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ABSTRACT It is of crucial importance to obviate power system damage and cascading failures that may
cause a full or partial blackout when the system is exposed to severe contingencies. Flexible alternating
current transmission system (FACTS) devices have been harnessed for solving several power system
problems including transient stability. Ever since, to emphasize the effectiveness of the FACTS technology,
the number and allocation of these devices must be selected properly. So, a novel algorithm is proposed
in this paper to determine the best least number (BLN) and allocation of the thyristor-controlled series
capacitor (TCSC) with a goal of improving the transient stability in an optimal manner. A combination
of the catastrophe theory (CT) and the multi-objective particle swarm optimization (MOPSO) method in
addition to a clustering technique is used to structure the proposed algorithm. The CT is used to assess the
transient stability and calculate the critical clearing time (CCT). MOPSO is applied to compromise between
maximizing the CCT and minimizing the cost of TCSCs as two contradictory objective functions. The
clustering technique is designed to provide the BLN of TCSC devices. Accordingly, at least investment,
the proposed algorithm satisfies an increase of the stability margin by increasing the value of CCT for
each generator and improves the location of operating points in the CT’s stability region. Simulation of the
proposed algorithm application to New England 39-bus power system is presented to verify the algorithm
effectiveness. The results confirm the feasibility of this algorithm and are validated in comparison with those
obtained through time-domain simulation.

INDEX TERMS Catastrophe theory, FACTS devices, multi-objective particle swarm optimization, transient
stability.

I. INTRODUCTION
Transient stability analysis is essential for evaluating the
network’s ability to regain an adequate state of equilibrium
after being prone to either large or small disturbances [1].
Therefore, use of accurate methods to assess the transient
stability is vital in preventing such conditions and hence of
special interest in the field of power system security. Critical
clearing time (CCT), which is defined as’’ maximal fault
duration for which the system remains transiently stable,’’
is an important parameter to specify the transient stability
state of power systems [2]. Several research works have
dealt with calculating CCT in multi-machine power system
either by direct methods based on transient energy function
(TEF) or step-by-step time domain simulation (TDS) meth-
ods or artificial intelligence techniques [3]–[6]. CCT is also
calculated in [7] as a linear function in terms of the generator
rotor angle at the faulted bus.

Calculation of CCT, precisely and directly, without any
assumptions or using trial and error approximated methods
could be done by using catastrophe theory (CT), which is fast
and direct assessment method. CT is featured as a qualitative
and effective mathematical tool for studying both transient
and steady-state stability of power systems [8], [9]. It is
initially presented in [10] to study power system steady
state stability, and then, compared with the energy balance
approach. The results approved that the cusp manifold can be
used to assess the power system steady state stability [11].
CT has also been applied to transient stability assessment
of multi-machine power system by defining the stability
region in the cusp bifurcation surface in terms of defined
control variables [12]. In addition, CT has been studied
to provide the swallowtail manifold by which the multi-
machine power system transient stability can be assessed
online [13].
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It is beneficial to enhance the power system transient
stability with a goal of enabling the system to withstand
more severe contingencies (i.e., to be more secure). Stability
enhancement can be achieved by designing effective con-
trollers and adding compensating devices in an optimal man-
ner. Different optimization techniques have been employed
for this purpose [14]. Multi-objective particle swarm opti-
mization (MOPSO) method has shown the competence
to untangle multi-objective problems in many fields [15].
MOPSO is used in [16] in order to find Pareto set of cor-
rected transient energy margin and congestion management
cost as two conflicting objective functions. Due to MOPSO
outstanding performance in solving nonlinear objectives, it is
used in [17] to improve the dynamic stability of multi-
source power system. It is also considered as an effective
method to find the optimal allocation of static VAR compen-
sators (SVCs) in a multi-machine power system to enhance
the transient stability [18].

Flexible alternating current transmission system (FACTS)
devices can be used to improve power system dynamics,
e.g., transient stability, oscillations dampening, voltage con-
trol, voltage stability and reliability [19]. It has evolved
in two generations; the first generation comprises (SVC)
and the thyristor-controlled series capacitor (TCSC). The
second generation encompasses static synchronous compen-
sator (STATCOM), the static synchronous series compen-
sator (SSSC), and the unified power flow controller (UPFC).
Specifically, FACTS devices for series compensation provide
the system with reactive power that increases the natural
power of the transmission line, which in turn, increases its
power transfer capacity. This results in an enhancement of the
system transient stability [20]. SSSC, which is classified as a
voltage source converter-based FACTS controller is capable
of interchanging active and reactive power with the power
system [21], [22]. Nonetheless, the transformer needed to
connect SSSC in series with the transmission line is a cost
disadvantage and reduces the performance of the SSSC due
to an extra reactance being introduced. Also, the source of
energy, which is needed to provide the DC voltage across the
capacitor and make up for the losses of the voltage source
converter (VSC) could cause compensation limitation on the
required device [20]. TCSC can be considered as one of
the effective and economic FACTS controllers. It is pro-
gressively employed in stressed and congested transmission
systems [23]. The effectiveness depends mainly on their sizes
and places in the power system [24].

