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ABSTRACT The no-wait flowshop scheduling problem with hard due date constraints is critical to operations
in many industries, such as plastic, chemical, and pharmaceutical manufacturing. However, to date, there is
a lack of effective optimization algorithms for this NP-hard problem. This paper develops a new mixed
integer linear programming (MILP) model and a two-phase enumeration algorithm to improve the best-so-
far exact methods for solving this problem with the objective of minimizing the makespan. A comprehensive
computational experiment is performed to compare the performances of the discussed exact methods.
The computational results demonstrate that the proposed MILP model and the two-phase enumeration
algorithm significantly outperform the best-so-far optimization methods, and the (sub-) optimal solutions

to several unsolved instances from the literature are reported.

INDEX TERMS Scheduling, no-wait flowshop, due date constraints, mathematical model.

I. INTRODUCTION

The no-wait flowshop scheduling problem (NWEFSP) is
one of the most important variants of the flowshop
scheduling problem (FSP), in which no in-process waiting
time is permitted between successive operations of each
job. For technological reasons, once a job/product has
begun on the first machine, it must be continued until it
is completed on the final machine without any interrup-
tion on or between machines. The restriction of the no-
wait process is ubiquitous in various scheduling problems,
such as flight scheduling problems [1], train scheduling
problems [2], surgery scheduling problems [3], and food-
processing scheduling problems [4]. For example, in the
canned food processing industry, once the food is precooked
and while it is still hot [5], no-wait constraints are
required between the successive operations of adding liquid
sugar, gas exhausting, sealing, sterilizing, and refrigerating.
In general, applications of NWFSPs are commonly found
in metal, plastic, chemical, concrete, transportation, medical,

petroleum refining, pharmaceutical manufacturing, and food-
processing industries [4].

Owing to its complex nature and wide range of prac-
tical applications, research interest in NWFSPs has increased
since 1970s. In the past five decades, researchers have
proposed hundreds of algorithms to solve NWFSPs. These
algorithms fall into two categories, heuristic algorithms
and exact methods, whose use depends on the size of
the problem. The excellent surveys of Hall and Sriskan-
darajah [4], Allahverdi [6], and Nagano and Miyata [7] detail
earlier studies and applications of NWFSPs. To increase the
utilization of machines, the makespan is one of the most
used criteria in scheduling literature [8]. On the other hand,
in the aforementioned industries, NWFSPs with due date
constraints are common requirements as their manufacturing
processes must be completed with no delay [9]. Although the
NWEFSP with due date constraints has attracted considerable
attention, only a small fraction of relevant studies have treated
due date as hard constraints, such that the violation of due
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dates is forbidden. To the best of our knowledge, the NWFSP
with hard due date constraints is common in practice, but still
lacks effective exact methods for solving it.

For practical reasons, this paper focuses on the NWFSP
with hard due date constraints that minimizes the makespan.
Using the conventional three-field notation, this problem can
be written as F,|nwt, dj|Cinax, where F)y, is a flowshop with
m machines; nwt specifies the no-wait restriction; d; are the
due date constraints, and Cyy,x indicates that the objective is
to minimize the makespan. Samarghandi [10] first studied
this problem in 2015. He developed a mixed integer linear
programming (MILP) model, Modelg, and a particle swarm
optimization (PSO) algorithm to solve the Fy,|nwt, dj|Cmax
problem. Computational results showed that the mathemat-
ical model could solve a number of small-instance test
problems to optimality, while the PSO algorithm yielded
high-quality solutions to many test problems in reasonable
time.

More recently, Samarghandi and Behroozi [11] devel-
oped an MILP model, two quadratic mixed integer program-
ming (QMIP) models, two constraint programming (CP)
models, and an enumeration algorithm for solving the
Fpulnwt, dj|Cnax  problem. The MILP model, Modelsg,
is based on Models of Samarghandi [10] and uses the decision
variable that was defined by Aldowaisan and Allahverdi [12].
A thorough computational experiment was conducted to
compare the performances of the five discussed mathematical
models, the no-wait version of Manne’s model, Modelys, and
the enumeration algorithm, Algorithmgsp. Modely; is based on
the Manne model [13], which is the best MILP formulation
of the permutation FSP, as it includes no-wait and due date
constraints. Computational results revealed the superiority
of Modelsp over the other formulations, and Algorithmsp
outperformed the other algorithms when executed using an
IBM ILOG CPLEX. Moreover, the computational results
of Samarghandi and Behroozi [11] revealed that finding a
feasible solution to the F|nwt, dj|Cnax problem becomes
increasingly difficult as the size of the problem grows. To the
best of the authors’ knowledge, in existing literature, only
the above two studies (Samarghandi [10] and Samarghandi
and Behroozi [11]) addressed the F,|nwt, dj|Cmax problem,
in which the Modely;, Modelsp, and Algorithmgp, as proposed
by Samarghandi and Behroozi [11], are the best-so-far exact
methods.

Given the significance of the problem in both scheduling
theory and industrial applications, more efficient exact
methods for finding optimal solutions to the F,, [nwt, dj| Ciax
problem must be developed. Therefore, in this work,
a new MILP model, namely Modely;;, and a two-phase
enumeration algorithm, namely Algorithmyr;, are devel-
oped to improve upon the Modelsp and Algorithmsp
of Samarghandi and Behroozi [11] for solving the
Fpulnwt, dj|Cimax problem. The rest of this paper is organized
as follows. Section 2 defines the Fy|nwt, dj|Cpax problem
that is considered herein. Section 3 formulates the Modelyy 1
and describes the Algorithmyr;. Section 4 reports the
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computational experiments on the compared exact methods.
Section 5 presents concluding remarks and directions for
future research.

