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ABSTRACT In this paper, a mode-switching sliding controller with the nonlinear gain generated by a
fuzzy logic controller is put forward to enhance the tracking performance in an electro-pneumatic position
control system which includes four solenoid ON–OFF valves and a double rod-end cylinder. The proposed
method is designed to increase the response speed and reduce the overshoots by utilizing the nonlinear
gain which is determined by a fuzzy logic controller. In addition, several improvements are made in the
mode-switching sliding controller originally from previous works. The mode-switching strategy is totally
redesigned and a hysteresis control scheme is introduced to the new mode-switching sliding controller.
Moreover, the improved controller is properly combined with the fuzzy nonlinear gain. Simulation and
experiments with various kinds of input are carried out to verify the effectiveness of the proposed method.
All the experiments are conducted on a field programmable gate array platform, and the experimental results
validate the reliability of the novel scheme.

INDEX TERMS Electro-pneumatic position control, fuzzy logic control, nonlinear gain, ON–OFF valve, sliding
mode control.

I. INTRODUCTION
Pneumatic systems which use compressed air as the source of
power have been accepted by almost all branches of industry
such as aviation, drilling platform, missile guidance, and
robotics over the past ten years. Compared to the hydraulic
system, the pneumatic system has the advantages of clean
environment, no fire hazard, and easy maintenance. The
pneumatic control valve, which is regarded as the interface
between fluid flow and electronic controls, is widely studied
in recent researches. In traditional servo-pneumatic systems,
proportional valve is utilized as the primary control compo-
nent for its proportional input-output characteristic [1]–[3].
Whereas, the associated disadvantages including bulkiness,
complex structures, and high cost make it difficult to be used
widely. Therefore, the relatively portable, simple structured
and cheap solenoid on-off valve is applied in more and more
servo-pneumatic control systems [4]–[6].

The Pulse Width Modulation (PWM) method is used to
apply the solenoid on-off valves in the servo-pneumatic

control systems instead of the proportional valves [7], [8].
The PWM inputs for the on-off valves make the valves open
and close completely and continuously. The PWM-driven
on-off valves can get the similar proportional behavior of
the servo valves [9], [10]. However, the dead-zone prob-
lem still restricts the advancement of the method [11]–[13].
Meanwhile, another conventional method to drive the on-
off valves is the mode-switching method. Nguyen et al. [14]
initially use the three-mode method without PWMmethod in
a pneumatic motion control system using four on-off valves
and a rodless cylinder. The control method performs well,
and low steady-state errors are observed. On the basis of
T. Nguyen et al., five-mode and seven-mode methods are
proposed by Hodgson et al. [15]. In the experimental results
of Hodgson et al., about 18% positive overshoot is observed
in the three-mode method and 1.9% positive overshoot in
the seven-mode method. About 5% negative overshoot is
found in the seven-mode method. Based on these researches,
an improved mode-switching strategy is introduced in this
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article. In the newmode-switching strategy, the simple seven-
mode strategy is combined with the hysteresis controller and
the PWM-driven method.

Many advanced control approaches such as proportional-
integral-derivative (PID) control, fuzzy logic control (FLC),
sliding mode control (SMC), and model predictive con-
trol (MPC) have been researched in the pneumatic control
systems since the 1990s [16]–[21]. Conventional PID con-
troller, which is regarded as a linear controller, is not suitable
for the highly nonlinear pneumatic system. The nonlinear
PID (NPID) and multi-rate NPID (MN-PID) controller are
put forward to deal with the high nonlinearities caused by
the system dynamics and the strong compressibility of the
gas [22], [23]. The concept of automatic nonlinear gain is
proposed in these articles to enhance the original control
method and add flexibility to the controller. The way of
obtaining the nonlinear gain automatically is using a fuzzy
logic controller which is widely used in pneumatic control
systems [17], [24]. These approaches are especially valid in
tracking experiments with variable payloads. Payloads of up
to 20 kg are successfully handled by the NPID controller,
and the conventional PID controller fails to deal with pay-
loads of more than 5 kg [22]. The MN-PID controller can
handle payloads of 24 kg at most, and the absolute errors
are relatively low [23]. Whereas, these approaches are only
studied in the pneumatic systems using proportional valves,
and the performance of the systems using on-off valves is still
unknown. For on-off valves, sliding mode controller is quite
effective. The most significant advantage of sliding mode
control is the robustness to the uncertainty of the pneumatic
models [15], [25]. This paper is targeted on designing the
new mode-switching strategy on a sliding mode controller.
The sliding controller is properly combined with the fuzzy
nonlinear gain which is generated by a fuzzy logic controller.
Additionally, field programmable gate array (FPGA) plat-
forms are barely applied in conventional electro-pneumatic
systems, and only three papers are found using FPGA in the
field of electro-pneumatic tracking systems [3], [26], [27].
FPGA platform is used in the article as the primary control
platform for real-time control.

In this research, a mode-switching sliding controller with
the nonlinear gain generated by a fuzzy logic controller is pre-
sented to improve the tracking performance by reducing over-
shoots and increasing response speed in tracking different
kinds of reference. Indeed, the nonlinear gain is an enhance-
ment for the sliding controller, and it is proved to be valid with
various payloads in the experiments. The studied pneumatic
tracking system consists of four fast solenoid valves and a
double rod-end cylinder. The following article is organized
as: in Section II, mathematical models of the on-off valve,
chambers, and piston are introduced. The integrated model
is also introduced at the end of the section. In Section III,
controller designs for the position tracking system includ-
ing fuzzy nonlinear gain, mode-switching strategy, sliding
mode controller, and parameters selection are introduced.
Simulation results are shown after the controller designs.

