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ABSTRACT This paper addresses the output feedback trajectory tracking problem for a nonholonomic
wheeled mobile robot in the presence of parameter uncertainties, external disturbances, and a lack of velocity
measurements. An unknown function is approximated by the fuzzy logic system, and an adaptive fuzzy
observer is introduced. Then, by combining the kinematic model with the dynamic model, a control strategy
is proposed that integrates an auxiliary velocity controller with an integral terminal sliding mode controller.
By applying the proposed control strategy, it is proven that all of the signals in the closed system are bounded
and that the auxiliary velocity tracking errors converge to a neighborhood of the origin in finite time.
Therefore, the tracking position errors converge asymptotically to a small neighborhood near the origin
with a faster response than achieved by other existing controllers. The simulation results demonstrate the
effectiveness of the proposed strategy.

INDEX TERMS Wheeled mobile robot, adaptive fuzzy control, output feedback control, finite time

convergence.

I. INTRODUCTION
A wheeled mobile robot (WMR) is an uncertain non-linear
multiple-input multiple-output dynamic system. When the
WMR constrains the wheel’s ““pure rolling without slipping™
motion, it is also a typical kind of nonholonomic system that
can be characterized by kinematic constraints. As a result,
Brockett’s necessary condition for asymptotic stabilization
cannot be satisfied. Although there are so many character-
istics that are difficult to handle, there has been tremendous
research on the trajectory tracking problem of a nonholo-
nomic WMR (NWMR) over the past several decades.

With the assumption of “perfect velocity tracking”,
a kinematic controller for the NWMR was designed in [1].
However, the dynamic model of the NWMR has been
neglected, and it is not easy to realize perfect velocity
tracking. Based on the backstepping technique, Fierro and
Lewis [2] presented a dynamical extension that combines a
kinematic controller with a torque controller. However, it was
assumed that both the dynamic structure and the parame-
ters of the NWMR are completely known. Considering the
parameter uncertainties and external disturbances in prac-
tical WMRs, researchers have used a variety of non-linear
control techniques, such as adaptive control [3], [4], robust

adaptive control [5], [6], fuzzy logic control [7], neural net-
work control [8], and sliding mode control [9]. It is noted
that time-delayed control [10] is an alternate robust control
method which does not depend on any uncertainty bounds.
This method merges all the uncertain terms into a single
lumped unknown function and then approximates it using
control input and state information of the immediate past
time instant. Based on time-delayed control, robust con-
trol, adaptive-robust control, and adaptive sliding mode con-
trol were developed in [11]-[13]. These dynamic controllers
share a common idea of choosing the wheel torque as the
control input. However, the wheel is driven by the actuator
in reality [14]. Most existing torque controllers, in which the
wheel actuator dynamics have been neglected, could degrade
the tracking control performance. Therefore, it is more rea-
sonable to use the actuator voltage as the control input. Thus,
the wheel actuator dynamics were combined with the dynam-
ics of the NWMR, and the actuator voltage was employed
as the control input in [14]-[16]. It should be noted that
these proposed controllers are all based on full-state feedback
and require the velocities of the NWMR, which are mea-
sured by devices such as tachometers. However, in practice,
such devices are costly or are frequently corrupted by a
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considerable amount of noise. This will increase the cost,
volume, and weight of the system.

To deal with this problem, in [17], a highly filtered ver-
sion of the auxiliary velocity tracking errors was adopted
to avoid having the velocity measurements of the NWMR
include parameter uncertainties and external disturbances.
Roy et al. [18] proposed a position-only time-delayed con-
troller, which uses only position information of present and
past instances to estimate the velocity and acceleration terms.
In fact, output feedback control, in which only position and
orientation measurements are required, is also an appropriate
method for avoiding velocity measurements of the NWMR.
However, nonholonomic constraints and the centripetal and
Coriolis matrix lead to quadratic terms of unmeasured veloc-
ities. This causes many of solutions proposed for the con-
trol robot manipulators (see [19] and the references therein)
to be not directly applicable to the NWMR. To overcome
this difficulty, by means of transformation matrices, adap-
tive observers [20], [21] and an interlaced observer [22] were
developed to estimate the unmeasured velocities for the
NWMR in the presence of parametric uncertainties. In addi-
tion, a new input-output model of the NWMR was developed
by defining a suitable set of output equations [23]. Thereafter,
a linear observer [24] was adopted to solve the trajectory
tracking problem of the NWMR in the presence of parametric
and non-parametric uncertainties by using a dynamic surface
control approach. Similar to [23], a saturated output feedback
controller was designed for the NWMR considering the actu-
ator saturation problem and the absence of velocity sensors
in practice simultaneously in [25]. High-gain observers were
also applied to the trajectory tracking control of the NWMR
in [26] and [27]. More results on the output feedback control
are referred to [28] and [29]. It is noted that these dynamic
controllers can all guarantee that the auxiliary velocity track-
ing errors converge to a neighborhood near the origin as
the time goes to infinity. However, the finite-time conver-
gence of the auxiliary velocity tracking errors cannot be
guaranteed.