Particularly, for transient stability enhancement, TCSC
proved its superiority and can outweigh the other FACTS
devices because the TCSC controls the line reactance directly
not through injecting voltage into the line [25]–[27]. Many
studies have demonstrated the role of TCSC for enhanc-
ing power system performance and still are in action so
far [28]–[31]. Adaptive differential evolution algorithm is
used in [32] in order to find the efficient allocation of TCSC
devices. In addition, a proposed multi-objective function has
been applied to find amiddle ground between reducing power

losses, improving voltage profile, reducing reactive power
losses, reducing TCSC cost and reducing the number of
FACTS units. A local fuzzy based damping controller for
TCSC is investigated in [33]. In order to control TCSC firing
angle, the frequency at the TCSC bus is used as a local
feedback signal and the chaotic optimization algorithm, as a
heuristic algorithm, is used to adjust the parameters of the
controller. A new nonlinear control scheme for TCSCs has
been suggested to study the transient stability of a multi-
machine power system in [34]. Here, zero dynamic design
method is used to express the nonlinear control strategy of
the TCSC controller. Pre-selected parameters of TCSC and
SVC are optimized by using multi-objective self-adaptive
evolutionary programming algorithm to enhance the transient
stability in [35].

From the literature review, power system transient sta-
bility must be assessed as accurate as possible to decide
how to improve it. Then, selecting the method being applied
to achieve the desired improvement. These methods are
either adding some assets into the system (e.g., FACTS
devices) or optimizing the performance of the existing system
assets (e.g., local controllers of generators and loads) or com-
bination of both.

In this paper, TCSC as one of the FACTS devices is used
because of its technical and economic advantages that out-
weigh those of other devices. A new algorithm is proposed to
find the optimal allocation and the best least number (BLN)
of TCSC to achieveminimum investment required to improve
and maintain system stability. A combination of CT and
MOPSO in addition to a clustering technique are the main
tools to structure the proposed algorithm. So, the algorithm is
based on: i- CT for transient stability assessment, ii- MOPSO
technique for stability improvement by maximizing the CCT
and minimizing the cost of TCSC devices as two contradic-
tory objective functions, and iii- the clustering technique that
is designed to calculate the BLN of the TCSCs from which
the devices satisfying the best highest value (BHV) of CCT
for each generator is determined.

The next sections are organized as: Section II presents tran-
sient stability assessment by using CT. Section III provides a
brief review of FACTS devices, particularly, TCSC. The opti-
mal allocation of TCSCs as a multi-objective optimization
problem is presented in Section IV. Description of the new
algorithm is given in Section V. The applicability of the pro-
posed algorithm is explained in SectionVI for all possible line
outages and line congestion through an illustrative example
that is validated by comparing the results with those obtained
by TDS. Section VII summarizes the finding of this work
and draws conclusions. Section VIII contains the references.
Finally, an Appendix to illustrate some details toward CT.

II. TRANSIENT STABILITY ASSESSMENT BY USING CT
It is found that CT has the capability of representing the
operating points of the system’s machines within a manifold
that defines the stability margin. The location of these oper-
ating points is determined by calculating control parameters
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(a, b, and c) defined by algebraic equations that yield fast
transient stability assessment [11]. For the swallowtail bifur-
cation catastrophe, the values of the three control variables
are computed in terms of the system parameters at differ-
ent operating conditions. Thus, the corresponding operating
points in the control space and their location with respect
to the stability boundaries can be defined. The bifurcation
set is valid for the power system encountering any type of
stresses and congestion. Additionally, CT can visualize the
operating points for online monitoring. It has been applied
to power system transient stability assessment by deriving
the swallowtail bifurcation catastrophe function that is given
by [36]

y4 + ay2 + by+ c = o (1)

where, y is the state variable calculated in terms of the CCT,
and the control variables a, b, and c, which are algebraically
expressed in terms of system parameters, i.e., no need to
solve the swing equations. It is to be noted that a = −12
(i.e., constant) in this application, and so, the swallowtail
bifurcation set representing the control space is only depen-
dent on b and c [13]. The derivation is given in Appendix and
the graphs of three and two-dimension bifurcation set are
shown in Figs. 1a and 1b, respectively. For stable operation
of the power system, the operating points of all generators
must be inside the shaded area of the graph shown in Fig. 1b.