Section IV introduces the experimental setup. The experi-
mental results are expressed in SectionV aswell as the related
discussions. At last, Section VI presents the conclusion of the
research.

II. MATHEMATICAL MODELING
The real-time position tracking system employed in this arti-
cle consists of four 2-2 solenoid on-off valves, a double rod-
end cylinder, and a sliding table, as shown in Fig. 1. Two
valves are configured as the inlet valves and the others are
configured as the outlet valves. The payloads are installed
on the sliding table which is attached to the push rod of the
cylinder. Several assumptions are made for the modeling:
air in the system is ideal gas; gas density in the chambers
and pipes is uniform; the air flow process is adiabatic; all
the gas leaks are negligible; the temperature change inside
the chambers is negligible with respect to the temperature
of the air supply; the pressures of the air supply and the
atmosphere are constant; the stiction force of the piston is
negligible since the experimental actuator is anti-stiction. The
models of the on-off valve and the cylinder are introduced
firstly. Then the integrated simulation frame is presented at
the end of the section.

A. MODELING OF THE ON-OFF VALVE
The model of the solenoid on-off valve is traditionally
divided into three parts: electromagnetism, mechanism, and
fluid [28], [29]. The electromagnetic part drives the air pass
over the valve orifice by the motion of the spool. The basic
orifice equations of the valve are given by [30], [31]:
dm(Pin,Pout )

dt
= ṁ(Pin,Pout )

=


0.0405CdPinS
√
T

, Pc ≤ Pcr

CdPinS
√
T

√
2γ

R(γ−1)

(
(Pc)

2
γ − (Pc)

γ+1
γ

)
, Pc > Pcr

(1)

where Pin is the input pressure of the valve, Pout is the output
pressure of the valve, Cd is the discharge coefficient of the
valve, S is the effective cross-sectional area of the orifice, T
is the stagnation temperature, γ is the specific heat ratio, R is
the ideal gas constant, Pc = Pout/Pin is the specific pressure
ratio, and Pcr is the critical pressure ratio. γ is 1.2 and
Pcr is 0.528 according to Richer and Hurmuzlu [32] and
Taghizadeh et al. [29], respectively. Equation (1) consists of
two nonlinear equations for different regimes. As the strong
compressibility of the air, when the specific ratio Pc is greater
than the critical pressure ratio Pcr , the dynamics of the mass
flow relies on the input and output pressure of the valve
nonlinearly, and the regime is subsonic. Whereas, when Pc is
smaller than Pcr , the dynamics become linear and rely on the
input pressure. The air flow is in the sonic velocity (choked
regime) in this condition. In both conditions, the mass flow
relies linearly on the effective cross-sectional area of the
orifice.
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FIGURE 1. Schematic diagram of the system.

The mass flow rate ṁL and ṁR is described in terms
of four control signals ua, ub, uc, and u(dui ∈ {0, 1} and
i ∈ {a, b, c, d}). The equations for ṁL and ṁR are given by:{

ṁL = uaṁ(Ps,PL)− ubṁ(PL ,P0)
ṁR = ucṁ(Ps,PR)− ud ṁ(PR,P0)

(2)

where Ps,P0,PL , and PR are the pressure of supply, atmo-
sphere, left chamber, and right chamber, respectively.

B. MODELING OF THE CHAMBERS
The cylinder model can be divided into two parts: chambers
and piston. By utilizing energy-conservation and energy-
continuity laws, the pressure dynamics of the chambers can
be built [32]. Considering the pressure P, volume V , mass m,
and temperature T in Fig. 1, the ideal gas law can be
described as:

PiVi = miRTi (3)

where i = L or R denotes indices of two chambers. As the
air flow process is assumed as adiabatic and the temperature
change in each chamber is negligible regarding the tempera-
ture of the air supply, the time derivative of the pressure can
be described by deriving and incorporating (3) in energy laws
and heat-transfer laws [32]:

Ṗi = γ
RT
Vi
ṁi − γ

Pi
Vi
V̇i (4)

If the initial position of the piston is in the middle of the
cylinder, the volume of the chambers can be given by:

VL = AL(
L
2
+ z)

VR = AR(
L
2
− z)

(5)

where AL and AR are the effective cross-sectional areas of the
piston, L is the piston length, and z is the piston position. The
positive direction of the piston position is marked in Fig. 1.
We can get AL = AR = A as the effective cross-sectional
areas of both chambers are completely same in a double rod-
end cylinder. The time derivative of the pressures can be

FIGURE 2. Force analysis of the piston.

expressed by incorporating (5) into (4):
ṖL =

γRT

A
(L
2 + z

) (ṁL − APL
RT

ż
)

ṖR =
γRT

A
(L
2 − z

) (ṁR + APR
RT

ż
) (6)

C. MODELING OF THE PISTON
As shown in Fig. 2, the piston movement can be described by
using Newton’s second law:

APL − APR − bż− Ff + Fout = Moz̈ (7)

where b represents the damping coefficient, Ff is the stiction
force, Fout is the force generated by the atmosphere applied
to the piston, andMo is the total payloads including the piston
and additional payloads. The stiction force Ff is ignored
in the research as an anti-stiction cylinder is utilized in the
experiment. By inserting the time derivative of (7) into (6),
the piston model is given by:

z
...