Terminal sliding mode control (TSMC), which was pro-
posed in [30], is an effective scheme that can guarantee the
finite-time convergence of the auxiliary velocity tracking
errors. Additionally, similar to the linear sliding mode con-
trol, strong robustness with respect to uncertainties can be
obtained by using the TSMC. However, the initial TSMC
may cause a singularity problem around the equilibrium [31],
which would result in an unbounded control signal. To avoid
this problem, a non-singular terminal sliding mode control
was developed in [32]-[34]. The continuous non-singular
terminal sliding mode [32] was subsequently extended into
a class of multiple-input multiple-output non-linear
systems [35]. Furthermore, by utilizing integral operation,
an integral terminal sliding mode control (ITSMC) was pre-
sented in [36] for a class of first-order systems. In addition
to its strong robustness, finite-time convergence, and non-
singularity, in the ITSMC design, the system can start on
the integral terminal sliding mode surface at the initialization
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time. Therefore, the time required to reach the sliding mode
surface is eliminated.

Based on the above discussion, in this paper, we design an
adaptive fuzzy output feedback controller for the trajectory
tracking problem of the NWMR. This NWMR has parameter
uncertainties, external disturbances, and unmeasured veloc-
ity. In this method, a fuzzy logic system (FLS) is adopted
to approximate the unknown function, and an adaptive fuzzy
observer is developed to estimate the unmeasured velocities.
The kinematic model and the dynamic model are consid-
ered together. An integral terminal sliding mode controller
is proposed that utilizes the actuator voltage as the control
input together with an auxiliary velocity controller. The main
contribution of the proposed control strategy are as follows:

(1) the total uncertainties, unmeasured velocity, together
with its quadratic terms, are taken into account and the
resulted unknown function is approximated by the FLS;

(2) the integral terminal sliding mode controller can guar-
antee the finite-time convergence of the auxiliary velocity
tracking errors.

Therefore, the tracking position errors converge asymptot-
ically to a small neighborhood near the origin with a faster
response than achieved by other existing controllers. In addi-
tion, all of the signals are bounded.

The remainder of this paper is organized as follows.
Section 2 reviews some basics of the model of the NWMR,
ITSMC and FLS. An adaptive fuzzy observer is introduced
in Section 3. In Section 4, a control strategy is proposed that
integrates an auxiliary velocity controller with an integral
terminal sliding mode controller. Section 5 provides simu-
lation results to highlight the performance of our method.
Conclusions are given in Section 6.

II. PRELIMINARIES
In this section, we briefly review some basics of the NWMR
model, ITSMC, and FLS.

A. MODEL OF THE NONHOLONOMIC WHEELED
MOBILE ROBOT
We consider a typical example of the WMR, called Type (2,0)
WMR in [37]. Such a WMR is composed of two driving
wheels and one passive wheel. The two driving wheels are
controlled independently by two actuators, which determine
the motion and orientation, and the passive wheel prevents
the robot from tipping over as it moves on a plane. Fig. 1
describes the posture of the WMR in Cartesian coordi-
nates. Both driving wheels, each with the same radius r, are
mounted on the same axis and are separated by 2R. The centre
of mass of the WMR is located at C. P is located in the
midpoint of the two driving wheels of the WMR. The distance
between P and C is d.

When the electrical part of the actuator is considered,
the kinematic and dynamic equations of the NWMR can be
written as follows, from [17]:

g = S, ey
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FIGURE 1. A wheeled mobile robot.
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q = [x,y, d)]T; C(x, ) is the coordinate of C in the global
coordinate frame XOY'; and ¢ is the orientation of the local
coordinate frame XcCY¢ attached to the WMR platform
measured from the X axis and is called the heading angle of
the WMR. ¢ = [v, w]7, where v and w are the linear velocity
of point P along the robot axis and the angle velocity, respec-
tively. M(q) is the inertia matrix, V(q, @) is the centripetal
and Coriolis matrix, F(q, q = [Fi,F>]T is the surface
friction, and T; = [T41,T42]”7 denotes bounded unknown
disturbances, including unstructured unmodelled dynamics.
N is the gear ratio, K7 is the motor torque constant, K}, is the
counter electromotive force coefficient, and R, is the electric
resistance. u = [uy, uz]T is the actuator voltage input vector.

