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ABSTRACT This paper considers a massive MIMO full-duplex relaying (FDR) system, in which multiple
single-antenna sources simultaneously communicate with multiple single-antenna destinations using a single
relay that is equipped with Ntx transmit antennas and Nrx receive antennas. Under the practical scenario of
imperfect channel-state information, the relay processes the received signals by means of maximum-ratio
combining/maximum-ratio transmission (MRC/MRT) or zero-forcing (ZF) processing, and employs either
the decode-and-forward (DF) or amplify-and-forward (AF) scheme. Considering hardware impairments,
closed-form expressions of the lower bounds on the sum spectral efficiencies for DF and AF schemes are
derived for both the MRC/MRT and ZF processing methods. Based on the obtained expressions, various
power scaling laws are established to show the relationships among the transmit powers of the sources,
relay, and pilots in order to maintain a desirable quality of service when Ntx and Nrx go to infinity but with
a fixed ratio. In particular, it is found that the massive MIMO FDR systems under consideration are not
affected by the loop interference, can save power, and improve the rate performance when the three transmit
powers are scaled down to 1/N a

rx, 1/N
b
tx, and 1/N c

rx, respectively, where a + c = 1, b + c < 1, and b > 0.
Numerical results corroborate the accuracy of the closed-form expressions and show that, when the loop
interference level is small, using low-quality hardware at the relay and high-quality hardware at the sources
and the destinations is a good design choice in the practical design of low-cost massiveMIMO FDR systems.

INDEX TERMS Massive MIMO, full-duplex relaying, hardware impairments, decode-and-forward,
amplify-and-forward, maximum-ratio combining, maximum-ratio transmission, zero-forcing, power
scaling law.

I. INTRODUCTION
Considered as one of the most promising technologies for
the next and future generations of cellular networks [1]–[5],
massive MIMO is gaining a phenomenal attention from both
industry and academia. Featuring up to hundreds of transmit/
receive antennas, a massive MIMO system can provide a
drastic increase in spectral and energy efficiencies [6]–[10].
With massive MIMO, each base station (BS) in a cellu-
lar network uses a very large antenna array to serve users
with simple linear processing [3]. According to the law of
large numbers, as the number of antennas tends to infinity,
the fast fading effect, the intra-cell interference, and additive
Gaussian noise can all be averaged out. On a parallel
avenue, by conducting both transmission and reception at the

same time and over the same frequency band, full-duplex
relaying (FDR) is a powerful technique to reduce trans-
mit power and substantially increase the spectral effi-
ciency when compared to the conventional half-duplex
relaying [11]–[14]. To take advantages of both these two
key technologies, researchers have considered incorporating
massive MIMO into FDR systems.

Performance analysis of various massive MIMO relay-
ing systems has been carried out in [15]–[25]. In the con-
text of massive MIMO relaying, the work presented in [15]
gives a thorough secrecy performance analysis and makes a
comparison between two classical relaying schemes, namely
decode-and-forward (DF) and amplify-and-forward (AF).
In [16] and [17], an achievable rate expression of the DF
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scheme of a multipair massive MIMO FDR system is
obtained analytically by using maximum-ratio combining/
maximum-ratio transmission (MRC/MRT) or zero-forcing
(ZF) processing. Furthermore, an interesting power scaling
law is also presented. The performance analysis of one-
way and two-way multipair AF FDR systems is studied
in [18]–[20], which reveals that deploying a very large
antenna array at the relay can eliminate the effect of loop
interference if the transmit power of the relay is scaled down
properly. Subsequently, Kong et al. [21], [22] demonstrate the
impact of low-resolution analog-to-digital converters (ADCs)
on a multipair AF massive MIMO system. The effect of
spatial correlation on two-way FDR systems is considered
in [23] and several power scaling laws under different sce-
narios are obtained. While most previous studies on massive
MIMO relaying systems implicitly assume Rayleigh fading,
the study in [24] and [25] investigates Rician fading. Further-
more, a low complexity power control scheme is proposed to
optimize the spectral efficiencies in [25]. It should be pointed
out, however, that all of studies discussed above consider
massiveMIMO relaying systems with ideal hardware. In con-
trast, the system of interest in this paper is a massive MIMO
one-way relaying system operating in the more practical
scenario of having transceiver hardware impairments.

Given that very large antenna arrays are employed in mas-
sive MIMO FDR systems, it is very desirable to be able to
deploy inexpensive transceiver components in these systems.
However, the inexpensive transceiver components usually
cause serious hardware impairments (e.g., phase noise, power
amplifier nonlinearity, low-noise amplifier nonlinearity,
I/Q imbalance and ADC quantization noise), which must be
considered in the practical design of massive MIMO FDR
systems. Although the effects caused by hardware impair-
ments can be mitigated by calibration and compensation to
some extent, there always remain residual hardware impair-
ments. A study on the impact of hardware impairments has
been carried out for 5G networks incorporating the massive
MIMO technique [26], [27]. It is shown that the residual
hardware impairments can be modeled as an additive Gaus-
sian impairment, whose variance depends on the power of
the useful signal [26]–[33]. In particular, the aggregate effect
of several hardware impairments originating from different
sources in a massive MIMO system is studied in [26] by
modelling the residual hardware impairments as additive
distortion noises. Subsequently, Björnson et al. [27] present
closed-form expressions of the achievable rate for the uplink
of a massive MIMO system in which the hardware impair-
ments are modelled as multiplicative phase noise and additive
distortion noise.

Due to the practical relevance of massive MIMO FDR sys-
tems built with low-cost components, there has been growing
interest in the study of massive MIMO FDR systems with
hardware impairments [29]–[33]. Specifically, the FDR sys-
tems with hardware impairments can be used to help the users
within the service range of the access points to improve their
service quality and link capacity. In addition, they can also be

used to extend the coverage to remote users beyond the ser-
vice range of the access points. Thus they have been applied
in several wireless network standards, e.g., LTE-A and
IEEE 802.16j. In [29] and [30], approximate expressions
of spectral efficiency of a multipair massive MIMO two-
way relaying systemwith hardware impairments are obtained
under perfect channel state information (CSI). Taking into
account hardware impairments and with simple linear beam-
forming (BF) processing, Xia et al. [31] study a mas-
sive MIMO DF FDR system where sources/destinations are
equipped with multiple antennas and propose a hardware-
impairment-aware transceiver scheme (HIA scheme) to miti-
gate the distortion noises by exploiting the statistical channel
knowledge and antenna arrays of sources/destinations. With
MRC/MRT processing and considering hardware impair-
ments, Xu et al. [32] and Xie et al. [33] investigate a mas-
sive MIMO DF FDR system and derive expressions of the
achievable rate in the cases of perfect and imperfect CSI,
respectively. They show that, as the number of antennas at
the relay grows very large, the achievable rate is limited
by hardware impairments at the sources and destinations
rather than by hardware impairments at the relay or by
other interference. Furthermore, a low complexity power
control scheme is proposed to further improve the energy
efficiency of MIMO DF FDR systems with hardware impair-
ments in [33]. In general, power scaling is an important
characteristic of any massive MIMO system since it indi-
cates how the deployment of large-scale (massive) antenna
arrays helps to scale down transmit power while maintain-
ing system’s target rate. The effect of power scaling on
the massive MIMO FDR systems with hardware impair-
ments has only been studied in [29], [30], [32], and [33],
which focus on several specific situations. Specifically,
Xie et al. [33] give performance analysis for amassiveMIMO
DF FDR system with MRC/MRT processing and hardware
impairments under the practical scenario of imperfect CSI.

To the authors of best knowledge, with the exception
of [33], there are no other studies on massive MIMO FDR
systems with hardware impairments and under the realistic
assumption of imperfect CSI. In particular, power scaling
behaviors for massive MIMO FDR systems with hardware
impairments and under imperfect CSI is little understood.
Against this background and motivated by the facts that
(i) ZF processing is another important and attractive linear
processing in addition to MRC/MRT, and (ii) the signal
processing complexity of AF is much lower than that of DF
when implemented in a massive MIMO relay system [15],
this paper investigates power scaling laws for massiveMIMO
FDR systems with MRC/MRT or ZF processing in DF and
AF schemes under the scenario of imperfect CSI and hard-
ware impairments. The main contributions of the paper are
summarized as follows:
• With MRC/MRT or ZF processing, closed-form expres-
sions for the lower bounds of the end-to-end achievable
rates are derived for both DF and AF schemes in full-
duplex mode. Since the lower bounds give very good
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approximations of the achievable rates, these closed-
form expressions are handy for system performance
analysis and also help to establish various power scaling
properties. Furthermore, these closed-form expressions
obtained in the full-duplexmode can be readilymodified
to yield the achievable rates of massiveMIMODF or AF
systems operating in the half-duplex mode with both
MRC/MRT and ZF processing.

• It is shown that, when Ntx and Nrx grow unlimited, but
with a fixed ratio, to maintain a desirable rate for DF
and AF schemes with MRC/MRT or ZF processing,
the transmit powers of the sources, relay and pilots can
be scaled down to 1

/
N a
rx, 1

/
N b
tx and 1

/
N c
rx, respectively,

where a, b, c ≥ 0, a+c ≤ 1 and b+c ≤ 1. Furthermore,
if a + c = 1, b + c < 1 and b > 0, the effect of loop
interference can be eliminated asymptotically, leading
to better rate performance and higher energy saving.
In addition, if a + c < 1, b + c < 1, 0 ≤ a, b < 1
and 0 < c < 1, the effect of hardware impairments of
the relay can be eliminated, and the effect of hardware
impairments of sources and destinations are the only fac-
tors that limit the system performance in bothDF andAF
strategies, while using the high-quality hardware at the
sources and destinations helps to realize the great per-
formance advantage of a massive MIMO FDR system.

• Numerical results indicate that, with a small loop inter-
ference level, using the high-quality hardware at the
sources and destinations helps to improve the system
performance much better than using the high-quality
hardware at the relay. Compared to MRC/MRT pro-
cessing, ZF processing obtains a greater performance
improvement when high-quality hardware is used at the
sources and destinations. On the other hand, with a high
loop interference level, the hardware qualities at the
sources and destinations have basically the same impact
on the system performance as that of the hardware qual-
ity at the relay. In addition, numerical results show that
power scaling in the relay’s transmitter can suppress the
impact of loop interference, hence not only can it save
energy but also improve the system’s rate performance.
Finally, numerical results also show that the DF scheme
can provide better rate performance than the AF scheme,
and that MRC/MRT processing is able to suppress the
loop interference better than ZF processing.

The remainder of this paper is organized as follows.
Section II describes the massive MIMO FDR system model,
channel estimation and transmission for both DF and AF
schemes. Section III and Section IV derive the lower bounds
on the achievable rate and give various power scaling laws
with MRC/MRT or ZF processing for DF and AF schemes,
respectively. Numerical results are presented in Section V.
Section VI concludes the paper. Appendices provide deriva-
tions and proofs relevant to the analysis presented in the
paper.
Notation: Boldface upper and lower case letters denote

matrices and column vectors, respectively. The superscripts

(·)T , (·)∗ and (·)H stand for transpose, conjugate and
conjugate-transpose, respectively. IN stands for N × N
identity matrix. The expectation and the variance operators
are denoted by E{·} and Var(·), respectively. Finally, Z ∼
CN (0,A) denotes a circularly-symmetric complex Gaussian
vector Z with zero mean and covariance matrix A.

II. SYSTEM MODEL
A. CHANNEL MODEL
The system under consideration is illustrated in Fig. 1,
in which N source-destination pairs communicate with each
other with the help of a full-duplex relay. Similar to [17],
the application scenario of interest in this paper is such that
the direct links among Sn andDn do not exist due to large path
loss and/or heavy shadowing. Specifically, source Sn wishes
to communicate with destination Dn with the help of relay R,
where n ∈ {1, · · · ,N }. It is assumed that each of the sources
and destinations is equipped with a single antenna, while the
receiving terminal and the transmitting terminal of the relay
are equipped with Nrx and Ntx antennas, respectively.

FIGURE 1. Full-duplex relaying with N source-destination pairs.

