the signal and the z-axis, φ ∈ [0, 2π ] is the azimuth
angle of the source, and this angle was set to project on the
array elements plane from the x-axis with counterclockwise
direction and the incident direction of the signal. According
to the definition of mutual coupling between array elements,
the coupling coefficient αij between the two elements is

αij =
sin(k · dij)
k · dij

= sinc(k · dij) (3)

Where:
• dij are the distances between the ith element and the
jth element;

• k is the coupling coefficient;
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FIGURE 5. (a)-(d) Arranging array elements through Archimedean spiral.

And the couplings between array elements are lager while
distances between elements are closer.

According to the antenna theory [10], random array ele-
ment can eliminate the side lobes and expand the aperture
of the array, thereby eliminating false peaks and making the
array reach high resolution. The planar array structure has
a circular array, a rectangular array, an L-shaped array, etc.
But they are all uniform arrays. In this paper, the IASA
is proposed, the details as shown in Figure 5. Because the
number of array elements is small, the array elements are
expanded by more than half the wavelength, which achieves
the pseudo-random purpose of the array element, thereby
suppressing the periodicity of the grating lobes, and at the
same time The distance between the array elements increases,
reducing coupling with each other. The arm radius grows
linearly as a function of the winding angle.

The equation of the Archimedean spiral is:

rk = ak + bk · θk,m (4)

Where:
• ak is the inner radius;
• bk is the growth rate;

• θk,m is the winding angle of the spiral;
• k is the k th arm;
• m is the mth elements of the k th arm;

r is the distance from a point on the helix to the origin of the
coordinates, and the distance between two adjacent elements
is controlled by b. The plane’s Cartesian coordinate equation
for the Archimedean Spiral is

xk,m = rk · cos(θk,m) (5)

yk,m = rk · sin(θk,m) (6)

The plane model of the IASA is shown in Figure 6. We dis-
cuss one of the simplest forms of configuration. Eight arms
are uniformly distributed on the plane and each arms get
rotation angle of 1/8 turn, m = 8 elements on each arms
and each element rotated counterclockwise by π /32, so the
number elements of the IASA isM = 8×8, these parameters
can be further optimized. The equation (4) also be written in
the form

rk,m = ak + bk · (
π

32
· m+ (k − 1) ·

π

4
) (7)
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FIGURE 6. Structure of Improved Archimedean spiral array plane model
with eight arms, 1/8 turn each arm.

In order to avoid aliasing, the r1 <= λ (sourcewavelength)
has to be satisfied. In thismodel, we set the r1 = λ, r2 = 1.5λ,
r3 = 2λ, r4 = 2.5λ, r5 = 3λ, r6 = 3.5λ, r7 = 3.5λ, r8 = 4λ,
so we get the ak and bk . After the determination of θ , α and b,
the array structure is determined,

Its position vector:

Pk,m = (xk,m, yk,m, 0) (8)

The direction of arrival vector:

γp = (sin θp cosφp, sin θp sinφp, cos θp) (9)

Therefore, the phase difference 1ψk,m between the origin
and the signal envelope received by the element mth can be
obtained by the dot product method:

1ψk,m =
2π
λ
γp · Pk,m

=
2π
λ
rk,m sin θ cos(φ − θk,m) (10)

Assume that the main beam of the array is pointing (φ0, θ0),
thus the directional function of the IASA is:

F(φ, θ) =
k=7∑
k=0

m=7∑
m=0

× ej
2π
λ (ak+bk(

π
32 ·m+(k−1))·

π
4 )[sin θ cos(φ−θk,m)−sin θ0 cos(φ0−θk,m)]

(11)

III. 2-D DOA ESTIMATION FOR ARCHIMEDEAN SPIRAL
ARRAY WITH MUSIC ALGORITHM
The multiple signal classification (MUSIC) algorithm [11] is
a powerful and accurate technique for determining angles of
arrival in narrowband array processing application. As shown
in Figure 4, the propagation of signals from P source to M
sensor can be modelled by an instantaneous mixing model.

The source angle is ((φ1, θ1), · · · , (φp, θp)), and the direction
vector A can be expressed as:

A =



a1,1(θ1, φ1) a1,1(θ2, φ2) · · · a1,1(θp, φp)
...

...
...

a1,8(θ1, φ1) a1,8(θ2, φ2)
. . . a1,8(θp, φp)

...
...