FIGURE 1. Schematic outline of swallowtail bifurcation set.
(a) in three-dimension space, (b) in two-dimension space
(the shaded area represents the stable region).

III. FACTS DEVICES
FACTS devices can be connected in shunt, in series, or in
combination of both. The advantages they offer to the power
system are widely referenced in several scientific works.
These benefits involve enhancement of power system stabil-
ity, controlling the flow of active and reactive power in the
system, and increasing system loadability [37]. Optimal allo-
cation of FACTS devices enables the existing power systems
to be utilized more effectively. TCSC is a type of series com-
pensation that is of interest for several reasons such as [38]

1- providing a way of varying series compensation to
instantly meet the system requirements, thereby per-
mitting control of power flow in the compensated trans-
mission line;

2- providing a fast and continuous control scheme that
might be used for adding damping to spontaneous sys-
tem oscillations; and

3- enhancing transient stability, reducing network losses,
providing voltage support, limiting short-circuit cur-
rents, and mitigating subsynchronous resonance.

FIGURE 2. The basic structure of TCSC [20].

TCSC can operate in different modes: blocking mode, bypass
mode and capacitive boost mode [20]. A typical TCSC mod-
ule entails a fixed series capacitor, C, in parallel with a
thyristor controlled reactor as shown in Fig. 2. This combi-
nation allows smooth control of the fundamental frequency
capacitive reactance over a wide range. A bypass disconnect
switch is used to protect the device in the event of a high
fault current on the line. A metal-oxide varistor (MOV) is
also connected across the capacitor to prevent over-voltages.
TCSC device is connected in series with the transmission line
and used to control the real power flow by controlling the
electrical length of the transmission line. During the power
flow analysis, the TCSC is modeled as a constant capacitive
reactance that modifies the line reactance XL , to become X ′L
as in the relation below.

X
′

L = (1−K)XLine (2)

where K , the degree of compensation
(
XC
/
XLine

)
.

IV. TCSC ALLOCATION OPTIMIZATION PROBLEM
PSO technique is one of the most effective metaheuris-
tics algorithms with many successful real-world applica-
tions [39]. Considering the cost of TCSC, MOPSO is used in
this study to determine the optimal allocation of the TCSC
required to maintain system stability when a fault occurs
at a predefined location. The fitness function of MOPSO
method, F , is formulated in terms of two contradictory objec-
tive functions (F1 represents the value of CCT to be maxi-
mized and F2 to calculate the TCSC cost to be minimized) as
given below.
i) The Objective Function F1: Based on CT, it computes

the value of CCT as derived in Appendix and given by (A.37).
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Thus, F1 can be written as [13]

F1 =

[√
2M (δc − δ0)

(Pin − Pe (t0+))

]
(3)

ii) The Objective Function F2: It gives the cost of
TCSC, (CTCSC). This function can be written in the
form [36]

F2 = (0.0015 S2 − 0.7130 S+ 153.75) (4)

From (3) and (4), the Fitness Function (F) can be expressed
by using weighted sum method as

max F = (h1F1 − h2F2) (5)

Subjected to Equality constraints:

δc = the smallest positive real root of (1).

S = |Q2| − |Q1| (6)

Inequality constraints:

0 < b < bmax (7)

cmin < c < cmax (8)

80%(capacitive) < k < 20%(reactive) (9)

where,
δc , critical clearing angle.
δo , minimum angle of oscillation.
Pin , input mechanical power.
Pe (to+) , electrical power at the instant of fault.
M , machine inertia constant.
b and c, the control parameters, which are the coordinates of
generator operating point in the bifurcation set [13]. They are
a function of the power delivered by the generator during and
after the fault as derived in Appendix and can be calculated
by (A.32) and (A.33).
(bmax, cmax), (0, cmin) , coordinates of the points located on
the boundary of the stable region.
S , the operating range of FACTS devices in MVAR
h1 and h2 , the weighting factor of F1 and F2, respectively
Q1 and Q2 , the reactive power flow in the line before and
after installation of FACTS device, respectively.

