IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received April 20, 2018, accepted June 11, 2018, date of publication June 15, 2018, date of current version July 12, 2018.

Digital Object Identifier 10.1109/ACCESS.2018.2847623

t /t-Diagnosability and ¢ / k-Diagnosability
for Augmented Cube Networks

JIARONG LIANG 12, FANG CHEN"“12, QIAN ZHANG “'2, AND MIN XIE!3

!'School of Computer, Electronics and Information, Guangxi University, Nanning 530004, China

2Guangxi Key Laboratory of Multimedia Communications and Network Technology, Guangxi University, Nanning 530004, China
3School of Automation Science and Engineering, South China University of Technology, Guangzhou 510641, China

Corresponding author: Fang Chen (2285437012@qq.com)

This work was supported in part by the Natural Science Foundation of China under Grants 61363002 and 61761006 and in part by the
Natural Science Foundation of the Guangxi Zhuang Autonomous Region of China under Grant 2016GXNSFAA380134.

ABSTRACT Diagnosability is an important parameter for evaluating the reliability of multiprocessor
systems. f/¢-diagnosability and ¢/k-diagnosability are both new indexes for measuring the reliability of
a system. An n-dimensional augmented cube network (AQ,) is a variant of an n-dimensional hypercube
network. In this paper, we first prove that an n-dimensional augmented cube network is (4n — 8)/
(4n — 8)-diagnosable, which implies that the 7/¢-diagnosability of AQ, is approximately two times larger
than its classical z-diagnosability. Some useful properties of AQ, not reported by previous studies are
proposed. By employing these new properties, we prove that AQ,, is ¢ /k-diagnosable, which implies that the
t /k-diagnosability is approximately (k 4 1) times larger than 2n — 1, i.e., the f-diagnosability of AQ,,, where
t=2k+1n—(Bk+Dk+2)/2)+ 1,k < (4n/9) —(13/9),and n > 5.

INDEX TERMS System-level diagnosis, f/f-diagnosability, ¢/k-diagnosability, PMC model, augmented

cube networks.

I. INTRODUCTION

It is an indisputable fact that a multiprocessor system incor-
porates a very large number of processors (or nodes/units)
due to the development of integration technology. With the
increase in the number of processors in a multiprocessor
system, system designers should consider some novel issues
caused by this increase. One of the most important among
them is the reliability of the system. Naturally, the faulty
nodes in a system are an important reason for the decrease
in system reliability. To maintain the reliability of a system,
the system should be designed such that it contains automated
fault tolerant features. Fault tolerance mainly involves two
steps. The first step is called fault identification, in which
the faulty processors are diagnosed. The second step is called
system configuration [1], in which either faulty processors
(previously diagnosed in the first step) are replaced with
additional processors or other good processors in the system
are redistributed to run those tasks that were running on the
faulty processors.

In automated fault diagnosis, there exist two diagnosis
models. One of them is called the logic-circuit-level model,
in which each unit of a system can be tested solely by utilizing
precalculated test data. The shortcoming of this model is that
it requires a large amount of data. The other model, called

the system-level diagnosis model or the Preparata, Metze, and
Chien (PMC) model, was first proposed by [2]. In the PMC
model, for a system consisting of n nodes, its diagnostic graph
can be represented by a directed graph G(V, E), an edge
(i, j) € E denotes that node u tests node v, and each edge of
G(V, E) is endowed with a testing result of either 1 or 0. The
collection of all testing results is called a syndrome, repre-
sented by o. o (i, j) denotes the result of node i testing node j.
The PMC model assumes that if node i judges node j to be
faulty (respectively, fault-free), then o (i, j) = 1 (respectively,
o(i,j) = 0); it also assumes that the result of i testing j is
reliable if and only if node i is fault-free. This test invalidation
rule is shown in Table 1. Many results of the automated fault
diagnosis of multiprocessor systems under the PMC model
have been obtained (see [3]-[10]).

TABLE 1. Invalidation rule of the PMC model.

Testing node | Tested node | Test outcome
Fault-free Fault-free (0]
Fault-free Faulty 1
Faulty Fault-free Oor 1
Faulty Faulty 0 or 1
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A complete diagnosis refers to one in which all faulty nodes
can be identified. A correct diagnosis refers to one in which
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no fault-free node can be diagnosed as faulty. In automated
fault diagnosis, a complete and correct diagnosis is undeni-
ably an ideal diagnosis for a system. According to the test
results obtained by the testing nodes, the diagnosis automati-
cally implemented by a ¢-diagnosable system is a complete
and correct diagnosis. However, for most 7-diagnosable
systems with N nodes, the value of the diagnosability ¢, which
is the maximal number of faulty nodes that a system can
guarantee to diagnose, is much smaller than N. In other
words, if the number of faulty nodes exceeds the diag-
nosability of a system, then the diagnosis implemented by
the t-diagnosable system may not be effective. To resolve
this issue, many methods have been suggested over the
past few decades [25], [32]-[35]. One of them is to increase
the diagnosability of a system by allowing some nodes to
be incorrectly identified. For example, [25] introduced the
t /t-diagnosability; its corresponding diagnosis is called a
t/t-diagnosis. A system is said to be z/¢-diagnosable if it
can locate a r-node set containing all faulty nodes in the
system provided that the number of faulty nodes in the system
is no more than ¢ [25]. Reference [14] extended the results
presented in [25] and proved that at most one fault-free node
can be identified as faulty.

It is worth mentioning that [1] introduced another diagnos-
ability, called ¢ /k-diagnosability; its corresponding diagnosis
is called a r/k-diagnosis (1 < k < ). Different from the
t /t-diagnosis, the 7 /k-diagnosis allows at most k nodes to be
diagnosed as faulty, which results in the 7 /k-diagnosability of
most regular interconnection networks being larger than the
t /t-diagnosability. For example, the ¢ /k-diagnosability of an
n-dimensional hypercube network, denoted by Q,,, is 4n — 9,
n > 4,k = 3 [1], which is approximately two times larger
than 2n — 2, the t /t-diagnosability of Q,,. The latter is approx-
imately two times larger than n, the classical #-diagnosability
of Q.

Several topologies can be employed to model multipro-
cessor systems. Among them, the hypercube network is
one of the most useful topologies. The reason for this
is that the hypercube network has many advantages, such
as symmetry, regularity, recursion, having a simple and
optimal routing algorithm, and so on. The hypercube network
has been used as the topology structure in many parallel
processor systems (such as CM-2, ip-SC-806, and nCUBE)
and may be the base structure of nanometer computers in
the future [36]. However, Q) is not the best topology. Some
variants of 0, have been introduced, for example, the locally
twisted cube [18], the BC graph [26], augmented cubes [29],
the exchanged hypercube [37], the crossed cube [17], and
so on. As a variant of Q,, augmented cubes have been
widely studied. For example, Hong and Hsieh [38] discussed
the strong diagnosability and conditional diagnosability of
augmented cubes; the distinguishing number of augmented
cubes was studied by Chan [39]; and Hsieh and Shiu [40]
presented the cycle embedding of augmented cubes. In addi-
tion, results corresponding to the connectivity and pancon-
nectivity of augmented cubes can be found in [41]-[43].
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The reason that augmented cubes attract considerable atten-
tion may be that they have some properties superior to those
of Oy,; for example, the diameter of an augmented cube is
approximately half of n, i.e., the diameter of Q,, and an
augmented cube possesses a few embedding properties that
are not possessed by Q,,.

In the paper, we will discuss the #/t-diagnosability and
t /k-diagnosability of augmented cubes, which have not been
studied in previous research. The remainder of this paper
is as follows: After introducing some novel properties of
the augmented cube network, we propose and prove the
t /t-diagnosability of an augmented cube network in section 3.
In section 4, we first derive a low bound of the cardinality of
the neighbors of the k-node set in augmented cubes and then
present the 7 /k-diagnosability of an augmented cube network.
In section 5, we draw our conclusions and present some final
remarks.

Il. PRELIMINARIES

The fault diagnostic graph of a multiprocessor system is
often represented by an undirected graph G(V, E), where the
vertices in V and the edges in E correspond to processors and
communication links in the network, respectively. For V| C
V, G — V1 is a subgraph of G induced by all the nodes in V
but not in Vi, and G[V] is a subgraph of G induced by all the
nodes in V. |G| or | V| is the number of nodes contained in G.
The length of a path P(u, v) in G is the number of edges in
the path P(u, v). The neighborhood set of a node v is Ng(v) =
{ul(u,v) € E} (in brief, N(v)), and the neighborhood set of
Viis Ng(V1) = {u|(u,v) € E,v € Vi} — V] (in brief, N(V1)).
The distance between u and v, denoted by d(u, v), refers to
the length of the minimum path between u and v. A node w
is called a common neighbor of the nodes wi, wo, - - - , wg
if and only if d(w,w;) = 1 for each i € {1,2,---,k}.
Suppose that S C V, v € S; let PNg(v) (in brief, PN(v),
no confusion) represent the set of the private neighbors of v,
PNs(v)={ueV —S|(u,v) e E,Vw e S, (u,w) ¢ E}.

For all terms and notations not defined in this paper, please
see [27]. The concept of the n-dimensional augmented cube
AQ),, is provided below. Here, we adopt the definition of [29].

Definition 1: The one-dimensional augmented cube AQ1

is a complete graph with two vertices. For n > 2, AQ,, can be
obtained by taking two copies of the augmented cube AQ,,—1,
denoted by AQ" | and AQ! |, and adding 2 x 2"~! links
between them as follows: Let V(AQS_I) ={0x2 -+ Xp_1Xxp :
x; € {0,1}} and V(AQ! ) = {lx--xp1xy @ X €
{0, 1}}. Anode X = Oxp - - - x,_1x, of AQBA is adjacent to
anode Y = lyy---y,—1y, of AQ}l_1 if and only if either (1)
xi=yfor2<i<nor)x;=y;for2<i<n.
By Definition 1, we have that for each node v € V(AQ,),
the degree of v, denoted as deg(v), is 2n — 1. For the sake
of convenience, we introduce the following notation AQ,, =
AQ?F1 @AQ}F1 , which denotes the recursive construction of
n-dimensional augmented cubes AQ),,.