Let GSR ∈ CNrx×N and GRD ∈ CNtx×N represent the
channel matrices from the sources to the receive antenna
array of the relay station and from the destinations to the
transmit antenna array of relay station, respectively. More
specifically,G�, � ∈ {SR,RD} is modelled asG� = H�D

1/2
� ,

where H� characterizes the small-scale fading whose entries
are independent and identically distributed (i.i.d) CN (0, 1)
random variables, and the diagonal matrix D� captures the
large-scale fading whose nth diagonal element is denoted by
β�,n [6]. Moreover, the matrix GLI ∈ CNrx×Ntx represents the
loop interference channel between the relay’s transmit and
receive arrays, whose entries are i.i.d. CN

(
0, σ 2

LI

)
random

variables.

B. CHANNEL ESTIMATION
In practice, the channels GSR and GRD need to be estimated
at the relay station. To this end, all sources and destinations
transmit their pilot sequences of length τ (τ ≥ N ) symbols
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to the relay station. The received matrices at the receive and
transmit antenna arrays of the relay can be written as [17]

Yr,P =
√
PPGSR8SR +GSRNλ,SR + Nµ,SR + Nr,P (1)

Yt,P =
√
PPGRD8RD +GRDNλ,RD + Nµ,RD + Nt,P (2)

where PP is the transmit power of uplink pilot symbols,
Nr,P ∈ CNrx×τ andNt,P ∈ CNtx×τ are additive white Gaussian
noise (AWGN) matrices at the receive and transmit ends of
the relay, respectively, and their entries are i.i.d. CN (0, 1)
random variables. Matrices 8SR ∈ CN×τ and 8RD ∈ CN×τ

are uplink pilot matrices, which are built from the correspond-
ing pilot sequences and can be chosen as discrete Fourier
transform (DFT) matrices. The pairwise orthogonality of all
pilot sequences means that 8SR8

H
SR = τ IN and 8RD8

H
RD =

τ IN [34]. The matrices Nλ,SR ∈ CN×τ and Nλ,RD ∈

CN×τ represent the effects of imperfect transmit radio fre-
quency (RF) chains [35], [36]. An important property is that
the power of distortion noise at a given antenna is proportional
to the signal power transmitted at this antenna. Therefore,
the entries of Nλ,SR and Nλ,RD are i.i.d. CN (0, λPPP) ran-
dom variables, where λP characterizes the level of transmit
imperfection, which is assumed to be the same at sources
and destinations. Similarly, Nµ,SR ∈ CNrx×τ and Nµ,RD ∈
CNtx×τ represent the effects of imperfect receive RF chains,
whose entries are i.i.d. imperfect receive RF chains, whose

entries are i.i.d. CN
(
0, µP

(
PP (1+ λP)

N∑
j=1
βSR,j + 1

))

and CN
(
0, µP

(
PP (1+ λP)

N∑
j=1
βRD,j + 1

))
random vari-

ables, respectively, where µP characterizes the level of
receive imperfection [32], [33].

It is pointed out that existing results on pilot-based channel
estimation [1], [17] apply for estimation of unknown chan-
nel corrupted by independent additive Gaussian noise with
known statistics. However, such results do not apply to the
considered model since the received pilot signals involve
terms related to distortion noises, which are neither inde-
pendent nor Gaussian distributed. More specifically, due to
the presence of transmit distortion noises, the received pilot
signals are degraded by the terms GSRNλ,SR andGRDNλ,RD,
which are not independent with the channel to be esti-
mated. Moreover, GSRNλ,SR and GRDNλ,RD are products of
Gaussian random variables, thus they are actually non-
Gaussian.

Because the linear minimummean square-error (LMMSE)
estimation (see [26], [27]) is relatively complicated, and is
not conducive to the system analysis, this paper adopts the
linear least-square (LS) estimation for convenience. The LS
estimation of GSR and GRD can be written as [34]

ĜSR =
Yr,P8

H
SR

τ
√
PP

(3)

ĜRD =
Yt,P8

H
RD

τ
√
PP

. (4)

For the nth column vectors of ĜSR and ĜRD,
they are distributed as ĝSR,n ∼ CN

(
0, σ 2

SR,nINrx

)
and

ĝRD,n ∼ CN
(
0, σ 2

RD,nINtx

)
, where

σ 2
SR,n = βSR,n +

λP+µP + λPµP

τ

N∑
j=1

βSR,j+
µP + 1
τPP

(5)

σ 2
RD,n = βRD,n +

λP+µP + λPµP

τ

N∑
j=1

βRD,j+
µP + 1
τPP

. (6)

Unlike the analysis under perfect CSI assumption, the non-
Gaussian distortion noise caused by hardware impairments
needs to be taken into account in the system performance
analysis and this is done in Sections III and IV.

C. DF DATA TRANSMISSION
At time instant i, all sources transmit their signals x[i] to the
relay station, while the relay broadcasts s[i] to destinations
under the DF strategy. The received signals at the relay station
and the N destinations are given by [32]

yR[i] =
√
PSGSRx[i]+GSRn1[i]+

√
PRGLIs[i]

+GLIn3[i]+ n2[i]+ nR[i] (7)

yD[i] =
√
PRGT

RDs[i]+GT
RDn3[i]+ n4[i]+ nD[i] (8)

where PS and PR are the transmit powers of each source and
of the relay station, respectively. The signals are modelled
as x[i] ∼ CN (0, IN ), whereas nR[i] ∼ CN

(
0, INrx

)
and

nD[i] ∼ CN (0, IN ) denote AWGN vectors at the relay’s
receiver and destinations, respectively. The vectors n1[i],
n2[i], n3[i] and n4[i] denote the distortion noises of sources,
the relay’s receiver, the relay’s transmitter and destinations,
respectively. The distortion noises caused by imperfect RF
chains can be represented as

n1,n[i] ∼ CN (0, δ1,n), δ1,n = λ1PSE
{
|xn[i]|2

}
(9)

n2,m[i] ∼ CN (0, δ2,m), δ2,m = µ1E
{∣∣yR,m[i]∣∣2} (10)

n3,m[i] ∼ CN (0, δ3,m), δ3,m = λ2PRE
{
|sm[i]|2

}
(11)

n4,n[i] ∼ CN (0, δ4,n), δ4,n = µ2E
{∣∣yD,n[i]∣∣2} (12)

where λ1 and λ2 characterize the levels of transmit imper-
fection of sources and the relay’s transmitter, respectively.
Likewise, µ1 and µ2 characterize the levels of receive
imperfection of the relay’s receiver and destinations, respec-
tively. The quantities xn[i], yD,n[i], n1,n[i] and n4,n[i] are the
nth elements of x[i], yD[i], n1[i] and n4[i], respectively. Sim-
ilarly, yR,m[i], sm[i], n2,m[i] and n3,m[i] are the mth elements
of yR[i], s[i], n2[i] and n3[i], respectively. Lastly, s[i] repre-
sents the signals forwarded by the relay to destinations. The
expression for s[i] depends on the linear processing adopted
at the relay and are detailed next for the cases of MRC/MRT
and ZF processing.
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1) LINEAR RECEIVER
With a linear receiver, the received signal yR[i] is sepa-
rated into N streams by multiplying with matrix WH as
follows [32]:

r[i] =WHyR[i]. (13)

The relay then uses the nth stream (i.e., the nth element
of r[i]) to decode the signal transmitted from Sn. The nth
element of r[i] can be expressed as

rn[i] =
√
PSwH

n gSR,nxn[i]+
√
PS

N∑
j 6=n

wH
n gSR,jxj[i]

+

N∑
j=1

wH
n gSR,jn1,j[i] +

√
PRwH

n GLIs[i]

+wH
n GLIn3[i]+ wH

n n2[i]+ wH
n nR[i] (14)

where gSR,n and wn are the nth columns of GSR and W,
respectively. The MRC and ZF receivers that are of inter-
est in this paper correspond to W = ĜSR and W =

ĜSR

(
ĜH

SRĜSR

)−1
, respectively.

2) LINEAR PRECODING
With the DF strategy, the relay first detects the transmitted
signals from sources. It then performs linear precoding on
these detected signals and forward the results to destina-
tions. Assuming perfect detection at the relay and taking into
account processing delay [17], the transmit signals at the relay
are precoded versions of x[i − d], where d represents the
processing delay. It is assumed that d ≥ 1, which guarantees
that, for a given time instant, the receive and transmit signals
at the relay station are uncorrelated. Hence the forwarded
signals at the relay are given as s [i] = Ax [i− d], where
A is the linear precoding matrix at the relay station. For
MRT precoding, one has A = αMRTĜ∗RD, whereas A =

αZFĜ∗RD
(
ĜT

RDĜ
∗

RD

)−1
for ZF precoding. The value of αMRT

and αZF are chosen to satisfy a long-term total transmit
power constraint at the relay, i.e., E

{
‖s[i]‖2

}
= 1. For MRT

precoding, one has [17] αMRT = 1/

√
Ntx

N∑
j=1
σ 2
RD,j. On the

other hand, αZF = 1/

√
N∑
j=1
ϕRD,j, where

η�,i = β�,i +
µP + λPµP

τ

N∑
k=1

β�,k +
µP + 1
τPP

(15)

θ�,i =
β�,i

η�,i
(16)

ε�,i = β�,i −
β2
�,i

η�,i
(17)

ϕ�,i =

τ + λPη�,iθ
2
�,i

N∑
l=1
η−1
�,l

(N� − N ) τη�,i
+

λP
N∑
l=1
η−1
�,l

N∑
l=1
ε�,l

(N� − N )2τη�,i
. (18)

In (15) to (18), we define � ∈ {SR,RD} and i ∈
{1, · · · ,N }. When � ≡ SR, N� = Nrx, whereas N� = Ntx
when � ≡ RD. The derivation of αZF is given in Appendix B.
From (8), the received signal at Dn can be expressed

as [32]:

yD,n[i] =
√
PRg

T
RD,nanxn [i− d]+

√
PR

N∑
j 6=n

gTRD,naj

×xj [i− d]+ gTRD,nn3 [i]+ n4,n [i]+ nD,n[i] (19)

where gRD,n and an are the nth columns of GRD and A,
respectively, and nD,n[i] is the nth element of nD[i].

D. AF DATA TRANSMISSION
Similar to (7) in the case of DF strategy, the received signal
vector at the relay under AF strategy is formulated as [18]

yR[i] =
√
PSGSRx[i]+GSRn1[i]+GLIyRT[i]

+GLIn3[i]+ n2[i]+ nR[i] (20)

where yRT[i] ∈ CNtx×1 denotes the transmitted signal vector
at the relay station. With AF strategy, this signal vector is

yRT[i] =
√
PRρFyR[i− 1] (21)

where yR[i−1] is simply the signal vector received previously

at the relay [18], F = Ĝ∗RDĜ
H
SR and F = Ĝ∗RD

(
ĜT

RDĜ
∗

RD

)−1(
ĜH

SRĜSR

)−1
ĜH

SR represent the MRC/MRT and ZF process-
ing matrices at the relay, respectively, and ρ is the power
amplification factor.

To reduce processing complexity, a fixed gain is
employed [18]. Define yRT[i − 1] =

√
PRỹRT[i − 1].

For convenience of analysis, assume that pre-suppression
techniques are employed [37] to yield the approximation
ỹRT[i− 1] ∼ CN (0, 1

Ntx
INtx ). Thus the received signal vector

at Dn is given in (22), as show at the bottom of this page.

yD,n[i] = ρ
√
PSPRg

T
RD,nFgSR,nxn [i− 1] + ρ

√
PSPR

N∑
j 6=n

gTRD,nFgSR,jxj [i− 1]

+ ρ
√
PRg

T
RD,nFGSRn1 [i− 1]+ ρPRg

T
RD,nFGLIỹRT[i− 1]+ ρ

√
PRg

T
RD,nFGLIn3 [i− 1]

+ ρ
√
PRg

T
RD,nFnR [i− 1]+ ρ

√
PRg

T
RD,nFn2 [i− 1]+ gTRD,nn3 [i]+ nD,n[i]+ n4,n [i] (22)
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It follows that the value of ρ that satisfies the power
constraint E

{
‖yRT[i]‖2

}
= PR is given as

ρ=

√√√√√√√√
1

E

PS‖FGSR‖
2
+ PR

∥∥FGLIỹRT[i− 1]
∥∥2

+‖FGSRn1 [i− 1]‖2 + ‖Fn2 [i− 1]‖2

+‖FGLIn3 [i− 1]‖2 + ‖FnR [i− 1]‖2


. (23)

III. ACHIEVABLE RATE ANALYSIS AND POWER SCALING
LAWS WITH THE DF Protocol
A. DF ACHIEVABLE RATE ANALYSIS
In this section, with MRC/MRT or ZF processing, we derive
the sum spectral efficiency of DF strategy in the full-
duplex mode. The achievable rate is limited by the weakest/
bottleneck link, i.e., it is equal to the minimum of the achiev-
able rates of the transmissions from Sn to R and from R toDn.
By using a technique from [17], the received signal at the
relay’s receiver or at destination is rewritten as a known mean
gain times the desired symbol, plus the uncorrelated effective
noise which can be equivalent to independent Gaussian noise
of the same variance in the worst case. Furthermore, since the
effective noise is a sum of many terms, according to the cen-
tral limit theorem, the Gaussian noise approximation should
be very accurate, especially for massive MIMO systems.
This technique is very suitable for analyzing the massive
MIMO systems since: (i) it yields a simplified insightful rate
expression, which is basically a lower bound of what can be
achieved in practice; and (ii) it only require statistical CSI at
the terminal [17], [38], [39].