In order to satisfy the system stability, the coordinates
of the operating point (b, c) in (1) should not violate the
boundary of stability region that is defined in (7) and (8).
The degree of TCSC compensation, K, should be within
predefined limits as given in (9). The negative sign in (5)
denotes the contradiction between F1 and F2. Multi-objective
optimization based Pareto front methods frequently result
in large non-dominated sets, which need significant compu-
tation time to be generated, though most of the consistent
solutions are irrelevant to the decisionmaker [40]. Despite the
skepticism about its accuracy, weighted sum method offers
the opportunity to the decision maker to give the higher
weight value to the objective, which he considers as the
highest priority [32]. The values of weighting factors could
be assigned with different methods such as; analytic network
process [41], best worst method [42], aggregated indices

randomization method, analytic hierarchy process [43] and
choosing by advantages according to the importance of the
associated objective function.

V. DESCRIPTION OF THE PROPOSED ALGORITHM
The proposed algorithm applies a combination of CT, and
an optimization technique such as PSO to inform decisions
about TCSC devices for improving power system stabil-
ity and maximizing the value of CCT. While the utility
has been to plan the allocation of TCSCs first, and then
to plan the entailed number of TCSCs, in co-optimization
both are assessed to identify a solution that can at least
investment cope with all possible contingencies and avoid
over-compensation. The three-phase fault, as the most severe
fault, as well as the system congestion due to a sudden
load increase, are considered to enable the algorithm to
deal with the most probable operating conditions. Therefore,
the proposed algorithm is divided into two parts (A and B).
Algorithm-A is the primary part that is used to determine
the optimal allocation of the TCSCs needed to maintain
the system stability and maximize the CCT for each fault
occurrence at a predefined probable location. The results
obtained from algorithm-A are considered as the data being
processed by algorithm-B. As an essential complementary
part, algorithm ‘B’ is applied to provide, first, the BLN of
TCSCs that satisfies system stability. This can be achieved
by a proposed clustering technique. Each TCSC is defined
by a set of two elements; location and size. Then, the sets
having the same location are grouped together constituting
one cluster. An equivalent set for each cluster is determined
by two elements (location and the maximum size of the
sets included) to specify what is called ‘‘cluster-TCSC.’’ The
clusters produced are organized in a descending order based
on the number of sets included in each cluster. The cluster-
TCSCs are inserted frequently (one-by-one) until satisfying
the system stability. Accordingly, the BLN of TCSCs can be
determined. Second, CT is applied to select which TCSCs can
satisfy both system stability and BHV of CCT. So, algorithm-
B encompasses two successive sub-algorithms (B1 and B2).
The steps of each algorithm are given below and the corre-
sponding flowcharts are shown in Figs. 3, 4, and 5, respec-
tively. As an illustrative example, a test system is studied in
the next section for more explanation about the application of
the proposed algorithm.
The Steps of primary algorithm-A and complementary

algorithm-B
Algorithm-A. Optimal Allocation of TCSCs
1- Initialize the parameters of PSO (number of particles

and maximum iteration).
2- Locate the fault on the first line as an initial

contingency.
3- Generate initial population randomly.
4- Initialize the location of TCSC.
5- Compute the fitness function.
6- Check stability by CT, if the system is unstable update

the position and velocity of particles and go to step 5.
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FIGURE 3. Flowchart of Algorithm-A.

7- Check whether the maximum of either iteration num-
ber or fitness function is achieved. If yes, then obtain
the optimum rating of TCSC for this location.

8- Advance the TCSC location to next line and go to
step 5.

9- If all lines are checked for TCSC’s location, select the
optimal location and size of TCSC for this fault.

10- Consider another line outage and go to step 3.
11- If all faulted lines are checked, stop the process and

create a table that gives for each contingency the corre-
sponding optimal allocation of the TCSC.

Algorithm-B. Determination of BLN and BHV
Sub-algorithm-B1. Determination of BLN
Based on the optimal allocation of the TCSCs, obtained

from algorithm-A, for probable locations of the three-phase
short circuit or sudden load increase, each TCSC is defined
by a set of two elements, Di, that is deduced by

Di = (`i,wi), i = 1, . . .N (10)

where N , the number of faulted lines, `i and Wi are the
corresponding location and size of the TCSC, respectively.

1- Clustering these sets into a number of clusters; each
cluster ‘G’ has the sets that are having the same loca-
tion. The number of sets per cluster is referred to as the
location frequency, k , and the clusters are organized in

FIGURE 4. Flowchart of sub-algorithm-B1.

a descending order of k , for example,

G1 ,
{(
`1,w1,1

)
∪
(
`1,w2,1

)
, . . . ..,∪

(
`1,wk1,1

)}
(11)

G2 ,
{(
`2,w1,2

)
∪
(
`2,w2,2

)
, . . . ..,∪

(
`2,wk2,2

)}
(12)

where k1 > k2
The general form of the jth cluster with location fre-
quency of kj can be written as

Gj ,
{(
`j,w1,j

)
∪
(
`j,w2,j

)
..,∪

(
`j,wkj,j

)}
,

j = 1, .,M (13)

where M, the number of clusters.
2- Each cluster is represented by what is called ‘cluster-

TCSC’ that is defined by an equivalent set of two
elements, Geq,j. This set includes the corresponding
location and the largest value of the TCSC size encoun-
tered in the cluster sets. Thus, from Equation 13,
the relation below can be written.