...

a8,8(θ1, φ1) a8,8(θ2, φ2) · · · a8,8(θp, φp)


∈ CM×P (12)

TheM elements sensor array receive signal can be expressed
as:

X = A · S + V (13)

Where A = (α1, α2, · · · , αP) is an array of steering matrix,
and S = (s1, s2, · · · , sp) is a matrix of signal sources,
V = (v1, v2, · · · , vp) representing spatially and temporally
uncorrelated noise with covariance ε[V · VH] = σ 2I.
The array’s second-order statistical covariance matrix

R ∈ CM×M ,

R =
1
N
X · XH (14)

Where ε[·] is the expectation operation. [·]H is the conjugate
transpose, N is the number of time domain snapshots, and
the eigenvalue decomposition is performed on the covariance
matrix R to obtain mutually orthogonal noise subspace Qn
and signal subspace Qs,

R =
[
Qs Qn

] [3s
3n

][
QHS
QHn

]
(15)

The idea of the MUSIC algorithm is to scan the noise sub-
space Qn, The resulting signal space spectrum,

P(φ, θ)MUSIC =
1

aHφ,θQnQ
H
n a

H
φ,θ

(16)

IV. SIMULATIONS AND RESULTS
To assess the performance of IASA at the arrival angle esti-
mate, we performed the following simulations and compared
the RMSE of IASA with circular array, rectangular array and
concentric ring array.

A. 2-D DOA ESTIMATION
Example 1: Assuming the signal source is Gaussian signal
with zero mean P = 2, snapshots is N = 512, signal-to-
noise ratio SNR=[20,20], φ = [120, 250], θ = [30, 60],
respectively. The result of the power spectrum is [103.3,
101.8] dB in Figure 7.
Example 2: If instead of the above situation, the sources

located at φ = [120, 122], θ = [30, 32], respectively,
the result of the power spectrum is [102.5, 102.7] dB
in Figure 8.
Example 3: The source is two Gaussian coherent signal

located at θ = [30, 60], φ = [120, 250], respectively.

VOLUME 6, 2018 49743



J. Chen et al.: 2-D DOA Estimation for IASA With MUSIC Algorithm

FIGURE 7. IASA spatial spectrum estimation.

FIGURE 8. IASA spatial spectrum estimation.

SNR = [20, 20], the results of power spectrum [6.3, 6.3] dB
in Figure 9.

B. PERFORMANCE METRICS
We present the Monte-Carlo simulations to assess 2-D DOA
estimation performance of the proposed array. The number
of Monte-Carlo estimation simulations is 100. There are two
signals L = 2,
• source 1- located at [30.62, 30.62]
• source 2- located at [50.52, 60.52]

and the number of snapshots are N = 256, Comparing the
circular array (M = 64), rectangular array (M = 8 × 8)
and concentric ring array (8-turn, 8 elements per turn) with
proposed array, the results of RMSE is shown in Figure.8.
The definition of Root Mean Squared Error (RMSE) is

µRMSE (θL) =
1
L
·

L∑
L=1

√√√√ 1
100

100∑
n=1

(
∧

θL,n−θL,n)2 (17)

FIGURE 9. IASA spatial spectrum estimation.

FIGURE 10. RMSEs v.s. SNR of elevation angle.

FIGURE 11. RMSEs v.s. SNR of azimuth angle.

and

µRMSE (φL) =
1
L
·

L∑
L=1

√√√√ 1
100

100∑
n=1

(
∧

φL,n−φL,n)2 (18)
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Where θ∧L,n and φ∧L,n is the estimate of the elevation angle
θL,n and the azimuth angle φL,n of the nth Monte-Carlo sim-
ulations, respectively.

V. CONCLUSION
In this paper, a new type of array topology is proposed and the
simulation results are presented. The effectiveness of IASA is
improved, high resolution spatial spectrum estimation, high
output gain and lower RMSE are also achieved, as shown
in Figure 10 and Figure 11. Note that in the degenerate case
of the Gaussian coherent sources. And the robustness of the
array structure at low signal-to-noise ratio provides a valuable
reference for engineering applications in practice.

This paper studied the narrowband signal sources,
the broadband sources need to be further explored. In addi-
tion, a 2-D nested cylindrical sensor network has been studied
and presented in [12] and [13], simulation results showed
that the 2-D sparse cylindrical sensor network could achieve
highest resolution with fewer elements. Nested spiral array
need to be further explored.
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