Remark 1: 1t is assumed that the NWMR has the parameter
uncertainties /A M(q) of M(q) and A\ V(q, §) of V(q, §). Then,
the dynamic equation of the NWMR can be arranged in the
following form:

NKr—  N2’KrKp—
TBu— —"T0Bxy, (3)

a a
where f = [fi,2]" = AM(@)? + AV(g, 9P +F(q,§) +
T4 represents the lumped uncertainties. It is noted that f is
a function of Y = [x,y, ¢, v, ]’ In this paper, we assume
that g = [x,y, ¢]T is measurable but that 9 = [v, w]” is

M@)Y +V(g, o +f =

43416

not. To design an observer to estimate v and w, we rewrite (1)
and (3) as follows:

X =vcos¢ — wdsin ¢,

y=vsing + wd cos ¢,

¢ =o, @
v =f(Y)+an Uy —anv,

o =f(Y)+ an Uz — ano.

where

Ui = uy +uy,

Uy = uy —uy,
NKr 1 1

all — [
R, m r
N2KrK, 2 1

app = ——— - = - (=),

R, m r

a = - —,
AT R T —md®
N2K7Kp 2 R
an = : 5 (=)
R, I —md r

Remark 2: Note that the quadratic terms of unmeasured
velocities v and o are contained in the unknown functions
f1(Y) and f5(Y) in the model of the NWMR (4), which will
be approximated by the FLS in the observer design.

Assumption 1 [20]: The angle velocity w is bounded.

B. INTEGRAL TERMINAL SLIDING MODE
A form of the integral terminal sliding mode is proposed
in [38]:

t
s=x(t) —x(0) + 8 / lx(7)|” sign(x(7))d, (&)
0

where x(¢) € R is the system state variable and 8 > 0 and
0 < y < 1 are design parameters.

It is obvious that s(0) = 0. This implies that the system
starts on the integral terminal sliding mode surface (5) from
the initial time instant.

Furthermore, on the sliding surface, s = 0, which results
in

X() + Blx()|" sign(x(1)) = 0. (6)

The finite time 7, that is taken from x(0) #~ 0 to x(z;) = 0 is
given by

o= x(O)' ™
s — .
B —y)

C. FUZZY LOGIC SYSTEMS
The basic configuration of an FLS consists of four compo-
nents: fuzzifier, fuzzy rule base, fuzzy inference engine, and
defuzzifier. The fuzzy rule base is a collection of IF-THEN
rules, and the /th fuzzy rule is written as

R:1F x| is Ff and ... and x;, is F,ll, THEN zis G, where Fll
and G' are fuzzy sets associated with the fuzzy membership
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functions ,qu(x,) and pgi(z), respectively, i = 1,---,n,
=1, , L. and L is the number of rules.

Based on these fuzzy IF-THEN rules, the FLS performs a
mapping from an input vector x = [x1,---,x,]7 € R" to
an output variable z € R. If we use the strategy of singleton
fuzzifier, product inference, and centre-average defuzzifier,
the output of the FLS can be defined as follows:

o iy Ty () "
2(x) = - ,
Yo I, It (X0

where z! is the point in G! at which i (z) obtains its maxi-
mum value 1.

For simplicity, z(x) can be written in the following com-
pact form:

200 =0"500 = F(x16). ©)
where § = [z}, -, ZL7 is called the unknown parameter
vector that is to be updated and £(x) = [ (x), - -- , L)1
is called the fuzzy basis function vector, & Iy =
Mm@ L
S e 7

Lemma 1 [39]: Let f(x) be a continuous function defined
on a compact set £2. Then, for any constant ¢ > 0, there exists

a fuzzy system (9) such that sup [f(x) —f(X|6)| <e.
XER

Ill. OBSERVER DESIGN
Motivated by [40], the following adaptive fuzzy observer is
proposed:

i=9Pc 0s ¢ — @d sing + [1X cos ¢ — [1ysin @,

j}:f) sing + od cos ¢ + L1 X sing + 1y cos ¢,

<13= + 1,

b =z1 + bX, (10)
> =12+ b,

21 =51(1101) + an Uy + LibE + ¢,

2= 0(l) + an Uz + hhe + 2,

Where liy and [, are positive
(x—x)cosq)+(y—y)sm¢ y = —(x—x)s1n¢+
(y—Y)COS¢¢—¢ ¢, Y = [xy¢va] Y, =
[%,9, 6,0, d]". ¢ and @, are designed, and gl(Y1|91) and
gz(f/z |éz) are illustrated below.
Based on (4) and (10), we can obtain the following observer
error dynamics:

design parameters,

¥=7— hx + yw,

y=ad — 1y — Fo,

é=ad— 0L, (11)
‘L{ = g1(Y1) — &1(7116) — L — ¢y,

» = g2(V2) — 82(Y2102) — b — ¢,

where D =v—0,0=w—0,Y) =[x,y,¢,v, 0,5, Y =
Y, g1(Y1) = fi(Y) — appv — bhyw, g(Y2) = H(Y) — apow.
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Using Lemma 1, for i = 1,2, the unknown non-linear
function g;(Y;) can be approximated by the following FLS:
2i(Yil6) = 0] &Y, (12)

where &;(Y;) is the fuzzy basis function vector and éi is the
parameter vector of each fuzzy system designed later.

Fori = 1, 2, we define the optimal approximation param-
eters él.* as follows:

67 = argmin[ sup |gi(Y;) — &:(Y;16)11,

bieq; YieU
where €2; is the compact set of allowable controller parame-
ters. Moreover, the parameter error and the minimum approx-
imation error are defined as 6; = 91.* — 0; and w;(Y;) =
gi(Y;) — gi(Y;16;%), respectively.