Geq,j ,
(
`j,wmax,j

)
, j = 1, . . . ,M (14)
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FIGURE 5. Flowchart of sub-algorithm-B2.

where,wmax,j = max |wi,j|, i = 1, ...., kj (with negative
and positive sign for capacitive and inductive compen-
sation, respectively)

3- Starting with embedding the cluster-TCSC of the first
one (i.e., j = 1), as defined by (14), into the power
system, CT is applied to assess the system stability
for all fault locations excluding those incorporated to
this cluster, that is, for a number of fault locations
NF = N–k1.

4- If the system is stable the algorithm will terminate.
If not, the cluster-TCSC of the of the next one
(i.e. j = 2) is additionally embedded into the power
system and the system stability is assessed by using
CT for the rest number of fault locations that equal
N–k1–k2.

5- Repeating step # 4 to embed the cluster-TCSCs of the
next clusters, one-by-one, until the system becomes
stable. This can be emphasized by testing the system
stability when embedding the jth cluster for a number
of fault locations given in a general form as

NF = N −
∑i=j

i=1
ki (15)

6- Determining the BLN and allocation of TCSC devices
required to retain system’s stability when contingen-
cies occur (any probable fault or sudden increase of
load).

Sub-algorithm-B2. Determination of TCSCs satisfying the
BHV of CCT:

1- Starting from the determined allocation of TCSCs set
obtained from sub-algorithm-B1 and system data as
inputs.

2- At each contingency, CT is used to determine
which TCSC device can satisfy BHV of CCT for
each generator and enhance the location of operat-
ing points by increasing the stability margin in the
bifurcation set.

VI. TEST SYSTEM AND RESULTS
The proposed algorithm is applied to 39-bus, ten machines,
New England test system as shown in Fig. 6. System data
can be found in [44]. MATLAB programming codes are
developed for MOPSO where the weighting factors, h1
and h2, are assigned by using analytic hierarchy process
method that is biased towards maximizing CCT with val-
ues of 0.7067 and 0.2933, respectively. Applying algorithm-
A, the optimal allocation of the embedded TCSC for each
particular line outage satisfying both system stability and
maximum CCT is obtained as presented in Table 1. It could
be seen from the results that it is required to insert TCSCs
at 11 locations with different size to keep system stability
at maximum CCT. The TCSCs are always capacitive and
reduce the reactance of lines where they are located. Results
of algorithm-A are considered as primary data for running
sub-algorithm-B1. Accordingly, the sets based on location
frequency are clustered and the equivalent set for each clus-

FIGURE 6. 39-bus ten machines New England test system with line
numbers.
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TABLE 1. Optimal allocation of TCSC for each faulted line.

ter, Geq,i, is deduced to define its cluster-TCSC as in the
following:

G1 = {(`1,−0.004), (`1,−0.001), (`1,−0.001),

(`1,−0.006), (`1,−0.001), (`1,−0.006),

(`1,−0.006), (`1,−0.001), (`1,−0.001),

(`1,−0.002)}, and

Geq,1 = (`1,−0.006), `1 = L4, k1 = 10.

G2 = {(`2,−0.01), (`2,−0.006), (`2,−0.002),

(`2,−0.002), (`2,−0.016), (`2,−0.003),

(`2,−0.015), (`2,−0.002)(`2,−0.002)}, and

Geq,2 = (`2,−0.016), `2 = L11, k2 = 9.

G3 = {(`3,−0.017), (`3,−0.005), (`3,−0.014),

(`3,−0, 017), (`3,−0.017),

(`3,−0.002), (`3,−0.017), (`3,−0.017)}, and

Geq,3 = (`3,−0.017), `3 = L30, k3 = 8.

G4 = {(`4,−0.001), (`4,−0.007), (`4,−0.001),

(`4,−0.007), (`4, 0.002), (`4,−0.002)}, and

Geq,4 = (`4,−0.007), `4 = L14, k4 = 6.

G5 = {(`5,−0.001), (`5 − 0.010), (`5 − 0.010),

(`5 − 0.005), (`5,−0.005)}, and

Geq,5 = (`5,−0.010), `5 = L33, k5 = 5.

