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ABSTRACT AC servomotors are widely used in industrial robot manipulators to drive high dynamic loads;
thus, an appropriate selection and control of the motors contributes to a better performance at specific
tasks. In this paper, a concurrent multi-objective dynamic optimization method is proposed for optimal
selection and control of synchronous ac servomotors. Three objective functions, energy consumption,
tracking error, and total weight of motors, are optimized. Regarding the importance of the reducers to drive
the manipulator, our methodology considers as an equality constraint the closed-loop dynamic model of the
whole system, where the powertrain (motor–reducer–load) at each actuated-joint is considered. The multi-
objective optimization problem is solved by using a genetic algorithmwith continuous and discrete variables.
The efficiency of the proposed methodology is validated via simulations of an industrial robot.

INDEX TERMS Concurrent optimization, mechatronic design, ac servomotor selection, industrial manipu-
lators, powertrain of robots.

I. INTRODUCTION
Industrial robots are used for many applications, such as
handling, painting, assembling, welding and so on, where the
efficiency and performance of themanipulatormainly depend
on the dynamical response of its own drive system [1]. The
needed drive energy is usually requested by the powertrain
of the robot, which is composed of three subsystems at each
actuated joint, servomotor, reducer, and load (Fig. 1).

Since the drive system has high impact in the dynamic
response of the manipulator, the performance of an industrial
robot can be improved by design and control optimization on
the powertrain, being the motors the main sources of motion.

Traditionally, a design problem is solved independently
of the control effects, thus leading to a non-optimal
behavior [2]. However, a concurrent approach method deals
with multi-objective optimization for simultaneous design
and control, whose integration provides practical solutions
to complex problems [3]. A common alternative solution
for multi-objective optimization is by using evolutionary
algorithms [4], [5], where a set of feasible solutions form the
Pareto Front, letting the designer to select one of them to
satisfy the proposed objectives subjectively.

FIGURE 1. Powertrain on an actuated-joint.

In the same way, concurrent design optimization based
on simulation model has become significant manufacturers
methodology for the marketing of industrial robot prod-
ucts [6]. This because the trade-offs between objectives such
as cost, performance, weight, energy, cost, accuracy, and
so on, are essential for decisions that can be preceded by
analyzing simulation models response. Thereby modeling,
optimization, servo-design, model-based control, and iden-
tification have meant a breakthrough in industry, for proper
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use of robots [7]. Moreover, new materials and technologi-
cal advances keep open an essential challenge for industrial
robotics, the optimal motor selection and control for a given
application.

Most of motor selection methods use torque-level models,
independently of the control inputs and regardless the elec-
trical dynamics of the drive system (traditional design opti-
mization), where candidate motors are determined by given
static loads references or supposing that the working cycle to
be performed by the powertrain is previously known. In [8]
a motor torque is optimized for single axis case with a con-
stant inertial load. Reference [9] obtains optimal motor/gear-
ratio combination to drive a specific load, where the load
cycle worst case is a priori known. Reference [10] proposed
an optimal motor selection method for a given trajectory.
In [11] a candidate motor can be selected from a graphical
method, by separating the motor-load characteristics to get
a parametrized curve for a given load. In [12] a torque-level
motor selection is proposed for industrial manipulators, under
the assumption that torque and motion cycles are indepen-
dently known at each joint. In [6] design discrete variables
are used to minimize the robot cost by selecting the lowest
cost gearboxes for two axes of a manipulator. Similarly,
in [13] discrete variables are also used to minimize the drive-
train weight, where ADAMS simulator is used to know each
required joint torque. Moreover, an extension of [11] is pre-
sented in [14], where new limits are added for both DC and
AC servomotors, but interactions among actuators (such as
those in a robotic arm) cannot be simultaneously considered
for that methodology. In [15] design discrete variables are
used to select motors and optimize working efficiency and
natural frequency for a 4-DOF robot, by dynamic mechanical
performance simulation.

Regarding motor types, it is preferred to operate
AC servomotors instead of DC motors to drive high
dynamic loads, due to higher torque-to-inertia ratio,
higher peak torque capability and higher torque-speed
bandwidth [11], [16], [17]. The most common kinds of AC
servomotors for industrial applications are Induction Motors,
three-phase Brushless DC Motors (BLDC), Switch Reluc-
tance Motors, and Permanent Magnet Synchronous Motor
(PMSM) [16]. From those, the PMSMmotor type is proposed
in this paper for a servomotor selection, since it has been
widely employed for direct-drive industrial robots to provide
high load, speed and accuracy requirements [18].

Because of the electrical complexity of AC servomo-
tors, and considering that require control techniques unlike
from those common applied for DC motors, few works
have addressed robot dynamics with PMSM servomotors
as a mechatronic system as in [18]. Nevertheless, high-
performance designs are based on accurate knowledge of the
dynamics of the system [19], so considering a mechatronic
system has the advantage to analyze the dynamics response
involved in the closed-loop drive system when different actu-
ators are installed on the powertrain, ensuring that desired
objectives for the task are being satisfied.

Our proposal integrates the optimal off the shelf PMSM
servomotor selection and control in a single step, to provide to
an existing robotic mechanism optimal performance for a par-
ticular task, by minimizing three objective functions, energy
consumption, tracking error and total weight of motors, sub-
ject to the closed-loop mechatronic model of the robot, thus
including the dynamic load profiles and control effects of the
mechanism. This situation is, in fact, a significant advantage
in manufacturing processes due to the repetitive nature of the
robot performed tasks.

For the closed-loop dynamics, the control technique used
for the selected AC servomotors is the Field Oriented Control
technique (FOC), which is one of the most widely used in
the industrial field since it maximizes torque efficiency and
presents robustness to model parameters variations. More-
over, the FOC method does not require very sophisticated
current sensors for control feedback and may ensure asymp-
totically tracking for the desired task [20], [21].