First, we analyze the link from Sn to R by this technique.
From (14), the received signal used for detecting xn[i] at the
relay station can be written as

rn[i] =
√
PSE

{
wH
n gSR,n

}
xn [i]︸ ︷︷ ︸

desired signal

+ ñR,n[i]︸ ︷︷ ︸
effective noise

(24)

where the effective noise ñR,n[i] is given by

ñR,n[i]

=
√
PS
(
wH
n gSR,n − E

{
wH
n gSR,n

})
xn [i]

+
√
PS

N∑
j 6=n

wH
n gSR,jxj [i]+

N∑
j=1

wH
n gSR,jn1,j [i] +

√
PR

wH
n GLIs [i]+wH

n GLIn3 [i]+wH
n n2 [i]+w

H
n nR[i]. (25)

Second, we analyze the link from R to Dn. From (19),
the received signal used for detecting xn[i] at the destination
can be written as

yD,n[i] =
√
PRE

{
gTRD,nan

}
xn [i− d]︸ ︷︷ ︸

desired signal

+ ñD,n[i]︸ ︷︷ ︸
effective noise

(26)

where the effective noise ñD,n[i] is given by

ñD,n[i] =
√
PR
(
gTRD,nan − E

{
gTRD,nan

})
xn [i− d]

+
√
PR

N∑
j 6=n

gTRD,najxj [i− d]+ gTRD,nn3 [i]

+ n4,n [i]+ nD,n[i]. (27)

From (24) to (27), the achievable rate for DF strategy in the
full-duplex mode is

S♦FD,DF =
T − τ
T

N∑
n=1

log2
(
1+min(SINR♦SR,n,SINR

♦

RD,n)
)

(28)

where the symbol ♦ ∈ {MR,ZF} corresponds to MRC/MRT
and ZF processing, respectively, T is the length of the
coherence interval (in symbols), τ is the number of training
symbols, SINR♦SR,n and SINR

♦

RD,n denote the average signal-
to-interference-plus-noise ratio (SINR) of transmission links
Sn→ R and R→ Dn, respectively. From (24), the SINR♦SR,n
is written as:

SINR♦SR,n =
PS
∣∣ASR,n∣∣2(

PSBSR,n + PSCSR,n + DSR,n+
PRESR,n + FSR,n + GSR,n + HSR,n

) (29)

where

ASR,n = E{wH
n gSR,n} (30)

BSR,n = Var(wH
n gSR,n) (31)

CSR,n =

N∑
j 6=n

E
{∣∣∣wH

n gSR,j
∣∣∣2} (32)

DSR,n =

N∑
j=1

E
{∣∣∣wH

n gSR,jn1,j[i]
∣∣∣2} (33)

ESR,n = E
{∥∥∥wH

n GLIA
∥∥∥2} (34)

FSR,n = E
{∣∣∣wH

n GLIn3[i]
∣∣∣2} (35)

GSR,n = E
{∣∣∣wH

n n2[i]
∣∣∣2} (36)

HSR,n = E
{∥∥∥wH

n

∥∥∥2}. (37)

To compute SINR♦RD,n, we consider (26) and obtain

SINR♦RD,n=
PR
∣∣ARD,n∣∣2

PRBRD,n+PRCRD,n + DRD,n + δ4,n + 1
(38)

where

ARD,n = E
{
gTRD,nan

}
(39)

BRD,n = Var
{
gTRD,nan

}
(40)

CRD,n =

N∑
j 6=n

E
{∣∣∣gTRD,naj∣∣∣2} (41)

DRD,n = E
{∣∣∣gTRD,nn3[i]∣∣∣2}. (42)
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The next two theorems provide a new exact closed-form
expression of the sum spectral efficiency for MRC/MRT
processing, and a new approximate closed-form expression
of the sum spectral efficiency for ZF processing.
Theorem 1: Under the DF scheme and full duplex mode,

the sum spectral efficiency of MRC/MRT processing is given
by

SMR
FD,DF =

T − τ
T

N∑
n=1

log2
(
1+min(SINRMR

SR,n,SINR
MR
RD,n)

)
(43)

where

SINRMR
SR,n =

NrxPSβ2SR,n
NrxPSA1 + PSA2 + PRA3 + A4

(44)

SINRMR
RD,n =

NtxPRβ2RD,n
NtxPRA5 + PRA6 + A7

(45)

A1 = λ1β2SR,n + (1+ λ1)
N∑
j=1

λPβ
2
SR,j

τ
(46)

A2 = (1+ λ1) (1+ µ1) σ
2
SR,n

N∑
j=1

βSR,j (47)

A3 = (1+ λ2) (1+ µ1) σ
2
LIσ

2
SR,n (48)

A4 = (1+ µ1) σ
2
SR,n (49)

A5 =
(
(1+ µ2)NλP

τ
+ µ2

)
β2RD,n (50)

A6 = (1+ λ2) (1+ µ2) βRD,n

N∑
j=1

σ 2
RD,j (51)

A7 = (1+ µ2)

N∑
j=1

σ 2
RD,j. (52)

Proof: See Appendix A.
Theorem 2: Under the DF scheme and full duplex mode,

the sum spectral efficiency of ZF processing can be approxi-
mated as

SZFFD,DF ≈
T − τ
T

N∑
n=1

log2
(
1+min(SINRZF

SR,n,SINR
ZF
RD,n)

)
(53)

where

SINRZF
SR,n

=
PSθ

2
SR,n

PSB1 + PRB2 + B3
(54)

SINRZF
RD,n

=
PRθ

2
RD,n

PRB4 + B5
(55)

ξ�,i1i2

=

(
2λPε�,i1θ

2
�,i1

(N� − N ) τη�,i1
+ θ2�,i1

)
δ (i1, i2)

+

ε�,i1

(
τ + λPη�,i2θ

2
�,i2

N∑
l=1
η−1
�,l

)
+ λPθ

2
�,i1

N∑
l=1
ε�,l

(N� − N ) τη�,i2

+
λP

τ

(
θ2�,i1θ

2
�,i2 +

ε2
�,i1

(N� − N )2η2�,i2

+

N∑
l=1

N∑
m=1

ε�,i1ε�,m

(N� − N )2η�,i2η�,l

)
(56)

where � ∈ {SR,RD}, i1, i2 ∈ {1, · · · ,N }, N� ={
Nrx, � ≡ SR
Ntx, � ≡ RD

and δ (i1, i2) =
{
1, i1 = i2
0, i1 6= i2

.

B1 = (1+ λ1)
n∑
j=1

(
ξSR,jn + µ1βSR,jϕSR,n

)
− θ2SR,n (57)

B2 = (1+ µ1) (1+ λ2) σ 2
LIϕSR,n (58)

B3 = (1+ µ1) ϕSR,n (59)

B4 = (1+ µ2)

 n∑
j=1

ξRD,nj + λ2βRD,n

N∑
j=1

ϕRD,j

− θ2RD,n
(60)

B5 = (1+ µ2)

N∑
j=1

ϕRD,j. (61)

and θ�,i, ϕ�,i and ξ�,i1i2 are given in (16), (18) and (56),
respectively.

Proof: See Appendix B.
For comparison, we now study an idealistic scheme in

which the relay station and destinations can detect the signals
based on the instantaneous CSI. With MRC/MRT and ZF
processing, the achievable ergodic sum rates for DF strategy

and full-duplex mode are given in (62), where ‘‘S̃INR
♦

SR,n’’

and ‘‘S̃INR
♦

RD,n’’ are expressed in (63) and (64), as shown at
the top of the next page.

B. DF POWER SCALING LAWS
In general, power scaling is an important characteristic of
massive MIMO systems since it indicates how the deploy-
ment of large-scale (massive) antenna arrays helps to scale
down transmit power while maintaining the system target
rate. Based on (43) and (53), when very large antenna arrays
are deployed at the relay station, this subsection establishes
various power scaling laws forMRC/MRT and ZF processing
under DF strategy. To be specific, the analysis is performed
in the limiting case of Nrx→∞, Ntx→∞, and Nrx = κNtx,
κ > 0. In order to understand the power scaling behaviors,
define three power scaling coefficients a ≥ 0, b ≥ 0, and
c ≥ 0 such that PS = PS

/
N a
rx, PR = PR

/
N b
tx and PP =

PP
/
N c
rx, where PS, PR and PP are fixed power parameters

that are independent of Nrx and Ntx.
It is easy to see that, when c > 1, both SMR

FD,DF and SZFFD,DF
tend to zero, while they converge to a constant when c ≤ 1.
Furthermore, the following corollaries give the values of
SMR
FD,DF and SZFFD,DF for various cases concerning a, b and c.
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S̃♦FD,DF =
T − τ
T

N∑
n=1

E
{
log2

(
1+min(S̃INR

♦

SR,n, S̃INR
♦

RD,n)
)}

(62)

where

S̃INR
♦

SR,n =
PS
∣∣wH

n gSR,n
∣∣2

PS
N∑
j 6=n

∣∣wH
n gSR,j

∣∣2 + N∑
j=1

∣∣wH
n gSR,jn1,j [i]

∣∣2 + PR∥∥wH
n GLIA

∥∥2 + ∣∣wH
n GLIn3 [i]

∣∣2 + ∣∣wH
n n2 [i]

∣∣2 + ∥∥wH
n

∥∥2 (63)

S̃INR
♦

RD,n =
PR
∣∣∣gTRD,nan∣∣∣2

PR
N∑
j 6=n

∣∣∣gTRD,naj∣∣∣2 + ∣∣∣gTRD,nn3 [i]∣∣∣2 + δ4,n + 1

(64)

1) DF POWER SCALING LAWS WITH MRC/MRT PROCESSING
Corollary 1:When a+ c < 1 and b+ c < 1, the sum spectral
efficiency of MRC/MRT processing in (43) can be expressed
as follows:

SMR
FD,DF→

T − τ
T

N∑
n=1

log2

(
1+min

(
β2SR,n

A1
,
1
A8

))
(65)

where

A8 =
(1+ µ2)NλP

τ
+ µ2. (66)

The expression in (65) shows that, when both Nrx and Ntx
tend to infinity, the rate performance can still be maintained
when scaling down the transmit powers of sources, relay and
pilots proportionally to 1

/
N a
rx, 1

/
N b
tx and 1

/
N c
rx, respectively.

Furthermore, the absence of parameters λ2, µ1, µP and σ 2
LI

from (65) indicates that the rate performance for MRC/MRT
processing in the DF scheme is not affected by the loop
interference and relay’s hardware impairments in the limiting
case considered. The hardware impairments of sources and
destinations, represented by parameters λ1, λP and µ2 are the
only factors that limit the system performance.
Corollary 2: When a = 1, b = 0 and c = 0, the sum

spectral efficiency of MRC/MRT processing in (43) can be
expressed as

SMR
FD,DF→

T − τ
T

N∑
n=1

× log2

(
1+min

(
PSβ2SR,n

PSA1 + PRA3 + A4
,
1
A8

))
.

(67)

Corollary 3:When a = 1, 0 < b < 1 and c = 0, the sum
spectral efficiency of MRC/MRT processing in (43) can be
expressed as

SMR
FD,DF→

T − τ
T

N∑
n=1

log2

(
1+min

(
PSβ2SR,n
PSA1 + A4

,
1
A8

))
.