Il. DESCRIPTION AND FORMULATION OF PROBLEM

The Fy,|nwt, dj|Ciax problem, considered herein, is defined
as follows. A set, J = {J1,...,J,}, of n jobs are to be
processed on a set, M = {My, M>, ..., My}, of m machines
following a single flow pattern. Every operation associated
withjob J; G=1,2,...,n)onmachine M; i =1,2,...,m)
is a denominated operation, o0; ;, which requires a processing
time, p;;, and no additional setup time is required. Each
machine can process at most one job at a time, and every
job can be processed by no more than one machine at any
moment. All jobs are assumed to be available for processing
at the beginning of the planning horizon, and all machines are
persistently available.

To meet the technological requirements of manufacturing
environments, once the processing of a job has begun,
its subsequent operations must immediately follow the
preceding one without interruption either on or between
consecutively used machines until completion. To satisfy
the no-wait constraint, the start time of the job to be
processed on the first machine may be postponed. Let IT =
(mo, 71, ..., T,) be a feasible permutation of jobs, where 7y
(k = 1,...,n) is the job in position k of Il, and mp is
a dummy job whose processing times on all machines are
zero. The objective is to find the optimal permutation for
the processing of all jobs with due dates as hard constraints
that minimizes the makespan, Cpax(IT). This problem that
involves three or more machines is a member of the set of
strongly NP-hard problems [10]. Let t5,_, , be the time-
span between the completion times of the two adjacent jobs
in positions k — 1 and k on the last machine. Cpy,x(IT) can be
calculated using the following equation [14].

n
Conax(T) = Dty 1y ()
k=1
m
-/
where fr,_ .z = max > Pt = Py 1)+ Py -
i=1,..., m

i'=i

Computing the time-span (tr,_, ) for all possible job
pairs and setting it as the traveling cost ¢y, , , between
two consecutively visited cities reduces the NWFSP problem
without due date constraints to a special case of the (n + 1)-
city asymmetric travelling salesman problem (ATSP) in poly-
nomial time [14], [15]. Let V be a set of n + 1 vertexes/cites
and A be a set of arcs among them; the reduced ATSP
can be defined as follows. Given a complete directed graph,
G = (V, A), find a directed Hamiltonian cycle (¢) of the n+ 1
vertexes/cites in G that starts from the dummy vertex/city
mo; passes through each vertex/city exactly once, and finally
returns to vertex/city o, aiming to minimize the possible

n

tour cost, C(¢) = ) ¢z, .z The makespan of a feasible
=1
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Step 1: Sort the jobs according their due dates.
Step 2: Get the first 10-jobs from the sorted jobs.

Step 3: Two-phase enumeration method.

Step 3.1: Phase I: Apply the enumeration method to 10 jobs.

If no feasible solution can be found then

Output “NFS” (no feasible solution).

Terminate two-phase enumeration method.

End If

Step 3.2: Phase II: Apply the Enumeration method to all the jobs.

Step 3.2.1: Put the remaining jobs to the partial job permutation obtained in Step 3.1.

Step 3.2.2: Run the enumeration method for all jobs until all possible permutation is

tested or timeout or optimal solution has been found.

Step 3.2.3: Output the (sub-) optimal solution obtained in the Phase I1.

FIGURE 1. The pseudocode of the Algorithmy,, .

solution to an NWFSP is equivalent to the tour cost of a
directed Hamiltonian cycle.

IIl. NEW MILP MODEL AND TWO-PHASE

ENUMERATION ALGORITHM

In this section, a new MILP mathematical model with respect
to the reduced ATSP version of the NWFSP is formu-
lated for solving the F,|nwt, dj| Cinax problem. The proposed
Algorithmyy is described in detail.

A. NEW MILP MODEL
Let s; be the processing start time of job J;; the reduced ATSP

version of the F,|nwt, dj|Cmax problem can be reformulated
as the following MILP model.

n n
Minimize z = Y~ Y " ¢; )
Jj=0j'=0
n
subject to Z xp=1, j=0,1,...,n 3)
J=1
i #i
n
Y oxy=1 j=1...n )
ji=0
J#T

m m
S+ D P Z 8+ )P X
i=1 i=1

+M@y =1, jj=1,...,nandj#]
&)
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m
sj + ij,i <dj,

j:(),l,...,n (6)
i=1
550, j=1,2,...,n (7
xp€{0,1}, j=0,1,...,n
j’=1,...,nandj7éj/ 8)

The objective function (2) is to find a minimum Hamilto-
nian tour in a complete directed graph G with n + 1 vertexes.
Constraint set (2) ensures that exactly one city is directly
visited after city j(j = 1,2,...,n) is visited. Constraint
set (4) ensures that exactly one city is directly visited before
city /(' = 1,2, ...,n) is visited. Constraint set (5) defines
the start time of each city. Constraint set (6) guarantees
that a job cannot be finished after its due date. Constraint
sets (7) and (8) define the continuous variable s; and the
binary variable x;;.

B. PROPOSED TWO-PHASE ENUMERATION ALGORITHM
This work proposes a two-phase enumeration algorithm
that improves upon the enumeration algorithm, Algorithmgp,
that was developed by Samarghandi and Behroozi [11] for
finding the (sub-) optimal solution to the F,|nwt, dj|Cmax
problem. Figure 1 presents the pseudocode of the proposed
Algorithmyrr . The idea of designing the Algorithmyry to
improve upon Algorithmgp is motivated by the following two
observations.

Observation 1: When an enumeration algorithm is used to
solve large problems in limited computing time, the proba-
bility that the positions of some jobs will never be changed
after the initial permutation is determined is high. Therefore,
the initial permutation has a strong impact on the quality of
the solution that is obtained using the enumeration algorithm.

