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ABSTRACT In this paper, a time-optimal trajectory planning method based on quintic Pythagorean-
Hodograph (PH) curves is proposed to realize the smooth and stable high-speed operation of the Delta
parallel robot. The trajectory is determined by applying the quintic PH curves to the transition segments
in the pick-and-place operation trajectory and the 3-4-5 polynomial motion law to the trajectory. The quintic
PH curves are optimized to reduce the cycle time of the pick-and-place operation. In addition, a comparison
between different trajectory planning methods has been implemented so as to observe the performance of
the obtained results. The MATLAB simulation results reveal that compared with the trajectory planning
based on vertical and horizontal motion superposition, the trajectory planning based on quintic PH curves
is completed with a shorter motion cycle time and more stable motion performance, with the velocities,
accelerations, and jerks in joint space bounded and continuous. Experiments carried out on the prototype
also confirm that the trajectory planning based on quintic PH curves has a shorter cycle time, which is of
great importance to high-speed operations of Delta parallel robots.

INDEX TERMS Delta parallel robot, pick-and-place operation, trajectory planning, quintic Pythagorean-

Hodograph curves, optimization.

I. INTRODUCTION

As one of the most successful parallel mechanisms, the Delta
robot [1], [2] is a type of parallel robot [3]-[6] with
high velocity, accurate positioning, low cost and high effi-
ciency [7]. It is widely used in production lines of food,
medicine and electronic products in order to complete rapid
sorting, grabbing, assembly and so on [8]. Due to its outstand-
ing dynamic performance [9], it is commonly used to execute
pick-and-place operation in production lines. Pick-and-place
is known as one of the key operations in programmable
assembly where items are selectively picked up and placed
in their respective positions. It can be applied to various
areas such as palletizing, warehousing, loading/unloading
machine, machine tending, sorting, circuit board testing,
inspection and remote maintenance, and robotic surgery,
in food, pharmaceutical, biomedical, packaging, electrical,
and chemical industries [10]. However, it is often difficult for
a robot to automatically plan its pick-and-place motion [11].
Therefore, it is of great significance to research the

pick-and-place operation trajectory for high-speed Delta
robot. There has been an intense interest in proposing new
approaches to obtaining the optimal trajectories of par-
allel manipulators [12]-[15], whereas little attention has
been paid to optimizing the trajectories for Delta robots.
Afroun et al. [16] presented an approach to planning opti-
mal trajectories of Delta robots in which the operational
coordinates of the moving platform were parameterized and
the sequential quadratic programming method was applied
to find the optimal solutions. Xie et al. [17] proposed a
trajectory planning approach for Delta robots in pick-and-
place operation in which the transitions between the vertical
and horizontal segments of the trajectory were smoothed with
Lamé curves. The approach reduced the residual vibration of
the mechanism, but the calculation was complex and the time
performance was comparatively poor.

With the advantage of expressing the arc length as
a polynomial function of curve parameter, Pythagorean-
Hodograph (PH) curves have been widely studied in path
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planning [18]. Farouki and Sakkalis [19] proposed the
Pythagorean-Hodograph curves in 1990, in order to establish
the exact relationship between the curve parameter and the
arc length of the curve. PH curves are a special family
of free-form parametric curves and a subset of the Bezier
representation, which have the advantage that the arc length
can be expressed as a polynomial function of curve parameter.
Because of its unique advantages, PH curves are widely
applied in high-speed CNC machining, the tool path offset
design and radius compensation, the analysis of computer
geometric tolerance, traffic line design and many other
fields [20]-[23]. Zeng et al. [24] proposed a new approach
based on PH curves and modified harmony search algorithm
to solve the two-stage path-planning problem subject to
kinematic constraints for multiple car-like robots. A quintic
PH curve was used by Farouki and Nittler [25] to meet
the incoming/outgoing path segments with G(2) continuity.
Jahanpour and Imani [26] adopted real-time PH curve CNC
interpolator for high speed corner machining in order to
decrease the corner error.