To avoid overexertion, heating or damage to the robotic
system, thermal conditions, for continuous and instantaneous
operating ranges of motors, are considered in our approach
as constraints, based on [22]–[24] and [25], where these
thermal conditions are dissected.

The proposed method is tested for an industrial robot
manipulator real case. Here, the Non-dominated Sorting
Genetic Algorithm (NSGA-II algorithm [26]) is used to
solve the constrained multi-objective problem, which is an
evolutionary algorithm extensively used to deal with con-
current multi-objective optimization problems [27]. Unlike
other evolutionary algorithms, it provides solutions for the
widespread distribution of the Pareto-front [28].

The rest of the article is organized as follows. In Section II,
the mechatronic model of the case study is presented.
Section III proposes the selection criteria for robot AC ser-
vomotors. Section IV shows the concurrent optimization
approach. In Section V an application to a particular case is
presented. Finally, in Section VI the article closes with some
conclusions.

II. MECHATRONIC MODEL OF THE ROBOTIC SYSTEM
The mechatronic model-based design provides interaction
across different sub-systems such as the mechanical, elec-
trical and control dynamics of the robot to obtain concur-
rent solutions for the closed-loop system dynamics. This
Section presents the different robot sub-systems involved in
the proposed method.

A. DYNAMIC MODEL OF THE MANIPULATOR
Consider a rigid-link robot manipulator with n joints. The
robot mechanism dynamics is given by

τ =M (q) q̈+ C(q, q̇)q̇+ g (q) , (1)

where q ∈ Rn is the generalized coordinates vector for all
the mechanism joints, M (q) ∈ Rn×n is the inertia matrix,
C(q, q̇) ∈ Rn×n is the Coriolis and centrifugal forces,
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g (q) ∈ Rn the gravity terms vector and τ (t) ∈ Rn the input
torques vector.

B. DYNAMIC MODEL OF THE POWERTRAIN
Let us suppose that from the robot manipulator with n joints,
qa ∈ Rna are the actuated joints of the mechanism and
qu ∈ Rn−na are the unactuated joints, i.e. q = [qa,qu] ∈ Rn.
To generate the robot motion, the needed drive energy is
requested by the powertrain of each actuated joint, which
involves three parts, motor, reducer, and load (mechanism),
as shown in Fig. 2.

FIGURE 2. Schematic view of the powertrain model for an actuated joint.

The k-th actuated joint of the powertrain requires a motor
torque Tm,k (t) to drive the load profile τa,k (t), as

Tm,k = Jeq,knr,k q̈a,k + beq,knr,k q̇a,k +
τa,k

nr,kηk
, (2)

where ηk is the transmission torque efficiency in the reducer,
nr,k is the reducer’s transmission ratio, Jeq,k and beq,k are the
equivalent inertia and viscous friction obtained as

Jeq,k = Jmotor,k + Jreducer,k , (3)

beq,k = bmotor,k + breducer,k , (4)

for k = 1, . . . , na.
Moreover, assume that motor-reducer position relation-

ships fulfill that

qm,k = nr,kqa,k , (5)

where qm,k is the k-th angular rotor position, viewed at the
motor axis, and qa,k the angular position of each actuated
joint, viewed at the robot link axis.

Then, the powertrain dynamics is given by

Tm = Jeq8q̈a + Beq8q̇a + [8ϒ]−1τ a, (6)

where8 = diag{[nr,1, . . . , nr,na ]}, ϒ = diag{[η1, . . . , ηna ]},
Tm = [Tm,1, . . . ,Tm,na ]

T , Jeq = diag{[Jeq,1, . . . , Jeq,na ]},
Beq =diag{[beq,1, . . . , beq,na ]}. τ a = [τa,1, . . . , τa,na ]

T is
the load torques vector of the actuated joints. For simplicity,
the time dependence notation is omitted.

C. DYNAMIC MODEL OF THE ROBOT CONSIDERING THE
POWERTRAIN DYNAMICS
Independently of the kind of kinematic chain (serial or par-
allel) and according to [29]–[31], a functional relationship,
between all the joint variables (actuated and unactuated), can
be obtained in terms of the actuated joints as qi = Qi(qa).

Thus, the joint variables of the mechanism can be
expressed by

q = Q(qa). (7)

The velocities and accelerations in terms of the actuated joints
can be obtained as

q̇ = 9q̇a, (8)

q̈ = 9̇q̇a +9q̈a, (9)

where

9 ij =
∂Qi(qa)
∂qaj

, i = 1, . . . , n, j = 1, . . . , na. (10)

9 ∈ Rn×na is the transformation matrix relating all the robot
joints in terms of the actuated joints. By using the kineto-
statics duality concept [29], it is possible to establish the
relationship

τ a = 9
T τ , (11)

where τ a ∈ Rna is the torques vector of the actuated joints
from τ ∈ Rn. Thus, the torques vector of the unactuated joints
is τu = [0, 0, . . . , 0] ∈ Rn−na .
From above, the dynamic model of the manipulator can be

expressed in terms of the actuated joints, by using (7), (8)
and (9) in (1), and substituting it in (11), then

τ a =MA (qa) q̈a + CA(qa, q̇a)q̇a + gA (qa) , (12)

where

MA (qa) = 9TM (Q(qa))9, (13)

CA(qa, q̇a) = C0 +9
TC(Q(qa),9q̇a)9, (14)

gA (qa) = 9T g (Q(qa)) , (15)

and

C0 = 9
TM (Q(qa)) 9̇, (16)

where MA ∈ Rna×na , CA ∈ Rna×na and gA ∈ Rna×1. Typ-
ically, due to the industrial anthropomorphic arms structure,
9 results a constant matrix, which means that C0 = 0.