VOLUME 6, 2018
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TABLE 1. Comparison of the MILP models for the Fr; |nwt, dl |Cmax problem.

Model Number of binary =~ Number of continuous Total number of constraints ~ Number of due
variables variables date constraints
Model, n’ mn (m+D)n* +(m+4Hn+1 n
Model,, (m—2)2n(n—l) mn(;+l)+1 mn(n+l)+n+1 "
Model,,, n’ n n’ +3n n

TABLE 2. Computational results of MILP models for the F|nwt|Cmax problem.

Problem Size Model,, without Model g, without Model,,, without
no-wait constraints  no-wait constraints no-wait constraints
SamO01 7x7 7,705;0.2% 7,705;1.9 7,705;0.2
Sam02 8x8 9,372;0.4 9,372;4.3 9,372;0.5
Sam03 8x9 9,690;0.3 9,690;9.8 9,690;0.7
Sam04 10x6 9,159;1.5 9,159;410.3 9,159;0.3
Sam05 11x5 8,142;4.5 8,142 8,142;0.3
Sam06 12x5 8,866;25.1 8,884 8,866;0.4
Sam07 13x4 8,242;62.4 8,299 8,242;0.1
Sam08 14 x4 9,159;414.0 9,195 9,159;0.2
Sam09 16x6 13,374 13,374 13,330;0.3
Sam10 16x7 8,945 8,908 8,869;0.8
Saml1 17x5 11,047 11,753 10,950;0.2
Sam12 18x9 8,949 9,009 8,824;0.2
Sam13 19x8 17,935 19,065 17,428
Saml14 20x10 30,064 33,315 29,318;0.2
Optimality proved 57.14% 28.57% 92.86%
Average GAP 0.64% 2.47% 0.00%
*: objective function value; computational time
Observation 2: If jobs with near due dates are processed where coj = > iy pji, j=1,...,n ¢j=0,j=1,...,n

as early as possible but still violate their due date constraints,
then later processing of the same jobs will necessarily cause
the violation of the due-date constraint. Therefore, some jobs
with near due dates can be enumerated to obtain a favor-
able initial solution or to verify as soon as possible that the
problem has no feasible solution.

The following lemmas and corollaries can be used to
eliminate the need to perform unnecessary solution evalua-
tions or to confirm as soon as possible that the problem does
not have any feasible solution.

Lemma 1: The algorithm that was proposed by
Samarghandi and Behroozi [11] is utilized to obtain the
contribution matrix C, which provides the contribution of
each job to the makespan if it is performed after a specified
jobin the sequence. The contribution matrix C is an (n+1) xn
matrix, which can be computed as follows.

€01 Con

VOLUME 6, 2018

Corollary 1: Based on the obtained contribution matrix
C,if 3j € {1,...,n}|co; > d;, the problem has no feasible
solution.

Corollary 2: Let cjr.“i“ G = ., n) be the smallest
value of ¢y (k = 1,...,n and j # k) in the row j
of C. Sort cj; in non-decreasing order as cﬁi]“, .. c‘[‘;,‘]“.
Sort the n jobs in non-decreasing order of their due dates

dmm dlnzlin, cees dlrgi“ then, if Z > d[k}",
the problem has no feasible solution.

Lemma 2: If one job in the partial solution violates the due
date constraint, then the other jobs that are processed after
that job do not need to be enumerated.

Lemma 3: Assume that a partial solution, I1,, involves n
jobs. If no job in I, violates the due date constraints, and the
completion time of the partial solution can be computed as

Cax(Ip), then the smallest contribution to the makespan of

the rest n — n’ jobs that are not included in I, is ) 1" c{rl‘]m.

If Crnax(IT,) + Y1 1" c‘f‘]‘n equals or exceeds the best found
solution, then the remaining n — n’ jobs do not need to