Nevertheless, few studies have applied PH curves to tra-
jectory planning for Delta robot. On this basis, taking Delta
parallel robot as the research object, this paper proposed a
PH curves based trajectory planning method for the pick-and-
place operation. The quintic PH curves are applied to the tran-
sition segments in the pick-and-place operation trajectory,
and the 3-4-5 polynomial motion law is utilized to plan the
trajectory. The transition segments are formed by the quintic
PH curves to guarantee that the velocities, accelerations and
jerks in joint space are bounded and continuous. In order
to make the robot have a short motion period and a good
motion performance, the PH curves are optimized to reduce
the cycle time. The trajectory planning based on vertical
and horizontal motion superposition is also presented as a
comparison method to make comparisons.

The remainder of this paper is organized as follows:
Section II presents the trajectory planning based on quintic
PH curves, including quantic PH curves, polynomial accel-
eration and deceleration motion law, trajectory optimization,
trajectory planning and self-optimizing trajectory in con-
strained space. Section III presents the trajectory planning
based on vertical and horizontal motion superposition. Exper-
imental and simulation results and analysis are presented in
Section IV. Section V gives the conclusions.

Il. TRAJECTORY PLANNING METHOD BASED ON
QUINTIC PH CURVES

The Delta parallel robot is shown in Figure 1. The
schematic of the pick-and-place operation system is illus-
trated in Figure 2, in which the Delta robot is used to pick
the workpiece up from the conveyer belt and place it in the
target position. The pick-and-place operation path is shown
in Figure 3. The path [9] is represented as ABCDEFG. In the
horizontal direction, |[AG| = w, |[HC| = |EI| = r, in the
vertical direction, |AH| = |GI| = h, |AB| = |GF| = j,
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FIGURE 1. Delta parallel robot.
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FIGURE 2. Schematic of the pick-and-place operation system.
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FIGURE 3. Pick-and-place operation path.

|BH| = |FI| = m. The transition segments BC and EF of the
path are formed by quintic PH curves.

A. QUINTIC PH CURVES
The Bezier representation of PH curves can be defined as:

n

P(y) = (), y(y) = ('l.’)P,-y"(l—y)"—", y €10, 1],
i=0
(0
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where P; = (x;,y;) is the control point of the curve, i =
0...n, nis the degree of the curve, y is the curve parameter.
If there exists a polynomial o (y) that satisfies:

1Pl = /x2(1) + () = o), (@)

then P(y) = (x(y), y(y)) is a PH curve of degree n. x'(y),
y'(y) and o (y) form a pythagorean triangle. x’(y) and y'(y)
can be defined as the one in [27]:

X' (y) = wy) @ (y) = v (¥) 3
V() = 2wy )uly v(y).
Generally assume that w(y) = 1 can guarantee that the
curve has no cusp and the PH curve is odd. Therefore:
o(y) = () + v (y). “)

The key to construct the PH curve is to determine u(y) and
v(y). For the quintic PH curves, u(y) and v(y) are expressed
as:

&)

u(y) = up(1 — y)* 4+ 2ui (1 — )y +uzy?
v(y) = vo(l — )2 4+ 2v1(1 — y)y + vay2.

In this paper, the transition segments of the pick-and-place
operation path are formed by quintic PH curves. The quintic
PH curves are:

5

5 4 .
P(y) = (x(). y(y) =) (l.>Pn/l(l —yy Ly elo.1].
i=0
(6)
The control points of the quintic PH curve are:
Pi =Pyt L2 5 — v
1=PFPo+ §( uovo, Uy — V)
1
Py = Pr+ S uovi + wvo, uor = vovi)
2 2 2
Py =P+ E(Zulvh uy —vy)
(N

1
+1—5(M0V2 + uvo, Uz — vova)

1
Py =P3+ g(M1V2 + upvy, upuy — viva)

— l 2 _ .2
Ps =P, + 5(2u2v2, u; vz).