(68)

Observe that the sum spectral efficiency in Corollary 3
is greater than that in Corollary 2. This means that power
scaling in the relay’s transmitter (b > 0) not only can save
energy but also improve the system’s rate performance. This
phenomenon can be explained as follows. As the number of
relay’s antennas increases, the power of the relay’s transmitter
decreases and the impact of loop interference experienced by
the relay’s receiver decreases. This results in better commu-
nication performance at the relay’s receiver without affecting
the communication performance of the destination. There-
fore, the performance of the whole system should improve.
Corollary 4: When a < 1, b = 1 and c = 0, the sum

spectral efficiency of MRC/MRT processing in (43) can be
expressed as

SMR
FD,DF→

T−τ
T

N∑
n=1

log2

(
1+min

(
β2SR,n

A1
,
PRβ2RD,n
PRA5+A7

))
.

(69)

Corollary 5: When a = 1, b = 1 and c = 0, the sum
spectral efficiency of MRC/MRT processing in (43) can be
expressed as

SMR
FD,DF →

T − τ
T

N∑
n=1

log2

×

(
1+min

(
PSβ2SR,n
PSA1 + A4

,
PRβ2RD,n
PRA5 + A7

))
.

(70)

Corollary 4 and Corollary 5 thus reveal the effect of
transmit power of the sources on system performance under
MRC/MRT processing. It is observed that the sum spec-
tral efficiency stated in Corollary 4 is greater than that in
Corollary 5.
Corollary 6: When a + c = 1, b = 0 and 0 < c < 1

(which implies that 0 < a < 1), the sum spectral efficiency

VOLUME 6, 2018 40867



S.-N. Jin et al.: Power Scaling Laws of Massive MIMO FDR With Hardware Impairments

of MRC/MRT processing in (43) can be expressed as follows

SMR
FD,DF→

T − τ
T

N∑
n=1

log2

×

(
1+min

(
PSβ2SR,n

PSA1 + PRA9 + A10
,
1
A8

))
(71)

where

A9 =
(1+ λ2) (1+ µ1) (1+ µP) σ

2
LI

τPP
(72)

A10 =
(1+ µ1) (1+ µP)

τPP
. (73)

Corollary 7: When a + c = 1, b + c < 1, a, b, c > 0 (or
equivalently a+ c = 1 and 0 < b < a < 1), the sum spectral
efficiency of MRC/MRT processing in (43) can be expressed
as

SMR
FD,DF→

T − τ
T

N∑
n=1

log2

(
1+min

(
PSβ2SR,n

PSA1 + A10
,
1
A8

))
.

(74)

It is observed that the sum spectral efficiency stated in
Corollary 7 is greater than that in Corollary 6. This obser-
vation reveals that, similar to Corollary 2 and Corollary 3,
power scaling in the relay’s transmitter (b > 0) helps to save
energy and improve the system performance.
Corollary 8: When a + c < 1, b + c = 1 and c > 0,

the sum spectral efficiency of MRC/MRT processing in (43)
can be expressed as

SMR
FD,DF→

T−τ
T

N∑
n=1

log2

(
1+min

(
β2SR,n

A1
,

PRβ2RD,n
PRA5 + A11

))
(75)

where

A11 =
(1+ µP) (1+ µ2)Nκc

τPP
. (76)

Corollary 9:When a + c = 1, b + c = 1 and 0 < c < 1,
the sum spectral efficiency of MRC/MRT processing in (43)
can be expressed as

SMR
FD,DF→

T − τ
T

N∑
n=1

× log2

(
1+min

(
PSβ2SR,n

PSA1 + A10
,

PRβ2RD,n
PRA5 + A11

))
.

(77)

By comparing Corollary 8 and Corollary 9, we can see that,
the hardware impairment of the relay’s receiver will affect the
system performance when a+c = 1, but not when a+c < 1.
It is pointed out that the conditions in Corollary 9 imply that
0 < a < 1 and 0 < b < 1.When a = b = c = 0.5, compared
to the case of ideal hardware in [17], it is seen that the sum

spectral efficiency of MRC/MRT processing is affected by
hardware impairments from the sources, relay’s receiver and
destinations.
Corollary 10: When a = 0, b = 0 and c = 1, the sum

spectral efficiency of MRC/MRT processing in (43) can be
expressed as

SMR
FD,DF→

T − τ
T

N∑
n=1

log2

×

(
1+min

(
PSβ2SR,n

PSA12 + PRA13+A10
,

PRβ2RD,n
PRA14 + A11

))
(78)

where

A12 = A1 + (1+ λ1)A10
N∑
j=1

βSR,j (79)

A13 = (1+ λ2) σ 2
LIA10 (80)

A14 = A5 + (1+ λ2) βRD,nA11. (81)

In summary, with MRC/MRT processing and DF strategy,
Corollary 1 to Corollary 10 show that, as the sizes of antenna
arrays tend to infinity, one can scale down the transmitted
powers of sources, relay station and pilots proportionally to
various power scaling coefficients (a, b, c ≥ 0, a+c ≤ 1 and
b + c ≤ 1), while maintaining a given system performance.
The rate expressions in all these corollaries indicate that,
whenever b > 0, the impact of loop interference can be
eliminated. This favorable result is consistent with the fact
that when the transmit power of the relay station is reduced,
the level of the loop interference also declines.

2) DF POWER SCALING LAWS WITH ZF PROCESSING
Corollary 11:When 0 ≤ a, b < 1 and c = 0, the sum spectral
efficiency of ZF processing in (53) can be expressed as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

(
1+min

(
1
B6
,
1
B7

))
(82)

where

B6 =

λP (1+ λ1)
N∑
j=1
θ2SR,j + τλ1

τ
(83)

B7 =

λP (1+ µ2)
N∑
j=1
θ2RD,j + τµ2

τ
. (84)

Corollary 12:When a + c < 1, b + c < 1, 0 ≤ a, b < 1
and 0 < c < 1, the sum spectral efficiency of ZF processing
in (53) can be expressed as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

(
1+min

(
1
λ1
,
1
µ2

))
. (85)
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With ZF processing and DF strategy, Corollary 11 and
Corollary 12 reveal the effect of pilot power on system per-
formance. Different from the case of MRC/MRT processing,
when a + c < 1, b + c < 1 and 0 < c < 1, the effect of
hardware impairment of λP and µP can be eliminated, and
SZFFD,DF ≥ SMR

FD,DF in the power scaling case of a + c < 1,
b + c < 1, 0 ≤ a, b < 1 and 0 < c < 1. This indicates
that the hardware impairments of sources and destinations,
represented by parameters λ1 and µ2 are the only factors that
limit the system performance in this power scaling law.
Corollary 13: When a = 1, b = 0 and c = 0, the sum

spectral efficiency of ZF processing in (53) can be expressed
as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

×

(
1+min

(
P̄S

P̄SB6+P̄RB8B9+B9B10
,
1
B7

))
(86)

where

B8 = (1+ µ1) (1+ λ2) σ 2
LI (87)

B9 =
ηSR,n

β2SR,n

+
λP

τ

N∑
j=1

η−1SR,j (88)

B10 = 1+ µ1. (89)

Corollary 14:When a = 1, 0 < b < 1 and c = 0, the sum
spectral efficiency of ZF processing in (53) can be expressed
as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

(
1+min

(
P̄S

P̄SB6+B9B10
,
1
B7

))
.

(90)

Observe that the sum spectral efficiency in Corollary 14
is greater than that in Corollary 13 for ZF processing and
DF strategy. This is because as the number of relay’s anten-
nas increases, decreasing the loop interference has a much
stronger effect on the system performance, compared with
decreasing the relay’s transmit power.
Corollary 15: When a < 1, b = 1 and c = 0, the sum

spectral efficiency of ZF processing in (53) can be expressed
as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

(
1+min

(
1
B6
,

P̄Rθ
2
RD,n

P̄RB7θ
2
RD,n+B11

))
(91)

where

B11 = (1+ µ2)

n∑
j=1

(
η−1RD,j +

λP

τ
θ2RD,j

N∑
l=1

η−1RD,l

)
. (92)

Corollary 16: When a = 1, b = 1 and c = 0, the sum
spectral efficiency of ZF processing in (53) can be expressed

as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

×

(
1+min

(
P̄S

P̄SB6+B9B10
,

P̄Rθ
2
RD,n

P̄RB7θ
2
RD,n + B11

))
.

(93)

Similar to the results of MRC/MRT processing, Corol-
lary 15 and Corollary 16 show that, when a = 1, the hard-
ware impairment of the relay’s receiver will reduce the rate
performance achieved with ZF processing and DF strategy.
Corollary 17: When a + c = 1, b = 0 and 0 < c < 1

(which implies that 0 < a < 1), the sum spectral efficiency
of ZF processing in (53) can be expressed as

SZFFD,DF →
T − τ
T

N∑
n=1

log2

×

(
1+min

(
P̄Sβ

2
SR,nB12

P̄SB13+P̄RB8+B10
,
1
µ2

))
(94)

where

B12 =
τ P̄P

1+ µP
(95)

B13 = λ1β2SR,nB12. (96)

Corollary 18: When a + c = 1, b + c < 1, a, b, c > 0
(or equivalently a + c = 1 and 0 < b < a < 1), the sum
spectral efficiency of ZF processing in (53) can be expressed
as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

(
1+min

(
P̄Sβ

2
SR,nB12

P̄SB13 + B10
,
1
µ2

))
.

(97)

The results of Corollary 17 and Corollary 18 once again
show that, compared with reducing the power at the relay’s
transmitter, reducing the loop interference can improve sys-
tem performance for ZF processing and DF strategy.
Corollary 19: When a + c < 1, b + c = 1 and c > 0,

the sum spectral efficiency of ZF processing in (53) can be
expressed as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

(
1+min

(
1
λ1
,
P̄Rβ

2
RD,nB12

P̄RB14 + B15

))
(98)

where

B14 = µ2β
2
RD,nB12 (99)

B15 = (1+ µ2)Nκc. (100)

Comparing Corollary 8 and Corollary 19 has SZFFD,DF ≥
SMR
FD,DF in this power scaling case. This shows that ZF pro-

cessing can have better rate performance than MRC/MRT
processing under DF strategy.
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Corollary 20:When a+ c = 1, b+ c = 1 and 0 < c < 1,
the sum spectral efficiency of ZF processing in (53) can be
expressed as

SZFFD,DF →
T − τ
T

N∑
n=1

log2

×

(
1+min

(
P̄Sβ

2
SR,nB12

P̄SB13+B10
,
P̄Rβ

2
RD,nB12

P̄RB14 + B15

))
.

(101)

The conditions in Corollary 20 imply that 0 < a < 1 and
0 < b < 1. When a = b = c = 0.5, compared to the case of
ideal hardware in [17], similar to MRC/MRT processing, the
sum spectral efficiency of ZF processing is also affected by
hardware impairments from the source, relay’s receiver and
destinations.
Corollary 21: When a = 0, b = 0 and c = 1, the sum

spectral efficiency of ZF processing in (53) can be expressed
as

SZFFD,DF→
T − τ
T

N∑
n=1

log2

(
1+min

(
P̄Sβ

2
SR,nB12

P̄SB16+P̄RB8 + B10
,

P̄Rβ
2
RD,nB12

P̄RB17+B15

))
(102)

where

B16 = B13 + (1+ λ1) (1+ µ1)

N∑
j=1

βSR,j (103)

B17 = B14 + (1+ λ2) (1+ µ2)NβRD,nκc. (104)

Comparing Corollary 10 and Corollary 21 has SZFFD,DF ≥
SMR
FD,DF in this power scaling case. This once again reveals

that the rate performance of ZF processing is better than that
of MRC/MRT processing in DF strategy.

With ZF processing and DF strategy, Corollary 11 to
Corollary 21 show that, as the sizes of antenna arrays at
the relay tend to infinity, the transmitted powers of sources,
relay station and pilots can be scaled down proportionally to
different coefficients (a, b, c ≥ 0, a+ c ≤ 1 and b+ c ≤ 1),
while maintaining a given system performance. The rate
expressions in all these corollaries indicate that, whenever
b > 0, the impact of loop interference can be eliminated and
the system’s rate performance can be improved. Furthermore,
when a + c < 1, b + c < 1, 0 ≤ a, b < 1 and 0 < c < 1,
the hardware impairments of λP and µP in sources, relay
and destinations can be eliminated for ZF processing and DF
strategy.