= 9 +
γRT
M0

(
ṁL
L
2 + z

−
ṁR
L
2 − z

)
(8)

9 = −
b
M0

z̈−
γA
M0

(
PL

L
2 + z

+
PR

L
2 − z

)
ż (9)

D. INTEGRATED MODEL
The integrated simulation frame is expressed in Fig. 3.
MATLAB/Simulink is used to build the integrated model.
In Fig. 3, the integrated model is divided into five parts:
control signals, valve model, mass flow rate, cylinder model,
and output signal. Each block in the simulation frame rep-
resents an m-file and they are linked by S-function package
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FIGURE 3. The integrated simulation frame.

TABLE 1. System parameters.

in the Simulink. Ode-45 (Dormand-Prince) and variable-step
(0.1 ms to 0.2 ms) are chosen for the simulation. All the
simulation parameters are listed in Table 1.

III. CONTROLLER DESIGN FOR THE POSITION
TRACKING SYSTEM
In the past researches, three most-mentioned types of control
strategies in the position tracking system are PID, fuzzy logic,
and sliding mode. Traditional PID controller cannot achieve
excellent control performance in the pneumatic systems as its
strong nonlinearities. Salim et al. [23] propose an MN-PID
controller which consists of a nonlinear-PID controller and
a fuzzy logic controller in a pneumatic positioning system
with a 5/3 bidirectional proportional valve and a double rod-
end cylinder. However, the MN-PID method is hard to be
utilized in an on-off valve controlled system as the highly
nonlinear characteristic of the on-off valve. In the research
of Hodgson et al. [15], a reasonable seven-mode sliding
controller is proposed to control four on-off valves instead of
the high-expense proportional valve in the pneumatic position
tracking system. This method proposes a suitable way to
arrange seven switching states in the whole control process
and the experimental results are acceptable. According to

FIGURE 4. Block diagram of the mode-switching sliding controller with
fuzzy nonlinear gain.

Hodgson et al., about 1.9% positive overshoot is mentioned
in the step response and more than 5% negative overshoot
is observed. Although these results are far better than the
results of the original three-mode method, the average 2%
overshoot still needs improvement. In this paper, an improved
mode-switching sliding controller with fuzzy nonlinear gain
is put forward as shown in Fig. 4. Two controllers are used
in the hybrid control scheme to reduce the overshoot and
increase the response speed: a fuzzy logic controller which is
used to generate the fuzzy nonlinear gain and a sliding mode
controller which is used as the main controller for the four on-
off valves. The fuzzy nonlinear gain has two major impacts:
Firstly, the response speed can be increased by using the
nonlinear gain. Secondly, the overshoot caused by the system
uncertainty and strong nonlinear of the pneumatic system
can be reduced as much as possible. The overshoots in the
variable-payload experiment can be reduced without chang-
ing the control parameters. Additionally, the sliding mode
controller is designed on the basis of seven-mode sliding
controller from S. Hodgson et al. and several improvements
are made to improve the control performance. In the end,
the simulation results are charted to show the performance.

A. FUZZY NONLINEAR GAIN
The fuzzy nonlinear gain proposed in this paper is an adjust-
ment to the sliding mode controller. The fuzzy tuning com-
ponent consists of a fuzzy logic controller and a fuzzy
nonlinear function. Three essential elements are taken into
account while designing the component: error e (the differ-
ence between the reference position and the actual position),
error rate ė (time derivative of error), and variation of the total
payloadsM0. The position error is expressed as:

e = z0 − z (10)

where z0 is the position reference and z is the measured
position. The fuzzy nonlinear function is written as:

f (Rx , e) = (Rx · e)2 + 1 (11)

where Rx is the output of the fuzzy logic controller. The
fuzzy nonlinear function is designed for two control results:
fast response and minimum overshoot. When the error is big,
the fuzzy nonlinear function will generate a significant non-
linear gain to increase the response speed. Then the error will
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FIGURE 5. Fuzzy logic controller membership functions. (a) Input variable
error, (b) Input variable error rate, (c) Output variable.

decrease to a small amount, the output value of the function
also declines with respect to the error. At the beginning of
each movement, the higher nonlinear gain will raise the total
opening time of the on-off valve and the piston will move
much more rapidly. It is a corrective action for the primary
controller. After the initial control stage, the gradually declin-
ing nonlinear gain will generate a smooth transition for the
movement of the piston. This gain has the effect of making the
piston move to the given position more rapidly. The smoother
transition process also helps reduce the overshoot and avoid
the oscillations.

In the fuzzy nonlinear function, another important part is
the output of the fuzzy logic controller Rx . In this research,
the designed controller is Mamdani-type [16]. The input and
output of the Mamdani-type system are all linguistic vari-
ables. A defuzzification method is needed to get the digital
output. The membership functions for the error, error rate,
and the output Rx are demonstrated in Fig. 5. The linguistic
variables for e and ė are listed in Table 2.
As shown in Fig. 5, Gaussian and trapezoidal-shaped func-

tions are selected for the input variables e and ė. The shape
of the membership function has a significant influence on
the performance of the fuzzy logic controller. The narrow-
est shape of Gaussian function appears near the zero point
in Fig. 5 (a) and (b). This indicates that the control action

TABLE 2. Linguistic variables for error and error rate

TABLE 3. Fuzzy rules.