Now, the mechanism dynamics τ a, obtained in (12), can be
directly related to the powertrain dynamics Tm, given by (6),
as

Tm = H (qa) q̈a + D(qa, q̇a)q̇a + FRq̇a +G (qa) , (17)

where

H(qa) =
[
Jeq8+ (8ϒ)−1MA(qa)

]
, (18)

D(qa, q̇a) =
[
(8ϒ)−1CA(qa, q̇a)

]
, (19)

FR =
[
Beq8

]
, (20)

G(qa) =
[
(8ϒ)−1gA(qa)

]
. (21)
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D. ELECTRICAL DYNAMIC MODEL OF ACTUATORS
Let us consider that the actuators in the powertrain are motors
of type PMSM, under the following considerations,
• Motor windings are symmetrically designed and dis-
tributed.

• The magnetic circuit is unsaturated.
• Changes in electrical parameter values, such as eddy
current and hysteresis losses are negligible.

• Three-phase stator windings are sinusoidally distributed.
• The relationship between the winding position θe and the
angular rotor position qm, is θe = nPqm, where nP is the
number of motor pair poles.

Considering the motor-reducer position relationship in (5),
the k-th electrical winding position θe,k can be written in
terms of the k-th actuated joint qa,k , as

θe,k = nP,kqm,k = nP,knr,kqa,k for k = 1, . . . , na. (22)

By using the Clarke and Park Transformations [16], as

Tp =
2
3


cos(θe,k ) cos(θe,k −

2
3
π ) cos(θe,k +

2
3
π )

sin(θe,k ) sin(θe,k −
2
3
π ) sin(θe,k +

2
3
π )

1
2

1
2

1
2


(23)

the three-phase frame electrical equations of each motor can
be represented in a two-phase orthogonal frame (q, d) with a
balanced homopolar phase, where the current vector in the
(q, d) frame is static, and voltages can be operated as DC
inputs, rather than sinusoidal signals [16].

From above, the electrical dynamic equations for each
motor in the (q, d) frame from the three-phase frame
are

vq,k = Rs,k iq,k +
d
dt
λq,k + nP,knr,k q̇a,kλd,k , (24)

vd,k = Rs,k id,k +
d
dt
λd,k − nP,knr,k q̇a,kλq,k , (25)

and

λq,k = Lq,k iq,k , (26)

λd,k = Ld,k id,k + λaf ,k , (27)

where for the k-th actuated-joint, vq,k and vd,k are the
frame voltages, iq,k and id,k are the frame currents of the
motor, Lq,k and Ld,k are the frame inductances, Rs,k is
the resistance of stator windings, λaf ,k the flux amplitude
induced to the phases of the stator by the rotor magnets,
and the electromechanical torque of each motor can be
obtained as

Tm,k =
3
2
nP,knr,k [λaf ,k + (Ld,k − Lq,k )id,k ]iq,k . (28)

Due to the symmetrical and sinusoidal distribution ofwind-
ings, the inductances Lq,k and Ld,k in the (q, d) frame can
be considered constants [16]. Then, solving the electrical

equations depending on the currents and reordering terms,
the electrical dynamics for each motor can be

d
dt
iq,k =

1
Lq,k

[vq,k − Rs,k iq,k − nP,knr,k q̇a,kLd,k id,k

− nP,knr,k q̇a,kλaf ,k ], (29)

d
dt
id,k =

1
Ld,k

[vd,k−Rs,k id,k+nP,knr,k q̇a,kLq,k iq,k ], (30)

Tm,k =
3
2
nP,knr,k [λaf ,k + (Ld,k − Lq,k )id,k ]iq,k . (31)

Then, the whole electrical dynamics, for all the motors
on the powertrain, can be expressed as follows (this form
has been used for direct-drive robots with PMSM motors,
as in [18]),

İq = L−1q [Vq − RsIq −28Ldσ −283afq̇a] (32)

İd = L−1d [Vd − RsId +28Lq%] (33)

Tm =
3
2
28[3afIq + Ldζ − Lqζ ] (34)

where Iq = [iq,1, iq,2, . . . , iq,na ]
T , Id = [id,1, . . . , id,na ]

T ,
Vd = [vd,1, . . . , vd,na ]

T , 3af = diag{[λaf ,1, . . . , λaf ,na ]},
Rs =diag{[Rs,1, . . . ,Rs,na ]}, 2 =diag{[nP,1, . . . , nP,na ]},
Ld =diag{[Ld,1, . . . ,Ld,na ]}, Vq = [vq,1, vq,2 . . . , vq,na ]

T ,
and Lq =diag{[Lq,1, . . . ,Lq,na ]}. The vectors σ ∈ Rna ,
% ∈ Rna , and ζ ∈ Rna are defined by the k-th element of
the vector as

σk = id,k q̇a,k , (35)

%k = iq,k q̇a,k , (36)

ζk = id,k iq,k . (37)

In order to obtain the characteristics in the three-phase
frame (a, b, c) from the (q, d) frame, and vice versa, let us
suppose that S represents a vector of any of the physical
characteristics such as motor currents, voltages, and flux of
the magnetic fields of the motor; then, the transformation
matrix in (23) can be used, where S(q, d, 0) = Tp · S(a, b, c)
and S(a, b, c) = T−1p · S(q, d, 0).

E. CONTROL OF ACTUATORS IN THE POWERTRAIN
To consider the mechatronic system, in a closed-loop dynam-
ics, the FOC control is used, since is one of the most widely
used control methods in the industry for PMSM motors,
and it has been intensely studied in the literature [16], [20].
Basically, FOCmethod consists of two internal current loops,
by using two PI voltage controllers, and an external loop for
torque-position control, see Fig. 3.
For each k-th motor, the (q, d) frame control voltages,

v∗q,k and v
∗
d,k , are proposed as PI controller; then, the voltage

vectors V∗q and V
∗

d, are proposed as follows (for more details
of the FOC control method in [16]),

V∗q = Kp,q(I∗q − Iq)+KI ,q

∫ tf

o
(I∗q − Iq)dt, (38)
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FIGURE 3. Field oriented control on an actuated joint.