IV. CONTROLLER DESIGN
It is assumed the reference trajectory q,(t) = [x,(¢), y,(¢),

#,(1)]" is generated by a reference NWMR with the kine-
matic equation

Xy = v, COS P, — w,d sin ¢,
Vr = vy sing, + w,d cos ¢, (13)
¢r = Wr.

The objective of the trajectory tracking control is to
design a strategy such that g(¢) converges asymptotically to
qr(t), while all signals in the derived closed-loop system
remain bounded. In this study, an auxiliary velocity controller
Ve and w, are designed to allow the kinematic model to
meet the control objective. Then, the actuator voltage control
inputs u#1 and u; are designed for the dynamic model such that
v and w converge to ¥, and w, in finite time, respectively.

We define the tracking position errors as the difference
between the centre of mass C of the NWMR and the centre
of mass of the reference NWMR, as follows [1]:

e = (xy —x)cos¢ + (yr — y)sing,
er = —(x, —x)sing + (y, —y)cos @, (14
e = ¢, — .

The time derivatives of the tracking position errors are
given as

e1 =—[+ D)+ (@+ ®)ex + v, cosez — w,d sines,
e = —(e] + d)(@ + @) + v, sine3 + w,d cos e3,
e3 = w, — (@ + ).

5)

Therefore, the objective of this study becomes to design an
auxiliary velocity controller that can make the tracking posi-
tion errors all asymptotically converge to zero. In this study,
the auxiliary velocity controllers v, and w. are designed as
follows, from [38] and [41]:

Ve = v, coses + ki(e; +d — d coses), (16)
we = w; + k3v,.(ex — d sines) + kp sines,
where k1, ky, and k3 are positive design parameters.
43417
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Substituting (16) into (15), the closed-loop kinematic equa-
tion can be written as

= —[V+v,cose3 +ki(ej +d —dcose3)]
+ [@ + w; + k3v,(ex — d sine3)
+ kp sinezlex + v, cos ez — w,d sines,
ey = —(e1 +d)[@+ w, + k3v,(ex — d sines) a7
~+ kp sine3] 4 v, sin ez + w,d cos ez,

e3 = wy — [0+ wyr + k3v,(ex — d sine3)

~+ k sin e3].
Now, we design ¢ and ¢, of the observer (10) as follows:

o1 =X — (e +d —dcose3),
~ ~ sines (18)
Y2 =yd + ¢ — P
3

Additionally, we use the following adaptation laws to adjust
the unknown parameters 61 and 6,:

{91 = wdl&1 (1) — o1 sign(®)Ar]. 19

0, = uadl&x(Y2) — o7 sign(@)da],

where p; and oy, i = 1, 2, are positive design parameters.
Remark 3: Compared to the adaptation laws in [40], the
above adaptation laws do not contain differential and integral
operations with respect to éi and &;(Y;),i = 1, 2. Therefore,
the adaptation laws (19) can be realized more easily.
Similar to [42], we can prove the following Lemma:
Lemma 2: Fori =1, 2, 9 is bounded in (19) by ||9 | < U£
where L is the number of rules. l
Theorem 1: For model (4) of the NWMR, if the observer is
designed as (10) with (18) and (19) and the auxiliary veloc-
ity controller is designed as (16), then the observer errors
and tracking position errors will be uniformly ultimately
bounded.
Proof: We consider the following Lyapunov function
candidate:

Vi = Vit + Via, (20)
where
1 . - - - -

Vi = §(x2+y2+¢2+v2+w2), (1)

1 2, 1 . 2

Vi = 5(61 +d —dcose3)” + 5(62 —dsines)

1 —coses

bt 22
I (22)

Differentiating Vi1 with respect to time and substitut-
ing (11) into it, we have

Vil = — 132 = 15 — L1¢* — bi? — be?
+9[g1(Y1) — 21(N11600)] + @lg2(Y2) — 82(Y2162)]
+30 4+ Yaod + ¢ — Do) — dgs. (23)
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Differentiating Vi, with respect to time and substitut-
ing (17) into it, we have

. k
Via = —ki(e1 +d — d cos e3)* — k_2 sin” e3
3

sin e3

—v(ej+d —dcose3) — @ (24)
3
Substituting (18), (23), and (24) into (20), one obtains
Vi = — L3 = 172 = 11¢? — bi? — bhd?
2 ko
—ki(ey +d —dcosez)” — k—sm e3
3
+0lg1(Y1) — 21(11161)]
+ @[g2(Y2) — §2(Y2162)]. (25)

For i = 1, 2, the following equality holds, from [43]:
gi(Yy) — &i(Yil6)
= gi(Y) — &i(Yil6)) + &i(Yi16)) — &i(¥i167)
+&i(Vi167) — &i(Y;16)
= wi(Y) + 67 [&(Y) — &(TD1 + 6] (X, (26)
Fron} Lemma 1, Lemma 2, and the bounc}ec}ness of &(Y))
and &;(Y)), it can be obtained that g;(¥;) — £;(Y;]6;) is bounded.