is most sensitive when the error or error rate is approach-
ing zero. When the error or error rate leaves zero point,
the shapes of Gaussian functions become wider. In this stage,
the control action becomes a little peaceful. The trapezoidal-
shaped functions are designed to maintain the output. This
design helps the system avoid generating great jitter during
the starting stage and steady stage. Whereas, only Gaussian
functions are used in the output variable Rx which is shown
in Fig. 5 (c). The value of error, error rate, and Rx are decided
by the experiments. The value of error ranges from −5 cm
to 5 cm and the value of error rate ranges from −1 cm/s to
1 cm/s. The value of Rx ranges from 25 to 40 continuously.
The fuzzy rules are summarized in Table 3. Several specific
rules are designed based on the real practice to guarantee that
the controller design can be used in the real experiment.When
the error is zero (Z), the output is always R1 which is the
lowest value of output variable Rx . The smallest value of Rx
will make the piston reach the reference position steadily and
the overshoot is avoided. When the error is big (NB or PB)
and the error rate is not zero (Z), the piston will move at a
certain velocity by using the second largest value of Rx . The
biggest value of Rx is designed in the condition that error is
big (NB or PB) and error rate is zero (Z). The piston is just
starting to move, and the biggest value of Rx helps increase
the response speed. The defuzzification method is center of
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FIGURE 6. Control surface of the fuzzy logic controller.

gravity and the final control surface is shown in Fig. 6. This
defuzzification method is simple and easy to be calculated.

After introducing the fuzzy logic output, we can find sev-
eral features in the fuzzy nonlinear function which is shown
in Fig. 7.When the error is zero, the function output is 1which
means no tuning for the following controller. Under a certain
value of error, the function output varies with respect to the
changing value of Rx . This characteristic gives the following
controller a suitable corrective action.

FIGURE 7. Characteristic of the fuzzy nonlinear function.

B. MODE-SWITCHING STRATEGY DESIGN
As mentioned in Fig. 1, four discrete control signals are set
to control the valves. There are totally nine switching modes
of the four on-off valves from the study of Le et al. [33].
According to Hodgson et al. [15], only seven switching
modes are considered effective for the valves. These modes
have different effects on the actuator and they are summarized
in Table 4. For mode M1, the left chamber is pressurized
and the right chamber is exhausted at the same time. In this
mode, the piston will move rapidly rightwards. Whereas,
the left chamber is pressurized and the right chamber is
closed in modeM2. The control effect of modeM2 is weaker
than mode M1. The piston will move slightly rightwards in
this mode. For mode M3, the right chamber is exhausted

TABLE 4. 7 switching modes of four valves.

and the left chamber is closed. The control effect of mode
M3 is similar to mode M2. The piston will move slightly
rightwards in this mode too. In mode M4, both chambers are
closed, and the piston will not move. For mode M7, the left
chamber is exhausted and the right chamber is pressurized
at the same time. In this mode, the piston will move rapidly
leftwards. Whereas, the right chamber is pressurized and the
left chamber is closed in modeM5. The control effect of mode
M5 is weaker than mode M7. The piston will move slightly
leftwards in this mode. For mode M6, the left chamber is
exhausted and the right chamber is closed. The control effect
of mode M6 is similar to mode M5. The piston will move
slightly leftwards in this mode too.

In traditional PWM control, PWM ‘period’ Tt represents
one control period for the actuator. As shown in Fig. 8 (a),
the duty cycle D of the original mode-switching method
from Hodgson et al. [15] is always 100%. In this paper,
the duty cycle should be changeable to suit the fuzzy tun-
ing method. So we improve the original mode-switching
method in Fig. 8 (a) with changeable duty cycle. Fig. 8 (b)
shows the detailed mode-switching method with change-
able duty cycle D. This mode is denoted as mode MD

1 .
Other corresponding modes are denoted with the superscript
D too.
Fig. 9 shows the new mode-switching strategy for four

on-off valves. Two dimensions are designed in the strategy for
properly arranging the modes. One dimension is the sliding
function s. The sliding function s for the newmode-switching
strategy is designed as:

s =
ë
ζ 2
+

2ρė
ζ
+ e (12)

where ė = ż0 − ż, ë = z̈0 − z̈, and ζ (ζ > 0) and
ρ(ρ > 0) are the sliding function parameters. The regimes
of the sliding function s represent the corresponding control
effect for the piston. When |s| > α (α is the mode-switching
strategy parameter), MD

7 and MD
1 are arranged in the corre-

sponding regimes as shown in Fig. 9. In these regimes, |s|
is quite large and fast movement of the piston is required.
For mode MD

7 , the piston will move rapidly leftwards. For
mode MD

1 , the piston will move rapidly rightwards. When
|s| is extremely small, the position response is approximately
reaching the steady state. So when |s| < χ (χ is the mode-
switching strategy parameter),MD

4 is arranged to close all the
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FIGURE 8. Comparison of the original mode-switching method
(Mode M1) and mode-switching method with duty cycle D (Mode MD

1 ).
(a) Original mode-switching method (Mode M1). (b) Mode-switching
method with duty cycle D (Mode MD

1 ).