V∗d = Kp,d (I∗d − Id)+KI ,d

∫ tf

o
(I∗d − Id)dt, (39)

where Kp,q, Kp,d , KI ,q, and KI ,d are positive definite diag-
onal matrices and tf is the cycle time of the desired task.
I∗q and I∗d are desired currents vectors given by

I∗q =
2
3
[283af]−1T∗m, (40)

I∗d = 0, (41)

where T∗m is the desired mechanical motor torques vector on
the powertrain, to drive the given load of the mechanism.
Since the currents in the (q, d) frame are static, the PI voltage
controllers operate as DC inputs, instead of sinusoidal as
in the three-phase frame. This transformation isolates the
control signals from the time-variant winding, and as a result
of that, the control method in the (q, d) frame eliminates the
phase shift on motor.

Since the magnetic field is the direct result of current in the
coils, if Id tends to zero (i.e. I∗d), and Iq tends to I∗q, it is said
that the current space vector is exclusively in the quadrature
direction, and as a result of this, the torque efficiency is maxi-
mized, i.e. Tm, given by (34), tends to the desired mechanical
torque T∗m. This desired torque is proposed by the user and it
can be designed as follows.

Suppose that q̈∗a, q̇
∗
a, and q∗a are the desired angular accel-

eration, velocity and position, respectively of the actuated
joints. Then, the position and velocity errors are

e = q∗a − qa, (42)

ė = q̇∗a − q̇a. (43)

In order to cancel the non-linearities, the desired control
torque T∗m is designed as

Tm
∗
= H (qa) (q̈∗a +K1e+K2Pe)+ D(qa, q̇a)q̇a

+FRq̇a +G (qa) , (44)

substituting T∗m in the mechanical dynamic model of the
robot (17), the closed-loop system becomes

ë = −K1e−K2ė. (45)

which is asymptotically stable for K1, K2 positive definite
diagonal matrices. Therefore, the tracking errors tend to zero
when time tends to infinity.

F. MECHATRONIC MODEL OF THE ROBOTIC SYSTEM
Considering the electrical and mechanical dynamics of the
whole robot, and the field oriented control at each actuated
joint, the closed-loop dynamic model can be written as

q̈a = H(qa)−1[Tm − D(qa, q̇a)q̇a − Fq̇a −G(qa)] (46)

Tm =
3
2
28[3afIq + Ldζ − Lqζ ] (47)

İq = L−1q [V∗q − RsIq −28Ldσ −283afq̇a] (48)

İd = L−1d [V∗d − RsId +28Lq%] (49)

where V∗q and V
∗
d are the control voltages of the FOC control

required to do the desired task.

III. MOTOR SELECTION AND CONTROL CONSTRAINTS
The proposed methodology is based on selection and control
of a proper set of off the shelf motors. Then, by using the
mechatronic model of the robot, the different motor candi-
dates can be evaluated and compared to get feasible solutions.

It is assumed that motor parameters and limit values for
safe motor operation are available at manufacturers’ catalogs;
thus, selecting a motor parameterizes the powertrain, and the
mechanical and electrical limits constrain themotor operation
ranges.

A. PARAMETERS, LIMITS, AND RANGES OF
FEASIBLE MOTORS
1) PARAMETERS
The required information from manufacturers’ catalogs,
to parameterize the proposed powertrain model, is the fol-
lowing.
• Mass mm
• Rotor inertia Jmotor
• Number of pair poles nP
• Motor dimensions (motor size)
• Phase-to-phase inductance Ls
• Phase-to-phase resistance Rs
• The voltage constant that relates voltage-velocity VE
The parameterization gives a specific model of the system,

and as a consequence of that, a particular behavior is obtained
for currents Iq, Id, and torques Tm while driving the motors
with V∗q, V

∗

d.

2) MECHANICAL AND ELECTRICAL LIMITS
Considering the control inputs, the required information from
manufacturers’ catalogs to safely drive the motors of the
powertrain is
• Maximum torque TM ,max
• Continuous torque TM ,N
• Maximum velocity ωM ,max
• Continuous velocity ωM ,N
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FIGURE 4. Continuous and dynamic operating zones in a (q̇m, Tm)-graph.

• Maximum current Imax
• Continuous current IN
• Voltage bus to operate the motor Vbus
• Nominal power PN
• Continuous voltage VN
These limits are used as feasibility constraints to determine

each candidate motor for the required task.

3) CONTINUOUS AND DYNAMIC RANGES OF
FEASIBLE MOTORS
In a typical velocity-torque curve (q̇m,Tm), two operating
zones can be bounded, the continuous operation zone (C),
limited by the continuous torque TM ,N , and the dynamic
operation zone (D) which is limited by the maximum torque
TM ,max (Fig. 4).

In the continuous zone, the motor provides torque during
long time without over-heating, covering the entire velocity
range, limited by ωM ,max . This fact, can be contrasted with
the produced steady-state torque Tm,rms, which is produced
by the same amount of heat during periods of continuous time
and is given by

Tm,rms =

√
1
tf

∫ tf

0
{Tm}2dt, (50)

where tf is the cycle time of the task and Tm is the motor
torque obtained by (17).

Similarly, the voltage and current at steady-state Vrms and
Irms, produce the same heat dissipation during the motor
operation that can be equated with the limits VN ,M and IN ,M
where

Vrms =

√
1
tf

∫ tf

0
V 2
mdt =

√
1
tf

∫ tf

0
{v2q + v

2
d }dt, (51)

and

Irms =

√
1
tf

∫ tf

0
I2mdt =

√
1
tf

∫ tf

0
{i2q + i

2
d }dt. (52)

In the dynamic zone, the motor can momentarily operate at
maximum torque and velocity values that can be obtained as

‖Tm‖∞ = max{|Tm|}, (53)

‖ωm‖∞ = max{|q̇a · nr |}, (54)

where the dynamic range to drive the motor for short periods
of time can be contrasted with the torque and speed limits
TM ,max and ωM ,max . Likewise, the electrical maximum volt-
age and current are obtained as

‖Vm‖∞ = max{

∣∣∣∣√v2q + v2d ∣∣∣∣}, (55)

‖Im‖∞ = max{

∣∣∣∣√i2q + i2d ∣∣∣∣}, (56)

whose values can be equated with the limits of electrical
dynamic operation range Vmax and Imax .