G6 = {(`6,−0.002), (`6,−0.011)}, and

Geq,6 = (`6,−0.011), `6 = L31, k6 = 2.

G7 = {(`7,−0.008), (`7,−0.001)}, and

Geq,7 = (`7,−0.008), `7 = L10,k7 = 2.

G8 = {(`8,−0.001)}, and

Geq,8 = (`8,−0.001), `8 = L13, k8 = 1

G9 = {(`9,−0.002)}, and

Geq,9 = (`9,−0.002), `9 = L18, k9 = 1

G10 = {(`10,−0.001)}, and

Geq,10 = (`10,−0.001), `10 = L23, k10 = 1

G11 = {(`11,−0.014)}, and

Geq,11 = (`11,−0.014), `11 = L12, k11 = 1.
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Starting with the cluster-TCSC of the first cluster (G1),
as defined by (14), to be embedded into the power system,
CT is applied to assess the system stability for all fault
locations excluding those incorporated in this cluster, that
is, for a number of fault locations, NF = 36. The stability
will be checked when inserting cluster-TCSCs one by one,
i.e., in the order of L4, L11, L30, L14, L33, L31, L10, L13, L18,
L23, and L12. In each time, the number of fault locations,
being tested, is recalculated according to (15). The results
show that to cope with all probable line outage contingencies,
BLN = 4 at locations L4, L11, L30, and L14 with the size of
−0.006, −0.016, −0.017, and −0.007 per unit, respectively.
This means that use of the first four cluster-TCSCs defined
by (Geq,1 – Geq,4) is sufficient to maintain system stabil-
ity for all probable contingencies. Then, from the allocated
TCSCs, the selection of those satisfying the BHV of CCT
and maintaining system stability is obtained by applying the
sub-algorithm-B2 as given in Table 2. It is found that for fault-
lines in Table 1 at which the TCSC location belongs to the first
four clusters (G1-G4) have the same TCSC location as that
in Table 2, whereas the rest of cases (belonging to clusters
G5-G11) have different locations.

TABLE 2. TCSCs for BHV of CCT for line outage.

For instance, a three-phase fault occurs at the line, L #29,
from bus #2 to #25, close to bus #25 is considered to numeri-
cally illustrate the process. The fault is cleared by tripping the
faulted line. It is found that the system is unstable according

FIGURE 7. Location of operating points in bifurcation set. (a) Without
TCSC, (b) With TCSC at location L11. Fault at L #29.

to the location of the operating points in the bifurcation set
as shown in Fig. 7a. As the results obtained from applying
the primary part of the proposed algorithm (algorithm-A) and
given in Table 1, the system needs to insert the TCSC located
at L11 to satisfy both stability and maximum CCT. Then,
by using the complementary part of the proposed algorithm
(algorithm-B), it is found that the same TCSC is selected
among 4 sets of TCSC (BLN= 4) to be inserted in the system
as in Table 2 and the operating points are located inside the
stable region, Fig. 7b. In addition, the BHV of CCT compared
with the maximumCCT obtained by PSO technique is almost
the same or with very slight increase/decrease for some gen-
erators as given in Table 3. CT evaluates the CCT for each
generating unit, and so, the least value of CCT is taken as the
influential CCT value.

Applying the same procedure to the system when a fault
occurs at line, L #14, it is seen that the TCSC required to
satisfy system stability and maximum CCT is located at L33
as given in Table 1, whereas satisfying system stability and
BHV of CCT entails the TCSC to be located at L4, Table 2.
The change of TCSC allocation is due to that the location
L33 belongs to cluster G5, i.e., it is out of the first four
clusters (G1, . . ., G4) and thus, the BHVs of CCT differ from
the corresponding maximum values as in Table 4. However,
this change does not affect system stability satisfaction and
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TABLE 3. Values of CCTs (s) for uncompensated and compensated system at the line, L #29.

TABLE 4. Values of CCTs (s) for uncompensated and compensated system at the line, L #14.

FIGURE 8. Location of operating points in bifurcation set with (a) TCSC of
location L33 and (b) TCSC of location L4. Fault at L #14.

increases the CCT of the uncompensated system generators,
which is the main goal and has the major priority in all similar
cases. Fig. 8 shows that all operating points are inside the
stable region of the bifurcation set when applying the TCSC
of locations L33 and L14.
TDS is considered as the most validated method which can

reflect all the dynamics of the power system under several
disturbances. Therefore, the results obtained by the proposed
algorithm are compared with those through TDS. For the

same fault location (L #29) and the corresponding TCSC
location (L11) as in the numerical example, TDS is done by
using PSAT MATLAB [45]. The fault occurred at 0 s and is
cleared after 0.26 s by tripping the faulted line (L #29).