C. DF HALF-DUPLEX SCENARIO
For comparison, the sum spectral efficiencies of the half-
duplex mode with MRC/MRT and ZF processing can be
obtained directly from (43) and (53) by neglecting the loop
interference, imposing a pre-log factor of 1/2 and doubling

the transmit powers [17]. The results are summarized in
Corollary 22 and Corollary 23.
Corollary 22: The sum spectral efficiency of the half-

duplex DF relaying with MRC/MRT processing is given by

SMR
HD,DF=

T − τ
2T

N∑
n=1

log2

1+min

 2NrxPSβ2SR,n
2NrxPSA1+2PSA2+A4

,

2NtxPRβ2RD,n
2NtxPRA5+2PRA6+A7

.
(105)

Corollary 23: The sum spectral efficiency of the half-
duplex DF relaying with ZF processing is given by

SZFHD,DF =
T − τ
2T

N∑
n=1

× log2

(
1+min

(
2PSθ

2
SR,n

2PSB1+B3
,

2PRθ2RD,n
2PRB4 + B5

))
.

(106)

Based on (105) and (106), one can easily obtain power scal-
ing characteristics for the half-duplex DF relaying systems.
Due to space limitation, such analysis is not included in this
paper.

IV. ACHIEVABLE RATE ANALYSIS AND POWER SCALING
LAWS WITH THE AF PROTOCOL
A. AF ACHIEVABLE RATE ANALYSIS
Consider the nth link Sn → R → Dn. It follows from (22)
that the received signal at Dn can be rewritten as a sum of
the desired signal and an effective noise term. By the same
reasoning as in the case of DF strategy, the sum spectral effi-
ciency of the AF scheme for MRC/MRT and ZF processing
is lower bounded as follows [40]:

S♦FD,AF =
T − τ
T

N∑
n=1

log2
(
1+ SINR♦n

)
(107)

where ♦ ∈ {MR,ZF} corresponds to MRC/MRT and ZF
processing, respectively, T is the length of the coherence
interval (in symbols). The SINR♦n of transmission link Sn→
R→ Dn is given as

SINR♦n =
ρ2PSPR

∣∣E1,n∣∣2 ρ2PSPRE2,n + ρ2PSPRE3,n + ρ2PRE4,n+ρ2P2RE5,n + ρ
2PRE6,n + ρ2PRE7,n

+ρ2PRE8,n + E9,n + δ4,n + 1


(108)

where

E1,n = E
{
gTRD,nFgSR,n

}
(109)

E2,n = Var
{
gTRD,nFgSR,n

}
(110)

E3,n =
N∑
j 6=n

E
{∣∣∣gTRD,nFgSR,j∣∣∣2} (111)

40870 VOLUME 6, 2018



S.-N. Jin et al.: Power Scaling Laws of Massive MIMO FDR With Hardware Impairments

E4,n = E
{∣∣∣gTRD,nFGSRn1 [i− 1]

∣∣∣2} (112)

E5,n = E
{∣∣∣gTRD,nFGLIỹRT[i− 1]

∣∣∣2} (113)

E6,n = E
{∣∣∣gTRD,nFGLIn3 [i− 1]

∣∣∣2} (114)

E7,n = E
{∣∣∣gTRD,nFnR [i− 1]

∣∣∣2} (115)

E8,n = E
{∣∣∣gTRD,nFn2 [i− 1]

∣∣∣2} (116)

E9,n = E
{∣∣∣gTRD,nn3[i]∣∣∣2}. (117)

Based on (107), the following theorems establish closed-
form expressions of the sum spectral efficiency with AF
scheme for MRC/MRT and ZF processing.
Theorem 3: Under the AF scheme and full-duplex mode,

the sum spectral efficiency of MRC/MRT processing is given
by

SMR
FD,AF =

T − τ
T

N∑
n=1

log2
(
1+ SINRMR

n

)
(118)

where

SINRMR
n =

PRPSE4
P2RE7 + PRPSE8 + PRE9 + PSE10 + E11

,

(119)

ϑRD,i1i2 = βRD,i1σ
2
RD,i2 +

(
λP

τ
+ δ (i1, i2)

)
Ntxβ

2
RD,i1

(120)

ϑSR,i1i2 = βSR,i1σ
2
SR,i2 +

(
λP

τ
+ δ (i1, i2)

)
Nrxβ

2
SR,i1

(121)

where i1, i2 ∈ {1, · · · ,N } and δ (i1, i2) =
{
1, i1 = i2
0, i1 6= i2

.

E1 =
N∑
i=1

σ 2
RD,iσ

2
SR,i (122)

E2 =
N∑
i=1

ϑRD,niσ
2
SR,i (123)

E3 =
N∑
i=1

ϑSR,niσ
2
RD,i (124)

E4 = NtxNrxβ
2
RD,nβ

2
SR,n (125)

E5 =
N∑
i=1

ϑRD,niϑSR,ni (126)

E6 =
N∑
i=1

ϑRD,niϑSR,ji (127)

E7 =
(
λ2βRD,nE1 + E2

)
(1+ λ2) (1+ µ1) (1+ µ2) σ

2
LI

(128)

E8 = (1+ λ1) (1+ µ2)

E5 + N∑
j 6=n

E6 + µ1E2
N∑
j=1

βSR,j

+ λ2βRD,n

N∑
n=1

E3 + λ2µ1βRD,nE1
N∑
j=1

βSR,j

− E4
(129)

E9 = (1+ µ1) (1+ µ2)

×

(
(1+ λ2) σ 2

LIE1 + λ2βRD,nE1 + E2
)

(130)

E10 = (1+ λ1) (1+ µ2)

 N∑
n=1

E3 + µ1E1
N∑
j=1

βSR,j


(131)

E11 = (1+ µ1) (1+ µ2)E1. (132)

Proof: See Appendix C.
Theorem 4: Under the AF scheme and full-duplex mode,

the sum spectral efficiency of ZF processing can be approxi-
mated as

SZFFD,AF =
T − τ
T

N∑
n=1

log2
(
1+ SINRZF

n

)
(133)

SINRZF
n =

PRPSF4
P2RF7 + PRPSF8 + PRF9 + PSF10 + F11

,

(134)

F1 =
N∑
i=1

ϕRD,iϕSR,i (135)

F2 =
N∑
i=1

ξRD,niϕSR,i (136)

F3 =
N∑
i=1

ξSR,niϕRD,i (137)

F4 = θ2RD,nθ
2
SR,n (138)

F5 =
N∑
i=1

ξRD,niξSR,ni (139)

F6 =
N∑
i=1

ξRD,niξSR,ji (140)

F7 =
(
λ2βRD,nF1 + F2

)
(1+ λ2) (1+µ1) (1+µ2) σ

2
LI

(141)

F8 = (1+ λ1) (1+ µ2)

F5+ N∑
j 6=n

F6+µ1F2
N∑
j=1

βSR,j

+ λ2βRD,n

N∑
n=1

F3+λ2µ1βRD,nF1
N∑
j=1

βSR,j

−F4
(142)

F9 = (1+ µ1) (1+ µ2)

×

(
(1+ λ2) σ 2

LIF1 + λ2βRD,nF1 + F2
)

(143)
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F10 = (1+ λ1) (1+ µ2)

 N∑
n=1

F3 + µ1F1
N∑
j=1

βSR,j


(144)

F11 = (1+ µ1) (1+ µ2)F1, (145)

and θ�,i, ϕ�,i and ξ�,i1i2 are given in (16), (18) and (56),
respectively.

Proof: See Appendix D.
For comparison, we next study the ideal scheme which the

destinations can detect the signal based on the instantaneous
CSI. With MRC/MRT and ZF processing, the achievable
ergodic sum rates under AF strategy and full-duplex mode
are given as

S̃♦FD,AF =
T − τ
T

N∑
n=1

E
{
log2

(
1+ S̃INR

♦

n

)}
(146)

where

S̃INR
♦

n =
ρ2PSPR

∣∣∣gTRD,nFgSR,n∣∣∣2

ρ2PSPR
N∑
j 6=n

∣∣∣gTRD,nFgSR,j∣∣∣2
+ρ2PR

∣∣∣gTRD,nFGSRn1 [i− 1]
∣∣∣2

+ρ2P2R

∣∣∣gTRD,nFGLIỹRT[i− 1]
∣∣∣2

+ρ2PR
∣∣∣gTRD,nFGLIn3 [i− 1]

∣∣∣2
+ρ2PR

∣∣∣gTRD,nFnR [i− 1]
∣∣∣2

+ρ2PR
∣∣∣gTRD,nFn2 [i− 1]

∣∣∣2
+

∣∣∣gTRD,nn3[i]∣∣∣2 + δ4,n + 1



. (147)

B. AF POWER SCALING LAWS
Similar to the case of DF relaying, this subsection presents
various power scaling laws for AF relaying in the limit of
Nrx → ∞, Ntx → ∞ and Nrx = κNtx, κ > 0. As before,
define PS = PS

/
N a
rx, PR = PR

/
N b
tx and PP = PP

/
N c
rx,

where a ≥ 0, b ≥ 0 and c ≥ 0.
First, with MRC/MRT and ZF processing, it is easy to see

that the expressions in (118) and (133) tend to zero when c >
1, whereas they converge to a constant value when c ≤ 1. The
behaviors of (118) and (133) for other power scaling cases are
presented in the following corollaries.

1) AF POWER SCALING LAWS OF MRC/MRT PROCESSING
Corollary 24: When a + c < 1 and b + c < 1, the sum
spectral efficiency of MRC/MRT processing in (118) can be
expressed as

SMR
FD,AF→

T − τ
T

N∑
n=1

log2

(
1+

β2SR,nβ
2
RD,n

E12

)
(148)

where

E12 =
N∑
j=1

(1+ λ1) (1+ µ2) (NλP + 2τ) λPβ2RD,nβ
2
SR,j

τ 2

+ (λ1 + µ2 + λ1µ2) β
2
SR,nβ

2
RD,n. (149)

Similar to Corollary 1, the above result also shows that,
with the MRC/MRT processing and AF scheme, the sum
spectral efficiency is not affected by the loop interference
and relay’s hardware impairments in this power scaling
case.
Corollary 25: When a = 1, b = 0 and c = 0, the sum

spectral efficiency of MRC/MRT processing in (118) can be
expressed as

SMR
FD,AF →

T − τ
T

N∑
n=1

log2

(
1+

PSPRβ2SR,nβ
2
RD,n

P
2
RE14+PSPRE12+PRE13

)
(150)

where

E13 = (1+ µ1) (1+ µ2)

 β
2
RD,nσ

2
SR,n+

λPβ
2
RD,n

N∑
j=1
σ 2SR,j

τ

 (151)

E14 = (1+ λ2) σ 2
LIE13. (152)

Corollary 26:When a = 1, 0 < b < 1 and c = 0, the sum
spectral efficiency of MRC/MRT processing in (118) can be
expressed as

SMR
FD,AF→

T − τ
T

N∑
n=1

log2

(
1+

PSPRβ2SR,nβ
2
RD,n

PSPRE12 + PRE13

)
.

(153)

Similar to the MRC/MRT processing in the DF scheme,
by comparing Corollary 25 and Corollary 26, one can see that
power scaling in the relay’s transmitter (b > 0) not only can
save energy but also improve the rate performance in the AF
scheme. This is also because the decrease of relay’s power
suppresses the impact of loop interference.
Corollary 27: When a < 1, b = 1 and c = 0, the sum

spectral efficiency of MRC/MRT processing in (118) can be
expressed as

SMR
FD,AF→

T − τ
T

N∑
n=1

log2

(
1+

PSPRβ2SR,nβ
2
RD,n

PSPRE12 + PSE15

)
(154)

where

E15 = (1+ λ1) (1+ µ2)

N∑
j=1

 σ
2
RD,jβ

2
SR,j+

λPβ
2
SR,j

N∑
l=1

σ 2RD,l

τ

. (155)

Corollary 28: When a = 1, b = 1 and c = 0, the sum
spectral efficiency of MRC/MRT processing in (118) can be
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expressed as

SMR
FD,AF →

T − τ
T

N∑
n=1

log2

×

(
1+

PSPRβ2SR,nβ
2
RD,n

PSPRE12+PRE13 + PSE15+E11

)
.