B. FEASIBLE MOTOR CONSTRAINTS
Based on above characteristics, a feasibility criterion can be
proposed and considered as a constraint to the selection and
control process to avoid overheating and overexertion on the
powertrain. Then, the requirements for a feasible candidate
motor at each k-th actuated joint are the following (for sim-
plicity, motor index k is omitted in this section).

1) MECHANICAL MOTOR CHARACTERISTICS

Continuous torque: TM ,N ≥

√
1
tf

∫ tf

0
{Tm}2dt, (57)

Maximum speed: ωM ,max ≥ max{|q̇a · nr |}, (58)

Maximum torque: TM ,max ≥ max{|Tm|}, (59)

where each motor torque Tm can be obtained from (17).

2) ELECTRICAL MOTOR CHARACTERISTICS

Continuous current : IN ≥

√
1
tf

∫ tf

0
{i2q + i

2
d }dt, (60)

Maximum current : Imax ≥ max{

∣∣∣∣√i2q + i2d ∣∣∣∣}, (61)

Continuous voltage : VN ≥

√
1
tf

∫ tf

0
{v2q + v

2
d }dt, (62)

Maximum voltage : Vmax ≥ max{

∣∣∣∣√v2q + v2d ∣∣∣∣}. (63)

3) TRANSMISSION CHARACTERISTICS

maximum load torque: TG,max ≥ max{|τa(t)|}, (64)

maximum input speed: ωG,max ≥ max{|q̇a · nr |}, (65)

where each load torque can be given by (12). TG,max and
ωG,max are limit values for load torques and coupling speed
on the powertrains’ transmission or reducer.
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C. PARAMETER CHANGES IN ROBOT DYNAMICS
The governing dynamic equation of the mechanism (1) can
be obtained by using the Euler–Lagrange formulation [29].
In general, the inertia matrix,M(q), can be obtained by

M (q) =
n∑
i=1

(
JTvcimiJvci + JTωiIiJωi

)
. (66)

Jvci ∈ R3×n and Jω,i ∈ R3×n are the linear and angular Jaco-
bian matrices related to the mass centerOci of the i-th link of
the robot, and Ii is the inertia tensor matrix for the i-th link
related to the base frame, given by

Ii = RiIiiR
T
i . (67)

where Ri is the rotation matrix with respect the base frame
and Iii is the inertia tensor with respect to the i-th center mass
local frame.

The Coriolis matrix C(q, q̇) can be computed from the
Inertia matrix values of (63) (for example, obtaining the first
type Christoffel symbols [29]), and the i-th element of the
gravity vector g (q), can be obtained as

gi(q) =
∂

∂qi

n∑
j=1

mjg0TOcj. (68)

where g0 represents the gravity acceleration vector with
respect the base of the robot (g0 = [0, 0,−g]T if the gravity
vector is acting on z axis).
Suppose that we are selecting motors on the powertrain

for a fixed manipulator structure. Then, notice that (66), (67)
and (68) depend on the inertial parameters valuesmi,Oci, and
Ii at each link of the manipulator. However, the total mass
of each link mi changes because of the installed motors on
the mechanism, and it also modifies the mass center location
Oci concerning the local frame. Moreover, each added motor
has an associated tensor of inertia, such that it affects to the
total inertial Ii in the local link. Therefore, the dynamics
equations of the manipulator are affected by the powertrain
parameterization, where the inertial parameters valuesmi,Oci
and Ii changes at each link of the manipulator. These effects
are considered in this paper as follows.

1) MASS CHANGES
Since there are robot structures with more than one motor
installed on the same link, the total mass of the i-th link
changes (where i = 1, . . . , n), that modification can be
calculated as

mi =
p∑
j=1

mi,j (69)

where mi,j is the mass contribution of the j-th element (link
and added motors) to the i-th link of the robot.

FIGURE 5. Mass center position of the j-th motor related to the
i -th frame.

2) MASS CENTER LOCATION
For the i-th link of the robot, themass center location, denoted
by Oci, can be obtained as

Oci =
1
mi

p∑
j=1

Oci,jmi,j (70)

whereOci,j is the mass location vector of the j-th element with
respect to the i-th local frame.

3) TOTAL INERTIA
Considering that the inertia of each linkmodifies the dynamic
model of the robot, it is necessary to consider these inertial
changes, which can be obtained by using the Steiner’s theo-
rem as follows.

Let be w = (x, y, z) any position vector, the skew-
symmetric matrix S(w) associated with w is

S(w) =

 0 −z y
z 0 −x
−y x 0

.
Under Steiner’s theorem the inertial contributions of the i-th
link can be obtained with respect to the total mass center
Oci as

Iii =
p∑
j=1

Ii,j + mi,jST(ri,j)S(ri,j), (71)

where Ii,j is the invariant inertia tensor for the j-th element
with respect to the i-th frame. ri,j is the position vector that
represents the center mass location between the j-th element
Oci,j and the total mass center Oci of the i-th frame (Fig. 5),
i.e.

ri,j = (Oci,j −Oci). (72)

IV. CONCURRENT OPTIMIZATION FOR SELECTION AND
CONTROL OF AC SERVO MOTORS
This paper is focused on obtaining the best set of motors, that
optimizes three performance objectives, energy consumption,
tracking error and motors total weight, subject to limits and
operating ranges of feasible motors and the closed-loop robot
dynamics (Fig. 6).
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FIGURE 6. Available motors and indexes selection for the actuated joints.