be enumerated. Notably, c‘[Tl‘i]", . ..,c‘[f‘j]“ can be computed

qllqll
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TABLE 3. Computational results of Modely;, Modelsg and the proposed MILP model.
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Due Model,, Model, Model,,,
Size Date
Problem nxm TF T=60 T=300 T=600 T=7200 T=60 T=300 T=600 T=7200 T=60 T=300 T=600 T=7200
Sam01+DD 7x7 1 17,7050 7,705;0  7,705;0  7,705;0  7,705;2 7,705;2 7,705;2 7,705;2 7,705;0 7,705;0  7,705;0  7,705;0
27,7050  7,7050  7,7050  7,705;0  7,705;2  7,705;2  7,705;2 17,7052 7,705;0 7,705;0  7,705,0  7,705;0
37,7050 7,7050  7,705,0  7,705;0  7,705;1  7,7051  7,705;1 7,705;1 7,705;0 7,705;0  7,705;0  7,705;0
4 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;.1 NFS;0 NFS;0  NFS;0  NFS;0
Sam02+DD 8x8 1 9372;0 9,372;0  9,372;0 93720 93726 9,372;6 9,372;6 937236 93720 9,372;0  9,372;0  9,372;0
2 9372;0 9372;0  9,372;0  9,372;0  9,372;27 9,372;27 9,372;27 9,372;27 93720 9,372;0  9,372;0  9,372;0
3 9573;0 9,573;0  9573;0  9,573;0  9,573;8 9,573;8 9,573;8 9,573;8 9,573;0 9,573;0  9,573;0  9,573;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0  NFS;0  NFS;0
Sam03+DD 8x9 1 9,690;0 9,690;0  9,690;0  9,690;0  9,690;10 9,690;10 9,690;10 9,690;10  9,690;0  9,690;0  9,690;0  9,690;0
2 9,690;0  9,690;0  9,690;0  9,690;0  9,690;11 9,690;11 9,690;11 9,690;11 9,690;0  9,690;0  9,690;0  9,690;0
3 9,690;0  9,690;0  9,690;0  9,690;0  9,690;13 9,690;13 9,690;13 9,690;13  9,690;0 9,690;0  9,690;0  9,690;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;2 NFS;2  NFS;2  NFS;2  NFS;1 NFS;1 0,000;0  NFS;1
Sam04+DD 10x6 1 9,159;1 9,159;1  9,159;1  9,159;1 9,159 9,159 9,159;339 9,159;339 9,159;0 9,159;0  9,159;0  9,159;0
2 94541 9454;1  9454;1 94541 9,640 9,454 9,454  9,454;611 9454;1 9,454;0  9,454;0  9,454;1
3 11,537;0 11,537;0 11,537;1 11,537;0  NFS  11,537;14 11,537;144 11,537;14 11,537;19 11,537;19 11,537;19 11,537;19
4 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0
Sam05+DD 11x5 1 8152;3 8,152;3 8,152;3  8,152;3 8,588 8,152  8,152;1 8,152;1 8,152;0 8,152;0 8,152;0  8,152;0
2 8,164;2 8,164;2 81644  8,164;2 87332 8,168  8,168;1 8,164;1 8,164;0 8,164;0  8,164;0  8,164;0
3 NFS;0 NFS;0  NFS;0  NFS;0 NFS NFS NES  NFS;404 NFS NFS;187 NFS;187 NFS;187
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0  NFS;0  NFS;0
Sam06+DD 12x5 1 9,084;19 9,084;18 9,084;41 9,084;18 9,297 9,297 9,297 9,084  9,084;1 9,084;1  9,084;0  9,084;1
2 9,120;6 9,120;7 9,120;15  9,120;7 9,181 9,120 9,177 9,120  9,120;1 9,120;1  9,120;0  9,120;1
3 NFS;1 NFS;1  NFS;1 NFS;1 NFS NFS NFS  NFS;5668 NFS NFS  NFS;575 NFS;575
4 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0
Sam07+DD 13x4 1 8,465;15 8,465;15 8465;15 846515 8,670 8,465 8,465 8,465  8,465;1 8465;1 84651  8,465;1
2 9,002;4  9,002;4  9,002;4  9,002;4 9,002 9,002 9,002 9,002 9,002;15 9,002;15 9,002;15  9,002;15
3 NFS;0 NFS;0 NFS;0  NFS;0 NFS NFS NFS NFS NFS NFS NFS  NFS;801
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;1  NFS;1 NFS;1 NFS;1 NFS;0  NFS;0  NFS;0  NFS;0
Sam08+DD 14x4 1 9,693 9,674;175 9,674;175 9,674;175 10417 10417 10,417 9,674  9,674;4 9,674;4  9,674;4  9,674;4
2 NFS;6 NFS;6  NFS;6  NFS;6 NFS NFS NFS NFS NFS NFS NFS NFS
3 NFS;1  NFS;1  NFS;1 NFS;1 NFS NFS NFS NFS NFS NFS NFS NFS
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0  NFS;0  NFS;0
Sam09+DD 15x6 1 13472 13,330 13,330 13,330;605 14,763 14260 14260 14260 13,330;0 13,330;0 13,330;0 13,330;0
2 13,330 13,330;218 13,330;218 13,330;218 15205 14280 14,379 13,599  13,330;0 13,330;0 13,330;0  13,330;0
3 NFS;2 NFS;2  NFS;2  NFS;2 NFS NFS NFS NFS NFS NFS NFS NFS
4 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0
Saml0+DD 16x7 1 8983 8936 8,936 8,885 9,152 9,009 9,009 8,875  8,869;0 8869;0 88690  8,869;0
2 9085 8990 8,990 8,980 9,160 9,007 9,007 8,941  8,938;2 89382 89382  8,938;2
39104 9,057 9,057 9,057 NFS 10,009 9272 9,057 9,103  9,057;115 9,057;115 9,057;115
4 NFS;0 NFS;0  NFS;0  NFS;0 NFS NFS NFS NFS NFS NFS NFS NFS
Saml1+DD 17x5 1 11251 11222 11222 11,176 12,324 11425 11425 11425 11,168;5 11,168;5 11,168;5 11,168;5
2 11,663 11,622 11,622 11,581 NFS NFS NFS NFS 11,545 11,545 11,534;545 11,534;545
3 NFS;2 NFS;2  NFS;2  NFS;2 NFS NFS NFS NFS NFS NFS NFS NFS
4 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0
Saml2+DD 18x9 1 9,147 8942 8,942 8,888 9,748 9,495 9,518 8,933  8,824;1 8,824;1 8824;1  8,824;1
29307 9,150 9,150 9,056 9,643 9,442 9,456 9,056  9,042;67 9,042;67 9,042;67 9,042;67
3 NFS 9,500 9,500 9,496 NFS NFS NFS NFS NFS NFS NFS 9,500
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0  NFS;0  NFS;0
SamlI3+DD 19x8 1 18,168 17,716 17,716 17,641 19,515 19,515 19,515 19,515 17,552 17,552 17,552 17,552;822
2 18552 18,527 18527 18,020 NFS NFS NFS 20482 18,130 18,036 17,998 17,937
3 NFS NFS NFS  NFS;656  NFS NFS NFS NFS NFS NFS NFS NFS
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;1  NFS;1 NFS;1 NFS;1 NFS;0 NFS;0.0 NFS;0  NFS;0
Saml4+DD 20x 10 1 31,507 31,507 31,507 29,622 NFS NFS NFS 30,706 29,622;2 29,622;2 29,622;2  29,622;2
2 32,746 30,923 31258 30,523 NFS NFS NFS NFS 30,642 30,642 30,413 30,413;653
3 NFS;23 NFS;23  NFS;23  NFS;23 NFS NFS NFS NFS NFS NFS NFS NFS
4 NFS;0 NFS;0 NFS;0 NFS;0  NFS;0  NFS;0 NFS;0 NFS;0 NFS;0 NFS;0.0 NFS;0  NFS;0
Optimality approved 71.43%  75.00%  75.00%  78.57% = 46.43% 4821%  50.00% 53.57% 7143% 75.00%  76.79%  83.93%
Average GAP 406%  3.56% 0.56% 0.10%  23.99% 17.05% 1685% 1036% 3.10% 3.07%  3.04% 0.00%
Average time 1868 7721 152.82  1,54730  37.93  178.54 35536 348207 1929  82.66 142.89  1,165.84