Lemma 1 [29]: AQ, is (2n — 1)-regular, and its connec-
tivity is k(AQ,) =2n— 1, n > 1.
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The t/t-diagnosability of the diagnostic capability of a
graph is defined as follows.

Definition 2: A graph G is t /t-diagnosable if all the faulty
nodes can be isolated to within a set of at most # nodes having
at most one fault-free node, provided that the number of faults
at any given time is at most . The ¢ /¢-diagnosability of G is
the maximum number ¢ such that G is ¢/t-diagnosable.

Lemma 2 [25]: Let S be a system with n nodes. Then,
S is t/t-diagnosable if and only if for each X C V(S) with
IX|=2iandie{l,2,--- ,t},INX)| =t —i+ 1.

lll. £/t-DIAGNOSABILITY OF AUGMENTED CUBES
Before proving the f/7-diagnosability of augmented cubes,
some results need to be established.

Lemma 3 [28]: Let G = (V, E) be a k-connected graph,
SCV,S #¢.

A If|V =8| <k —1,then Ng(S) =

(i) If [V — S| = k, then [Ng(S)| > k.

Lemma 4 [42]: For two nodes x,y in AQ,, |Nag,
{x,yDl = 4n — 8 In particular, if x = ajaz---ay—1a,
and y = ajaz- ‘lp_1a,2 < i < n — 1), then
INag, ({x, yD)I = s,

Lemma 5 [30]: Let Vi C V(AQ,), with |V{| = 3 (respec-
tively, 4); then, [N (V)| = 6n — 17 (respectively, 8n — 28).

Theorem 1: For n > 6, AQ, is (4n — 8)/(4n — 8)-
diagnosable.

Proof: By Lemma 2, we need to prove only the
following result: for each i € {1,2,---,4n — 8} and each
X C VAQ,) with |X| = 2i, INX)| > (4n —8) — i+ 1.
Let AQ, = AQY | ©AQ! . Xo = XNV@AQ® ). Xi =
X NV(AQ! ). Without loss of generality, |X;| < [Xol.

Case 1:i=1.

In this case, |X| = 2; by Lemma 4, the result is true.

Case2:2n—6 <i<4n-—38.

Since |V(AQ,) — X| = 2" —=2i > 2" —2(4n —8) >
2n—1(n > 6), by Lemma | and Lemma 3, [N(X)| > 2n—1 =
4n—8)—Q2n—6)+1 > (4n—8) — i+ 1. The result is true.

Case3:2<i<2n—-17

We prove that the result is true in this case by induction on
n.Forn = 6,2 < i < 5, we need to prove that [N(X)| >
17 —i. When i = 2, |[X| = 4, by Lemma 5, we have that
IN(X)| > 20 > 17 — i. When i > 3, consider the following
cases:

Case 3.1.1: X1 # @.

Since |X1| 4+ |Xo| = 2i and 2 — X+ = 9, by Lemma 3,
we have that |NAQr(X ) = 9,r =0, 1; hence, |[Nags(X)| >
Nyt DI+ IN; g0 (o)l > 18 > 17— .

Case 3.1.2: X1 =

Let Xo = {xfj = 1,2,---,2i}. By Lemma 5,
we have that [Nag,(X)| > INogy(X0)| + [Nyp1(Xo)| =
|NAQ;({x1,x2, x3, 64D —Ri—4)+2i>16> 17 —1i.

Suppose that n — 1 > 6; our claim is true for AQ,_1.
Next, we will show that the result is true for n. Consider the
following cases.

V-S.
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Case 3.2.1: X1 = @.

Let Xo = {xj = 1,2,---,2i}. If 2n — 8 = 2(n —
HD—6 < i < 2n—-—7 < 4n — 1) — 8§, by Case 2,
we have that |NAQ2_](X0)| > @dmn —-1) -8 —i+ 1.
f2 <i < 2n—9 = 2(n — 1) — 7, by the induction
assumption, we have that|NAQo Xo)| = @(n—1))—8—i+1.

Note that |NAQ1 ({xl,xz,x;,x4})| 4. Then, [Nyp,(X)| =

INaQ, (X0)| = INago  (X0)[+INggr  (Xo) > [Nygo  (Xo)l+
INagr ({x1, w1 k)| > @G~ 1) =8 —i+ ) +4 =
(4n — 8) —i+ 1.

Case 3.2.2: X1 # @.

Let X = {xj = 1,2,---
cases:

Case 3.2.2.1: |X1| = 1.

Without loss of generality, let X; = {x},Xo =
{xji = 2,3,---,2i}; then, |NAQ},_1(X1)| =2n—-1) — 1.
If i = 2n — 7, by the induction assumption, we have that
INago (x5, %6, -+ x|l 2 4 =D =8 —((=2)+ 1 =
(4n - 8) — i — 1, and then |Nyg,(X)| > |NAQ’11_1(X1)| +
INago (X0l = INyg1 (XDI+INygo  ({x5, %6, -+, x2:D)] >
2(n—1)—1+(4n—8)—1—1—3 = (4n—-8) —i+
1+(2n—8) > (@4n—-8) —i+1.1f2 <i < 2n—28, then
1 <i—1<2n—-1)—7, by Case 1 and the induction
assumption, we have that |V, 40" 1({)C3,)C4,~ <L, x D] = 4n—
HD—8—G—1+1=Un— 8)—1—2 Then, we determine that
INag, X)| = INygt (XD + INggo ({x3, x4, -+, xi)| >
2m—1)—14+@n— 8)—1—2 = (4n 8)—i+1+2n—06) >
4n—8) —i+1.

Case 3.2.2.2: |X1| > 1.

Let |X;| = 2j+ r, |1 X1l = 2k +rp,r1,mp € {0,1},1 <
J < k < ,2i =2(G+k)+r +rp. Then, 1 < j <
k < 2(n — 1) — 6. We claim that |NAQ1 XD = 4 —
1) — 8 —j+ 1 — r;. To prove that the cla1m is true, let

= {x1, X2, -+, X, Y1, ¥2, - -, ¥2;}; then, INgg1  (XD)I =
|NAQ,‘,_|({y1’ -+, ¥;P| — r1. When j = 1 (respectively, j =
2(n — 1) — 6), by Case 1 (respectively, Case 2), we have that
Nagi (1 -+ v Dl < 4n— D=8 —j+ 15 when 2 < j <
2(n — 1) — 7, according to the induction assumption, we also
havethat|NAQ1 ({y1, -+, y2iDI = 4(n—1)—8—j+1. Hence,
our claim is tme Similarly, we have that |N 400 Xo)| =

, 2i}. Consider the following

4(n—1)=8—k-+1—ra. Then, [Nag, ()| > INygr (X1)I+
Nago (o) > (A= 1)—8—j+1—r1)+(An—1)—8—k-+1-
r2) = n—8)—i+1+@n—15—1(r14+r)) > 4n—8)—i+1.

]

Theorem 2: For n >
4n — 8.
Proof: We need only to prove that AQ, is not
(4n —T)/(4n — T)-diagnosable. Consider a pair complement
nodes x = X, Xp—1 X,y =Xp---X;---X12 < i< n—1)
by Lemma 4, we have that [Nag,({x,y})| = 4n — 8 <
(4n —7 — 1+ 1). By Lemma 2, it is true that AQ, is not
(4n — 7)/(4n — T)-diagnosable. |

6, the r/t-diagnosability of AQ,, is
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IV. ¢/k-DIAGNOSABILITY OF AQ,

In this section, the following terminologies and notations
are used. For AQ,,, suppose that X,Y,Z € V(AQ,). Let
X = xixa--xp, Y = yiya---yn,Z = z122- - 2n, Where
xi i, zi))is0Oor 1 (G = 1,2,---,n). Define an operator
@ as follows: Z = X @ Y if and only if z; = x; & y;,
where 0 0 = 0,190 =1,001 = 1,11 = 0.
For the sake of convenience, we use 0' (respectively, 1°) to
0 (respectively, 1---1). Let 0; = 0~ 110"~ and
S; = 0~ 11"~*1 Suppose that A = ajas - - - ajajy1 - - - an; We
useA; (respectively,K-) todenote ajazas - - - aj—1a;aiy1 - - - ay
(respectively, ajay - ai - - dp). ObV10usly,A = A@Ol,
AA=ADS,.

To present the ¢ /k-diagnosability of AQ,,, the properties of
AQ,, described below are necessary. For the sake of conve-
nience, for the three nodes A, B, C € V(AQ,), let Nap =
N(A) N N(B),Nsc = NA) N N(C),Ngc = NMB) N
N(C), Nap(C) = (N(A)NN(C) UNB)NN(C)) —N@A)N
N(B)NN(C) — {A, B}.

The following Property 1 follows [31].

Property 1: Suppose that A, B € V(AQ,), d(A, B)
then,

D IfB=A® O, then [Ng| = 2.

2)If B = A® S;, then if i € {1, n}, then |Nyp|
Otherwise, |[Nag| = 4.

Since the proof of the following Property 2 is easily
obtained from [31], we omit it.

Property 2: Suppose that A, B € V(AQ,), d(A,B) =
then,

DIfB=A®O;® 0j,thenifi+1=ji <
|Nap| = 4. Otherwise, |[Nap| = 2.
DIUEB=A®0;®S;,i+2<
|[Nag| = 4. Otherwise, |Nag| = 2.

NUEB=A®O,®S;i>j+1),thenifi —1 = j, then
|[Nag| = 4. Otherwise, |Nag| = 2.

HIEB=ADS; @ Sj(li —jl > 1), thenif |i — j| = 2, then
|Nap| = 4. Otherwise, |Nap| = 2.

Property 3: Let A,B,C € V(AQy); if d(A,B) = 1,
d(A,C)= 1,d(B,C) =1, then |[Ngp(C)| < 2.

Proof: Casel: B=A® O;.

Case 1.1: i = 1. According to Property 1, A, B share 2
common neighbors: A1, As. Then, C = Aj or C = A,.
If C = A, then Nac = {A,, B} and Ngc = {Az, A}: the result
is true. If C = A», then Nac = {A] ,B} and Npc = {A] LAY
the result is also true.