Objective functions and decision variables are presented as
follows.

A. OBJECTIVE FUNCTIONS
Three objective functions are considered to be optimized.

1) ENERGY CONSUMPTION
Based on [32] the power losses, on each k-th motor of the
powertrain, are electricalWE and mechanicalWM, which are
denoted as

WE,k = Rs,k (i2d,k + i
2
q,k ), k = 1, . . . , na (73)

WM ,k = Tm,knr,kqa,k , k = 1, . . . , na. (74)

The energy balance of all the motors can be described by

PM =WE +WM. (75)

Then, the objective consists on minimizing energy con-
sumption of motors

f1 =
∫ tf

0
PM(t)TPM(t)dt, (76)

by selecting the best motor parameters and tuning control
gains, where tf is the final cycle time of the task.

2) TRACKING ERROR
The tracking error objective is given by

f2 =
∫ tf

0
e(t)T e(t)dt. (77)

where e(t) is the position error given by (39).

3) TOTAL WEIGHT OF AC SERVOMOTORS
The objective is to minimize the total weight of actuators,
by selecting low-weight motors that can properly drive the
required task i.e.,

f3 =
na∑
k=1

mm,k , (78)

where mm,k is the mass of the k-th motor added to the pow-
ertrain of the robot.

B. DECISION VARIABLES
1) INTEGER DECISION VECTOR
Let’s consider that there is an integer index zm,k associated
with each possible motor, so if in the catalog there are dm
candidate motors, then 1 ≤ zm,k ≤ dm, k = 1, . . . , na.
Thus, a design decision vector zm ∈ Zna with zm =

[zm,1, zm,2, . . . , zm,na ] is to be found by the optimization algo-
rithm.

2) CONTINUOUS DECISION VECTOR
Gains of the FOC controller at each actuated joint, conform
a decision vector xc = [[kp1,q, . . . , kpna ,q],[kp1,d , . . . , kpna ,d ],
[kI1,q, . . . , kIna ,q], [kI1,d , . . . , kIna ,d ], [k1,1, . . . , k1,na ], [k2,1,
. . . , k2,na ]], whose entries belong to the diagonal matrices
Kp,q, Kp,d , KI ,q, KI ,d , K1 and K2 respectively. Moreover,
control gains should be positive, so

xc,l > 0, l = 1, . . . , 6na. (79)

C. CONSTRAINTS
To avoid overexertion, heating or damage on the powertrain
of the robot, the proposed constraints for the optimization
problem are: the dynamic equation of the closed-loop con-
trol system given by (46)-(49), the mechanical and electrical
characteristics of feasible motors (50)-(65), and changes in
the inertial parameters (69), (70) and (71).

D. CONCURRENT OPTIMIZATION PROBLEM
In order to optimally select the robot actuators, a multi-
objective dynamic optimization problem is stated as, finding a
decision vector X∗ =

[
z∗m, x

∗
c
]T, that optimizes the objective

function vector

min
X

F = [f1, f2, f3], (80)

subject to:
• The closed-loop dynamics of the mechatronic model
system (46)-(49).

• The motors feasibility criterion related to mechanical
and electrical characteristics, and constraints of a cou-
pled motor and reducer, given by (50)-(65).

• Changes inmass and inertial parameters and their effects
on the dynamics of the manipulator (69), (70) and (71).

E. NSGA-II GENETIC ALGORITHM
The NSGA-II algorithm is able for good spread, diversity
of solutions, and convergence near to the true Pareto opti-
mal front. A flowchart of an iteration of NSGA-II is shown
in Fig. (7).

The algorithm is as follows,
1) Create the initial population Pt (N ) with N individuals

(or chromosomes) by using random design variables,
where the first generation is t = 1, and the ix-th chro-
mosome has 7×na design variables composed by con-

tinuous and discrete design variablesXix =
[
zixm, x

ix
c

]T
,

and ix = 1, . . . ,N .
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FIGURE 7. One generation of the NSGA-II algorithm.

2) Create a new population of M chromosomes Qt (M )
from the population Pt (N ), by applying the genetic
algorithm operators such as selection, crossover and
mutation.

3) Evaluate each objective function, obtaining the fitness
vector [f ix1 , f

ix
2 , f

ix
3 ], and verify for the chromosome ix

if it fulfills with the constraints feasibility
4) Merge population Pt (N ) with Qt (M ) in order to create

a new population Rt (N +M ), i.e. Rt = Pt
⋃
Qt

5) Sort Rt (N +M ) and hierarchize them according to the
dominance of the chromosomes to form r fronts, i.e.
Ft (1, . . . , r) (ranking).

6) By using an elitist process, select the best population to
form r from the r ranks created (non-dominated
chromosomes), where r∗ ≤ r .

7) Apply the crowding distance process on the next fronts
Fr∗+1, by adding the best chromosomes in order to have
the next new population, i.e. until size(Pt+1) = N .

8) Since we have the new population Pt+1, where t = t+
1 represents the next generation, repeat all the process
from step (2) until the maximum number of generations
is attained.

V. OPTIMAL ACTUATOR SELECTION RESULTS
A parallel industrial robot manipulator of six DOF of the
brand Nachi Robotics Systems (Fig. 8) driven by PMSMs is
considered as the case study. Fig. 9 shows the robot configu-
ration, where d0 = 0.265 [m], a0 = 0.25 [m], d1 = 0.71 [m],
a2 = a4 = 1.045 [m], a3 = a52 = 0.41 [m], a5 = 1.70 [m],
dy = 0.15 [m], and a6 = 0.235 [m].

Inertial parameters of the robot are shown in Table 1, where
mi is the mass of the i-th link and Oci = [xci, yci, zci]T is the
mass center location of the i-th link with respect to the local
frame.

FIGURE 8. Industrial robot manipulator of particular case.

FIGURE 9. Configuration of the industrial robot manipulator.