FIGURE 9. Mode-switching strategy for four on-off valves.

valves. Both chambers are closed in this mode, and the piston
will stop moving. For the three regimes mentioned above,
another dimension 1P is not used. Pressure difference 1P
for the chambers is defined as [15]:

1P = (PS − PL)− (PR − P0) = (PS + P0)− (PL + PR)

= Pou − Pch (13)

where Pou is the sum of supply and atmosphere pressure, Pch
is the sum of the pressures of both chambers. 1P represents
the pressure difference between Pou and Pin. Pressure differ-
ence 1P is only valid in −α ≤ s ≤ −χ and χ ≤ s ≤ α.
Two pressure parameters are introduced to categorize the

modes: δh and δl(δh > δl). In the regime of −α ≤ s ≤ −χ
and 1P > δh, the piston needs to move slightly leftwards
and the pressure difference needs to be decreased. So mode
MD

5 is set in this regime. For mode MD
5 , right chamber is

pressurized and left chamber is closed. The piston will move
slightly leftwards. In this mode, the pressure of right chamber
is increased and the pressure of left chamber is unchanged.
According to (13), pressure difference is decreased. When
the pressure difference is decreased to δl ≤ 1P ≤ δh, mode
MD

5 is kept using to avoid the oscillation caused by frequently
mode switch. Similarly, in the regime of −α ≤ s ≤ −χ
and 1P < δl , the piston need to move slightly leftwards
and the pressure difference need to be increased. Mode MD

6
is arranged in this regime. For this mode, left chamber is
exhausted and right chamber is closed. The piston will move
slightly leftwards in this mode too. In this mode, the pressure
of left chamber is decreased and the pressure of right chamber
is unchanged. Pressure difference is increased based on (13).
Mode MD

6 is also maintained in δl ≤ 1P ≤ δh for less
oscillations. This hysteresis control method is summarized as:

H =

MD
5 , 1P > δh

MD
6 , 1P < δl

No change, δl ≤ 1P ≤ δh
(14)

The hysteresis control method helps the system reduce the
switching times of the valves greatly when the actual position
of the piston is reaching the reference. As a result, the stability
of the control process is much improved. The regime of
χ ≤ s ≤ α is similar to −α ≤ s ≤ −χ as shown in Fig. 9.
Mode MD

2 is set in 1P > δh and δl ≤ 1P ≤ δh. Mode MD
3

is set in 1P < δl and δl ≤ 1P ≤ δh. The hysteresis control
method is also applied in these regimes. In Fig. 9, the regimes
are divided by the dashed lines. The possible control paths
including the hysteresis control method are marked out.

C. SLIDING MODE CONTROLLER DESIGN
The sliding mode function for the new mode-switching strat-
egy is proposed in (12). An exponential approach law [3]
for sliding mode controller is used to guarantee the dynamic
quality of the sliding process and reduce the high-frequency
jitter. The exponential approach law is written as:

ṡ = −ϕ sgn(s)− ωs (15)

where ϕ(ϕ > 0) and ω(ω > 0) are exponential approach
law parameters. z can be obtained by substituting the time
derivative of (12) into (15):

z
...

= z
...

0 + 2ρζ ë+ ζ 2ė+ ϕζ 2sgn(s)+ ωζ 2s = Y (z) (16)

The system dynamics can be obtained by substituting (2)
into (8):

z
...

=


9 + gi, mode MD

i (i = 1, 2 and 3)

9, mode MD
4

9 − gi, mode MD
i (i = 5, 6 and 7)

(17)
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where

g1 =
γRT
M0

(
ṁ(Ps,PL)

L
2 + z

+
ṁ(PR,P0)

L
2 − z

)
,

g2 =
γRT
M0

ṁ(Ps,PL)
L
2 + z

, g3 =
γRT
M0

ṁ(PR,P0)
L
2 − z

,

g5 =
γRT
M0

ṁ(Ps,PR)
L
2 − z

, g6 =
γRT
M0

ṁ(PL ,P0)
L
2 + z

,

and

g7 =
γRT
M0

(
ṁ(PL ,P0)

L
2 + z

+
ṁ(Ps,PR)

L
2 − z

)
.

As −L
2 ≤ z ≤ L

2 ,
L
2 + z, and L/2 − z are non-negative.

All the mass flow rates are non-negative as P0 ≤ PL ≤ Ps
and P0 ≤ PR ≤ Ps. So all the gi functions are non-negative.
The sliding mode control law u is deduced by simplifying
the system into three basic switching modes: modeMD

1 ,M
D
4 ,

and MD
7 . The model can be described as [34]:

z
...

=

{
9 + g1u, u ≥ 0
9 + g7u, u < 0

(18)

The sliding mode control law can be achieved by substitut-
ing (16) into (18):

u+/−eq =
Y (z)−9
g+/−

(19)

where g+/− =
{
g1, u ≥ 0
g7, u < 0.

Equation (19) represents that

the sign of sliding mode control law u is changing accord-
ing to the actual condition of the control system. When the
sign of the sliding function s is non-negative, the piston is
moving rightwards and u is also non-negative. When the sign
of the sliding function s is negative, the piston is moving
leftwards and u is also negative. Before utilizing the fuzzy
nonlinear gain, a conversion formula is proposed to get the
duty cycle D0:

D0 =


g1
gi
u, s ≥ 0

−
g7
gi
u, s < 0

(20)

where i ∈ {1, 2, 3, 5, 6, 7}. Then the actual duty cycle D for
the mode-switching strategy with the fuzzy nonlinear gain
can be given by:

D = D0 · f (Rx , e) (21)

As all the gi functions are non-negative, D0 is non-negative.
The fuzzy nonlinear gain f (Rx , e) is non-negative and the duty
cycleD is non-negative. A limiter is utilized to make sure that
D ≤ 1:

D =

{
1, D ≥ 1
D, 0 ≤ D < 1

(22)

The Lyapunov-like function is used to verify the stability:

V =
1
2
s2 (23)

and

V̇ = sṡ (24)

Considering the sliding function (12) and (15), we can get

V̇ ≤ −ϕ |s| − ωs2 = −
ω

2
V − ϕ |s| ≤ −

ω

2
V (25)

On the basis of lemma [35], for V : [0,∞) ∈ R, the solution
of V̇ ≤ −θV + f ,∀t ≥ t0 ≥ 0 is