VOLUME 6, 2018



K.-C. Ying et al.: Improved Exact Methods for Solving NWFSPs With Due Date Constraints

IEEE Access

TABLE 4. Computational results of the enumeration algorithms.

Size Due Date Algorithmg, Algorithm,,,
Problem — yxm  TF T=60  T=300 T=600  T=7200 T=60 T=300 T=600 T=7200
Sam01+DD 7x 7 1 7,705;0 7,705;0 7,705;0 770550 7,705;0  7,705;0 7,705;0 7,705;0
2 7,705;0 7,705;0 7,705;0 7705;0 7,705;0  7,705;0 7,705;0 7,705;0
3 7,705;0 7,705;0 7,705;0 7705;0 7,705;0  7,705;0 7,705;0 7,705;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam02+DD 8x 8 1 9,372;0 9,372;0 9,372;0 9372;0 9,372;0  9,372;0 9,372;0 9,372;0
2 9,372;0 9,372;0 9,372;0 9372;0 9,372;0  9,372;0 9,372;0 9,372;0
3 9,573;0 9,573;0 9,573;0 957350 9,573;0  9,573;0 9,573;0 9,573;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam03+DD 8x 9 1 9,690;0 9,690;0 9,690;0 9690;0 9,690;0  9,690;0 9,690;0 9,690;0
2 9,690;0 9,690;0 9,690;0 9690;0 9,690;0  9,690;0 9,690;0 9,690;0
3 9,690;0 9,690;0 9,690;0 9690;0 9,690;0  9,690;0 9,690;0 9,690;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam04+DD 10x 6 1 9,159;0 9,159;0 9,159;0 9159;0 9,159;0 9,159;0 9,159;0 9,159;0
2 9,454;0 9,454;0 9,454;0 9454;0 9,454;0  9,454;0 9,454;0 9,454;0
3 11,537;0 11,5370 11,537;0 11,5370 11,537;0 11,537;0 11,537;0 11,537;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam05+DD 11x 5 1 8,152;2 8,152;2 8,152;2 8152;2 8,152;1 8,152;1 8,152;1 8,152;1
2 8,164;1 8,164;1 8,164;1 8164;1 8,164;1 8,164;1 8,164;1 8,164;1
3 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam06+DD 12x 5 1 9,084;13 9,084;13 9,084;13 9084;13 9,084;16 9,084;16 9,084;16 9,084;16
2 9,120;3 9,120;3 9,120;3 9120;3 9120;11 9120511 9120;11 9120;11
3 NFS;0 NFS;0 NFS;0 NFS;0 NFS;1 NFS;1 NFS;1 NFS;1
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam07+DD 13 x 4 1 8,465;20 8,465;20  8,465;20 8,465;20 8,465;34 8,465;34  8,465;34 8,465;34
2 9,002;1 9,002;1 9,002;1 9002;1 9,002;17 9,002;17  9,002;17 9,002;17
3 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam08+DD 14 x 4 1 9,674 9,674;103 9,674;103  9674;103 9,804 9,746 9,674 9,674;739
2 NFS;2 NFS;2 NFS;2 NFS;2 NFS;0 NFS;0 NFS;0 NFS;0
3 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam09+DD 15x 6 1 14,976 14,976 14,386 14,058 14,200 13,577 13,577 13,330
2 13,808 13,330;199 13,330;199 113,330;199 13,621 13,374 13,330  13,330;3580
3 NFS;1 NFS;1 NFS;1 NFS;1 NFS;0 NFS;0 NFS;0 NFS;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Saml0+DD 16 x 7 1 9,446 9,419 9,419 9,364 8,959 8,959 8,949 8,949
2 9,445 9,402 9,402 9,402 9,167 9,167 9,167 9,051
3 9,269 9,142 9,142 9,057;1269 9,117 9,116 9,116 9,079
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Saml1+DD 17x 5 1 12,556 12,077 11,829 11,829 11,410 11,410 11,410 11,410
2 12,590 12,135 11,571 11,534;1720 11,581 11,581 11,581 11,580
3 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
SamlI2+DD 18 x 9 1 10,980 10,813 10,813 10,615 9,031 9,012 9,012 8,360
2 10,615 10,363 10,363 10,349 9,344 9,344 9,285 9,285
3 NFS NFS 9,808 9,496;3793 9,685 9,647 9,647 9,647
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Saml3+DD 19x 8 1 20,699 20,699 20,589 20,321 18,132 18,009 18,009 17,983
2 20,579 20,119 20,119 19,778 18,417 18,356 18,356 18,299
3 NFS NFS;78 NFS;78 NFS;78 NES NFS;162 NFS;162 NFS;162
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Sam14+DD 20* 10 1 35,847 35,847 35,391 35,214 31,771 31,603 31,523 31,352
2 34,391 34,452 33,430 32,527 31,006 31,006 31,006 30,784
3 NFS;3 NFS;3 NFS;3 NFS;3 NFS;0 NFS;0 NFS;0 NFS;0
4 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0 NFS;0
Optimality approved 71.43% 76.79% 76.79% 82.14% 7143%  73.21% 73.21% 76.79%
Average GAP 7.25% 6.62% 3.18% 2.67% 0.62% 0.34% 0.28% 0.07%
Average time 17.96 72.38 142.02 1,289.63 18.59 82.09 162.45 1,675.09
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TABLE 5. Computational results for problems with 20 machines (600 s).