That is, there exist unknown constants dy; such that |g;(¥;) —
8i(Yil6)| < dy;, i = 1, 2. Moreover, we can get

Vi < — L2 = 15 — 11¢? — bi? — ha?
k
—ki(e; +d —d cos e3)2 — k_2 sin® e3
3
+ [V]d11 + |@ld2. 27

Using Young’s inequality yields
. ~ | 1
Vi £ b =03 =1 — (b = DV — (b — )&’
k
—ki(e1 +d —d coses)” — k_2 sin’ e3
3

1 2
—d3,. (28)

L
11 2

2
Denote

_ . . - 1 . 1 .
Vi =L+ L7 + 0%+ (b — —)v2 + (b - —)w2

+ki(ey +d —d cose3)2 ]IZ— sin? e3.
3

It is noted that Vi is positive definite, provided that we
qhoose L > % If Vi > %dlzl + %dlzz, it follows that
Vi < 0. According to Lyapunov stability theory [44],
)?,5),43, V,w,e1,ey and e3 all converge asymptotically to
ZEero. Thus Vi converges to zero, which contradicts Vi >
1d2 + 5 d . Therefore, V; is bounded by 2d2 + 5 d . That
is, V1 < 1d121+ d12 As aresult, X, y, ¢ v, o, e, ez,ande3
are uniformly ultlmately bounded.

Now, it remains to design the actuator voltage control
inputs u; and u; so ¥, and w, can be obtained in finite time.
In this study, the auxiliary velocity tracklng errors are defined
asey; = v, —vand eyy = w. — @.
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A continuous non-singular integral terminal sliding mode
is defined as in the form (5):

s1=ep1 —ep1(0) + By fé les1]”! sign(es1)dT,

y o (29)
52 = ega — ep2(0) + B2 [y lewa|?? sign(eya)d,

where B; > Oand 0 < y; < 1,i = 1,2, are design
parameters.
The time derivative of s1 and s, yields

51 = Ve — 21(11101) — an Uy — bbb — biw
—X +e1+d —dcose3 + Biley1 |V sign(ey1),
§2 = e — §2(12|02) — a1 Ux — b

- -~ sine
—vd — ¢ + :
k3

+ Balesa|?sign(esr).
(30)

By virtue of Assumption 1 and Theorem 1, LV + Lyw
and lp® are bounded. It is assumed that there exist unknown
positive constants dp; and dyy such that |V + hyw| < dp;
and |lch)| < dpn.

Let

| PN .
U = a_[Vc_gl(Yl|91)_x+el +d —dcose;
11
+Biles 1" sign(eyr)
+ki1s1 + ki2|s1|Psign(sy) + ur1],
1 .
Uy = —[w: — §2(Y2162)

azy .
. ~ sines
—yd — ¢+
k3

+ ko152 + koo|s21Psign(sa) + ur2],

+ Balesa|?sign(es2)

3D

where kjj > 0,i=1,2,j=1,2,and 0 < p < 1 are design
parameters, while u,;, i = 1,2, are robust controllers. For
i=1,2, u, is designed as

uri = (doi + ni)sign(sy), (32)

where ngi is the estimate of d»;, ;12i =dh — 32,» is the estimate
error, and 7; is a positive design parameter.

We use the following adaptation laws to adjust the
unknown constant &2,-:

dyi = gisisign(sy), (33)

where ¢;, i = 1, 2, are positive design parameters.
Furthermore, the following actuator voltage control input
is obtained:

{ul = L + ), )

u = (U — Uy).

Substituting (31) into (30), we have the closed-loop
dynamic equation:

§1 = —ki1s1 — kials1|Psign(sy) — bV — hyw — uy,
§2 = —kp152 — koo |so2|Psign(sy) — lhd — up.
(35)
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The properties of the proposed adaptive fuzzy output feed-
back control law are summarized by the following theorem:

Theorem 2: For model (4) of the NWMR, if the integral
terminal sliding mode is chosen following (29) and the actu-
ator voltage control input with the robust controller (32) and
adaptation laws (33) is designed following (34), then

(1) all of the signals in the closed system are bounded;

(2) fori = 1, 2, the sliding variable s; will converge to the
region |s;| < §; in finite time, where

_dal| ldn] 1 _ldyn|  ldx| 1
81 = min{——, (——)*}, & =min{——, (=)~ }.
! ki1 k12 ? ka1 15%3

Moreover, the auxiliary velocity tracking error e,; will con-
verge to the region ey; < 2§; + |ey;(0)] in finite time.

To prove Theorem 2, we introduce two lemmas.