V (t) ≤ e−θ(t−t0)V (t0)+
∫ t

t0
e−θ(t−τ )f (τ )dτ (26)

Proof of the Lemma: assume that φ (t)V̇ + θV − f , then
φ (t) ≤ 0. The solution of V̇ = −θV + f + φ is:

V (t) = e−θ (t−t0)V (t0)+
∫ t

t0
e−θ (t−τ )f (τ )dτ

+

∫ t

t0
e−θ (t−τ )φ(τ )dτ (27)

As φ (t) < 0 and ∀t ≥ t0 ≥ 0, then

V (t) ≤ e−θ (t−t0)V (t0)+
∫ t

t0
e−θ (t−τ )f (τ )dτ (28)

If f = 0, the solution of V̇ ≤ −θV is

V (t) ≤ e−θ (t−t0)V (t0) (29)

If θ is positive, V (t) will converge to 0 in exponential form.
If the parameters are θ = ω/2, f = 0, then (25) can be
obtained by:

V (t) ≤ e−
ω
2 (t−t0)V (t0) (30)

V(t) will converges to 0 in the form of exponent. The sliding
surface s = 0 is able to be reached in a limited time with the
exponential approach law. Parameter ϕ determines the con-
vergence velocity if the system is close to s = 0. Parameter
ω determines the convergence velocity on the condition that
|s| is large.

D. PARAMETERS SELECTION
In this section, several suitable methods for parameters selec-
tion are discussed. Firstly, for the mode-switching strategy,
mode-switching strategy parameters α and χ are decided on
the basis of position errors. Parameter χ is selected according
to the minimal absolute error ema. When the system is in the
regime of |s| < χ , the position response is approximately
reaching the steady state. In this state, the influence of e
is actually bigger than ė and ë. In this research, ema =
0.001 m is selected for the simulations and experiments.
So χ = ema = 0.001 is used to guarantee the accu-
racy of the system. Parameter α is the threshold between
rapid control action and slight control action. Too large
α or too small α may all lead to instability. As s is related
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to the sliding function parameters ζ and ρ, Parameter α is
decided after choosing ζ and ρ. Secondly, pressure parame-
ters δh and δl are chosen based on the balanced pressure Pb.
Pb can be measured by pressuring and exhausting a chamber
with fixed volume at the same time. The pressure variation
is approximately linear around this pressure. Assume that
both chamber pressures of the cylinder are Pb, the balanced
pressure δb for 1P is obtained by:

δb = Ps + P0 − 2Pb (31)

Then the equations for δh and δl are given by:
δh = δb +

Ps − P0
4

δl = δb −
Ps − P0

4

(32)

The system pressures are Ps = 3× 105 Pa, P0 = 1× 105 Pa,
and Pb = 2.431 × 105 Pa in the research. δb = −0.86 ×
105 Pa, δh = −0.36 × 105 Pa, and δl = −1.36 × 105 Pa
are selected for the following simulations and experiments.
Thirdly, the procedure of selecting sliding function param-
eters (ζ and ρ) and exponential approach law parameters
(ϕ and ω) is shown in Fig. 10. Detailed values will be
discussed in the following sections. Additionally, the PWM
period Tt is selected based on the opening and closing time
of the on-off valve. A fast on-off valve with 1 ms opening
time and 1ms closing time is used in the experimental setup,
so Tt = 10 ms is chosen.

FIGURE 10. Procedure of parameters selection.

E. SIMULATION RESULTS
Two simulations are designed to show the characteristics
of the proposed mode-switching sliding control with fuzzy

FIGURE 11. Simulation results of the step response for mode-switching
sliding control with fuzzy nonlinear gain, original seven-mode sliding
controller from Hodgson et al., and conventional PID controller.
(a) Position, (b) Position error, (c) Input voltage of inlet valve L for
mode-switching sliding control with fuzzy nonlinear gain, (d) Input
voltage of inlet valve L for original seven-mode sliding controller from
Hodgson et al., (e) Input voltage of inlet valve L for conventional PID
controller.

nonlinear gain. In the first simulation, the proposed
scheme, original seven-mode sliding controller from
Hodgson et al. [15] and conventional PID controller are
utilized to track a step pulse reference. Seven-mode sliding
controller uses the same mode-switching method fromHodg-
son et al.which is mentioned in Table 4. The PID control law
used in the research is written as:

u(t) = KPe(t)+ KI

∫ t

0
e(t)dt + KDė(t) (33)

where u(t) is the control signal, e(t) is the position error,
and KP, KI , and KD are PID controller parameters. In the
PID controller, modeM1,M7, andM4 are used to control the
valves. The total payloadsMo for the simulations are 1.25 kg
including piston weights of 0.25 kg and additional weights
of 1 kg. In the first simulation, the control parameters are
selected as α = 0.08, χ = 0.001, δb = −0.86 × 105 Pa,
δh = −0.36 × 105, δl = −1.36 × 105, ζ = 110, ρ =
0.5, ϕ = 0.1, ω = 3, and Tt = 10. The simulation results are
shown in Fig. 11. For the proposed scheme, there is almost
no overshoot and oscillation. In the rising period, the piston
reaches the reference position in 0.22 s. For the original
seven-mode sliding controller, the overshoot problem is also
hard to be observed in the simulation. The rising time for
seven-mode method is about 0.25 s. The position response
controlled by PID controller shows a large overshoot and
oscillation phenomenon. The piston takes about 0.69 s to
reach the steady state, and the biggest overshoot is about
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0.005 m (16.67%). The PID parameters are selected as KP =
0.2,KI = 0.02,KD = 0.001, and Tt = 10. This set of
PID parameters is chosen by experience and more than one
set of parameters are tested in the simulation. The presented
parameters are the optimal set according to the control per-
formance. The rising time is shorter and the response curve
is smoother in the proposed scheme. The fuzzy nonlinear
gain shortens the response time. The overshoot problem of
the seven-mode method will be discussed in the experimental
part. The overshoot problem of PID controller is caused by
two reasons: firstly, only three basic modes are used in PID
controller. When the error is approaching zero, the controller
keeps using modeM1 orM7 to drive the valves. These modes
will generate a great mass flow to the chambers, and the
control action is too big for the system. Secondly, traditional
PID controller is inappropriate for a greatly nonlinear sys-
tem. Fig. 11 (c), (d), and (e) shows the switching of the
inlet valve L for three methods. The proposed scheme and
seven-mode method both lower the switching times of the
valves.