Case 1.2: 2 < i < n — 1. According to Property 1, A, B
share 2 common neighbors: Aj, Z,-H. If C = A;, then Ny¢c =
{Zi+1, B,A;_1,A;_1} and Npc = {Ki_H , A}; the result is true.
Similarly, we conclude that when C = K,-H, the result is true.

Case 1.3:1 =n.

Accordlng to Property 1, A, B share 2 common neighbors:
An_1, LIfC = An 1, then Nyc = {A, 2, B} and

———
denote O - - -

~aj—14d; -

—_—

2.

n — 2), then

Jj, then if i + 2 = j, then
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Npc = {A, A;_1}; the result is true. Similarly, we conclude
that when C = A,,, the result is true.

Case2: B=A®S,.

Case2.1:i=1.

According to Property 1, A, B share 2 common neighbors
Zz, AL IfC = Zz, then Nyc = {Aj, A2,K3, B} and Ng¢c =
{A, A1}, and then Nup(C) = {A», Asz}; the result is true.
Similarly, we conclude that when C = Ay, the result is true.

Case22:2<i<n-—1.

According to Property 1, A, B share 4 common neighbors:
AiaAi—l»Zi—LZH—l- If C = A;, then Nac = {Zi-i-l» B} and
Npc = {A, Z,_H}' the result is true. Similarly, we conclude
that when C is one of {A;_1,A;_1, A,+1} the result is true. W

Property 4: For any three nodes A,B,C € V(AQ,),
if dA,B) = 1, dA,C) = 2 and d(B,C) = 1, then
INAB(C)| < 5

Proof: Casel:B=A® O;. L

Case 1.1: C = B @ 0;. Clearly, Ngc = {Bjy1, Bj}(j
n—1)or Ngc = {By—1,Bu-1}(j = n). By d(4,C) =
we have i # j. Consider the following cases:

Case 1.1.1: |j —i| = 1. Ifj—i+1 <n—1,thenNAc
{B.Aj11,Aj, Aj} and Nap(C) = {Bj11,Aj. Aj1}. If j = i
1 = n, then Nac = {Ap—2,A,-2, B, Bn 1} and Njp(C)
{An—2,An—2}. Hence, when j = i + 1, the result is true.

On the other hand, if j = i — 1 < n — 2, then Na¢c =
{B,Ai-1,Ai-1,Aiy1} and Nap(C) = {Bj, Ai—1, Ai=1}. If j =
i—1 = n—1, then No¢c = {A,—2,A;,—2,B,B,_1} and
Nag(C) = {An—2,A,_>, B, B,_}. Hence, whenj =i —1,
the result is true.

Case 1.1.2:|j—i| #1.1fj=i—2 =n—2,then Nyc =

VA

=+

{B, Al‘l—21 Kn—2a An—l} and NAB(C) = {En—ZvZ_n—Za An—2}-
Ifi =j—2 = n—2,then Ny\¢ = {B,An,An—2,An—1}
and Nyp(C) = {B,—1, Ay, A,—1}. For other situations, Noc =

{Ai, A;}, and then [Nap(C)| < 4. Hence, the result is true.

Case 1.2: C = B ® S;. When j = n, the situation is the
same as that discussed in Case 1.1. We need to consider only
the situation where j < n— 1. By Property 2, we have Npc =
{Bj.Bj_1,Bjy1,Bj-1}2 < j < n—1) or Npc = {B2, B}
G = 1) By d(A,C) =2, wehavethatj # iandj # i + 1.
Now, consider the following cases:

Case 1.2.1: j = 1. Then, Nac = {B, A} and Nyp(C) =
{A1, By, B1}; the result is true.

Case 1.2.2:2 <j<n—1.

Case 1.22.1: If j = i -1
{B,Ai—1,Ai—1,Ai11} and Nyp(C)
Bj_1}; the result is true.

Case 1.2.2.2:Ifj=i—1=n—1,thenC = AP O,—1.
This is a contradiction to the assumption that d(A, C) = 2;
hence, this situation is impossible.

Case 1.2.2.3: 1f j — i = 2, then Nyc = {B, Aiy1, Ai, Ay}
and Nag(C) = {Bj, Bj_1,Ait1,Ai+2, Bi11}; the result is
true.

Case 1.2.2.4:1f j—i > 2ori—j > 2, then Nac = {B, A}},
and then |[Nag(C)| < [Nac UNpc — {B}| = 6 — 1 = 5; the
result is true.

< n-—2, thenNAc =
= { ] laAl laAl 1s
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Case 1.2.3: j = n. This case is identical to the case in the

proof of Property 3.
Case2: B=A® S; (i #n). .
Case 2.1: C = B @ O;. Clearly, Ngc = {B1, By}

G = 1)orNgc = {Bp-1,Bp1} 2 < j < n— 1.
By d(A, C) = 2, we have that i #~ j and j # i — 1. Consider
the following cases:

Case 2.1.1: j < n— 1.Ifj = i — 2, then Ny¢c =
{B,Ai—2,Ai—1,Ai—2} and Nap(C) = {Ai—2,Ai, Bj}. I j <
i — 3, then NAC = {B,Aj} and NAB(C) = {Bj.;,_l,Bj,Aj}.
Ifj = i+ 1, then Noac = {B, Ai11, A2, A;} and Nyp(C) =
{Biy1,Aig2}. If j > i+ 2, then Nac = {B,A;}, and then
INaB(C)| < [Nac U Npc — {A,B}| < 4 — 1 = 3. Hence,
the result is true.

Case 2.1.2: j=n.Byd(A, C) =2, wehave thati #n—1
and i # n. Now, we need to consider only the situation where
i<n—2.1fi = n—2,then No\¢c = {B,A;,An—1,A—2}
and Njp(C) = {A,, Ap—1,By—1}. If i < n— 3, then Ny¢c =
(B, A,} and Nop(C) = {B,_1, B,_1,A,}. Hence, when j = n,
the result is true.

Case 2.2: C = B® S;(j # n). By d(A, C) = 2, we have
that |i —j| > 1. Since B € N4c, by Property 1 and Property 2,
we need only the following situation: |i —j| =2 and 2 < j <

n—1. By Property 1 and the condition 2 < j < n— 1, we have
that Ngc = {BJ 1, Bj—1, B/,B/_H} If] — i =2,then Noy¢c =

{Aj, Aj+1,A4j, Ai) and Nap(C) = (Bj—1, Bj-1, B}, A}, Aj).
Ifi —j = 2, then No\¢ = {A,,Al+1,A,,A} and
Nag(C) = {Bjy1,Bj_1,Bj,Ai+1,Aj}. Hence, the result is
true. [ |

Property 5: Let A,B,C € V(AQ,). Suppose that

dA,B) = 1,d(A,C) = 2, and d(B,C) = 2. Then,
INaB(C)l <5
Proof: Casel: B=A® O;.
Case l.1:i=1.

Case 1.1.1: C = B ® O; @ Oy. Without loss of generality,
assume that j < k. Then, C = A @ O; ® O; ® Ox.
By d(A, C) = 2, we have that any two of 7, j, k are different.
When j = 2,k = 3, we have that Nay¢ = (A1, A4},
Npc = {B2, B3, By, B4} and Nag(C) = {Ba, B3, A4, B4}.
Hence, the result is true. Whenj # 2 or k # 3, Naoc = ¢, and
when B and C share 2 or 4 common neighbors by Property 2,
then |[Nag(C)| < 4.

Case 1.1.2: C = B® Oj ® S. Clearly, j # k,k — 1
(otherwise, d(B, C) = 1). d(A, C) = 2 implies that j # 1.

Case 1.1.2.1: j = 2. d(A, C) = 2 implies that k = 4; then,
Nac = {A1,A3}, Npc = (B2, B3, B4, B2} and Nap(C) =
{B,, B3, B4, A3}. Hence, the result is true.

Case 1.1.2.2: j # 2. We claim that k < 2. To the contrary,
if k > 2, then Ngyc = ¢; this is a contradiction to d(A, C) =
2. Now, we need to consider only the situations of k = 1 and
k=2.

Case 1.1.2.2.1: k = 1. d(A, C) = 2 implies thatj # 1, 2.
If j = 3, then Nac = {A>, Az, A3, A4}, Npc = {B1, B3} and
Nag(C) = {As, B3, A3, A4}. Hence, the result is true. If j > 4,
then Nac = {A2, Aj}, Npc = {B1, Bj} and Nag(C) = (B}, A;}.
Hence, the result is true.
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Case 1.1.2.2.2: k = 2. We have that Nyc = {4; A1)
Ifj = 3, then Npc = {32,33,32,34} and NAB(C) =
{B3, Bz,B4,A3} Ifj > 3,then Npc = {BQ,B }and Nyp(C) =
(Bj. Aj).

Case 1.1.3: C = B® S; ® Si. d(B, C) = 2 implies that
lj-k| # 0, 1. When |k — j| = 2, the case is the same as that
discussed in Case 1.1.1. Without loss of generality, assume
that j < k. We claim that j < 2. To the contrary, suppose
that j > 3; then, Noc = ¢, a contradiction to d(A, C) = 2.
Now, we need to consider only the following situation:
J<3k—j23.

Case 1.13.1: j = 1. If k = 4, then Ny¢ =
{A2,A4,A2, A3}, Ngc = {B1,Bs} and Nap(C) =
{A4,A>r,A3,Bs}. If kK > 5, then Nac = {Ay,Ar}, Ngc =
{B1, Bi} and Nag(C) = {Ay, By ). Hence, the result is true.

Case 1.1.3.2: j = 2. We have that Ny¢ = {A1, A}, Npc =
{B5, By} and Nag(C) = {Ax, B}. Hence, the result is true.

Case 1.2:i€{2,3,4,--- ,n—3}.

Case 1.2.1: C = B ® O; @ Oy. Without loss of generality,
suppose that j < k. Similar to Case 1.1.1, we have that any
two of i, j, k are different.