Sizenx Due Date Model,, Model, Model,,, Algorithmg, Algorithm,,,
Problem m F OFV Time (s) OFV Time (s) OFV Time (s) OFV Time (s) OFV  Time (s)
Saml5+DD  5x 20 1 26,164 0.1 26,164 0.5 26,164 0.0 26,164 0.0 26,164 0.0
2 26,164 0.1 26,164 0.3 26,164 0.0 26,164 0.0 26,164 0.0
3 26,164 0.1 26,164 0.5 26,164 0.0 26,164 0.0 26,164 0.0
4 27,100 0.1 27,100 0.3 27,100 0.0 27,100 0.0 27,100 0.0
Sam16+DD 10 x 20 1 34,198 2.6 34,198  600.0 34,198 0.0 34,198 1.0 34,198 0.1
2 34,198 2.7 34,198  600.0 34,198 0.0 34,198 1.0 34,198 0.2
3 34,198 2.5 34,198  600.0 34,198 0.0 34,198 1.0 34,198 0.1
4 NFS 0.2 NFS 0.2 NFS 0.0 NFS 0.0 NFS 0.0
Saml17+DD 15x 20 1 42,855  600.0 47,874  600.0 42,841 1.0 46,066 600.0 42,841 600.0
2 42,841  600.0 48,373  600.0 42,841 1.0 46,066 600.0 43,429 600.0
3 43,056  600.0 50,069  600.0 43,056 3.0 45,811 600.0 43,056 600.0
4 NFS 0.3 NFS 49 NFS 0.0 NFS 0.0 NFS 0.0
Saml18+DD 20 x 20 1 55,421  600.0 62,542  600.0 54,198 2.0 64,593 600.0 56,424 600.0
2 55,563 600.0 62,452 600.0 54,237 4.0 63,798  600.0 55,799 600.0
3 NFS  600.0 NFS  600.0 55,225 600.0 NFS 600.0 58,749 600.0
4 NFS 0.4 NFS  600.0 NFS 600.0 NFS 0.0 NFS 0.0
Optimality proved 62.50% 37.50% 87.50% 62.50% 62.50%
Average GAP 8.06% 13.19% 0.00% 12.17% 1.13%
Average time 225.57 37542 75.69 225.19 225.03
TABLE 6. Computational results for problems with 30 machines (600 s).
Model,, Model, Model,,, Algorithmg, Algorithm,,,
Size n x  Due Date
Problem m TF OFV Time (s) OFV Time (s) OFV Time (s) OFV Time (s) OFV Time (s)
Saml15+DD 5x 20 1 34,680 0.2 34,680 0.7 34,680 0.1 34,680 0.0 34,680 0.0
2 34,680 0.2 34,680 0.9 34,680 0.1 34,680 0.0 34,680 0.0
3 34,680 0.2 34,680 0.7 34,680 0.1 34,680 0.0 34,680 0.0
4 34,680 0.2 34,680 0.3 34,680 0.1 34,680 0.0 34,680 0.0
Saml6+DD 10 x 20 1 43,179 2.8 43,202 600.0 43,179 0.2 43,179 0.7 43,179 0.4
2 43,179 3.2 43,422 6000 43,179 0.3 43,179 0.7 43,179 0.5
3 43,179 7.2 43,179 600.0 43,179 0.2 43,179 0.7 43,179 0.4
4 43,642 0.6 44,323 600.0 43,642 04 43,642 0.2 43,642 0.1
Saml7+DD 15x 20 1 50,942 600.0 56,126 600.0 50,942 0.5 55,817 600.0 50,942 600.0
2 51,106  600.0 60,449 600.0 50,942 0.2 55,817  600.0 50,942 600.0
3 51,617  600.0 63,411 600.0 51,617 0.9 55,406 600.0 51,617 600.0
4 NFS 1.0 NFS 600.0 NFS 600.0 NFS 0.0 NFS 0.1
Saml18+DD 20 x 20 1 64,234 600.0 67,142 600.0 63,471 0.5 76,417 600.0 64,420 600.0
2 64,626  600.0 67,400 600.0 63,471 0.5 76,895 600.0 66,190 600.0
3 66,644  600.0 NFS 600.0 65,026 600.0 73,725  600.0 65,914 600.0
4 NFS 0.8 NFS 600.0 NFS 600.0 NFS 0.0 NFS 0.0
Optimality proved 62.50% 25.00% 81.25% 62.50% 62.50%
Average GAP 0.45% 12.64% 0.00% 6.26% 0.55%
Average time 226.03 450.16 112.76 225.14 225.09

in advance, so only a lookup table is required to calculate the
n*n/ .
value of } 1" fy™

IV. COMPUTATIONAL RESULTS

This section describes the implementation of the proposed
Modelyy; and Algorithmyy, for solving the Fy,|nwt, dj| Ciax
problem. The test problem set, and the computational results
are discussed in the following subsections.
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A. TEST PROBLEMS

To verify the performance of the proposed Modelyr; and
the Algorithmyyy, the set of test problems of Samarghandi
and Behroozi [11] is used. The test problem set comprises
26 test problems, of which each involves four due date that
are set according to the tightness factor TF 1, 2, 3,
and 4, respectively. Samarghandi and Behroozi [11] selected
14 test instances from the test problem set to compare MILP
models by removing due date constraint. Therefore, a total
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TABLE 7. Computational results for problems with 40 machines (600 s).