(156)

We can see that the rate in Corollary 27 is greater than
that in Corollary 28. These two corollaries illustrate the
effect of source’s power scaling on the rate performance for
MRC/MRT processing in the AF scheme.
Corollary 29: When a + c = 1, b = 0 and 0 < c < 1,

the sum spectral efficiency of MRC/MRT processing in (118)
can be expressed as

SMR
FD,AF→

T−τ
T

N∑
n=1

log2

(
1+

PSPRβ2SR,nβ
2
RD,n

P
2
RE17+PSPRE12+PRE16

)
(157)

where

E16 =
(1+µ1) (1+ µ2) (1+µP) (NλP+τ) β2RD,n

τ 2PP
(158)

E17 = (1+ λ2) σ 2
LIE16. (159)

Corollary 30:When a+c = 1 and 0 < b < a < 1, the sum
spectral efficiency of MRC/MRT processing in (118) can be
expressed as

SMR
FD,AF→

T − τ
T

N∑
n=1

log2

(
1+

PSPRβ2SR,nβ
2
RD,n

PSPRE12 + PRE16

)
. (160)

By comparing Corollary 29 and Corollary 30, it is
also seen that power scaling in the relay’s transmitter
(b > 0) helps to save energy and improve the sys-
tem performance for the MRC/MRT processing in the AF
scheme.
Corollary 31:When a+c < 1, b+c = 1 and c > 0, the sum

spectral efficiency of MRC/MRT processing in (118) can be
expressed as

SMR
FD,AF→

T − τ
T

N∑
n=1

log2

(
1+

PSPRβ2SR,nβ
2
RD,n

PSPRE12 + PSE18

)
(161)

where

E18 =

(1+ λ1) (1+ µ2) (1+ µP) (NλP + τ) κc
N∑
j=1
β2SR,j

τ 2PP
.

(162)

Corollary 32:When a+ c = 1, b+ c = 1 and 0 < c < 1,
the sum spectral efficiency of MRC/MRT processing in (118)

can be expressed as

SMR
FD,AF →

T − τ
T

N∑
n=1

× log2

(
1+

PSPRβ2SR,nβ
2
RD,n

PSPRE12 + PRE16+PSE18+E19

)
(163)

where

E19 =
(1+ µ1) (1+ µ2) (1+ µP)

2Nκc

τ 2P
2
P

. (164)

Comparing (161) and (163) revels that the rate in (161) is
greater than the rate in (163).
Corollary 33: When a = 0, b = 0 and c = 1, the sum

spectral efficiency of MRC/MRT processing in (118) can be
expressed as

SMR
FD,AF

→
T − τ
T

N∑
n=1

log2

×

(
1+

PSPRβ2SR,nβ
2
RD,n

P
2
RE20 + PSPRE21 + PRE22 + PSE23 + E19

)
(165)

where

E20 = (1+ λ2)2βRD,nσ 2
LIE19 + E17 (166)

E21 = (1+ λ1)
(
(1+ λ2) βRD,nE19 + E16

) N∑
j=1

βSR,j

+ (1+ λ2) βRD,nE18

+

(1+ λ1) (1+ µ2) (NλP + 2τ) λPβ
2
RD,n

N∑
j=1
β2SR,j

τ 2

+ (λ1 + µ2 + λ1µ2) β
2
SR,nβ

2
RD,n (167)

E22 = (1+ λ2)
(
βRD,n + σ

2
LI

)
E19 + E16 (168)

E23 = (1+ λ1)E19
N∑
j=1

βSR,j + E18. (169)

The results presented in Corollary 24 to Corollary 33 pro-
vide various power scaling laws in terms of different coeffi-
cients (a, b, c ≥ 0, a+c ≤ 1 and b+c ≤ 1) for theMRC/MRT
processing under the AF scheme. It can be concluded that
the impact of loop interference can be eliminated in the case
with b > 0. In general, these corollaries show that scaling of
the transmit power of the relay station can reduce the effect
of loop interference and save energy, while maintaining the
system performance.
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2) AF POWER SCALING LAWS OF ZF PROCESSING
Corollary 34:When 0 ≤ a, b < 1 and c = 0, the sum spectral
efficiency of ZF processing in (133) can be expressed as

SZFFD,AF→
T − τ
T

N∑
n=1

log2

(
1+

θ2SR,n

F13

)
(170)

where

F12 =
N∑
j=1

N∑
i=1

λ2Pθ
2
SR,jθ

2
SR,iθ

2
RD,i

τ 2
+

N∑
j=1

λPθ
2
SR,jθ

2
SR,n

τ

+

N∑
j=1

λPθ
2
SR,jθ

2
RD,j

τ
(171)

F13 = (1+ λ1) (1+ µ2)F12 + (λ1 + µ2 + λ1µ2) θ
2
SR,n.

(172)

Corollary 35:When a + c < 1, b + c < 1, 0 ≤ a, b < 1
and 0 < c < 1, the sum spectral efficiency of ZF processing
in (133) can be expressed as

SZFFD,AF→
T − τ
T

N∑
n=1

log2

(
1+

1
λ1 + µ2 + λ1µ2

)
. (173)

With ZF processing in the AF strategy, Corollary 34 and
Corollary 35 reveal the effect of pilot power on the system
performance. Different from Corollary 24, when a + c < 1,
b+ c < 1 and 0 < c < 1, the effect of hardware impairment
of λP andµP can disappear and SZFFD,AF ≥ SMR

FD,AF in the power
scaling case of a+ c < 1, b+ c < 1 and 0 ≤ a, b < 1. This
shows that, under the AF strategy, ZF processing performs
better than MRC/MRT processing in this power scaling case.
Corollary 36:When a = 1, b = 0 and c = 0, the sum spec-

tral efficiency of ZF processing in (133) can be expressed as

SZFFD,AF→
T−τ
T

N∑
n=1

log2

(
1+

P̄SP̄Rθ
2
SR,n

P̄2RF15+P̄SP̄RF13+P̄RF14

)
(174)

where

F14 =
N∑
j=1

(1+ µ1)

(
λPθ

2
RD,j

τ
+ δ (n, j)

)

× (1+ µ2)

 1
ηSR,j

+

λPθ
2
SR,j

N∑
i=1
η−1SR,i

τ

 (175)

F15 = (1+ λ2) σ 2
LIF14. (176)

Corollary 37:When a = 1, 0 < b < 1 and c = 0, the sum
spectral efficiency of ZF processing in (133) can be expressed
as

SZFFD,AF→
T − τ
T

N∑
n=1

log2

(
1+

P̄SP̄Rθ
2
SR,n

P̄SP̄RF13 + P̄RF14

)
.

(177)

From Corollary 36 and Corollary 37, we can see a similar
phenomenon as in the case of DF relaying, namely power
scaling in the relay’s transmitter (b > 0) helps to save energy
and improve the rate performance for the ZF processing under
the AF scheme. This is also because reducing the relay’s
transmit power helps to suppress the loop interference.
Corollary 38:When a < 1, b = 1 and c = 0, the sum spec-

tral efficiency of ZF processing in (133) can be expressed as

SZFFD,AF→
T−τ
T

N∑
n=1

log2

(
1+

P̄SP̄Rθ
2
SR,nθ

2
RD,n

P̄SP̄RF13θ
2
RD,n+P̄SF16

)
(178)

where

F16 =
N∑
j=1

N∑
i=1

(1+ λ1)

(
λPθ

2
SR,jθ

2
SR,i

τ
+ θ2SR,jδ (j, i)

)

× (1+ µ2)

 1
ηRD,i

+

λPθ
2
RD,i

N∑
l=1
η−1RD,l

τ

. (179)

Corollary 39:When a = 1, b = 1 and c = 0, the sum spec-
tral efficiency of ZF processing in (133) can be expressed as

SZFFD,AF

→
T − τ
T

N∑
n=1

log2

×

(
1+

P̄SP̄Rθ
2
SR,nθ

2
RD,n

P̄SP̄RF13θ
2
RD,n+P̄RF14θ

2
RD,n + P̄SF16+F17

)
.

(180)

where

F17 =
N∑
j=1

(1+ µ1)

 1
ηRD,j

+

λPθ
2
RD,j

N∑
i=1
η−1RD,i

τ



× (1+ µ2)

 1
ηSR,j

+

λPθ
2
SR,j

N∑
i=1
η−1SR,i

τ

. (181)

We can see that the rate in (178) is greater than the rate
in (180). Thus Corollary 38 and Corollary 39 illustrate the
effect of source power scaling on the rate performance for ZF
processing in the AF scheme.
Corollary 40: When a + c = 1, b = 0 and 0 < c < 1,

the sum spectral efficiency of ZF processing in (133) can be
expressed as

SZFFD,AF→
T−τ
T

N∑
n=1

log2

(
1+

P̄SP̄RF19
P̄2RF20+P̄SP̄RF21+P̄RF22

)
(182)
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where

F18 =
τ P̄P

1+ µP
(183)

F19 = β2SR,nF18 (184)

F20 = (1+ λ2) (1+ µ1) (1+ µ2) σ
2
LI (185)

F21 = (λ1 + µ2 + λ1µ2)F19 (186)

F22 = (1+ µ1) (1+ µ2) . (187)

Corollary 41: When a + c = 1 and 0 < b < a < 1,
the sum spectral efficiency of ZF processing in (133) can be
expressed as

SZFFD,AF→
T − τ
T

N∑
n=1

log2

(
1+

P̄SP̄RF19
P̄SP̄RF21 + P̄RF22

)
.

(188)

Corollary 40 and Corollary 41 once again verify that power
scaling in the relay’s transmitter (b > 0) helps to save energy
and improve the system performance for the ZF processing
in the AF scheme.
Corollary 42: When a + c < 1, b + c = 1 and c > 0,

the sum spectral efficiency of ZF processing in (133) can be
expressed as

SZFFD,AF→
T − τ
T

N∑
n=1

log2

(
1+

P̄SP̄RF19β
2
RD,n

P̄SP̄RF21β
2
RD,n + P̄SF23

)
(189)

where

F23 = (1+ λ1) (1+ µ2) κ
c

N∑
j=1

β2SR,j. (190)

Corollary 43:When a+ c = 1, b+ c = 1 and 0 < c < 1,
the sum spectral efficiency of ZF processing in (133) can be
expressed as

SZFFD,AF

→
T − τ
T

N∑
n=1

log2

×

(
1+

P̄SP̄RF19β
2
RD,n

P̄SP̄RF21β
2
RD,n+P̄RF22β

2
RD,n+P̄SF23 + F24

)
(191)

where

F24 =
(1+ µ1) (1+ µ2) (1+ µP)Nκ

c

τ P̄P
. (192)

Comparing Corollary 42 and Corollary 43 shows that
the rate in Corollary 42 is greater than the rate in
Corollary 43.

Corollary 44: When a = 0, b = 0 and c = 1, the sum
spectral efficiency of ZF processing in (133) can be expressed
as

SZFFD,AF

→
T − τ
T

N∑
n=1

log2

×

(
1+

P̄SP̄RF27
P̄2RF29+P̄SP̄RF30+P̄RF31+P̄SF32+F33

)
(193)

F25 = β2RD,nF18 + NβRD,nκ
c (194)

F26 =
N∑
j=1

κc
(
β2SR,jF18 + NβSR,j

)
(195)

F27 = β2SR,nβ
2
RD,nF

2
18 (196)

F28 =
N∑
j=1

N∑
i=1

(
κcβRD,n + β

2
RD,nF18δ (n, i)

)
×

(
βSR,j+β

2
SR,jF18δ (j, i)

)
(197)

F29 = (1+ λ2)
(
Nλ2βRD,nκc + F25

)
σ 2
LIF22 (198)

F30 = (1+ λ1) (1+ µ2)

F28+λ2βRD,nF26
+
(
Nλ2µ1βRD,nκ

c
+µ1F25

) N∑
j=1

βSR,j

−F27 (199)

F31 =
(
F25 + Nκc

(
(1+λ2) σ 2

LI + λ2βRD,n

))
F22 (200)

F32 = (1+λ1) (1+µ2)

F26 + Nµ1κ
c

N∑
j=1

βSR,j

 (201)

F33 = NκcF22. (202)

In summary, Corollary 34 to Corollary 44 provide
many power scaling laws for ZF processing in the
AF scheme (a, b, c ≥ 0, a + c ≤ 1 and b +
c ≤ 1). An important result is that scaling the power of the
relay’s transmitter (b > 0) can eliminate the influence of the
loop interference and improve the system performance for ZF
processing in the AF scheme. In the power scaling case with
a + c < 1, b + c < 1, 0 ≤ a, b < 1 and 0 < c < 1,
the hardware impairments of λP and µP do not affect the rate
performance.