Case 1.2.1.1: i = n—3,j = n—2,k = norj =
n—1,k=nlfi=n-3,j =n-—2k = n, we have
that Nac = {An—3,An—1}, Ngc = {Bn—1,By—2, By—2, By},

and Nap(C) = {By—1,A4-1,By2,B,}. If i = n — 3,
j = n — lk = n, we have that Nyc =
{BvAn—3’An 2, An— 1} Npc = {Bn—lan—Zs Bn—Zan}»
and Npp(C) = ({By—1,An-2,An—1,Bu-2,Bp}. If i 7'é
n—3j = n— 1,k = n, we have that Nyc¢ =

{B,An—1}, Nec = {Bn—1, Bs—2, Bn—2, By}, and Nyp(C) =
{B,_1,Bn_2,B,_2,A,_1}. Hence, the result is true.

For other situations, not including Case 1.2.1.1,
d(A, C) = 2 implies that i, j, k are three consecutive integers.
Now, we need to discuss only the following situations in
which i, j, k are three consecutive integers.

Case 1.2.1.2:i = j—1.Since Noc = {A;13, A; }andNBc =
{Biy1, Bit2, Ai, Biy3}, Nag(C) = {Bit1, Bis2, Ait3, B3}
Hence, the result is true.

Case 1.2.1.3: j = i — 1 = k — 2. Since Ny¢ =
{Aiy2,Ai1} and Npc = {Bi—1,Biy1}, Nap(C) =
{Aiy2,Ai—1, Bi—1, Bix1}. Hence, the result is true.

Case 1.2.1.4: i = k + 1. Since Nac = {A;+1,A;_2} and
Npc = {Bi-1, Bi-2, Bi—2, Bi}, Nap(C) = {Bi-1, Bi—2, Bi—2,
A;_»}. Hence, the result is true.

Case 1.2.2: C = B® 0; @ Sk # n). d(B,C) =
implies that j # k, k — 1. At the same time, by d(B, C) = 2,
we conclude that k = n — 1 implies j # n. d(A,C) = 2
implies that j # i. We claim that k& < i 4 3. In contrast,
if Kk > i+ 3, then Nsc = ¢; this is a contradiction to
d(A, C) = 2. Now, we need to consider only the situations
in which k < i+ 3.

Case 1.2.2.1: k = i+ 1. Since d(A, C) = 2, we have that
J<i—2orj>2i+21fj=i-2 wehave that Ny¢c =
{Ai—2, Ai, Ai_1, Ai22}, Ngc = {Bi—2, Bix1} and Nap(C) =
{Ai_2,Ai_1,Ai_2,Bi_7}. If j < i — 2, we have that Nyc =
{Aj, A;}, Npc = {Bj, Biy1} and Nap(C) = {4}, Bj}.
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Similarly, if j > i+2, we have that Na¢c = {4}, A;}, Npc =
{Bj, Bi+1}(j > i+ 2) or Npc = {Bi+1, Bit1, Biv2, Biy3}(j =
i + 2). Then, Nap(C) = {A;,Bj}(j > i+ 2) or Npp(C) =
{Bit+1,Ai+2, Bix2, Biy3}(j = i + 2). Hence, the result is true.

Case 1.2.2.2 : k = i+ 2. d(A, C) = 2 implies that] =
i — 1. Then, Nac = {Ai_1,Ai+1} and Npc = {Bi_1, Biz2}.
Subsequently, |Nap(C)| < 4. Hence, the result is true.

Case 1.2.23: k = i + 3. d(A,C) = 2 implies
that j = i + 1. Then, Nayc¢ = {A;, A2} and
Npc = {Bit1, Bi13, Bit1, Biy2}. Subsequently, Nap(C) =
{Bi+1, Bi+3, Ait+2, Biy2}. Hence, the result is true.

Case 1.2.24: k = i dA,C) = 2 implies
that j # i+ 1. If j < i — 2, then Ny¢ =
{Aj,Aix1} and Npc = {Bi—2,Bi,Bi—1,Bi2}(j = i —2)
or Ngc = {Bj, B; }(j < n — 2). Subsequently, N4p(C) =
{Bi—2,Ai—2,Bi—1,Bi-2}(j = i — 2) or Nap(C) =
{Ai2, Ai1,Ai—2, Bi2}(j < n—2).1fj = i+ 2, then Nac =
{Aiy3, Aig1, Aiga, Aip1}, Npc = {Bi+2, B} and Npp(C) =
{Ait3, Ait1, Aiva, Bita}. If j > i+ 2, then Nac = {Ai1, Ajl,
Npc = {Bj, Bi} and Nap(C) = {A;, B;}. Hence, the result is
true.

Case 1.2.2.5: k < i.d(A, C) = 2 implies that i, j, k are
three consecutive integers. When k =i — 1 = j — 2, we have
that Nac = {Ai-1, Aiy2}, Npc = {Bit1, Bi—1} and Nap(C) =
{Ai—1, ,+2,Bl+1 B;_ 1}. Whenk =j—1=1i—2, we have
that Nac = {A; 2, z+1} Npc = {Bi—2, Bi, Bi_», Bi_1} and
Nag(C) = {Bi_2, Ai—2, Bi_2, Bi_1}. Hence, the result is true.

Case 1.2.3: C = B® S§; ® Sk. d(B, C) = 2 implies that
lj-k| # 0, 1. When |k — j| = 2, the case is the same as that
discussed in Case 1.2.1. Now, we need to consider only the
following situation: |[j — k| > 2. Without loss of generality,
assume that j < k — 2. We claim that j < i + 1. In contrast,
suppose that j > i + 2; then, Nyc = ¢, which contradicts
d(A, C) = 2. Next, we need to discuss only the following
situations.

Case 1.2.3.1: j = i + 1. Then, Nac = {A;, Ar}, Npc =
{Bit1, Bx} and Nsp(C) = {Ax, Bi}. Hence, the result is true.

Case 1.23.2: ] = i If k = j+ 3, then Nac =
{Ait1, Air2, Aiys, Aip1}, Ngc = {Bi, Biy3} and Nap(C) =
{Air1, Air2, Ais, Bina). Ifk > j+3, then Nac = {Aiy1, At}
Npc = {B;, Br} and Nag(C) = {Ak,Bk} Hence, the result is

true.

Case 1.2.3.3:j = i—1.d(A,B) = 2 inlplies_that k =
i + 2. Then, Nac = {Ai—1,Ai+1}, Npc = {Bi-1, Biy2} and
Nap(C) ={Ai—1,Ait1, Bi—1, Biy2}. Hence, the result is true.

Case 1.2.34:j < i—1.d(A,C) = 2 implies that k =
iork =i+1.Ifk = i,then Nyc = {Zjvzi—&-l},NBC = {Ej, E,}
and Nag(C) = {A;, Bj}.Ifk = i+1andj = i—2, then Nac =
{Ai- 2,A17Az 2,Ai—1}, Npc = {Bi-2, Bit+1} and Npp(C) =
{A, 2,Bi_ 2,Al 2,Ai1}. Ifk =i+ 1andj < i — 2, then
Nac = {Aj. A}, Nsc = (Bj. Bip1} and Nap(C) = {A;. By).
Hence, the result is true.

Case 1.3:i=n—2.

Case 1.3.1: C = B ® O; @ Oy. Without loss of generality,
suppose that j < k. Similar to Case 1.1.1, we have that any
two of i, j, k are different.
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Case 1.3.1.1: j = n — 3,k = n. We have that
Nac = {An—3,An—1}, Npc = {Bp—3, Bu}, and Npp(C) =
{An—3a An—l s Bn—?n Bn}-

For other situations, not including Case 1.3.1.1,d(A, C) =
2 implies that i,j, k are three consecutive integers. Now,
we need to discuss only the situation in which i, j, k are three
consecutive integers.

Case 1.3.1.2: j = k —1 = n — 1. Then, NAC =
{B,Ap_1,An—3,Ay_3} and Ngc = {Bu—1, Bn, By 2, -2}
SUbsequently’ Nap(C) = ({(By1,Bn,By2,An3,An 3}
Hence, the result is true.

Case 1.3.1.3: j = n — 3,k = n — 1. Since
Nac = {An—3,An} and Npc = {Bn—3, Byp—1}, Nap(C) =
{A,—3,A,, B,—3, B,—1}. Hence, the result is true.

Case 1.3.14: j = n — 4,k = n — 3. Then,
Nac = {An—47An—l} and Npc = {Bn—4v_ n— 3a Bn 4, n—2}-
Subsequently, Nap(C) = {B,—4, By—3, By—4,Ay—4}. Hence,
the result is true.

Case 1.3.2: C = B® 0;® Sk(k # n). d(B, C) = 2 implies
thatj # k,k — 1. d(A, C) = 2 implies that j # i. We claim
that k > n — 4. In contrast, suppose that k < n — 4; then,
Nac = ¢, which contradicts d(A, C) = 2. Next, we need to
consider only the following situations.

Case 1.32.1: k = n — 1. Since d(A,C) = 2
and d(B,C) = 2, we have that j < n — 4. Then,
Nac = {An—4,An—2,An-3,An—4}(j = n —4)or Noc =
{Aj, Ay—2}(j < n—4), while Ngc = {Bj, B,_1}. Subsequently,
Nap(C) = {Ay—a, By—a, Ay—3, An—a} or Nag(C) = {A;, Bj}.
Hence, the result is true.

Case 1.322: k = i = n— 2. dA,C) = 2
and d(B,C) = 2 unply that j < n — 4. Then,
Nac = {An- 4a n—2,An—3, Ap— 4}(] =n- 4) or Nac =
{Aj, n—2}(] < n—4), WhlleNBC = {Bj, By—1}. Subsequently,

NAB(C) = {Ay—4,By_4,A,-3,A,_4} or Nsg(C) = {A;, Bj}.
Hence, the result is true.