FIGURE 12. Simulation results of the step response. (a) Position,
(b) Force, (c) FLC output.

Another simulation of tracking the step pulse reference is
shown in Fig. 12. From Fig. 12 (c), the FLC output decreases
from the biggest value to the minimum value with respect
to the variation of the position response. The force which is
produced to move the piston to the given position is shown
in Fig. 12 (b). The rising time of this simulation is averaging
0.22 s with 0.03 m moving distance. This simulation uses the
same parameters of the first simulation and the total payloads
are 1.25 kg. Both simulations present the great performance
of the proposed method.

Indeed, several assumptionsmentioned in Section II cannot
be guaranteed in the real experiment. To make the experiment
more close to the assumptions, we apply the following mea-
sures: sealing glue is used to make sure the system is airtight;
refrigerated air dryer is used to make sure the minimal tem-
perature change inside the chambers; an anti-stiction actuator
and lubricating oil are used to make sure the stiction force
of the piston is negligible. The experimental system is more
reliable with these measures.

IV. EXPERIMENTAL SETUP
Overall experimental setup is shown in Fig. 13. The
pneumatic instruments consist of four 2/2 on-off solenoid
valves (Matrix model MX 821.103C2XX) with speed-up
driving control which has response time of less than 1ms
in the opening and closing, a double-acting, double rod-
end, and anti-stiction cylinder (Airpel model M24D100.0D)
which has a length of 100mm and a rod diameter of 24mm,
a sliding table with some standard weights, three silicon-
diffused pressure sensors, a linear position sensor, an air
compressor (DENAIR model DVA-11A), a compressed
air tank, an air-drying machine, and a Filter-Regulator-
Lubricator (FRL) unit. In the electrical setup, a real-time
industrial controller (NI model cRIO-9074) which has a
reconfigurable FPGA module is applied as the main con-
troller. A bi-directional 5 V/TTL digital card (NI model NI-
9401) and a 16-bit analog-input differential card (NI model
NI-9205) are installed on the controller for sending and col-
lecting signals. A sensor circuit, power circuit, and a valve
driving circuit are also designed for the signal conditioning.
The real control system is shown in Fig. 14. Programs are
deployed on NI Labview 11. The detailed tasks for PC, cRIO-
9074 RT, and FPGA are shown in Fig. 15. Logic control,
time sequence control, and data calculation of the proposed
scheme are carried out on FPGA. The procedures of Reading
data from NI 9205 and writing data on NI 9401 are also
executed on FPGA. The FPGA platform is known for its high
reliability in sequential control. The precise time sequence
control ensures the reliability of algorithm execution. This
hardware platform can achieve both high real-time perfor-
mance and fast response in electro-pneumatic systems.

V. EXPERIMENTAL RESULTS AND DISCUSSION
Five experiments are carried out on the experimental setup
mentioned above in the section. Firstly, a contrast exper-
iment is designed to show the advantage of the proposed
scheme over other methods. The control performance is
shown in Fig. 16 (a). In this experiment, the total payloads
are 1.25 kg. The parameters are chosen as α = 0.08,
χ = 0.001, δb = −0.86 × 105 Pa, δh = −0.36 × 105, δl =
−1.36 × 105, ζ = 50, ρ = 1, ϕ = 1, ω = 5, and Tt = 10.
Only 0.73% overshoot and 0.22 mm steady-state error are
observed in the rising stage of the position controlled by the
proposed scheme. The settling time is about 0.22 s. These
results are all smallest of the three control methods. For
the position response controlled by the original seven-mode
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FIGURE 13. Overall experimental setup.

FIGURE 14. Pictures of the real system.

sliding controller from Hodgson et al. [15], the overshoot is
about 0.89 mm (2.97% ) and the settling time is nearly 0.4 s
in the rising stage. In the decreasing period, a bigger over-
shoot (4.53% ) is observed in the position response controlled

FIGURE 15. Assignments deployed on cRIO-9074 RT and FPGA.

by the seven-mode method. Whereas, only 0.89% overshoot
is found in the position response controlled the proposed
scheme. Two aspects lead to improving control performance:
fuzzy nonlinear gain and improved mode-switching strategy.
After utilizing the fuzzy nonlinear gain, the response speed
is clearly increased and the overshoot is reduced to the
minimum. The new mode-switching strategy including the
hysteresis control method also has a great effect on reducing
the overshoot. For the PID controller with 3 basic switching
modes (mode M1, M4, and M7), parameters are chosen as
KP = 0.1, KI = 0.01, and KD = 0.001. As explained in
the simulation part, the conventional PID controller cannot
achieve good performance in the nonlinear system.