FIGURE 9. Power angle δo versus time in s for a fault at L #29,
(a) uncompensated system and (b) compensated system.

Fig. 9 shows the curve of power angle δo versus time in s for
the generating units in both compensated and uncompensated
system. It could be seen from Fig. 9a that the uncompen-
sated system is unstable. By inserting the TCSC in line L11
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FIGURE 10. Power angle δo versus time in s for a fault at L #14,
(a) uncompensated system and (b) compensated system.

according to the algorithm’s results, the system regains its
stability as shown in Fig. 9b. Similarly, TDS is applied when
the fault occurs at L #14. The fault occurred at 0 s and
is cleared after 0.26 s by tripping the faulted line. Fig. 10
shows power angle δo versus time. The instability of uncom-
pensated system is depicted in Fig. 10a. With compensating
the system by connecting the TCSC to line L4 according to
the algorithm’s results, the system becomes stable, Fig. 10b.
System congestion is also considered in order to evaluate
the proposed algorithm at a different kind of disturbance.
The congestion is considered as a sudden increase in the
largest load connected to bus # 39 by 60% of its rated value.
Fig.11 shows the location of operating points in bifurcation
set with using the four TCSC devices as resulted from the
algorithm. As seen in this figure, all the operating points
are located in the stability region as an indication of system
stability. The δo-time curve of Fig. 12 shows the stability
state of the system which confirms the result of the proposed
algorithm. Furthermore, as given in Table 5, the values of
CCT obtained by CT are very close to those computed by
TDS method.

TABLE 5. CCT comparison between TDS and the proposed algorithm.

FIGURE 11. Location of operating points in bifurcation set with TCSCs
located on (L4, L11, L30, and L14) for 60% increase of load at bus #39.

FIGURE 12. Power angle delta in degree versus time in s for 60% increase
of load at bus #39.

VII. CONCLUSIONS
A novel algorithm is presented in this paper with a view
to improving the transient stability in an optimal way. The
algorithm is based on a proposed clustering technique com-
bined with CT and MOPSO in order to define the BLN and
allocation of TCSC in a technical and an economical manner.
Visualizing the stability state of the power system by moni-
toring the location of the operating points in the swallowtail
bifurcation set is also an additional gain. Remarkable obser-
vations have been achieved such as the significant reduction
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in the number of necessary and sufficient TCSCs to enhance
system stability (from 11 to 4 devices, i.e., 64% reduction).
The allocation of TCSC devices is appropriately identified
so that it has a significant effect on the stability of the test
system. Therefore, stability margin has been increased by
rising the values of CCTs for each generator by almost 15% to
operate more securely and enhance the location of operating
points in the CT’s stability region. The superiority of the
proposed algorithm has been shown in the case of system
congestion where the allocation of the selected TCSC devices
enables the system to retain stability in spite of congestion
by 60% increase in the largest load. The effectiveness of
the proposed algorithm has been demonstrated by compu-
tational studies on 39-bus ten-machine New England power
system. Comparing the results of the proposed algorithmwith
those through TDS provides the proposed algorithm an extra
dimension for confirmation.

Appendix
As reported in [13], a generator connected to an integrated
power system can generally configure as shown in Fig. 13.
The electrical output power Pei of generator Gi is

Pei = Re[IiE∗i ] (A.1)

Ii = (Eq − Ei)/jXq (A.2)

Ei = (−1/Yij)
∑N

J=1
6=i

YijEj (A.3)

FIGURE 13. Representation of generator Gi connected to an integrated
power system.

where,
Ii = generator current following into terminal bus bar
Ei = terminal bus bar voltage
N= number of the network bus bars plus the internal machine
bus bars.
Yij = off-diagonal element of the admittance matrix.
Eq = machine internal voltage source behind quadrature-
reactance. therefore,

Ei =
1(

1
jXn

)
+
∑N

j=1
6=i

( 1
jXij

)

∑N
j=1
6=i

(
Ej
jXij

) (A.4)

Assuming e and f , are the real and imaginary components of
the voltage E, respectively. Substituting (A.4) into (A.1), we
get:

Pei = Re

eq + jf qjXq

 1
1
jXn
+
∑N

j=1
6=i

(
1
jXij

)∑N
j=1
6=1

ej + jfj
jXij



−
1
jXq

(
e2i + f

2
i

) (A.5)

i.e.,

Pe =
1
Xq

1
Xn
+
∑N

j=1
6=i

1
Xij

×

[
fqi
∑N

j=1
6=i

(
ej
Xij

)
− eqi

∑N
j=1
6=i

(
fj
Xij

)]
(A.6)