Case 1.3.2.3k = n—3.Byd(A,C) = dB,C) =
we have that j = norj = n— 1. 1fj] = n,

then Nac = {An—3sAn—1}» ]ViiC = {Bp, Eﬂ—3}’ and thus
Nap(C) = {A,—1,A4—3, By, B,— 3} Ifj = n — 1, then

Nac = {An—3,An}, Npc = {Bn—1, By—3}, and thus Nyp(C) =
{A,, Ay—3, B;— 1, Bn 3}. Hence, the result is true.
Case 1.3.24: k = n—4.BydA,C) = dB,C) = 2,

we have that j = n — 3. Then, Nac = {An_s, An_1},
Npc = ({By-4.B n—2, Bn—3, By—4}, and thus Nyp(C) =
{Bn74,An74s By_3, By 4}-

Case 1.3.3: C = B® S; ® Sk. d(B, C) = 2 implies that
li-k| # 0, 1. When |k — j| = 2, the case is the same as that
discussed in Case 1.3.1. Without loss of generality, assume
thatj < k. When k = n, the proof of the case can be obtained
by the proof of Case 1.3.2. Now, we need to consider only the
following situation: j < k — 3 and k # n.

Since d(A,C) = 2, we have thatk =i =n—2o0rk =
i+1=n—1.1Ifk =n—2,then Nyc = {Zj,X,-H},NBC =
{B B}andNAB(C) {A;,Bj}. I k _i+1andj—k—3
thenNAc = {Ap_4, Ay 2,An74, n—3}, Ngc = {By—4, By—1}
and Nug(C) = {A,—4, By—s, Ap—s,Ap_3}. If k = i+ 1 and
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j < k —3,then Nac = {Aj,A;}, N5c = {Bj, Bx} and

Nyp(C) = {Kj, Ej}. Hence, the result is true.

Casel4:i=n—1.

Case 1.4.1: C = B ® O; @ O. Without loss of generality,
suppose that j < k. Similar to Case 1.1.1, we have that any
two of i, j, k are different. Since d(A, C) = 2, the case of
j < n—3and k = n — 2 is impossible, and the case of
k < n — 2 is also impossible. Thus, we need to consider only
the following subcases.

Case 14.1.1: k = n. If j = n — 2, then NAC =
{An-3,Ap—3,An—1,Ap—2} and NBC_— {Bu-2, By, By Z’A}
subsequently, Nag(C) = {A,-3,As3,An1,Bn 2. By 2}.

If j = n—3, then Na¢ = {Ay—3, A3, An1,An—2}
and Nlic = {B;—3, By}; subsequently, Nagp(C) =
{Ai—3,A,-3,By—3,A,2}. If j < n — 3, then Npc =

{Aj,Ay—1} and Npc = {Bj, B,}; subsequently, Nag(C) =
{A;, B;}. Hence, the result is true.

Case 1.4.1.2: j = n—3,k = n— 2. We have that
Nac = {An—3,An}, Npc = {Bu—3, Bp—2, B,_3,B,_1}, and
Nag(C) = {B,_3,B,_2,B,_3,A,_3}. Hence, the result is
true.

Case 1.4.2: C = B® 0;® Sk (k # n). d(B, C) = 2 implies
that j # k,k — 1. d(A, C) = 2 implies that j # i. Consider
the following cases:

Case 1.4.2.1: k < j. Since d(A,C) = 2, the case of
k < n—3andj = n — 2 is impossible; the case of
Jj < n—21is also impossible. Now, we consider the following
cases:

Case 1.4.2.1.1: j = n. By d(A, C) = 2, we have that k #
n—2.Iftk =n— 3, then Nac = {A,,_3, An 1, Ap— z,An 3},
Npc = {Bn—3, By} and Nag(C) = {Ay—_3, By—3, Ap—z,Ap-3}.
If k < n— 3, then Ny¢c = {An 1,Ak} Npc = {By, By} and
Nyp(C) = {Ak, Bk}. Hence, the result is true.

Case 1.4.2.1.2: k = n— 3,j = n — 2. Then, Npyc =
{An—3,Au}, Npc = {Bn 2,Bn—3,By—3, Bp—1} and Nag(C) =
{A,_3,B,_2, B,_3, B,_3}. Hence, the result is true.

Case 1.4.3: C = B® S; ® Si. d(B, C) = 2 implies that
lj-k| # 0, 1. When |k — j| = 2, the case is the same as that
discussed in Case 1.4.1. Without loss of generality, assume
thatj < k. When k = n, the proof of the case can be obtained
by the proof of Case 1.4.2. Now, we need to consider only the
following situation: j < k — 3 and k # n. Since d(A, C) = 2,
we have that k = i = n — 1. Then, Nac = {Aj, A,}, Ngc =
{Bj, Bn—1} and Nap(C) = {4, B;}.

Case 1.5: i =n.

Case 1.5.1: C = B ® O; @ Oi. Without loss of generality,
suppose that j < k. Similar to Case 1.1.1, we have that any
two of i, j, k are different. Since d(A, C) = 2, the following
cases are impossible: (1)j = n -2,k = n—-1, 2 k =
n—2,j=n—4,3)k <n-—3,and 4) k —j > 3. Thus,
we need to consider only the following subcases.

Case 1.5.1.1: j = n — 3,k = n — 1. We have that
Nac = {An—37An—37An—2’én—l} and Npc = {Bn—3, By—1}.
Subsequently, Nap(C) = {A,—3,An—3,An—2, By—3}. Hence,
the result is true.
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Case 1.5.1.2: j = n — 3,k = n — 2. We have that
Nac = {An 3,An—1}, Npc = {Bn—3. By}, and Npp(C) =
{An 3, A 1, Bo 3, B;—2}. Hence, the result is true.

Case 1.5.2: C = B® O;® Sk (k # n). d(B, C) = 2 implies
thatj # k, k — 1. d(A, C) = 2 implies that j # i. We need to
consider only the following cases.

Case 1.5.2.1: k < j. Since d(A, C) = 2, the following
cases are impossible: (1) j = n— 1,k = n—-2,2)j =
n—2,k <n—3and (3)j < n—3. Thus, we need to consider
only the following subcases.

Case 1.5.2.1.1: k = n — 3,j = n — 1. Then,
Nac = {An—3,Ap1, An 2, An— %} Npc = {By—3, By—1} and
Nap(C) = {A,—3,By—3,A,-2,A,_3}. Hence, the result is
true.

Case 1.5.2.1.2: k < n—3,j = n — 1. Then, Nac =

{An—1, A}, Nec = {Bi,Bu—1} and Nap(C) = {Ay, By}
Hence, the result is true.
Case 1.52.1.3: k = n — 3,j = n — 2. Then,

Nac = {An—3,An—1}, Npc = {Bu—2, Bp—3, By—3, Bp—1} and
Nag(C) = {B,_»,B,_3,B,_3,A,_3}. Hence, the result is
true.

Case 1.5.2.14:j < k.Byj # k — 1 and d(A,C) = 2,
we conclude that this case is impossible.

Case 1.5.3: C = B® S; ® Sk. d(B, C) = 2 implies that
lj-k| # 0, 1. When |k — j| = 2, the case is the same as that
discussed in Case 1.5.1. Without loss of generality, assume
thatj < k. d(A, C) = 2 means that k # n. Now, we need to
consider only the following situation: j < k — 3 and k # n.
Since d(A, C) = 2, we have that k = n — 1. Then, Ngc =
{Aj, Ap—1}, Npc = {Bj, By—1}, and thus Nap(C) = {A;, Bj}.
Hence, the result is true.

Case2: B=A® S;.

Case2.1:i=1.

Case 2.1.1: C = B ® O; @ Oy. Without loss of generality,
suppose that j < k. By d(A,C) = 2 and d(B,C) = 2,
we have that j = 1 and £k > 2. If &k = 3, then
Nac = {A2,A2,A3, A4}, Npc = {B1, B3} and Nup(C) =
{Ay, B3, A3, As}. If k > 3, then Nyc = {A>, Ar}, Ngc =
{B1, B} and Nag(C) = {Ag, Bx}. Hence, the result is true.

Case2.1.2: C =B® 0;® Sk(k # n). d(B, C) = 2 implies
that j # k, k — 1. Consider the following cases:

Case2.1.2.1: k <j—1.BydA,C)=2andd(B,C) =2,
we have that k = 2. Then, Nac = {Al,Aj}, Npc = {Bj, Fz}
and Nap(C) = {A;, B;}. Hence, the result is true.

Case 2.1.2.2: k > j+ 1. d(A,C) = 2 implies that j = 1
and k > 4. If k = 4, then Nac = {A2, A3, A2, As}, Ngc =
{Bi, E4} and thus Nap(C) = {Aj, A3, E4,K4} If £k > 4,
then Ngoc = {Az,Ak} Npc = {B],Bk} and thus Nyp(C) =
{Ay, By }. Hence, the result is true.

Case 2.1.3: C = B® S; ® Sk. d(B, C) = 2 implies that
lj-k| # 0, 1. When |k — j| = 2, the case is the same as that
discussed in Case 2.1.1. Without loss of generality, assume
thatj < k. When k = n, the case is the same as that discussed
in Case 2.1.1. Now, we need to consider only the following
situation in whichj < k —3 and k # n. By d(A, C) =2 and
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Jj < k — 3, we conclude that j = 2. Then, Nac = {A1, Ar},
Npc = {Ba, Bi} and Nap(C) = {Ag, By}

Case22:i€{2,3,--- ,n—1}.

Case 2.2.1: C = B ® O; @ Oy. Without loss of generality,
suppose that j < k. By d(A,C) = 2 and d(B,C) =
we need to consider only the following cases:

Case 2.2.1.1: j = iand k > i+ 1. If k = i + 2, then
Nac = {Ait1, Ait1, Aiv2, Aig3}, Npc = {Bi, Biy2}, and thus
Nap(C) = {Biy2, Ait1, Ait2, Aiys}. Itk > i+2, then Nac =
{Ait1,Ar}, Npc = {Bi, By}, and thus Nap(C) = {By, Ax}.
Hence, the result is true.

Case 22.12: j = i — 1. If k = i, then Ny¢ =
{Aij, Ai—1,Ai, Aig1}, Npc = {Bi—1, Bi}, and Npp(C) =
{A;,, Bi,Ai, Aiq1}. If k > i, then Nac = {Ai—1,Ax}, Npc =
{Bi—_1, B}, and Nap(C) = {Ag, By }. Hence, the result is true.