) Model,, Model, Model,,, Algorithmg, Algorithm,,,
Size n x  Due Date
Problem m TF OFV Time (s) OFV Time (s) OFV Time (s) OFV Time (s) OFV Time (s)
Saml5+DD 5 x 20 1 43,197 0.2 43,197 0.6 43,197 0.1 43,197 0.0 43,197 0.0
2 43,197 0.2 43,197 0.6 43,197 0.1 43,197 0.0 43,197 0.0
3 43,197 0.2 43,197 0.7 43,197 0.0 43,197 0.0 43,197 0.0
4 43,197 0.2 43,197  600.0 43,197 0.1 43,197 0.0 43,197 0.0
Saml6+DD 10 x 20 1 53,214 2.1 53,214  600.0 53,214 0.1 53,214 0.0 53,214 03
2 53,214 24 53,214  600.0 53,214 0.1 53,214 0.0 53,214 03
3 53,214 2.2 53,214  600.0 53,214 0.1 53,214 0.0 53,214 0.3
4 56,200 0.5 56,348  600.0 56,200 1.7 56,200 0.0 56,200 0.1
Saml17+DD 15 x 20 1 64,575  600.0 66,681  600.0 64,091 0.3 67,642 600.0 64,091 600.0
2 64,091  600.0 66,450  600.0 64,091 0.6 67,642 600.0 64,091 600.0
3 64,183  600.0 71,532 600.0 64,091 0.4 67,642 600.0 64,091 600.0
4 NFS 14.6 NFS 600.0 NFS 600.0 NFS 0.3 NFS 600.0
SamlI8+DD 20 x 20 1 76,556  600.0 78,726  600.0 74,690 0.4 84,656 600.0 76,829 600.0
2 77,736 600.0 81,795  600.0 74,690 0.4 84,656 600.0 76,112 600.0
3 76,106  600.0 82,025  600.0 74,690 0.3 83,473 600.0 76,658 600.0
4 NFS 0.8 NFS 0.6 NFS 600.0 NFS 0.0 NFS 0.0
Optimality proved 62.50% 25.00% 87.50% 62.50% 62.50%
Average GAP 0.72% 10.33% 0.00% 4.24% 0.57%
Average time 226.46 450.16 75.29 225.02 262.56

of 104 test instances of the Fy,|nwt, dj|Cyax problem and
14 test instances of the Fy,|nwt, dj|Cnax problem were also
used. Detailed descriptions of the generation of these test
problems can be found elsewhere [10].

B. RESULTS AND DISCUSSION

To verify the performance of the proposed Modelyrr
and Algorithmyyy, the computational results obtained using
them were compared with those obtained using the best-
so-far exact methods, Modely;, Modelsg, and Algorithmgp,
proposed by Samarghandi and Behroozi [11]. The proposed
Modelyr;, was coded using Microsoft Visual C++ 2012.
All numerical experiments were performed on an Ultra-
book Windows 10 (64 bits) operating system, with an
Intel® Core™ i5-3317U @1.70GHz processor with four
cores and 4GB of RAM. Gurobi Solver V7.0 was used to
solve Modely;, Modelsp, and the proposed Modely; on the
same machine. To compare the performance of the proposed
Algorithmyp; with that of Algorithmgp on the same basis,
Algorithmgp was re-executed on the same machine.

To evaluate the computational efficiency of the discussed
MILP models, Table 1 compares the numbers of variables
and constraints in Modely, Modelsp, and the proposed
MILP model. The proposed MILP model had the fewest
constraints.

As in the study of Samarghandi and Behroozi [11],
Table 2 presents the computational results of Modely,
Modelsp, and the proposed MILP model when due date
constraints were removed. The maximum allowed CPU
time, 7', was set to 600 s. Columns 1 and 2 list the problem
names and sizes, respectively. Columns 3 to 5 list the objec-
tive function values (OFV) that are obtained using Modely;,
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Modelgp, and the proposed Modelyyy, respectively, when
used to solve the F,|nwt|Cpax problem. The OFV and time
in boldface correspond to the optimal solution obtained by
the model and the time when the optimal solution was found.
The ratios of the optimal solution that were obtained using
Modely;, Modelsp, and the proposed Modelyr; when used
to solve the Fj,|nwt|Cmax problem were 57.14%, 28.57%,
and 92.86%, respectively. The proposed Modelyy; took less
computation time than Modely; or Modelsp to solve the
Fp|lnwt|Cpax problem. The last row in Table 2 presents
the average GAP of each model, which was computed as
>_i—1 [(OFV;-Best OFV;)/OFV; x 100%]/n. The average
GAPs of Modely;, Modelsp, and the proposed Modelyy; ,
used to solve the Fj,|nwt|Cpax problem, were 0.64%,
2.47%, and 0.00%, respectively. Clearly, the proposed
Modelyr;, without due date constraints outperformed the
two compared models when used to solve the F,|nwt|Cmax
problem.

Table 3 presents the solutions to the Fy,|nwt, d;j|Ciax
problem that were obtained using Modely;, Modelsp, and the
proposed Modelyyy, in test instances Sam01 + DD through
Sam14 4 DD. The best solutions obtained using these models
in these four test instances were obtained when 7' was 60,
300, 600, and 7200 s, respectively. In this table, numbers
in boldface indicates optimal solutions. The NFS in bold-
face indicates that the model revealed that the problem
had no feasible solution; however, a non-bold NFS indi-
cates that the model did not find feasible solutions in the
given CPU time, and the problem may or may not have
feasible solutions. The ratios of the optimal solution that
were achieved using the proposed Modelyr; when used to
solve the Fy|nwt, dj|Cmax problem were 71.43%, 75.00%,
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FIGURE 2. Optimal solutions obtained for the compared models and algorithms under different maximal
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machines.