Let

ψ =

(
1
Xq

)
/

(
1
Xn
+

∑N
j=1
6=i

1
Xij

)
(A.7)

σ1 =
∑N

j=1
6=i

(
ej
Xij

)
(A.8)

σ2 =
∑N

j=1
6=i

(
fj
Xij

)
(A.9)

A1 = ψEqσ1 (A.10)

A2 = ψEqσ2 (A.11)

Then, (A.6) becomes

Pei = A1 sin δi − A2 cos δi (A.12)

where
δi = tan−1

(
fq
eq

)
= machine power angle referred to the

common reference axes of the system.
The equation of motion of generator Gi with respect to the

common reference axes of the network is

MI δ
..
i = Pin − Pei (A.13)

where,
M i = inertia constant of machine i.
Pin = input mechanical power. Multiplying (A.13) by dδ/dt
and integrating, we obtain

(dδ/dt)2 =
∫ δm

δ0

(Pin − Pei) dδ (A.14)

δ0, δm are the minimum and maximum angles of oscillation,
respectively. The machine will again retain synchronism after
a disturbance when dδ/dt = 0, i.e., the RHS of (A.14) must
equal zero. In other words, the machine is stable if the
kinetic energy generated during the fault is less than, or equal
(totally converted) to, the potential energy during the post
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fault period. The equality of both energies takes place in the
critical clearing case, i.e.,

F = Fke + Fpe = 0 (A.15)

By catastrophe theory, the equilibrium surface U of a smooth
function F is given by

U = ∇Fc (x) = F = Fke + Fpe = 0 (A.16)

and the singularity set S which is defined as the set of steady-
state stability limits is obtained by

∇
2Fc (x) = 0 (A.17)

The transient kinetic energy can be evaluated by the amount
of output power reduction during the fault. Therefore, it is
expressed by

Fke =
∫ δc

δ0

(Pin − Pei) dδ (A.18)

The potential energy after the fault is

Fpe =
∫ δm

δc

(Pin − Pei) dδ (A.19)

From (A.16), (A.18), and (A.19), the following relation is
obtained:

(A1D + A1A) cos δc + (A2A − A2D) sin δc + K = 0 (A.20)

where,
AiD = the coefficient Ai, (i = 1,2) during the fault
AiA = the coefficient Ai, (i = 1,2) after fault
δc = critical clearing angle
K = constant = K2- K1

K1 = A1D cos δ0 − A2D sin δ0 − Pinδ0 (A.21)

K2 = −(A1A cos δm + A2A sin δm + Pinδm) (A.22)

Replacing sin and cos by their expansion, and assuming= x,
(A.20) can be rewritten as:

(A1D + A1A)
(
1−

x2

2!
+
x4

4!
. . . . . .

)
+ (A2A − A2D)

(
x −

x3

3!
+
x5

5!
. . . . . .

)
+ K = 0

(A.23)

If the series expansion in (A.23) is trunked up to fourth order
terms, it gives

B4x4 + B3x3 + B2x2 + B1x+ B0 = 0 (A.24)

B0 = A1D + A1A + K (A.25)

B1 = A2A − A2D (A.26)

B2 = −(A1A + A1D)/2 (A.27)

B3 = (A2D − A2A)/6 (A.28)

B4 = (A1D + A1A)/24 (A.29)

Equation (A.24) is four-determinate and closely equivalent
to (A.20). The cubic term can be eliminated by taking
x = y-α and α = B3/4B4 to get the form

y4 + ay2 + by+ c = 0 (A.30)

where,

a = (6B4α
2
− 3B3α + B2)/B4 (A.31)

b = (3B3α
2
− 2B2α + B1)/B4 − 4α3 (A.32)

c = α4 + (B0 − B1α + B2α
2
− B3α

3) (A.33)

The smallest positive real root of the swallowtail equation,
y, satisfying the relation δ o < y — α < δm gives the critical
clearing angle δc for the stable machines in the system. They
can be represented by operating points which lie inside the
bifurcation set B. CCT can be calculated by using Taylor
approximations for δc and its derivative δ.c, which gives a good
result for the first swing analysis, as follows:

δc = wc = γ tc (A.34)

where,

γ , machine acceleration at the istant of fault occurance

= (1/M) [Pin − Pe (to+)] (A.35)

and

δc = δ0 +
1
2
γ t2c (A.36)

then,

CCT =

√
2
γ
(δc − δ0)

=

√
2M (δc − δ0)

(Pin − Pe (to+))
(A.37)
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