Case2.2.1.3:j <i—2and k =i. Then, Noc = {Ai11,4;},
Npc = {Bj, By} and Nag(C) = {A;, B;} (if i = 2, the case
does not exist and thus is not considered here). Hence, the

result is true.
Case 2.2.14:j = i —3 and k = i — 1. Then, Nyc =

{Ai3.Ai2, Ai_1, Ai_3}, Npc = {Bi_3, Bi_1} and Nsp(C) =
{A;_3,B;i_3,A;_»,A;_3} (if i < 3, the case does not exist and

thus is not considered here). Hence, the result is true.
Case2215 j <i—3and k = i — 1. Then, Ny¢c =

{Aj,Ai_1}, Nsc = {Bj,Bi_1} and Nag(C) = {A;, B}
(if i < 4, the case does not exist and thus is not considered

here). Hence, the result is true.

Case 2.2.1.6 ] = i—3andk=i—2.Then,NAc=
{Ai-3.Ai_1}, Npc = {Bi-3, Bi_1, Bi_3, Bi 2} and Nap(C) =
{Ai_3, Bi_3, Bi_3, Bi_o} (if i < 4 ori = n — 1, the case does
not exist and thus is not considered here).

Case 2.22: C = B® O; @ Sk # n). dA,C) =
implies that k # i. d(B, C) = 2 implies thatj # k,k — 1.
By d(A, C) = 2 and d(B, C) = 2, we need to consider only
the following cases:

Case 22.2.1:i < k < j—1.Byd@A,C) = 2 and
dB,C) = 2, we have that k = i + 1. d(B,C) =
implies that the situation in which k = j— 1 = n — 1
is impossible. If k = j — 1 < n — 1, then Nyc =
{Ai, Ait2}, Npc = {Bit1, Bit2, Bit1, Biy3}, and Nap(C) =
{Bit+2, Bit]’ Bii3,Aip}. If k < j— 1, then Nac = {A;, Aj},
Npc = {Bi+1, Bj} and Napg(C) = {A;, B;}. Hence, the result
is true.

Case 2.222: k < i < j—1.BydA,C) =
d(B,C) =2,wehavethatk =i — 1.

Ifi =j- 1 =n— 1, then Nac = {A,— 2a n—2,An—1,An},
NBC = {Bn—Zv n—1, anBn—Z}’ and NAB(C) = d) Ifi =
Jj—1<n—1,then Nac = {Ai—1, A}, Npc = {Bi—1, Bj} and
Nag(C) = {A;, B;j}. Hence, the result is true.

Case 2223: k < j—1 < i. Byd@A,C) = 2 and
d(B, C) = 2, we conclude that one of the following three
conditions holds: 1) i = j;2)j =i—1land k < j— 2;0r
3)j=i-2andk =j— L

1Ifi —]andk =j—1, then Nac = {A;— 1,A,,A, 1, 1‘+1},

2 and

NBC = {Blv Bl*lv Bl*la lJrl}» and NAB(C) d) Hence, the
result is true. L
Ifi =jand k < j — 1, then Naoc = {Ak,Aix1}, Npc =

{B;, Bx} and Nap(C) = {Ay, By}. Hence, the result is true.
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2)yj=i—-landk < J—2Ifk—]—2ther1NAC=
{Ai-3.Ai_2,Ai_3,A;i_1}, Npc = {Bi_1, Bi_3} and Nap(C) =
{Ai—3,Ai—2, Ai_3, Bi_3}. If k < j—2,then Nac = (A, Ai—1},
Npc = {Bi_1, By} and Nag(C) = {Ag, By ). Hence, the result
is true.

3HIfj = i—2andk = j — 1, then Nyc =
{Ai-3,Ai—1},Npc = {Bi-3, Bi—3, Bi—2, Bi—1},and Nap(C) =
{Ai_3, Bi— 3, Bi_3, Bi_2, }. Hence, the result is true.

Case 2.224:1 < j+ 1 < k. BydA,C) = 2 and
d(B, C) = 2, we conclude thateitheri = jand k > j+3orj =
i+1and k = j+2. We discuss both situations in the following.

Di=jk > j+3 Itk =j+3 then Naoc =
{Air1, Ait2, Ait1, Aips}, Nec = {Bi, Biys}, and Nap(C) =
{Ait1,Ait2, Bits, A,+3} Hence, the result is true.

If £k > j+ 3, then Nyc = {ZH_],K/(}, Npc = {Bi, Ek}, and
Nap(C) = {By, Ax}). Hence, the result is true.

2)Ifj = i+ 1and k = j + 2, then Ny¢ =
{Ai, Aiv2}, Npc = {Bit1, Biy2, Bit1, Biy3}, and Nap(C) =
{Bit+1, Bi+2, Ait+2, Bix3}. Hence, the result is true.

Case 22.25:j+1 < i < k. BydA,C) = 2 and
d(B,C) = 2, we conclude that k = i + 1. Then, Nac =
{Ai, Aj}, Npc = {Bj, Bi11}, and Nag(C) = {A;, B;}. Hence,
the result is true.

Case 22.26: j+ 1 < k < i. Byd,C) = 2 and
d(B,C) = 2, we conclude that k = i — 1. Then, NAC =
{Ai—1, Aj} Ifk—]+2thenNgc={Bj,B,1 Bi_»}
and Nyp(C) = {B],A],Bj, Bis}. If k > j+ 2, then NBC =
{B;, Bi—1} and Nap(C) = {Bj, A;}. Hence, the result is true.

Case 2.2.3: C = B® §; ® Sk. d(B, C) = 2 implies that
lj-k| # 0, 1. By d(A, C) = 2, we conclude that any two of
i,], k are different. When |k — j| = 2, the case is the same
as that discussed in Case 2.1.1. Without loss of generality,
assume that j < k. When k = n, the case is the same as that
discussed in Case 2.2.2. Now, we need to consider only the
following subcases in which j < k — 3 and k # n.

Case 2.2.3.1:i < j < k—3.Byd(A, C) = 2, we have
that i = j — 1. Then, Nac = {A;, Ax}, Npc = {B;, Bx}, and
Nag(C) = {Ax, Bi}. Hence, the result is true.

Case2.2.3.2:j <iandj < k—3.Byd(A, C) = 2, we have
thateitherj =i —lor|i —k| =1.1fj =i — 1, then Ny¢c =
{Aj,Ax}, Nsc = {Bj, By} and Npg(C) = {A/aB/,Ak,Bk}
Ifi = k — 1, then Nac = {A,,A} Npc = {B,,Bk} and
Nap(C) = {B],A} Ifi = k4 1, then Ny¢c = {Ag, A}

Npc = {Bj, By} and Nag(C) = {Bj, A;}. Hence, the result is
true.
Case 2.3: i = n. This case is included in Case 1. |
Property 6: Let A,B,C < V(AQ,). Suppose that
d(A,B) = 2,d(A,C) = 2,dB,C) = 2. Then,
INAB(C)| < 6
Proof:

Case1: C =A@ 0; ® 0;(i < ).

Case 1.1: B=C @ Oy ® O;(k < I). By Property 2 and the
symmetry of A, B, C, we need to consider only the following
threecases: 1) j =i+ 1< n—2)andl =k +1(k <n-—2);
2)j=i+1li<n—-2)andl =k+2=mn;and3)j=i+2=n
and/ =k +2=n.
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Case 1.1.1: j = i+ 10 < n—2)and !l = k +
Ik < n —2). Then, Nac = {Ai,Aiy1,Ai2.Aj} and
Npc = {Ci, Ck+1, Ck+2,Ck} Without loss of generality,
suppose that j < k. By d(A,B) = 2, we conclude that
either j = k or j = k — 1. Then, either Nyp(C) =
{Ait1, Aig2, Ai, Crert, Crg2, C}G = k) or Nap(C) =
{Ai, Aiy1. Ais2, Cr, Crg1, Crs2} =k — 1). Hence,
the result is true.

Case 1.1.2: j = i+ 10 < n — 2_) an(ll =
k +2 = n. Then,_NAc = {Ai, Aiy1,Aig2, Aj} and
NBC = {Cns Cn—Zan—2aCn—1}- By d(A3 B) = 2,

we conclude that n — 3 < j < n — 1. Then, either

Npg(C) = {Ay_4,Ay_3, An 2, Cn, Cy2, Cn 11G = n = 3),
NAB(C)_ { n—2» An 1, Ca, Cn 2}(] =n- 2) or NAB(C)
{A,—2, Ch—1}(G = n — 1). Hence, the result is true.

Case 1.13:j = i+2 = nand!l = k+2 = n.
By d(A, B) = 2, we conclude that this case is impossible.

Case 1.2: B= C® O @ Si(l # n). By Property 2, we need
to consider only the following four cases: 1) j = i 4+ 1(i <
n—2and!=k+2;2)j=i+1(<n—2)and! =k — 1;
3)j=i+2=nandl =k+2;and4)j=i+2 =nand
I=k—1.

Case 1.2.1: j = i+ 10 < n —2)and ! =
k 4+ 2. Then, Na¢c = {A;,Ait1,Ai12,A;} and Npc =
{Cr, Ck+1,6k+2,€k}. By d(A,B) = 2, we conclude that
eitherj = k—1,j = k,j = k+2o0rj = k + 3, and
then either Nag(C) = {Ai, Ait1, Aiya, Ck, Cit1, Cr42}( =
k — 1), Nap(C) = {Aiy1, Aiy2, Ais Ciq1, Cig2, Ci}k =
Dy Nap(C) = {Ai, A, Aiya, Gk, Ck, Cr2}(G =k +
2) or Nap(C) = {A;, A1, Ai, Ck, Cr11, Ci}(G = k + 3).
Hence, the result is true.

Case 1.2.2:j=i+ 1i<n—2)and ] = k — 1. A similar
argument to that made in Case 1.2.1 can be used here.

Case 1.23: j = i+ 2 = nadl = k +
2. Then, Nac = {An_2,An_1,A,_2,A,) and Npc =
{Ck, Cks1, Cisa, Ci). By d(A,B) = 2, we conclude that
either k =n—4ork = n— 3, and then either Nag(C) =
{An—2, Apn—2, Ap, Ck,Ck+1:Ck}(k = n —4) or Nap(C) =
{An—2,An—2,An—1, Ck, Cks2, Ci}k = n — 3). Hence,
the result is true.