Lemma 3 [32]: Suppose ai, az,--- ,a, are all positive

numbers and 0 < p < 2; then, the following inequality holds:
@ +d+- a2 < +d+-+d).  (36)

Lemma4 [32]: An extended Lyapunov description of finite
time stability can be given with the form of fast terminal
sliding mode as

V) +aVx) +BVI(x) <0, «,B>0 0<y<l,

(37)
and the settling time can be given by
1 aV! =7 (x(0) + B
< In .
al —y) B

Proof of Theorem 2: We consider the following Lyapunov
function candidate:

(38)

Vo = Vo1 + Voo. (39)
where
1
Var = (st +53), (40)
a3, d?
Vyy = 2L 4 22 41)
261 26

(1) Differentiating V5, with respect to time and substituting
(35) into it, we have

Var = —kiist — kialsi1P™ — kais3 — kaolso P!
=51V + hyw) — s250 — syury — s2u0. (42)
Substituting (32) into (42), the following inequality holds:
Va1 < — kst — kol — ko153 — kaalso |
+Is1lda1 + |s2ld2 — |s11(da1 + m1) — Is21(da2 + m2).
(43)

Therefore

Var < —kiist — kials1|”T! — ko153 — kaolsa |
+Istldar + Is2ld2n.  (44)
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Differentiating V,, with respect to time and applying the
adaptation laws (33) in it, we have

dr1day B drda)
Sl 2
Combining (44) with (45) yields

Vo = — = —Is1ldas — |s2lda.  (45)

Vz = Vzl + V22

2 1 P 1
< —kiist — kialsiPt — kars3 — kaolso] Pt (46)

It is concluded that all of the signals s;, e);, and da;,
i =1, 2, are bounded.
(2) We change (44) into the following four forms:

d 5 dn

Var < —(kip — —)s7 — (ka1 — —)s3
Is1] |s2]
— kzlsi 1Pt = kaols2 P (47)
. (321
Var < —ki1sT — kais3 — (k2 — sy P!
s1]?
a22
— (koa — —)s2|” T, (48)
|s2]°
. o
Vor < —(ki1 — ﬁ)S% — ko153 — kialsy|° !
dn
— (ko2 — —)s2|” T, (49)
|s2]°
. dxn
Var < —kiist — (ka1 — —)s3
|s2]
o
— (k12 — —)s11”T! —kaals2 P (50)
|s1]P
Case 1: If k1 > ldo| ko1 > M,k lda1| koo \dzzl

| Is I = Inlp>

[’
each form of (47), (4 ) (49), and 2(50) can be denoted as

— kials11P = kaalsa |, (51)

. )
Va1 < —k11s] — k2155

d
= ki or kit — &, kar = kai or k21 - &

k12 = k12 or k12 — lsdl%, kzz = k22 or kzz ‘S ‘p, which
are all positive design parameters.

By denoting A1 = min{I;U, 1521}, Ay = min{l%lz, 1222}, we
can get

where ki

Vo < =hi(s7 +53) — a(s1 1T + [s217t). (52)
Applying Lemma 3 to (52) yields
. +1
Va1 < —M1(82 4 83) — ha(sT +5D) 7. (53)
After some manipulations, we obtain
. ptl
Vai + 20 Vo + 392" V,> =<O0. (54)

From Lemma 4, it follows that 51 and s, will all converge
to zero in finite time,

1 201 Vs, P2(0) + 2200/
f < In 21
~ xm(1=p) Ap2(0+1)/2
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(55)

Moreover, on the sliding mode surface, according to (7),

1
ti = ———|egi(0)|' 77,

Bi(l —vi)
Therefore, the auxiliary velocity tracking error ey, will
converge to zero in finite time #; = ¢, + 5,1 = 1, 2.

Case 2: 1fky; < ‘dz" orky, < 2l 22' orkpy < 121l or kyy <

i=1,2. (56)

Tsil Tsal = Is1l?
\d2 fpl, it can be obtamed that |s1] < % or |s3] < ‘Z;z‘
or [s;] < (‘dz'l)/? or |sz| < (Id”‘)ﬂ respectlvely Denote
_ Idzl\ |da1| _ ldo| (ld»l
81 min{ 24 T (k12 ) }, 62 = min{ o (k22 ) }. As a

result, Isi] < 6;,i=1,2.

Combining Case 1 with Case 2, fori = 1, 2, we conclude
that s; will converge to the region |s;] < §; in finite time.
Additionally, similarly to [38], it can be concluded that ey;
will converge to region ey; < 28; + |eyi(0)| in finite time.

Remark 4: A drawback of the adaptive laws (33) is that they
make the gain a monotonically increasing function which
may create chattering or actuator saturation shown experi-
mentally in [10]. In order to address this problem, the fol-
lowing robust controllers with an adaptive laws [11] are
introduced:

(dni + nz)SIgn(sl) if [s;] > &,
Uy = .
" (dni + 771)( ) if |s;| < &,
with
if 32,~ > 5,‘,

A !giISiISign(SiSi)
dyi = e A
Gii if dyi < i,

where ¢;, §;, i = 1, 2, are also positive design parameters, and
8; is utilized to keep cAiz,- > 0,i =1, 2. According to [11], all
of the signals s;, e,;, and dp;, i = 1,2, are uniformly ulti-
mate bounded. Moreover, the finite-time convergence of the
sliding variables s; and the auxiliary velocity tracking errors
epi, 1 = 1,2, can be proved similarly.