C. AF HALF-DUPLEX SCENARIO
Following the same reasoning as in Corollary 22 and
Corollary 23 in the DF scheme, we can obtain Corollary 45
and Corollary 46 which give the sum spectral efficiencies of
the half-duplex AF relaying systems with MRC/MRT and ZF
processing.

VOLUME 6, 2018 40875



S.-N. Jin et al.: Power Scaling Laws of Massive MIMO FDR With Hardware Impairments

Corollary 45: The sum spectral efficiency of the half-
duplex AF relaying with MRC/MRT processing is given by

SMR
HD,AF=

T − τ
2T

N∑
n=1

log2

1+
4PRPSE4(

4PRPSE8+2PRE24
+2PSE10 + E11

)


(203)

where

E24 = (1+ µ1) (1+ µ2)
(
E2 + λ2βRD,nE1

)
. (204)

Corollary 46: The sum spectral efficiency of the half-
duplex AF relaying with ZF processing can be given by

SZFHD,AF =
T − τ
2T

N∑
n=1

log2

1+
4PRPSF4(

4PRPSF8+2PRF34
+2PSF10+F11

)


(205)

where

F34 = (1+ µ1) (1+ µ2)
(
F2 + λ2βRD,nF1

)
. (206)

Based on Corollary 45 and Corollary 46, various power
scaling properties of the half-duplex AF relaying with
MRC/MRT and ZF processing can be easily obtained, but
they are omitted here.

From Corollary 1 to Corollary 46, it is observed that the
power scaling in relay (b > 0) is the only way to improve
system performance while reducing transmit energy in the
different power scaling for sources, relay and pilot. Therefore
we can conclude that the power scaling in relay is very suit-
able for practical applications in the FDR system with hard-
ware impairment. Before closing this section, it is pointed out
that the power scaling laws forMRC/MRT and ZF processing
in the DF and AF schemes studied in Sections III and IV
are all under the case of equal relay’s transmit powers.
However, it is known that proper power allocation and the
optimization of relay beamforming can improve the spectral
efficiency and energy efficiency of communication networks.
In particular, in massive MIMO, power allocation can break
the limitations from the assumption of equal transmit power
among relay’s transmitter, and contribute much to harvest all
the benefits brought by the large antenna arrays. Research on
power allocation and the optimization of relay beamforming
have attracted strong interests in recent years [17], [25], [33],
but this issue is beyond the scope of this paper and left for
further studies.

V. NUMERICAL RESULTS AND DISCUSSION
This section presents numerical results to corroborate the
analytical results obtained in the previous two sections. In all
illustrative examples, it is assumed that T = 200, N = 5,
τ = N , DSR = DRD = IN and Nrx = Ntx. Furthermore,
the factors that quantify the quality of transceiver hardware
are set as λ1 = λP = µ2 = v for sources and destinations, and

FIGURE 2. Effect of the number of relay’s antennas on the sum spectral
efficiency for massive MIMO full-duplex relaying: PR = PP = PS = 10dB,
σ2

LI = 10dB.

λ2 = µP = µ1 = u for the relay. Their values can be chosen
to be higher than 0.1752 in order to examine the possibility
of using low-quality hardware [32].

A. ACHIEVABLE RATE PERFORMANCE
For both DF and AF schemes, Fig. 2 compares the closed-
form lower bounds of the sum spectral efficiencies of
MRC/MRT or ZF processing based on (43), (53), (118) and
(133) with numerical results based on (62) and (146). Here,
the sum spectral efficiencies are plotted versus the number of
antennas for different levels of hardware impairments. In this
example, it is assumed that PR = PP = PS = 10dB and
σ 2
LI = 10dB. Clearly, all the lower bounds appear tight to the

numerical results, which suggests the tightness of the lower
bounds to the exact sum spectral efficiencies. For both DF
and AF schemes, when the level of hardware impairments
increases, the sum spectral efficiencies of MRC/MRT and
ZF processing significantly decrease. When the number of
antennas grows large, it can also be seen that (i) the rate
performance gradually increases, (ii) the DF scheme out-
performs the AF scheme, and (iii) the performance of ZF
processing is better than that ofMRC/MRT processing. Given
the tightness between the lower bounds and the numerically-
evaluated sum spectral efficiencies, only the theoretical lower
bound expressions are used in the following examples.

With MRC/MRT or ZF processing, Fig. 3 compares the
sum spectral efficiencies of massive MIMO DF and AF FDR
systems for different loop interference levels and hardware
impairments. Here it is assumed that PR = PP = PS = 10dB
and Nrx = Ntx = 100. A key observation from the figure is
that, at a low level of loop interference, the hardware quality
at the sources and destinations has a stronger impact on the
system’s rate performance than the hardware quality at the
relay. Specifically, compared with using high-quality hard-
ware at the relay, the sum spectral efficiencies can be greatly
improved by using high-quality hardware at sources and des-
tinations. At a high level of loop interference, the hardware
quality of sources, destinations and the relay have basically
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FIGURE 3. Effect of loop interference level on the sum spectral efficiency
for massive MIMO full-duplex relaying: PR = PP = PS = 10dB and
Nrx = Ntx = 100.

FIGURE 4. Effect of loop interference level on the sum spectral efficiency
for massive MIMO full-duplex and half-duplex relaying:
PR = PP = PS = 10dB, Nrx = Ntx = 200, v = 0.05 and u = 0.05.

the same impact on the spectral efficiencies. In addition, when
the level of loop interference is small, it can also be seen that,
compared to MRC/MRT processing, ZF processing achieves
larger performance improvement in the case of high-quality
hardware at the sources and destinations under both DF and
AF schemes.

B. FULL-DUPLEX RELAYING VERSUS
HALF-DUPLEX RELAYING
With MRC/MRT or ZF processing, Fig. 4 compares the sum
spectral efficiencies of FDR based on (43), (53), (118) and
(133) with the sum spectral efficiencies of half-duplex relay-
ing (HDR) based on (105), (106), (203) and (205) for dif-
ferent levels of loop interference under DF and AF schemes.
In this figure, the parameters are set as follows PR = PP =
PS = 10dB, Nrx = Ntx = 200, v = 0.05 and u = 0.05.
As expected, the sum spectral efficiencies of MRC/MRT and
ZF processing in the full-duplex mode for both DF and AF
schemes decrease as the level of loop interference grows and
the sum spectral efficiency of the DF scheme is greater than
that of the AF scheme. It can be seen that the full-duplex

FIGURE 5. Effect of the number of relay’s antennas on the sum spectral
efficiency for massive MIMO full-duplex and half-duplex relaying:
PR = PP = PS = 10dB, σ2

LI = 20dB, v = 0.05 and u = 0.05.

mode outperforms the half-duplex mode when σ 2
LI is small,

while the opposite is true when σ 2
LI is large. It can also be seen

that using large-scale antenna arrays at the relay can suppress
the effect of loop interference. This implies that, when the
number of relay’s antennas is large, the full-duplex mode is
more attractive than the half-duplex mode. The effect of the
number of relaying antennas on the sum spectral efficiency
can be clearly observed in Fig. 5. From Fig. 4 and 5, one can
also find that, under both DF and AF schemes, MRC/MRT
processing can take advantage of the full-duplex mode better
than ZF processing when there are larger loop interference
level and smaller number of relay’s antennas.

C. POWER SCALING
Among the scenarios examined in various corollaries, the fol-
lowing four typical cases are chosen to observe power scaling
behaviors:

Case 1: PS =
PS
N 1
rx
, PR =

PR
N 0
tx
and PP =

PP
N 0
rx
;

Case 2: PS =
PS
N 1
rx
, PR =

PR

N
1
2
tx

and PP =
PP
N 0
rx
;

Case 3: PS =
PS

N
1
2
rx

, PR =
PR
N 0
tx
and PP =

PP

N
1
2
rx

;

Case 4: PS =
PS

N
1
2
rx

, PR =
PR

N
1
3
tx

and PP =
PP

N
1
2
rx

;

Let PP = PS = PR = 10dB, σ 2
LI = 1dB, ν = 0.05

and u = 0.05. The sum spectral efficiency curves of DF
scheme for four cases are plotted in Fig. 6 and Fig. 7 for
MRC/MRT and ZF processing, respectively. The sum spec-
tral efficiency curves of the AF scheme for four cases are
plotted in Fig. 8 and Fig. 9 for MRC/MRT and ZF processing,
respectively. It is clear from Figs. 6 to 9 that as Nrx and
Ntx grow large, all of the four sum spectral efficiency curves
approach to their corresponding constant asymptotical rates.
It should be pointed out that our asymptotical results under
Cases 1 to 4 are certainly accurate when the number of relay’s
antennas is very large. The results in those figures indicate
that the asymptotic analysis given in the paper is also accurate
and valid for finite numbers of antennas. Under both DF and
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FIGURE 6. Effect of the number of relay’s antennas on the sum spectral
efficiency for massive MIMO DF full-duplex relaying with MRC/MRT
processing under different scaling laws: PR = PP = PS = 10dB, σ2

LI = 1dB,
v = 0.05 and u = 0.05.

FIGURE 7. Effect of the number of relay’s antennas on the sum spectral
efficiency for massive MIMO DF full-duplex relaying with ZF processing
under different scaling laws: PR = PP = PS = 10dB, σ2

LI = 1dB, v = 0.05
and u = 0.05.

FIGURE 8. Effect of the number of relay’s antennas on the sum spectral
efficiency for massive MIMO AF full-duplex relaying with MRC/MRT
processing under different scaling laws: PR = PP = PS = 10dB, σ2

LI = 1dB,
v = 0.05 and u = 0.05.

AF schemes, it can also be observed that the sum spectral
efficiency in Case 2 is greater than that in Case 1 and the sum
spectral efficiency in Case 4 is greater than that in Cases 3 for

FIGURE 9. Effect of the number of relay’s antennas on the sum spectral
efficiency for massive MIMO AF full-duplex relaying with ZF processing
under different scaling laws: PR = PP = PS = 10dB, σ2

LI = 1dB, v = 0.05
and u = 0.05.

both of MRC/MRT and ZF processing. Such relative per-
formance comparison agrees with related corollaries given
before. Based on numerical results and theoretical analysis,
it can be seen that Case 2 and Case 4 offer an attractive power
scaling property in terms of energy efficiency and spectral
efficiency. Finally, by comparing Fig. 6 and Fig. 7 with Fig. 8
and Fig. 9, it is seen that the DF scheme can provide better
rate performance than the AF scheme for MRC/MRT and ZF
processing under the various cases of power scaling.

VI. CONCLUSIONS
This paper studied the sum spectral efficiencies of massive
MIMO DF and AF FDR systems with MRC/MRT or ZF
operating over Rayleigh fading channels. Under the scenario
of imperfect CSI, closed-form expressions of their lower
bounds were derived and various power scaling laws were
presented. Numerical results illustrated that the derived rate
expressions are very accurate. It has been showed that, when
Nrx,Ntx → ∞ with a fixed ratio, the transmit powers of
sources, relay and pilots can be scaled down by 1

/
N a
rx, 1

/
N b
tx

and 1
/
N c
rx, respectively (where a, b, c ≥ 0, a + c ≤ 1 and

b + c ≤ 1) without compromising the rate performance.
In particular, with MRC/MRT or ZF processing, the effects
of loop interference and hardware impairments at the relay
can be eliminated for both DF and AF schemes if the power
scaling coefficients satisfy a+c < 1, b+c < 1, 0 ≤ a, b < 1
and 0 < c < 1. Numerical results have showed that, in the
aspect of enhancing the system performance, the hardware
quality of sources and destinations has a greater impact than
the hardware quality of the relay if the loop interference is
small. In addition, performance improvement is larger with
ZF processing than with the MRC/MRT processing if high-
quality hardware is used at the sources and destinations.
On the other hand, the hardware quality of sources and
destinations has basically the same impact as the hardware
quality of the relay when the loop interference is large. Under
both DF and AF schemes, using very large antenna arrays
at the relay can suppress the impact of loop interference,
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and MRC/MRT processing suppresses the impact of loop
interference better than ZF processing.