Case 1.24: j = i+ 2 = nand!l = k — 1.
Then, Nac = {An—2,An_1,Ap—2,A,} and Npc =
{Ck, Ck—1,Cik_1, Ciy1}). By d(A, B) = 2, we conclude that
either k =n—3ork = n— 2, and then either Nsg(C) =
{An—2, An— 2,An, Ck, Cr— 1,Ck 1}(k = n —3) or Nag(C) =
{An—2,An—2,An_1, Ck—1, Ck—1, Cxq1}(k = n — 2). Hence,
the result is true.

Case 1.3: B = C & S @ Si(I < k). By Property 2,
we need to consider only the following two cases: 1) j =
i+1i<n—2andl =k+2;and2)j=i+2 =nand
l=k+2.

Case 1.3.1: j = i+ 10 < n—2)and [ = k + 2.
Note that when [ = k + 2, we have that B = C @
Sk @S = C & Or & Ory1, which implies that an argu-
ment similar to that made in Case 1.1.1 can be used in this
case.
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Case 1.3.2:j = i+2 = nand ! = k+2. A similar argument
to that made in Case 1.1.2 can be used to prove that the result
is true in this case.

Case2: C=A® O; ® S;(j #n).

Case 2.1: B = C @ Ox @ O;(k < I). Noting that
A=C®0;®Sjand C =B® O ® Oy(k < I),by Case 1.2,
we conclude that the result is true.

Case2.2: B= C® O ®Si(l # n). By Property 2, we need
to consider only the following three cases: 1)j = i + 2 and
l=k+2;2)j=i—1landl =k +2;and3)j=i— 1and
l=k—1.

Case 2.2.1: j = i+ 2 and [ = k + 2. Then, NAC =
{Ai,Ait1,Aiy2, Ai} and Npc = {Ck, Cis1, Crsa, Ci)
By d(A,B) = 2, we conclude that either k = i — 1,

k = i -2,k = i+ 1ok = 1+ 2.
Then, either Nap(C) = {Az,Al+1,Az, Cr, Ck+2, Cilk =
i - 1)’ NAB(C) = {Al’ Al+25 Al’ Ck’ Ck+11 Ck}(k =

i —2), Nap(C) = {Ai,Ais1, Aiga, Ciy1, Crya, Cilk =
i — 1) or Nap(C) = {Aiy1,Air2, Ai, Ck, Cpg1, Cr2}k =
i+2).

Case2.2.2:j=i—1andl =k 4 2. Note thatif j =i — 1,
then C = A @ O; @ Sj;2. Hence, we can use an argument
similar to that made in Case 2.2.1 (respectively, Case 1.2.3)
to prove the case where j + 2 # n (respectively, j + 2 = n).

Case 2.2.3: j =i—1and ! = k — 1. By the assumption,
we have that C =A@ O0; ® Sjzp and B = C @ O; @ Si42.
We can use a similar argument to that made in Case 2.2.1 to
prove this case.

Case2.3: B=C & Sy & Si(k < 1,1 # n). By Property 2,
we need to consider only the situation where ! = k+1. On the
other hand, [ = k + 1 implies that B = C @ Oy @ Ok41-
Furthermore, by Case 2.1, we conclude that the result is true.

Case 3: C =A@ S; @ S;j(i < j). By Property 2, we need
to consider only the situation where j = i 4+ 1. On the other
hand, j = i+ I implies that C = A® O; @ O;41. Furthermore,
by Case 2, we conclude that the result is true in this case. W

Theorem 3: For any subset S C V(AQ,) with |S| =
where 1 < o < 2n — 1, the following conditions hold.

i) If there exist two nodes x,y € S such thatd(x,y) = 1,
then there exists a node v € {x, y} such that |[PN(v)| > 2n —
2.5a — 1. Otherwise,

ii) There exists a node v € § such that |PN(v)| >
3 4 1.

Proof: For the sake of convenience, we introduce the
following notations: suppose that u,v,w € V(AQ,); let
Nuw(w) = (N@) NNw)) UN@) NN(Ww)) —N@u) NN(©)N
Nw) — {u, v}.

i) There exist x, y € S such thatd(x, y) = 1. By Property 1,
we have that x and y share two or four common neighbors.
Hence, they have 2(2n—1—1-2) or 2(2n—1—1—4) neighbors
that are not shared by them. For each node z € § — {x,y},
consider the following cases:

(1) d(x,z) =1 and d(y,z) = 1. In this case, by Prop-
erty 3, we have that [Ny (z)| < 2.

2)d(x,z) =1 and d(y,z) = 2. In this case, by Prop-
erty 4, we have that |Ny,(2)| < 5.

2n —
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3)d(x,z) =2 and d(y,z) = 2. In this case, by Prop-
erty 5, we have that |[N,(z)] < 5.

4)d(x,z) =2 and d(y,z) > 2. In this case, by Prop-
erty 2, we have that N(x) N N(z) < 4. On the other hand,
d(y, z) > 2 implies that N(y) N N(z) = ¢. Hence, we have
that [Ny (2)| < 4.

In summary, for every z € § — {x,y}, we have that
[Ny(2)| < 5. Furthermore, |[PN(x)| + [PN(y)| > 2(2n —
1 —1—-4) — 5o —2) = 4n — S5 — 2. Hence, either
[PN(x)] > 2n—2.5a¢ —1or |[PN(y)| > 2n—2.5a — 1 (or both
of them) holds.

ii) We distinguish between two subcases:

Case 1: There exist two nodes x,y € § such that
d(x,y) = 2. By Property 2, we have that x and y share
two or four common neighbors. Hence, they have 2(2n—1—2)
or 2(2n — 1 — 4) neighbors that are not shared by them. For
each node z € § — {x, y}, consider the following cases:

(1) d(x,z) = d(y,z) = 2. In this case, according to
Property 6, we have that [Ny, (2)| < 6.

(2)d(x,z) = 2 and d(y, z) > 2. In this case, by Property
2, we have that N(x) N N(z) < 4. On the other hand,
d(y, z) > 2 implies that N(y)NN(z) = ¢. Hence, we have that
Noy(2)| < 4

(3)d(x,z) > 2 and d(y,z) > 2. In this case, z has no
common neighbors to share with either x or y, which implies
that [Ny, (z)| = 0.

In summary, for every z € S — {x,y}, we have that
|Nyy(2)| < 6. Furthermore, |[PN(x)| + [PN(y)| > 22n — 1 —
4) — 6(0 — 2) = 4n — 6 + 2. Hence, either |PN(x)| >
2n — 3a + 1 or [IPN(y)| > 2n — 3a + 1 (or both of them)
holds.

Case 2: For each pair u,v € S, d(u,v) > 2. Choose a
pair of nodes x, y € X; since they have no common neighbor,
IPN(x)| = |PNy)|=2n—1>2n—3a + 1. [ |

The following Lemma 6 follows [30].

Lemma 6: Let AQ, = AQ271 O] AQ}F1 and x,y €
V(AQS_l) (respectively, x,y € V(AQ}l_l)). Then, x = y,
if and only if they have exactly two common neighbors that
belong to V(AQ’L]) (respectively, V(AQ?HI)). Moreover,
if x # ¥,, then they have no common neighbors in V(AQ’L])
(respectively, V(AQS_ -

The following Lemma 7 follows [1].

Lemma 7: Suppose that G(X, E) is the diagnostic graph of
a system H with N nodes. Then, H is t/k-diagnosable if the
following two conditions hold:

(1) Foreach X' ¢ X with |[X'| =k + 1, [INg(X")| > t — 1.

(2) For each X’ C X with |X'| = 2(k + g), INc(X")| >
t — (k 4+ q), where q is an integer, with 1 < g <1 —k.

The following Lemma 8 follows [30].

Lemma 8: Let G(X, E) be the diagnostic graph of an n-
dimensional augmented cube AQ,, and X’ C X, with |X'| = k.
Then:

(1) Ifk = 1, then [Ng(X")| = 2n — 1.

(2)If k = 2, then [Ng(X")| > 4n — 8.

(3) If k = 3, then [Ng(X")| > 6n — 17.

(4) If k = 4, then [Ng(X")| > 8n — 28.
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Lemma 9: Let G(X, E) be the diagnostic graph of an n-
dimensional augmented cube AQ,, and X’ C X, with |X'| =
k,0 <k <2n— 1. Then, INg(X")| > 2kn — w + 1.

Proof: We prove that the result is true by induction
on k. According to Lemma 8, it is easily seen that the
result is true when 1 < k& < 4. Next, suppose that the
result is true for 4 < k < 2n — 1. We will show that
it is also true for k + 1. By contradiction, suppose that
there exists X’ C X, with |X’| = k 4+ 1, such that
ING(X")| < 2(k+1)n—2EFUEXD 41 Consider the following
cases:

Case 1: There exists two nodes x,y € X’ such that
(x,y) € E. By Theorem 3, one of x and y, say x, satisfies the
following: |PN (x)| > 2n—2.5a¢—1.Let X" = X’ —{x}. Then,
Ng(X") = (Ng(X')—PN (x))U{x}; subsequently, |[Ng(X")| =
INGX")| — [PN()| + 1 < 2(k + Dn — 3EEDEED 4
@2n— 2.5k + 1) — 1)+ 1 < 2kn — FED 41 which is a
contradiction.

Case 2: For any two nodes x,y € X', (x,y) ¢ E.
By Theorem 3, there exists anode v € S such that |[PN(v)| >
2n—3(k+1).LetX” = X' —{v}. Then, Ng(X"") = (Ng(X")—
PN(®v)); subse%uently, |Ng(X”)| = |[Ng(X))| — IPN(v)| <
2k + hn — 2D L 0p — 3k + D+ 1) <
2kn — w +1, Wthh is a contradiction. |

Lemma 10: Let G(X, E) be the diagnostic graph of an n-
dimensional augmented cube AQ, and P’ C X, with |P'| =

k1,1 = 2(k+ Dn— 200 1y fand F = |NG(P)| 1,
whereogkg%”—lgi,n>50<r k + 1. Then,

the following conditions are true:
(") Ifr=1,then F > 2.
() If2<r<k+1,thenF > 1.