The second experiment is tracking the step pulse reference
which is shown in Fig. 17. FLC output decreases from the
biggest value (about 37.21) to the minimum value (about
27.72) with respect to the variation of the position response.
The settling time of this experiment is averaging 0.21 s with
0.03 m moving distance. The averaging overshoot is about
0.8% and steady-state error is 0.5 mm.
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FIGURE 16. Experimental results of the step response for mode-switching
sliding control with fuzzy nonlinear gain, original seven-mode sliding
controller from Hodgson et al., and conventional PID controller.
(a) Position, (b) Position error, (c) Input voltage of inlet valve L for
mode-switching sliding control with fuzzy nonlinear gain, (d) Input
voltage of inlet valve L for original seven-mode sliding controller from
Hodgson et al., (e) Input voltage of inlet valve L for conventional PID
controller.

FIGURE 17. Experimental results of the step response. (a) Position,
(b) FLC output.

In the third experiment of tracking a dynamic pulse ref-
erence, overshoots between 0.9% and 6.57% are observed.
Steady-state errors are between 0.5 mm and 1.2 mm. The
smallest settling time is 0.11 s and the biggest settling time
is 0.71 s. The FLC output ranges from 36.23 to 27.79. The
experimental results are presented in Fig. 18.

An experiment of sinusoidal tracking response is tested.
The frequency of the sine wave is set to 0.33 Hz. As shown
in Fig. 19, the position response can tightly track the reference
from 0.03 m to -0.03 m. The position error is ranging from
4.13 mm to -3.57 mm. Parameters and total payloads for the

FIGURE 18. Experimental results of the dynamic step response.
(a) Position, (b) FLC output.

FIGURE 19. Experimental results of the sinusoidal response. (a) Position,
(b) Position error, (c) FLC output.

second, third, and fourth experiment are the same as the first
experiment.

In the last experiment, the tracking ability under different
payloads is tested. Experimental results from the step pulse
reference under different payloads are shown in Fig. 20.
1.25 kg, 3.25 kg, 6.25 kg, and 10.25 kg are the testing values
of the total payloads. We keep using the same parameters of
the first experiment. Only small overshoots and steady-state
errors are observed in this experiment. In the rising period,
the settling times are 0.22 s, 0.26 s, 0.3 s, and 0.325 s for the
four payloads.

The experimental results indicate that the improved mode-
switching sliding controller with the nonlinear gain gener-
ated by a fuzzy logic controller can track different kinds
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FIGURE 20. Experimental results of the step response under different
payloads.

of reference under total payloads of 10.25 kg. The contrast
experiment shows the improved performance of the new
method. However, traditional PID controller cannot control
the system since the high nonlinearity of the system. The pro-
posed scheme also shows great performance when tracking
dynamic pulse reference and sine wave reference. Maximum
overshoot for tracking dynamic pulse reference is 6.57% and
maximum position error for tracking sine wave reference is
only 4.13 mm. The last experiment shows that the proposed
scheme is able to handle different payloads.

We propose the novel method to solve the overshoot prob-
lem from the previous seven-mode method. There are totally
two major contributions in the paper. Firstly, by utilizing
the fuzzy nonlinear gain, the overshoot is reduced to the
minimum in the step response and the settling time is also
reduced. Only 0.89% positive overshoot is found in track-
ing the step response from 0.03 m to 0. While in the past
research of seven-mode method from Hodgson et al., about
1.9% positive overshoot is found in the same experiment.
Moreover, the fuzzy nonlinear gain increases the opening
time of the valves in the initial control period which leads
to excellent control action and faster response. When the
piston is approaching the given position, the fuzzy nonlinear
gain reduces the valve action, and the overshoot is reduced.
Secondly, the new mode-switching strategy for four on-off
valves helps reduce the overshoot. The hysteresis controller
is newly proposed in the mode-switching strategy and the
key of reducing the oscillation of valves. Without the hys-
teresis controller, the system will be highly unstable and the
valves will keep switching when the piston is reaching its
given position. Compared to the original seven-modemethod,
the overshoots, steady-state errors, and settling time are all
diminished. In addition, the logic control and accurate time
sequence control are guaranteed by using FPGA platform.
The improved mode-switching sliding control with fuzzy
nonlinear gain is proven to be effective in terms of the simu-
lation and experimental results.

VI. CONCLUSION
In this paper, a mode-switching sliding controller with
fuzzy nonlinear gain is proposed to control a real-time
electro-pneumatic position tracking system including four
on-off valves and a double rod-end cylinder. The purpose
of the new scheme is to enhance the tracking performance
by reducing overshoots and increasing response speed in

TABLE 5. Symbols.

tracking different kinds of reference. The fuzzy nonlinear
gain is generated by a fuzzy logic controller and a fuzzy
nonlinear function. The major impacts of the fuzzy nonlinear
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gain are demonstrated by simulations and experiments.
In addition, the mode-switching strategy is newly designed
and the hysteresis control method is introduced to improve
the performance. At last, the improved mode-switching slid-
ing controller is combined with the fuzzy nonlinear gain and
the system stability is demonstrated.

Simulation and experimental results including a contrast
test have shown the advantage of the proposed scheme over
the previous methods. In comparison with the original seven-
mode method from Hodgson et al., the proposed scheme
shows smaller overshoots, steady-state errors, and settling
time in tracking step reference. Additionally, the experimen-
tal results carried out on FPGA platform also show that
the proposed method is able to track sine wave reference,
dynamic step reference, and step reference with payloads up
to 10.25 kg.

APPENDIX
See Table 5.
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