Considering that Iii is the tensor of inertia of the i-th link
with respect to the i-th frame, it is defined as

Iii =

I
i
xx,i I ixy,i I ixz,i
I iyx,i I iyy,i I iyz,i
I izx,i I izy,i I izz,i

. (81)

Then,

IIbasebase =

46.5451 0 0
0 46.5451 0
0 0 66.9080

, (82)

I11 =

264.2562 0.0006 −60.3371
0.0006 272.8590 0.0018
−60.3371 0.0018 85.7910

, (83)
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TABLE 1. Physical parameters of the robot.

FIGURE 10. Major and minor robot axes.

I22 =

 7.2241 0 −0.1493
0 125.5378 0

−0.1493 0 123.6983

, (84)

I33 =

0.1510 0 0
0 2.9732 0
0 0 2.9976

, (85)

I44 =

 4.1378 −4.8865 1.0589
−4.8865 62.4879 0.0957
1.0589 0.0957 63.7890

, (86)

I55 =

 23.0635 −44.4309 −0.3522
−44.4309 323.2139 −0.2103
−0.3522 −0.2103 334.9734

, (87)

and

I66 =

0.9341 0 0.0375
0 1.6148 0

0.0375 0 1.2826

, (88)

where all the entries of the inertia tensors are in [Kg · m2].
The joints are actuated by PMSM Synchronous AC servo

motors, each one coupled with a reducer.
Selection of motors for the major axes of the robot is

carried out to test the proposed method. Then, the robot is
considered as a 3 DOF spatial robot, Fig 10. In this way,

the effects of control and motions of the orientation of the
wrist do not affect the selection method.
The desired task consists of taking an aluminum plate

adding load to the end effector, from an initial to a final point
inside the workspace. The geometry of the load is length =
0.3 [m], height = 0.3 [m], and deep = 0.1 [m], with a total
mass of 24.2856 [Kg]. The mass center location is Oc,load =
[0.0500, 0, 0]T , and the inertia tensor of the load is

Iloadload =

0.3643 0 0
0 0.2024 0
0 0 0.2024

. (89)

The initial P1 and final P2 desired points (in [m]) of the
task are, respectively

P1 = [0,−1, 0.5]T , (90)

P2 = [1.825, 0, 2.17]T , (91)

with a final time of tf = 8 s. The transmission ratio on the
reducers of the three major axes are nr,1 = 1 : 100, nr,2 =
1 : 120, nr,3 = 1 : 120.
The settling time is te = 7s to ensure that the robot achieves

the final point, where the steady-state position profiles are
within 2% of the required final value.

The objective of this particular case consists of redesigning
the robot powertrain, by an appropriate selection of off the
shelf AC servomotors for the three major axes of the robot,
and assigning a proper set of control gains for the FOC control
for minimum energy consumption, minimum tracking error
and the minimum weight of selected motors.

Then, by using the genetic algorithm it is required to obtain
a decision vector X∗, composed by discrete and continuous
design variables (z∗m ∈ Z3 and x∗c ∈ R18) as

X∗ =
[
z∗m, x

∗
c
]T
, (92)

to minimize the objective function vector

min
X

F = [f1, f2, f3], (93)

subject to:

• The closed-loop dynamics of the mechatronic system.
• Changes of inertial parameters.
• The use of a proposed catalog list that relates each index
selection of motor of the discrete vector (Appendix).

• The criteria for feasible AC servomotors related to
mechanical and electrical constraints.

• The settling time te = 7 s, within an error of 2% with
respect to the desired final value.

• A required cycle time of tf = 8 s.

For the genetic algorithm, a population of 100 chromo-
somes is proposed, where at 1300 generations a set of
non-dominated solutions is obtained, fulfilling with all the
constraints. The parameter values for the NSGA-II algorithm
can be seen in Table 2.
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TABLE 2. NSGA-II algorithm parameters.

FIGURE 11. Pareto front for motor selection.

A. SIMULATION RESULTS
A set of non-dominated solutions is obtained by using the
NSGA-II algorithm, resulting in the Pareto front in Fig. 11.
It can be seen that for lower energy consumption a higher
tracking error is obtained, this fact is explained by the ratio-
nale that more energy is required to reach the desired motion
quickly. Regarding the total weight of actuators, there can be
different combinations of motors to get feasible solutions;
however, for lower tracking error the combination set of
motors seems to stand around 105 [Kg], this may infer that
there are few combinations of energetically capable candi-
date motors to achieve this tracking error, and in order to
achieve the minimal tracking error more energy consumption
is required.

In a multi-objective optimization problem, the concept of
the best solution turns subjective, since the fitness value of
each objective function cannot beminimized without worsen-
ing the value of some other objective. Thus, the designer has
to select, in a subjective manner, one non-dominated solution
from the obtained Pareto-Front to best satisfy the desired
objectives.

Some authors suggest a Post analysis of Pareto-front [33],
searching the Utopian point from the non-dominated points

FIGURE 12. Position and velocity errors of actuated Joints.

of objective functions, or the most equality-weighted solu-
tion. However, they select a local solution from the Pareto-
Optimal set. Therefore, we consider obtaining all the spread
set of solutions to form the Pareto-Front.

Let us consider S1 and S2 as are the extreme solutions
among possible solutions at the Pareto-front (Fig. 11), where
S1 is the solution with minimum energy consumption during
the task and S2 with minimum tracking error during the task
from the obtained Front.

According to compared fitness results between S1 and S2,
and the different trade-offs between the three objective func-
tions shown in Table 3, a point X∗ is subjectively selected as
the solution of the proposed multi-objective problem.

TABLE 3. Comparative fitness.

1) SELECTED SOLUTION FOR THE MULTI-OBJECTIVE
OPTIMIZATION PROBLEM
In order to show the performance of the complete closed-loop
system for a particular solution, we select the chromosome
denoted as X∗(chromosome No. 63) which satisfies all con-
sidered constraints and seems one equality-weighted solution
between energy consumption and tracking error, and with
minimal weight as possible. The decision vector values for
the selected solution are the following,
• Indexes of selection for motors z = [zm,1, zm,2, zm,3]:
z(X∗) = [17, 28, 26].