Proof: The assumption that k < s 9 - 3
implies that k < 49” — 19—3 < 23—” — 3 Moreover, k + r <
2k +1 < 2n — 1. By Lemma 9, we have that the following
inequality holds: F = |[Ng(P)| —t > [2(k + 1 + r)n —
3(k+r+12)(k+r+2) +1]1—-[2k+ Dn— 3(k+1)(k+2) +1]= 2(471—
9 — 3(r + 2k)). Note that k < & — when r=1F >
5(@dn —9 —3(r + 2k)) = 2n — 3k — 6 > 2. Similarly, when
r =2,F > 5@n—9—3(r +2k)) =4n—6k — 15 > 1.
If3<r <k+1 thendn—9—3(r+2k) > 9% — 2 — k).
Then, by the assumption that k < %” — 193, we have that
F>1 [ |

Theorem 4: An n-dimensional augmented cube network
AQ, is t /k-diagnosable for t = 2(k + ln — 2EHEED 4
where k < %” — % and n > 5.

Proof: Let G(X, E) be the diagnostic graph of AQ,.
(1) Foreach X’ C X, with |X'| = k+1, by Lemma 9, we have
that [ING(X")| = 2(k + Dn — 250X 4 4 > 4 1. Hence,
condition (1) in Lemma 7 is satisfied.

(2) Now, for each integer g, with 1 < g <t —k,let X' C
X be a subset of X, with |X’| = 2(k + ¢g). We will show
that [Ng(X)| > t — (k + ¢q). Let X’ = {x(U, ... xXk+9)

denote the subset mentioned above and xii) . ~x,gi) denote the

, 2(k + g). Consider the

andn > 5

addresses of node x®,i = 1,2, ...
following cases:
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Case 1: There exists at least one bit position, say the
ith position, such that the total number of ‘0’s is different from
the total number of ‘1’s for the ith position of these 2(k + ¢)
node addresses. Without loss of generality, assume that the
total number of ‘0’s is different from the total number of ‘1’s
for the ith position of these 2(k + ¢) node addresses and that
i = 1; this is always possible to achieve (by renumbering the
nodes). Moreover, without loss of generality, assume that the
first position of each node of {x1, ...  x*+a+D} s <’

Let P = {x(l), .. ,x(k+1)}, 0= {x(k+2), .. ’x(k+q+1)}’
R = {xk+at2 .. x2k+D) [pn = {v € Qv, € P}, and
r = |Lpg|. It is obvious that r < k + 1. Now, consider the
following subcases:

Case 1.1: r = 0. Let Q" = {v = 1wy ---wy|vi =
Owy - - -wy, € Q}; then, |Q”| = q. By Lemma 6, we have that
NG(P)NQ" = ¢. Then, [ING(X")| > IN(P)UQ"|—|QUR| >
t+q—1—(k+2g—1)=1t—(k+¢q).

Case 1.2: 1 < r < max{q,k+1}.LetP’ = PULpg, Q' =
Q—Lpg,and Q" = {v = lwp-- - wy|vy = 0w ---w, € Q');
then, X’ = PUQ'UR, Q" C Ng(Q),and |Q"| = q—r.
By Lemma 6, we have that Ng(P')N Q" = ¢. Hence, we have
the following inequality: [Ng(X")| > |[INg(PHYU Q"| — |Q' U
R| = INg(P)|+(qg—r)—(k+2q—r—1) = [Ng(P)|+1~—
(k 4+ ¢g). By Lemma 10, we have that [Ng(X")| > |Ng(P')| +
l—tk+g=2t+1—(k+q) >1t—(k+qg.

Case 2: The total number of ‘0’s at each bit position is
exactly the same as the total number of ‘1’s at the same
position for each bit position of these 2(k +¢) node addresses.
Consider the following cases:

Case 2.1: q = 1. By the assumption k < % - %,
we have that 0 < 2(k + 1) < 2n — 1. Then, by Lemma 9,
Ng(X") > 4k + Dn—3(k + 1)(2(k + 1)+ 1) + 1. Consider a
function of the variable k: f (k) = 4(k + 1)n — 3(k + 1)(2(k +
1)+ 1)+ 1—1¢+ (k+ 1). Next, we need to prove only that
f(k) > 0.Infact, f (k) = —3k>+Q2n— )k +2n—5) > 0if
and only if g(k) = 9k% — (4n — 19k — (4n — 10) < 0. g(k)is
a quadratic function. After a simple process of computing,
we can determine that the two roots of g(k) = 0 are as
follows: k1 = %[(411 —19) — \/(4n —19)2 4 36(4n — 10)]
and ky = &[(4n — 19) + /(4n — 19)2 + 36(4n — 10)]. By
the assumption that k < %” — % and n > 5, we can determine
that k; < k < kp, which implies that g(k) < 0.

Case 2.2: 1 < g <t —k.LetP = {x, ...
0= {x(k+2)’ o ’x(k+q)}, and R = {x(k+q+l)’ .
Consider the following cases:

Case 2.2.1: There do not exist two nodes x € P,y € Q
such that x =Yy,.

Case 2.2.1.1: There do not exist two nodes u,v € Q
such that u = vy. Let P/ = {x(, ... x*+tD} y (x*+2y
and O = Q — x**2) Then, X’ = P U Q UR. Let
Q" = {v = lwy---wylvi = Owz---w, € Q'}; then,
Q" C Ng(Q) and |Q"| = g — 2. By Lemma 6, we have
that Ng(P') N Q" = ¢. Hence, we have that the following
inequality holds: [Ng(X")| = |[N¢(P)U Q"| — |Q' UR| =
ING(P)| + (¢ — 2) — (k +2¢ — 2) = ING(P)| — (k + ).

,xkHhy
2ty
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By Lemma 10, we have that F = |[Ng(P')| — ¢t > 2, which
implies that |[Ng(X")| > t — (k + g).

Case 2.2.1.2: There exist two nodes u,v € Q such that
u=mv.LetP = {x®,... x&DyUu{u,v}and 0 = Q —
{u,v}.Then, X' = PUQ'UR.Let Q" = {v = 1wy - - - wy|v) =
Owy---w, € Q'}; then, Q" C Ng(Q') and |Q"| = q — 3.
By Lemma 6, we have that Ng(P')N Q" = ¢. Hence, we have
that the following inequality holds: |[Ng(X')| > |Ng(P') U
Q"|-1Q'UR| = [NG(P)|+(g—3)—(k+29—3) = [NG(P")| -
(k + ¢). By Lemma 10, we have that F = |[Ng(P")| —t > 1,
which implies that |[Ng(X")| > t — (k + g).

Case 2.2.2: There exists exactly [ pairs of nodes x € P,
y € Q such that x = y,, where 1 < [ < max{qg —
1,k + 1}. Without loss of generality, suppose that x0 e
Ok +2 < j < k+ 1+ 1) satisfies (x1)), € P. Let
Qo = (x*F2 o DY 9 = 0 — Qo

Case 2.2.2.1: There do not exist two nodes u, v € Q1 such
that u = v;. Let P’ = {x(I, ... x*+FDyy @y U (x*++2)
and Q' = Q; — (x**42} Then, X’ = PUQ'UR. Let Q" =
{v=1wy---wy|vi = Owyp---w, € Q'}; then, Q" C Ng(Q")
and |Q"| = ¢ — [ — 2. By Lemma 6, we have that Ng(P") N
Q" = ¢. Hence, we have that the following inequality holds:
IN6(X")| = ING(P)UQ"|—|Q"UR| = [Ng(P")|+(qg—1-2)—
(k+2g—1—2) = [NGg(P")| — (k +¢q). By Lemma 10, we have
that F = |[Ng(P')| — ¢t > 1, which implies that [Ng(X")| >
t —(k+q).

Case 2.2.2.2: There exist two nodes u,v € (p such
that u = vp. Let P = {x, ... x*+tD} U Qg U {u, v}
and Q' = 01 — {u,v}. Then, X’ = P U Q UR. Let
Q" = {v = lwy---wylvi = Owy---w, € Q'}; then,
Q" C Ng(Q) and |Q"| = g — [ — 3. By Lemma 6, we have
that Ng(P) N Q" = ¢. Hence, we have that the following
inequality holds: |NG(X")| = INg(P)U Q"| — |Q' UR| =
ING(P)|+(q—1—3)—(k+2q—1—3) = [NG(P')| — (k +q).
By Lemma 10, we have that F = |[Ng(P')| — ¢t > 1, which
implies that [Ng(X")| > t — (k + ¢). [ ]

V. CONCLUSIONS

The diagnosability of an interconnection network system
based on some diagnosis strategy refers to the maximum
number of faulty nodes identified correctly by the system via
the diagnosis strategy. The ¢-diagnosability of AQ, has been
proven to be 2n — 1 in previous studies. In other words, if the
number of faulty nodes in AQ,, is more than 2n — 1, then the
tools of 7-diagnosability do not work.

In our paper, we introduce two new diagnosis strategies
to increase the diagnosability of AQ,. One of them is called
the t/t-diagnosis strategy. Under the f/f-diagnosis strategy
and the condition that the system has at most ¢ faulty nodes,
the system can guarantee the isolation of all faulty nodes
to within a set S, with |§| < ¢. We present and prove
the result that under the t/z-diagnosis strategy, the diag-
nosability of AQ, is 4n — 8, which is almost 4 times as
large as 2n — 1, the classical diagnosability of AQ,. The
other strategy is called the r/k-diagnosis strategy. Under the
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t /k-diagnosis strategy and the condition that the system has at
most ¢ faulty nodes, the system can guarantee the location of a
set S, which contains all faulty nodes in the system and has at
most k fault-free nodes. We present and prove the following

result: For two integers n > 5 and k(0 < k < S

an _ 13
L - 3)’

the ¢ /k-diagnosability of AQ,, is 2(k + 1)n — 2E+H)EFD 4

which is 2kn —

w + 2 times larger than 2n — 1,

the classical diagnosability of AQ,,.
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