APPENDIX A
First, we consider the distortion noises at the sources and the
relay station. One has

δ1,n = λ1PSE
{
|xn[i]|2

}
= λ1PS (207)

δ2,m = µ1E
{∣∣yR,m [i]

∣∣2}
= µ1

(1+ λ1)PS

N∑
j=1

βSR,j + (1+ λ2)PRσ
2
LI + 1


(208)

δ3,m = λ2PRE
{
|sm [i]|2

}
=
λ2PR
Ntx

. (209)

By substituting (207), (208) and (209) into (9), (10)
and (11), respectively, one obtains the complete statistical
characterizations of n1[i], n2[i] and n3[i].
When the relay uses an MRC receiver to process the

received signal, the linear receiver matrix is given by W =
ĜSR. Then, the terms in SINRMR

SR,n are given as

ASR,n = E
{∥∥gSR,n∥∥2} = NrxβSR,n. (210)

BSR,n = E
{∣∣∣ĝHSR,ngSR,n∣∣∣2}− E

{
ĝHSR,ngSR,n

}2
= NrxϑSR,nn − N 2

rxβ
2
SR,n. (211)

where ϑSR,nn is defined in (121).

CSR,n =

N∑
j6=n

E
{∣∣∣ĝHSR,ngSR,j∣∣∣2} = N∑

j 6=n

NrxϑSR,jn. (212)

DSR,n = λ1PS(A2SR,n + BSR,n + CSR,n). (213)

ESR,n = α2MRT

N∑
j=1

σ 2
RD,jE

{
ĝHSR,nGLIGH

LIĝSR,n
}

= α2MRTNtx

N∑
j=1

σ 2
RD,jσ

2
LIE

{
ĝHSR,nĝSR,n

}
= Nrxσ

2
LIσ

2
SR,n. (214)

FSR,n = E
{
ĝHSR,nGLIn3[i]nH3 [i]G

H
LIĝSR,n

}
=
λ2PR
Ntx

E
{
ĝHSR,nGLIGH

LIĝSR,n
}

= NrxPRλ2σ 2
LIσ

2
SR,n. (215)

GSR,n = E
{∣∣∣ĝHSR,nn2 [i]∣∣∣2} = Nrxσ

2
SR,nµ1

×

PS (1+ λ1) N∑
j=1

βSR,j + PR(1+ λ2)σ
2
LI + 1

 .
(216)

HSR,n = E
{∥∥∥ĝHSR,n∥∥∥2} = Nrxσ

2
SR,n. (217)

Substituting (210) to (217) into (29) results in SINRMR
SR,n.

Following the same methodology as the one used to compute
the expression of SINRMR

SR,n, we can obtain SINRMR
RD,n.

Finally, using the computed SINRMR
SR,n and SINRMR

RD,n,
we arrive at (43).

APPENDIX B
Similar to Appendix A, we consider first the distortion noises
at the sources, the relay’s receiver and the relay’s transmitter,
and can obtain the identical statistical characterizations of
n1[i], n2[i] and n3[i] as in Appendix A.
For convenience, we define

XSR,1 = GSR +

(
Nµ,SR + Nr,P

)
8H

SR

τ
√
PP

(218)

XSR,2 =
GSRNλ,SR8H

SR

τ
√
PP

. (219)

We know that the entries of XSR,2 are i.i.d. CN(
0, λP

τ

N∑
j=1
βSR,j

)
random variables. When 0 ≤

λP
τ

N∑
j=1
βSR,j ≤ 1, we have [41]

W = ĜSR

(
ĜH

SRĜSR

)−1
≈ X†

SR,1 − X†
SR,1X

H
SR,2X

†
SR,1 (220)

where

X†
SR,1 = XSR,1

(
XH
SR,1XSR,1

)−1
. (221)

From (220), different terms of SINRZF
SR,n are given as [6]

ASR,n = E
{
wH
n gSR,n

}
= θSR,n. (222)

BSR,n = E
{∣∣∣wH

n gSR,n
∣∣∣2}− E

{
wH
n gSR,n

}2
= ξSR,nn − θ

2
SR,n. (223)

CSR,n =

N∑
j 6=n

E
{∣∣∣wH

n gSR,j
∣∣∣2} = N∑

j 6=n

ξSR,jn. (224)

DSR,n = λ1PS(A2SR,n + BSR,n + CSR,n). (225)

ESR,n = E
{∥∥∥wH

n GLIA
∥∥∥2} = σ 2

LIϕSR,n. (226)

FSR,n = E
{∣∣∣wH

n GLIn3 [i]
∣∣∣2} = λ2σ 2

LIϕSR,nPR.

(227)

GSR,n = E
{∣∣∣wH

n n2 [i]
∣∣∣2}

= µ1ϕSR,n

PS (1+ λ1)
N∑
j=1
βSR,j

+PR(1+ λ2)σ 2
LI + 1

 . (228)

HSR,n = E
{∥∥∥wH

n

∥∥∥2} = ϕSR,n. (229)
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Substituting (222) to (229) into (29) yields SINRZF
SR,n. Fol-

lowing the similar method in (220), one has [41]

A = αZFAZF

= αZFĜ∗RD
(
ĜT

RDĜ
∗

RD

)−1
≈ αZF

(
X††
RD,1 − X††

RD,1X
T
RD,2X

††
RD,1

)
(230)

where

XRD,1 = GRD +

(
Nµ,RD + Nt,P

)
8H

RD

τ
√
PP

(231)

XRD,2 =
GRDNλ,RD8H

RD

τ
√
PP

(232)

X††
RD,1 = X∗RD,1

(
XT
RD,1X

∗

RD,1

)−1
. (233)

From (230), different terms of SINRZF
RD,n are given as [6]

αZF =
1

E
{
‖AZF‖

2} =
√√√√√√ 1

N∑
j=1
ϕRD,j

. (234)

ARD,n = E
{
gTRD,nan

}
= αZFθRD,n. (235)

BRD,n = E
{∣∣∣gTRD,nan∣∣∣2}− E

{
gTRD,nan

}2
= α2ZF(ξRD,nn − θ

2
RD,n). (236)

CRD,n =

N∑
j 6=n

E
{∣∣∣gTRD,naj∣∣∣2} = α2ZF N∑

j 6=n

ξRD,nj. (237)

DRD,n = E
{∣∣∣gTRD,nn3 [i]∣∣∣2} = λ2βRD,nPR. (238)

δ4,n = µ2

PRα2ZF N∑
j=1

ξRD,nj+PRλ2βRD,n+1

. (239)

Substituting (234) to (239) into (38) gives SINRZF
RD,n.

Then, using the computed SINRZF
SR,n and SINR

ZF
RD,n, we arrive

at (53).

APPENDIX C
Similar to the analysis of the DF scheme with MRC/MRT
processing in Appendix A, the statistical properties of the
distortion noises at the sources and the relay for the AF
scheme with MRC/MRT processing are given as

δ1,n = λ1PSE
{
|xn[i]|2

}
= λ1PS (240)

δ2,m = µ1E
{∣∣yR,m [i]

∣∣2}
= µ1

(1+ λ1)PS

N∑
j=1

βSR,j + (1+ λ2)PRσ
2
LI + 1


(241)

δ3,m = λ2E
{∣∣yRT,m [i]

∣∣2} = λ2PR
Ntx

. (242)

where yRT,m [i] is the mth elements of yRT [i]. By substituting
(240), (241) and (242) into (9), (10) and (11), one obtains the
complete statistical characterizations of n1[i], n2[i] and n3[i].
When the relay employs MRC/MRT processing, the pro-

cessing matrix at the relay is F = Ĝ∗RDĜ
H
SR. Let

W1 = E
{
‖F‖2

}
= NtxNrx

N∑
i=1

σ 2
RD,iσ

2
SR,i. (243)

W2 = E
{∥∥∥gTRD,nF∥∥∥2} = NtxNrx

N∑
i=1

ϑRD,niσ
2
SR,i. (244)

W3 = E
{∥∥FgSR,n∥∥2} = NtxNrx

N∑
i=1

ϑSR,niσ
2
RD,i. (245)

W4 = E
{
gTRD,nFgSR,n

}
= NtxNrxβRD,nβSR,n. (246)

W5 = E
{∣∣∣gTRD,nFgSR,n∣∣∣2} = NtxNrx

N∑
i=1

ϑRD,niϑSR,ni.

(247)

W6 = E
{∣∣∣gTRD,nFgSR,j∣∣∣2} = NtxNrx

N∑
i=1

ϑRD,niϑSR,ji.

(248)

Based on (243) to (248), one has

E1,n = E
{
gTRD,nFgSR,n

}
= W4. (249)

E2,n = Var
(
gTRD,nFgSR,n

)
= W5 −W 2

4 . (250)

E3,n =
N∑
j 6=n

E
{∣∣∣gTRD,nFgSR,j∣∣∣2} = N∑

j 6=n

W6. (251)

E4,n = E
{∣∣∣gTRD,nFGSRn1 [i− 1]

∣∣∣2}

= λ1PS

W5 +

N∑
j 6=n

W6

 . (252)

E5,n = E
{∣∣∣gTRD,nFGLIỹRT[i− 1]

∣∣∣2} = σ 2
LIW2. (253)

E6,n = E
{∣∣∣gTRD,nFGLIn3 [i− 1]

∣∣∣2} = λ2PRσ 2
LIW2.

(254)

E7,n = E
{∣∣∣gTRD,nFnR [i− 1]

∣∣∣2} = W2. (255)

E8,n = E
{∣∣∣gTRD,nFn2 [i− 1]

∣∣∣2} = δ2,mW2. (256)

E9,n = E
{∣∣∣gTRD,nn3 [i]∣∣∣2} = λ2PRβRD,n. (257)

Substituting Ek,n, k = 1, . . . , 9, ρ and δ4,n into (107)
results in (118), where ρ and δ4,n are shown at top of the next
page.
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ρ =

√√√√√ 1(
δ2,m + PR (1+ λ2) σ

2
LI + 1

)
W1 + PS (1+ λ1)

N∑
n=1

W3

(258)

δ4,n = µ2

ρ2PRPS (1+ λ1)
W5 +

N∑
j 6=n

W6

+ (ρ2PR (1+ δ2,m)+ ρ2P2R (1+ λ2) σ 2
LI

)
W2 + PRλ2βRD,n + 1

 (259)

APPENDIX D
Similar to the analysis of the AF scheme with MRC/MRT
processing inAppendix C, the distortion noises at the sources,
the relay’s receiver and the relay’s transmitter for the AF
scheme with ZF processing have the same statistical prop-
erties of n1[i], n2[i] and n3[i] as in Appendix C.

With ZF processing, the processing matrix at the relay

is F = Ĝ∗RD
(
ĜT

RDĜ
∗

RD

)−1(
ĜH

SRĜSR

)−1
ĜH

SR. Following
similar derivations in (220) and (230), one obtains [41]

F = Ĝ∗RD
(
ĜT

RDĜ
∗

RD

)−1(
ĜH

SRĜSR

)−1
ĜH

SR

≈

(
X††
RD,1 − X††

RD,1X
T
RD,2X

††
RD,1

)
×

(
X†
SR,1 − X†

SR,1X
H
SR,2X

†
SR,1

)H
. (260)

Based on (260), one has [6]

W1 = E
{
‖F‖2

}
=

N∑
i=1

ϕRD,iϕSR,i. (261)

W2 = E
{∥∥∥gTRD,nF∥∥∥2} = N∑

i=1

ξRD,niϕSR,i. (262)

W3 = E
{∥∥FgSR,n∥∥2} = N∑

i=1

ξSR,niϕRD,i. (263)

W4 = E
{
gTRD,nFgSR,n

}
= θRD,nθSR,n. (264)

W5 = E
{∣∣∣gTRD,nFgSR,n∣∣∣2} = N∑

i=1

ξRD,niξSR,ni. (265)

W6 = E
{∣∣∣gTRD,nFgSR,j∣∣∣2} = N∑

i=1

ξRD,niξSR,ji. (266)

Finally, substituting Wk , k = 1, . . . , 6 into (249) to (259),
and using the same method in Appendix C, we can obtain the
expression of SZFFD,AF.
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