Figure 4 shows the transition segment BC based on PH
curve and the coordinate system XOY. To solve the quintic
PH curve, ug, 11, uz, vo, vi and vo should be calculated.
To simplify the calculation, PoP; is assumed to be on the Y
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Py(B)
o X

FIGURE 4. Quintic PH curve and its coordinate system XOY.

axis. Therefore vy = 0 and the simplified equation is:

1 2
Py =Py + 5(0, ug)
1
Py =P+ g(uom, uou1)
1
Py =P, + E(4M1V1 + ugva, 2ut — 2v3 + ugup)  (8)

1
Py=P3+ g(”lVZ + upvi, Uiy — viva)

_ l 2_ .2
Ps = Py + 5(2142\/2, u; —vj).

According to the properties of the PH curves, the curvature
k can be calculated as:
Ky) = P'(y) x P"(y) _ 4uova(y —y?)
PP @ (y) +vi(y))?

Since k(0) = 0 and k(1) = 0, it can be calculated that vi = 0
and u; = 0. So the further simplified equation is:

C))

Lo 2
Py =Po+ 5(0, ug)

Py =P

1
P3 =P+ I_S(MOVZ’ uou) (10)
Py =P3

1
Ps = P4+ §(2u2vz, u% — v%).

The quintic PH curve passes through the first control
point and the sixth control point. It can be expressed
as:

(11

P(0) = Pg
P(1) = Ps.
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By combining equation (10) with equation (11), the control
points are obtained as:

Py = (0, 0)
= (0, uo)

Py = (0, uo)

1 1 1
P3 = (—M0V2, ‘”o + Euouz)

1 1
Py = (EMOVL g“o + Euouz)

1 2 1 1
PSZ(EHOVZ + v, S P+ — 5 lom2 + 5142 - —v2)

12)

The geometric relationship shown in Figure 4 can be
expressed as:

1 1 1, 1,

g”o 15 Ou2+5u%_§V2=m

1 2

Euom + 5u2V2 =r (13)
1 2 1 2

guz — gvz =0.

So the solution is as follows:

\/5(35m + 7 —~m2 4+ r2 + 70mr)
Uy =

34
— 2 2
iy = \/5(m+35r v;ng + rs 4+ 70mr) (14)

S5(m + 35r — ~/m? + r2 4+ 70mr)
vy = o3 )

The X and Y coordinates of the quintic PH curve calculated
from equation (6) are:

_% 3 1— 2 l 41_
x(y) = Zuov2y (IT—=y)+ 3 Uovay (I—=y)

1 2
+(Euovz + 5 “upn)y? ,

= g(u0V2 + o)y — upvay* + §M0V2)/3
() =udy(1 — )t +2udy*(1 —y)?
2, 2 3 2
+Qug + guouz)y 1=y

G2 4 Suou )y (=) + (o + Luour)
us + —uou — w2 4+ —upu
073 ou2)y Y 3 o+ 15 ou2 J/
(15)
[|P'(y)|| can be calculated by equation (2) as:
POl = /x2() +y2(y) = o (y)
=} (y) + V()
= (uo” + 2uguz + uz* + v2 )yt — (dug® + duouy) -

¥+ (6uo® + 2uoun)y* — 4ug’y + up®. (16
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Then the arc length of the quintic PH curve can be calculated

S:
I(e) = /0 Jx20) +¥2(n)dy

85 84
= (uo® + 2uouz + ur” + V22)? — (4up® + 4140”2)?
83 82
+(6up® + 2uouz) - = 4u023 + up’e. (17)

Therefore:

Loy, = L _/ VX2 + Y2 (y)dy

1 1
guo +Buou2+5u2 +§vz2. (18)

B. 3-4-5 POLYNOMIAL ACCELERATION AND
DECELERATION MOTION LAW
In this paper, the robot uses the polynomial acceleration and
deceleration motion law in the pick-and-place operation path
planning. The following two acceleration and deceleration
motion laws, the 3-4-5 polynomial one [28]-[30] and the
3-4-5-6 asymmetric one [31] can both generate trajectories
that are continuously differentiable in third order. In com-
parison, the 3-4-5 polynomial motion law is selected due to
its simplicity to implement and its smaller maximum angular
acceleration.