• Control gain values for the FOC controllers xc =
[diag{KP,q}; diag{KP,d}; diag{KI,q}; diag{KI,d};

diag{K1}; diag{K2}]:
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FIGURE 13. Tracking of desired positions In Cartesian space.

FIGURE 14. End-effector resulting trajectory in Cartesian space. At each
joint Oci = (xi , yi , zi ) = (red ,green,blue).

xc(X∗) = {[0.0008, 0.0053, 0.107]; [3.88, 3.24, 2.13];
[9.4203, 9.5654, 8.1114]; [4.5610, 2.8316, 7.6887];
[760.09, 810.376, 809.77]; [785.81, 998.33, 850.88]}.

Position and velocity errors of actuated joints (three major
axes) are shown in Fig. 12, it can be seen that positions are
near to the desired point since t ≥ 5 [s]; however, the con-
troller has to ensure the final point constraint one second
before the final time tf . The time behaviour of the end effector
position from P1 to P2 is shown in Fig. 13, where varia-
tions within the 2% final value condition are accomplished
at te = 7 [s].
The obtained trajectory in Cartesian space is shown

in Fig. 14, which is the resulting trajectory of the end-effector
where the robot handles the load from P1 to P2. In the figure,
each local frame axes is shown at each joint.

According to the FOC technique, all desired currents I∗d
in the d axis are zero. However, these currents are used
to calculated errors for the PI inner controllers in order to

FIGURE 15. Currents of actuated joints in q-d axes and voltages
convergence on d axes.

FIGURE 16. Voltages in q axes.

achieve the desired voltages in the d axis V∗d. Then, currents
tend to a constant value to yield convergence of the voltages
of the d axes to zero. Thus, the currents in the q axis are in
quadrature, which totally defines the current-torque control
on the powertrain. The response transition of currents in the
q and d axes, and transition of voltages in the d axis, before
converging to zero are shown in Figure 15.

The control voltages in the q axis were obtained by using
the desired currents and voltages in the d axis, as a result of
the PI loop controllers. The q axis voltages profiles are shown
in Fig. 16.
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FIGURE 17. Three-phase voltages to drive selected motors.

FIGURE 18. Motor torques of actuated joints.

By using the Clarke and Park TransformMatrix, we obtain
the real three phase voltages required by the FOC control of
the selected motors. These voltage profiles are sent to the
inverter to drive the motors, which are shown in Fig. 17.
Finally, motor and load torques on actuated joints are

shown in Figures 18 and 19 respectively, where at motion

FIGURE 19. Load torques of actuated joints.

TABLE 4. Catalog list of motors. Mechanical limits of operation.

beginning, it can be seen high peak torques. Note that torques
of Fig. 19 are the load profiles that have to be driven by the
powertrain. Because of the transmission design, inside the
robot, the transmission reduction ratio, and the reducer given
by the own structure design of the robot, the motor torques are
lower than load torques, since they depend on the interaction
of motor-reducer to drive the required loads. In this case, with
the selected motors, the motor torques to drive the given load
torques, can be shown in Fig 18.
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TABLE 5. Catalog list of motors. Electrical limits of operation.

This fact represents an advantage of selecting AC Servo
Motors (over DC motors), as it is possible to drive high peak
torques and high accuracy of the required motion, with low
energy consumption. Then, regardless high or low torque
profiles, the selected motors satisfy all the constraints and can
operate the required load according to their own continuous
and dynamics operation zones, whose limit values were given
by their own manufacturer designers to avoid overheating,
damage or overexertion.

VI. CONCLUSIONS
A concurrent optimization method to optimally select AC
servomotors for industrial manipulators is presented in this
paper, obtaining feasible solutions for a required task. For
this, energy consumption, tracking error and the total weight
of motors are proposed to be minimized according to their
own operating zones and thermal, mechanical and electrical
constraints to avoid overheating and overexertion of the pow-
ertrain before to make a final decision of selection.

TABLE 6. Catalog list of motors. Mechanical parameters.

According to the obtained results, for more diversity of
feasible solutions higher quantity of candidate motors is
needed in the proposed motor list. However, due to the trade-
offs between the proposed objectives, regardless the number
of candidate motors, for lower tracking error higher energy
consumption is needed on the candidate motors, and for more
energy consumption a lower set of motor combinations with
minimum total weight as possible.

Moreover, it has been observed that motor capabilities are
generally proportional to their weight, candidate motors with
wide dynamic and continuous range to follow high dynamic
loads are commonly weightier. Since more than one motor
can be added along the robot’s kinematic chain, the actua-
tors’ weight directly affect the closed-loop dynamic response.
Thus, masses and inertial parameters involved at each link of
the robot should be considered in a motor selection process
for robots.

The proposed methodology concurrently involves design
and control parameters to study a complete insight into the
physics of the system, such as total weight, energy, physical
limitations, control effects, loads, and so on, thus yielding
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TABLE 7. Catalog list of motors. Electrical parameters.

accurate descriptions of the system dynamics to be consid-
ered in optimal actuator selection processes.

Unlike traditional selection methods where control-models
are not considered, the proposed method accurate more
knowledge of the drive system dynamics, which represents a
more reliable method to analyze the dynamic response caused
just by exchanging or installing different actuators on the
powertrain in a given task.

Finally, the concurrent design approach is a methodology
dealing with interdisciplinary design, obtaining feasible solu-
tions for the analyzed system, where the interaction of sub-
systems is involved in accomplishing the desired objectives
that are conflicting each other.

APPENDIX
LIST OF PMSM MOTORS
The following list of motors shows the ranges and parameters
obtained from a commercial catalog of AC Servo Motor,
whose values are given by the manufacturer.
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