Remark 5: It is noted that the design parameters have some
effects on the stability and performance of the closed-loop
system. For example, the parameters /; and k;, i = 1, 2, have
to be chosen sufficiently large to compensate the uncertainties
of the system appearing in V;. Also, the parameters kij, i =
1,2,j =1, 2, have to be chosen sufficiently large to make the
boundary §;, i = 1, 2, small. However, increasing the above
parameters will increase the level of control input and lead to
actuators saturation and poor tracking performance. One may
find them by gradually increasing them from small values
and then by performing repeated simulations until acceptable
robust and tracking performance are achieved. The similar
method can be applied to adjust the parameters (such as k3 and
a;, i = 1, 2) which have to be chosen sufficiently smaller for
good tracking performance. One needs to maintain a trade-off
in the selection of controller parameters.

Remark 6: To avoid calculating v, and @,, we can pass v,
and w, through the first-order filter:

iy = v, 57)
Otzd)f + of = wc,
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where «;,i = 1,2, are positive filter time constants and
vr(0) = ve(0), wr(0) = w.(0). Moreover, by adjusting filter
parameters, we can make the filter error as small as possible.

Remark 7: This paper has been focused on the design
of a simple output feedback control system by using the
FLS, velocity observer and integral terminal sliding mode.
The parameter uncertainties (including mass and moment of
inertia) and non-parameter uncertainties (including friction
and external disturbances) are completely considered. How-
ever, the kinematic and dynamic perturbation due to wheel
skidding and slipping are not taken into account in the design
of the controller.

V. SIMULATION RESULTS
In this section, simulation results are provided to show the
effectiveness of the proposed control strategy.

The parameters of the NWMR and its actuators are
chosen to be equal to those in [20]: m = 32 kg,I =
19.455 kgmz,R =075m,r =015m,d =03 mN =
20, Kp = 0.019, Kr = 0.2639 Nm/A, and R, = 1.6K2. The
lumped uncertainties are [16] and generated by /' = [0.8v +
0.5sign(v)+3sin(0.01¢), 0.8w+0.5sign(w)+ 3 sin(0.011)]7 .
In this simulation, the initial posture and velocity of the
practical NWMR are taken as ¢(0) = [0.1,0.2, 017 and
¥ =[v, 0]’ =10,0], respectively. The initial conditions of
the observer are taken as [X, , (;3 D, o017 =10,0,0,0,0]7.

The reference linear velocity and angular velocity are
defined as v,(r) = 0.5 and w,(¢) = 1, respectively. The
trajectory of the reference NWMR is defined by (13). The
initial posture of the reference NWMR is taken to be ¢, (0) =
[0,0,017.

The objective of the trajectory tracking control is to design
a strategy such that g(¢) converges asymptotically to g,(),
while all signals in the derived closed-loop system remain
bounded. In the proposed control strategy, by utilizing the
introduced adaptive fuzzy observer, an auxiliary velocity con-
troller ¥, is designed to allow the kinematic model to meet the
control objective. Then, the actuator voltage control input u
is designed for the dynamic model such that ¢ converges to
Y. in finite time.

In the proposed adaptive fuzzy observer, the non-linear
functions g1(Y1) = fi(Y) —a2v —byw and g2(¥2) = o(Y) —
apw are contained, where Y = [x,y,¢,v, 0,57, Y, =
[x,y,0,v, w]T. g1(Y1) and g>(Y2) are assumed to be com-
pletely unknown. The adaptive FLS g;(Y; |él) and §2(Y2|é2)
are used to approximate the unknown function g1(¥7) and
g2(Y>), respectively. Since the velocities v and w are unmea-
sured, the fuzzy systems have x; = X, xp = 3, x3 = qAﬁ X4 =
D, xs = @ and xg = ¥ as inputs; thus, the fuzzy membership

functions for each variable x;,i = 1,2, - - - , 6 are chosen as
1 x;+1.25 2
Mpil (x;) = expl E(T) 1y
(x) = expl— 2 (2]
) = exp[—=(—)"],
ezt P=3%6
3(x)) = exp[— =(——
//LF? i p ) 0.6

VOLUME 6, 2018

FIGURE 2. Reference trajectory (-) and actual trajectory (- -).

Time (s)

FIGURE 3. Actuator voltage input u; (-) and u, (- -).

The initial values of the estimated parameters 9};(0) and
212,'(0), i=1,2 areall set to 0.01.

The parameters of the observer and the control law are
chosentobe /1 = 30,1, =50, u; = u2 =0.5,01 =0 =
0.1; k&t = 1,k = 3,kz3 = 10, and a1 = o = 0.01; and
B =B =1Lyt =y2=08kit = ki = ko = ko =
5,0=0.3,n =1 =0.1,and ¢; = ¢ = 0.001.