Combined with the boundary conditions, the 3-4-5 polyno-
mial motion law can be computed as following:

p(®) = L (6D° — 150* + 10d3), (19)

where ® = ¢/T and ® € [0, 1], I,y is the total length of the
path as shown in Figure 3, ¢ is the time, 7 is the motion cycle
time, which represents the time for a single pick-and-place
operation.

The length of the quintic PH curve is lEC = %uo2 +
%uouz + %uzz. The path length [,; of the pick-and-place
operation trajectory is:

lar =2j + 2ZBAC +w—2r. (20)

In the pick and place operation, the trajectory can be cal-
culated as:

s(t) = p(®). 2D

C. TRAJECTORY OPTIMIZATION
The motion cycle time 7' can be calculated by the motion law
(21) as:

104,y
\/gamax
_ \/10(2; + 213% +w—2r)
\/gamax
102h 4/34 .
_ Qh+w+4/ ¢)7 22)
\/gamax
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where o = v/m2 + r2 + 70mr, B = m* + r* + 36mr, ¢
m4r,y=¢—-—a+/05B—a-¢),0<m<h0<r

w / 2, amax 18 the maximum acceleration.
In the pick-and-place operation, the constraints are:

IA

g < qi < g™, i=1,23

gt < g < g™, i=1,2,3

M <G <G, i=1,2,3 (23)
ITil < tmax, i =1,2,3

other constraints,

where ¢; is the ith joint angle, 7; is the ith motor torque.
The torque constraints can be obtained by using dynamic
model [1], [32]. Joint position and joint velocity constraints
can be satisfied readily, which can be obtained by using
kinematic model [1], [31]. Different m and r will make
different PH curves. Considering the demand of high-speed
operation, T needs to be minimized, which means that the tra-
jectory should achieve the required motions in a time-efficient
manner subject to the kinematic and dymamic constraints
imposed by the Delta robot mechanism [33].

D. TRAJECTORY PLANNING
It could be computed from ‘“Trajectory optimization" section
with the interior point method:

1) The trajectory contains two phases that are both quintic
PH curves.

2) |AB| =|GF| =0, |CE| =0.

Figure 5 illustrates the two-phase optimized trajectory:

1) When the end effector of the Delta robot moves from
point A to point D, which means 0 < s(¢) < lBAC ,
the robot moves along the quintic PH curve.

2) When the end effector moves from point D to point G,
which means [ ~ < s(¢) < ZIBA , the robot also moves
along the quintic PH curve. At tﬁis time, the calculation
method of the trajectory coordinates is similar to the
calculation method of time (1).

D(C.E)

A(B) fﬁ ﬂ G(F)

FIGURE 5. Optimized pick-and-place operation trajectory.

The transformation matrix from the XOY coordinate
system in Figure 4 to the robot base coordinate system
ORrXRYRZp is required. It can be expressed as:

XR ra ore rs3 h X X
YR _ |21 2 3 I yl_ T y
- - o E}
2R r31 13 133 13 0 0
1 0O 0 0 1 1 1

(24)

where T, is the transformation matrix from the XOY coordi-
nate system to the robot base coordinate system OgrXrYrZg.
By substituting the coordinates of point B, point C, point
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P and point P3 under the XOY coordinate system and
ORrXRYRZp coordinate system into equation (24), T,, can be
calculated.

The detailed steps for calculating the coordinates of the
robot base coordinate system in the above time (1) are as
follows:

1) Calculate s(¢) according to equation (21);

2) Obtain the curve parameter y by combining s(¢) with

equation (17);

3) Taking y into equation (15), the coordinates in XOY
coordinate system could be calculated;

4) Taking the above coordinates into equation (24),
the coordinates in the robot base coordinate system
will be obtained. The robot base coordinate system is
defined in literature [34].

E. TRAJECTORY SELF-OPTIMIZATION IN

CONSTRAINED SPACE

The workspace of the DELTA robot is defined as a region
in the three-dimensional cartesian space that can be reached
by the robot’s end-effector [34]. When the trajectory is
beyond the constrained workspace, the trajectory should be
replanned. Therefore, a trajectory self-optimization method
is proposed, which is suitable for constraint workspace and is
based on the artificial potential field [35], [36].