76.79%, and 83.93% at T values of 60, 300, 600, and
7200 s, respectively. The corresponding ratios of the optimal
solution that were achieved using Modely; were 71.43%,
75.00%, 75.00%, and 78.57%, respectively. The ratios of
the optimal solution that were achieved using Modelsp were
46.43%, 48.21%, 50.00%, and 53.57%, respectively. These
computational results verify that the proposed MILP model
found better solutions to the Fy,;|nwt, dj|Ciax problem than
did Modely; or Modelsp. Furthermore, the average GAPs
of the proposed Modely;; are 3.10%, 3.07%, 3.04%, and
0.00% at T values of 60, 300, 600, and 7200 s, respectively.
The proposed Modelyr; performed better than Modely
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Gaps to the best solutions for the compared models and algorithms under different numbers of

and Modelsg when used to solve the Fylnwt, dj|Cmax
problem.

Table 4 presents the solutions to the Fy,|nwt, dj|Cax
problem that were obtained using Algorithmsp and the
proposed Algorithmyy;, in the test instances Sam01 + DD
through Sam14 + DD. The best solutions obtained using
the compared enumeration algorithms in the test instances at
T = 60, 300, 600, and 7200 s, respectively, were reported.
As revealed in Table 4, even though Algorithmgsp found more
(sub-) optimal solutions in a shorter computing time than
the Algorithmyyr, the average GAP to the (sub-) optimal
solutions of the Algorithmyr; was much less than that
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of Algorithmgp. The average GAPs were 0.62%, 0.34%,
0.28%, and 0.07% at T values of 60, 300, 600, and 7200 s,
respectively. The corresponding average GAPs that were
obtained using Algorithmsp were 7.25%, 6.62%, 3.18%, and
2.67%, respectively.

Figure 2 shows the ratios of optimal solutions, as obtained
for the compared models and algorithms under different
maximal computational times, while Figure 3 shows the
gaps to the best solutions for the compared models and
algorithms under different numbers of machines. As shown
in Figure 2, the ratios of the optimal solutions obtained by
the compared models and algorithms are increased when
the maximal computational time is increased. The proposed
Modelyy 1, performed the best among all the compared models
and algorithms. As shown in Figure 3, the average gap
of Algorithmyy is the least among all the compared models
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and algorithms when the maximal computational times equal
60, 300, and 600 seconds. However, when the maximal
computational time equals 3600 seconds, the Modelyyy, is the
best.

The test instances Saml4 + DD through Sam26 + DD
with four due date tightness factors were used to demon-
strate the effect of increasing the number of machines on the
performance of different models/algorithms. The maximum
allowed CPU time for solving each problem was 600 s.
Tables 5-7 present the computational results obtained using
Modely;, Modelgp, the proposed MILP model, Algorithmgp,
and the proposed Algorithmyry, respectively, when used
to solve the problems with 20, 30, and 40 machines.
As revealed in Tables 5-7, the ratios of the optimal solu-
tion that were achieved using the proposed MILP model
were 87.50%, 81.25%, and 87.50% for the problem with
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20, 30, and 40 machines, respectively. The corresponding
ratios of the optimal solution that were achieved using
Modely were 62.50%, 62.50%, and 62.50%, respectively,
and those achieved using Modelsp were 37.50%, 25.00%, and
25.00%, respectively. The computational results confirmed
again that the proposed Modely;; provided better solu-
tions than those obtained using Modely and Modelsp.
Furthermore, the computational time that is required
by Modelyr;, is much less than that required by Modely; or
MOdelSB.

As indicated in Tables 5-7, the ratios of the optimal solu-
tion that were achieved using the proposed Algorithmyry
with 20, 30, and 40 machines were 62.25%, 62.25%,
and 62.25%, respectively. Even though the ratios of the
optimal solution that were achieved using the two-stage
enumeration algorithm were the same as those achieved
using Algorithmgp, the average GAPs were much less.
The computational results verified further that the proposed
Algorithmyy, outperformed Algorithmgp.

Figure 4 shows the ratios of optimal solutions obtained for
the compared models and algorithms under different numbers
of machines, while Figure 5 shows the computational time
used for the compared models and algorithms under different
numbers of machines. As shown in Figure 4, Modely;y,
performed the best among all the compared models and algo-
rithms for all numbers of machines. As shown in Figure 5 the
average computational time of Modelyr; is the smallest
among all the compared models and algorithms.

V. CONCLUSIONS AND RECOMMENDATIONS FOR
FUTURE RESEARCH

Although due date constraints are very important in industry,
they have rarely been studied as hard constraints in the
NWESP. This work proposed an MILP model and a two-
phase enumeration algorithm for finding the (sub-) optimal
solution to the F|nwt, dj|Cnax problem. A performance
comparison that involved a lot of benchmark instances
revealed that the proposed Modely;; and Algorithmyry
significantly outperformed the best-so-far exact methods.
With few effective and efficient exact methods currently
available to solve the F|nwt, dj|Cmax problem, the main
contribution of this work is to reduce the gap between theo-
retical progress and industrial practice in this area.

Since the Fy,|nwt, dj|Cnax problem is a relatively little
studied subject, many related topics warrant further study.
First, the development of additional efficient and effec-
tive constructive heuristic and meta-heuristic algorithms to
solve the large F,|nwt, dj|Cpax problem is a very promising
direction for future research efforts. Second, further inves-
tigations must be performed to solve the problem with
various performance criteria. Third, solving the problem
with multi-objectives would be valuable. Finally, extending
the Fy,|nwt, dj| Cinax problem to incorporate job release date
constraints would be complex but have practical value and so
warrants further work.
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