Using the proposed control strategy to control the NWMR,
the simulation results are shown in Figs. 2-7. The trajec-
tory tracking process in the X-Y plane of the NWMR is
depicted in Fig. 2. Fig. 3 is the actuator voltage control
input, which is bounded. The linear velocity v and the angle
velocity w, together with their observer values, are depicted in
Fig. 4 and Fig. 5. It can be shown that the designed observer
for the unmeasured velocities is valid. From Fig. 6, it can be
observed that the auxiliary velocity tracking errors ey and
ey converge to |epi| < 5.909 x 10~%,i = 1,2, in finite
time t = 4.96 s. The tracking position errors eg, €3, and e3
converge to |e;| < 2.402 x 1072,i = 1,2, 3 in finite time
t = 3.124 s, which can be seen in Fig. 7.

To demonstrate the effectiveness of the proposed control
strategy, by adopting the presented models and desired tra-
jectory, another two simulations are performed.

Firstly, we use the conventional integral sliding mode [45]
instead of the proposed integral terminal sliding mode in our
control strategy, and the parameters and initial conditions are
the same as those used in the initial simulation. The results
of this simulation are illustrated in Figs. 8-10. It can be seen
in Fig. 9 that the auxiliary velocity tracking errors ey and
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Time (s)

FIGURE 4. Linear velocity v (-) and observer linear velocity v (- -).

Time (s)

FIGURE 5. Angle velocity » (-) and observer angle velocity & (- -).

0.25

0.2

0.15

0.1

0.05

-0.05
0

Time (s)

FIGURE 6. Auxiliary velocity tracking error e; (-) and e;; (- -).

-0.05( ,
-01f/
)
015
i

-0.2

-0.25
0
Time (s)

FIGURE 7. Tracking position error e; (-), e; (--),and e5 (...).

epo converge to |ey;| < 1.889 x 1073, i = 1, 2, in finite time
t = 8.105 s. Fig. 10 shows that the tracking position errors
e1, ez, and e3 converge to |e;| < 2.42 x 1072,i = 1,2,3 in
finite time t = 5.654 s.
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FIGURE 10. Tracking position error ey (-), e; (--),and e5 (...).

Secondly, we use the high-gain observer and control
method in [27] instead of the proposed adaptive fuzzy
observer and integral terminal sliding mode controller in
our control strategy, respectively. Different from [27],
an unknown function is approximated by the fuzzy logic
system instead of the neural network. The parameters and
initial conditions are also the same as those used in the
initial simulation. The results of this simulation are plotted
in Figs. 11-13. As shown by Fig. 12, the auxiliary velocity
tracking errors ey and eyy converge to |ey;| < 0.4221,i =
1,2, in finite time t = 3.509 s. Fig. 13 demonstrates that
the tracking position errors ey, e3, and e3 converge to |e;| <
0.1722,i =1, 2, 3, in finite time ¢ = 5.400 s.

Based on the results of these simulations, it is concluded
that the tracking position errors eg, €3, and e3 all asymptoti-
cally converge to zero with faster responses when using the
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0.8

0.6

0.4

0.2

FIGURE 11. Reference trajectory (-) and actual trajectory (- -).

Time (s)

FIGURE 12. Auxiliary velocity tracking error e;; (-) and e35 (- -).

Time (s)

FIGURE 13. Tracking position error e; (-), e; (--), and e5 (...).

proposed control strategy. Therefore, by using the proposed
control strategy, the practical NWMR can track the reference
NWMR with better posture tracking performance, as seen
in Fig. 2, Fig. 8, and Fig.10. These results are also obtained
for the NWMR with parameter uncertainties, external distur-
bances, and without measuring velocity.

VI. CONCLUSION

In this paper, an adaptive fuzzy output feedback controller
is given for the trajectory tracking problem of the NWMR
with parameter uncertainties, external disturbances, and
non-measurement of velocity. To address the total uncertain-
ties and unmeasured velocities, an adaptive fuzzy observer
is presented. Choosing the actuator voltage as the control
input, a control strategy is proposed that includes an auxiliary
velocity controller and an integral terminal sliding mode
controller. It is shown that the auxiliary velocity tracking

VOLUME 6, 2018

errors converge to a neighborhood near the origin in finite
time, In addition, all the signals in the closed system are
bounded. This leads to the tracking position errors converging
asymptotically to a small neighborhood near the origin with
a faster response than achieved by the existing controllers.
The simulation results prove the feasibility of the proposed
control strategy. However, wheel skidding and slipping are
unavoidable due to tire deformation and other factors in real
environments [46]. It is noted that time-delayed control is
an alternate robust control method which does not depend
on any uncertainty bounds. In the future, we will integrate
time-delayed control with the integral terminal sliding control
for the WMR with wheel skidding and slipping.
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