1) When the picking or placing point is beyond the con-
strained space, the artificial potential field could be
written as Uy (p) = Ug(p) + Uc(p), where p means
the current position, Uy(p) is designed to track the
desired position, U.(p) is designed to avoid moving
beyond the constrained space. U;(p) could be defined
as Uyg(p) = %kd||p—p,-||2, where k; is a positive
constant, p; is the desired picking or placing point.
Uq(p) could be defined as U.(p) = kc/dz, where
k. is a positive constant, d is the distance from the
point p to the boundary of the workspace. p; could
be viewed as the attractive point potential source, and
the boundary of the workspace could be viewed as the
rejective point potential source. The force Fyy,y 1S given
by the negative gradient of the potential:

Frotal = —VUg — VU,. (25)

After the new picking or placing point is obtained,
the method mentioned in ‘“Trajectory planning”
section will be used to plan the trajectory.

2) When the transition curve in the desired trajectory is
beyond the constrained space, i will be redefined.

3) Repeating step (1) and step (2) until the trajectory is not
beyond the constrained space.

However, if the workpiece cannot be picked with the self-

optimized trajectory, the task will be terminated.

IIl. TRAJECTORY PLANNING BASED ON VERTICAL AND
HORIZONTAL MOTION SUPERPOSITION

The trajectory planning based on vertical and horizontal
motion superposition is commonly used to generate the
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curve transition through the motion superposition in different
directions.

In this trajectory planning method, the robot adopts the
3-4-5 polynomial motion law in the horizontal direction
and vertical direction. The trajectory is shown in Figure 3.
Assume T is the motion time from A to C, T, is the motion
time from B to F, T3 is the motion time from E to G.
So T = T3. There are two cases:

1) h < w: When t = 0, the end effector of the Delta robot

starts to move upward in the vertical direction; when
t = T1/2, the end effector starts to move in the hori-
zontal direction; when ¢ = T5, the end effector starts to
move downward in the vertical direction. Therefore the
cycle time T is:

10w n 10h 26)
\/gamax \/gamax '

2) h > w: when t = 0, the end effector starts to move
upward in the vertical direction; when t = T1 — T5/2,
the end effector starts to move in the horizontal direc-

T=T,+T3 =

tion; when t+ = T, the end effector starts to move
downward in the vertical direction. Therefore the cycle
time 7 is :

10h

T=T+T;=2 Q27)

ﬁamax '

IV. EXPERIMENTAL AND SIMULATION RESULTS

A. SIMULATION AND ANALYSIS

The proposed method was tested with MATLAB to per-
form the numerical simulations. According to the Adept-
cycle [37], when the starting point coordinates were
(—152.5mm, 0, —800mm), the target point coordinates were
(152.5mm, 0, —800mm) and 4 was 25mm, the trajectory
planning based on quintic PH curves and the trajectory
planning based on motion superposition were respectively
simulated.

The paths in the robot base coordinate system of the above
two methods are shown in Figure 6. Figure 7 shows the
time responses of the velocities, accelerations and jerks of
the end effector during the pick-and-place operation based
on quintic PH curves. Figure 8 shows the time responses of
the velocities, accelerations and jerks of the end effector in
Cartesian space during the pick-and-place operation based on
motion superposition.

In addition, the kinematic model was established and its
simulation was carried out. During the pick-and-place oper-
ation based on quintic PH curves, the angular positions,
angular velocities, angular accelerations and angular jerks in
joint space are shown in Figure 9. Figures 10 illustrates the
angular positions, angular velocities, angular accelerations
and angular jerks with the pick-and-place operation based on
motion superposition.

The trajectory planning based on quintic PH curves
achieves a smooth trajectory as shown in Figure 6. It can
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trajectory planning based on quintic PH curves
trajectory planning based on motion superposition

-0.775

-0.78

—~ -0.785

0.2
0

v (m) T2

FIGURE 6. Paths planned by the proposed two methods.

be found that the jerks in the trajectory planning based on
motion superposition are discontinuous from Figure 8, while
the jerks in the trajectory planning based on quintic PH curves
are bounded and continuous as shown in Figure 7. Comparing
Figure 10 with Figure 9, it can be found from Figure 10 that
the angular jerks in the trajectory planning based on motion
superposition have cusps, while the velocities, accelera-
tions and jerks in joint space are bounded and continuous
in Figure 9. Therefore, the trajectory planning based on quin-
tic PH curves has more stable motion characteristics.

The cycle time T of the proposed two methods was also
compared. When 0 < &4 < 0.3m, 0 < w < Im, by sub-
tracting the cycle time of the pick-and-place operation based
on motion superposition from the cycle time of the pick-and-
place operation based on quintic PH curves, the cycle time
difference is demonstrated in Figure 11.

As can be seen from Figure 11, 99.70% of the cycle differ-
ence is negative. Therefore, the simulation results show that
the trajectory planning method based on quintic PH curves
has a shorter cycle time compared with the trajectory planning
method based on motion superposition.

B. PROTOTYPE TEST

The experimental system includes host computer system of
Delta robot, motion controller, servo system, mechanical
structure, industrial camera and so on. The Delta robot’s fixed
platform radius is 150 mm, the moving platform radius is
51 mm, the active arm length is 325 mm and the slave arm
length is 800 mm. Experiments were carried out on the proto-
type to test the performance and stability of the proposed two
different trajectory planning methods. Figure 12 shows the
experimental process. Figure 13 (a) and (b) show the actual
angular velocities of the active joints, which are planned by
the quintic PH curves and motion superposition trajectory
planning methods, respectively. Figure 13 (c) and (d) show
the torques in the motors, which are planned by the quin-
tic PH curves and motion superposition trajectory planning
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FIGURE 9. Angular positions, angular velocities, angular accelerations
and angular jerks with the trajectory planning based on quintic PH
curves. (a) Angular positions. (b) Angular velocities. (c) Angular

accelerations. (d) Angular jerks.

methods, respectively. The actual angular velocities were
obtained by dividing the motor speed by the reduction ratio.
The motor speed was measured by the speed monitor signal
from the motor, and the motor torque was measured by the
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torque monitor signal from the motor. The angular velocities
demonstrate that the proposed method has a shorter cycle
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FIGURE 12. Experimental process.

time than the comparison method. It can be observed from
Figure 13 that torques in the comparison method change more
frequently than torques in the proposed method. In addition,
it can be deduced from the torques that the motors in the com-
parison method require a larger startup current than motors in
the proposed method obviously.

It is found that the better results are obtained using the
trajectory planning based on quintic PH curves by observ-
ing actual angular velocities, torques and cycle time. The
trajectory planning based on quintic PH curves has the advan-
tages of the shorter motion cycle time and more stable motion
characteristics compared with the one based on motion
superposition. Experimental results are consistent with the
simulation results. Both the results of simulation and exper-
iments reveal that the trajectory planning based on quintic
PH curves contributes to high-speed operations of the Delta
robot.
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FIGURE 13. Actual angular velocities and torques of the proposed two
methods. (a) Angular velocities with the trajectory planning based on
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based on motion superposition. (c) Torques with the trajectory planning
based on quintic PH curves. (d) Torques with the trajectory

planning based on motion superposition.

V. CONCLUSION

This study presents a time-optimal trajectory planning
method based on quintic PH curves to gain a high-efficiency,
smooth and stable performance for Delta parallel robot when
performing high-speed operations. Conventionally, the trajec-
tory planning based on vertical and horizontal motion super-
position is mostly applied to trajectory planning of the pick-
and-place operation for Delta robot. In order to reduce the
motion cycle time and get a stable performance in the pick-
and-place operation, the trajectory planning based on quintic
PH curves is proposed by applying the quintic PH curves to
the transition segments and optimizing the PH curves. The
simulation results show that the trajectory planning based on
quintic PH curves provides a shorter motion cycle and more
stable motion performance compared with the trajectory
planning based on motion superposition. Experiments were
carried out on the prototype, which show that the proposed
method is an efficient solution to the trajectory planning.
Both the results of simulation and experiments reveal that the
trajectory planning based on quintic PH curves contributes to
high-speed pick-and-place operation of the Delta robot.
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