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ABSTRACT The atom-bond connectivity (ABC) index is one of the most actively studied degree-based
graph invariants, which are found in a vast variety of chemical applications. For a simple graph G, it is
defined as ABC(G) = Y_ ey ((d(w) + d(v) — 2)/(d(u)d(v)))!/?, where d(v) denotes the degree of a vertex
v of G. Recently in [17] graphs with n vertices, 2n — 4 and 2n — 3 edges, and maximum ABC index were
characterized. Here, we consider the next, more complex case, and characterize the graphs with n vertices,

2n — 2 edges, and maximum ABC index.

INDEX TERMS Atom-bond connectivity index, ABC index, extremal graph.

I. INTRODUCTION

Here only graphs without multiple edges or loops will be
considered. For a graph G, the set of vertices of G is denoted
by V(G), and the set of edges of G by E(G). For a subset S of
V(G), we denote by G[S] the subgraph induced by S. A graph
G is called an (n, m)-graph if G has n vertices and m edges.
A complete graph of order n is denoted by K,,. The degree
of a vertex v in G is denoted by dg(v) (or simply d(G)). An
edge uv is an (s, )-edge if d(u) = s and d(v) = ¢. An edge
uv is an (sT, t)-edge if d(u) > s and d(v) > t. A vertex
u is said to be a neighbor of v if u is adjacent to v in G. We
denote by N(v) the set of neighbors of a vertex v. A vertex
vis a leaf if d(v) = 1. Two distinct edges are adjacent if
they have a common end-vertex. We denote by L(v) and §(G)
the set of leaf neighbors of v and the minimum degree of G,
respectively. We denote by K ; the complete bipartite graph
with two part sizes s and 7.

For a graph G, a positive integer s, and a,b € V(G),
we define a graph T(G,a,b,s) by V(T(G,a,b,s) =
V(G) U {q1,92,---,qs}, and E(T(G,a,b,s)) = E(G) U
{q1a, q2a, ..., gsa} U {q1b, q2b, ..., qs;b}. That is to say,
T(G,a,b,s) is obtained from G by adding s vertices of
degree two adjacent to both a and b. For an example, see
Figure 5 in [17].

The atom-bond connectivity (ABC) index of a graph G is
defined as

B [d@) +dw) -2
uveE(G)

Estrada et al. [10] proposed this vertex-degree-based graph
topological index. They showed that the ABC index can be
a valuable predictive tool in the study of the heat formation
in alkanes. Ten years later, Estrada elaborated in [11] an
innovative quantum-theory-like explanation of this topolog-
ical index. Incontestably, this topic has triggered tremen-
dous interest in both mathematical and chemical research
communities, leading to a number of results that incorporate
the structural properties and the computational aspects of
the graphs with extremal properties [1], [3]-[9], [12], [16],
[18], [19], [21]. On the other hand, the physico-chemical
applicability of the ABC index has also been confirmed and
extended in several other studies [2], [13]-[15], [20].

It has been proven that deleting/adding an edge in a graph
strictly decreases/increases its ABC index [1], [4]. Conse-
quently, among all connected graphs, a tree/the complete
graph has minimal/maximal ABC index.

It has been shown that among the trees of a given
order, the star is the one with a maximal ABC index [12].
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FIGURE 1. (a) The graph X]'; (b) the graph XJ.

Notwithstanding, a thoroughgoing characterization of trees
with minimal ABC index, also referred to as minimal-ABC
trees, still remains an open problem.

Another very difficult extremal problem is to determine
which graphs with no pendent vertices have a maximal ABC
index. In [17] two special instances of the above problem
were considered: characterizing the maximal-ABC graphs
with 2n — 4 and 2n — 3 edges, where n is the number of
the vertices. The first problem is significantly easier, and by
the second one it can be seen how the complexity of the
problem increases even by adding only one edge more as
in the first case. Here, we go a step further, as we take into
consideration the case when the graph has 2n — 2 edges, the
case, which is more difficult to analyze than the above two
cases.

Il. MAIN RESULTS
We then define graph X' with n+4 vertices and 21+ 6 edges
(n > 1) as follows: V(X{’) = {uy, up, uz, uq, vi, va, -+, vn}
and EXX() = {upvi, uov; 1 < i < n} U
{urun, urusz, uyua, uous, upug, usug}. Similarly, we define
graph X with n + 5 vertices and 2n + 8 edges (n >
2) as follows: V(Xé’) = {uy, up, us, ug, us, vy, va, -+, v}
and EX)) = {wvi,uwv; : 1 =< i =< n} U
{uruz, uruag, uyus, upusz, upua, urus, u3ua, usus}. The graphs
X{ and X7 are shown in Figure 1.

The following lemma is easy to verify:

Lemma 1: If n > 5, we have

i) ABC(X] ™) = L2202 44 [xhp 4+ (n— V2 + §

n—1
i) ABC(X) ™) =4 /55 + 2 3ot + (0 — 5)V2 +
2\/% ;
iiiy If n < 34, then ABC(X!"™) > ABC(X;™), else
ABC(XI™) < ABC(X3™).
Now we will define a family of graphs G as follows. For
any graph G, G € G if and only if G satisfies the conditions:

Cl1) G is a graph with minimum degree at least two on n >
10 vertices and m = 2n — 2 edges.

C2) GZX!*and G £ X; .

C3) G is a graph with the maximum ABC index, i.e.,

ABC(G) = max{ABC(H)|6(H) = 2, |V(H)| = n}.

C4) G satisfies the conditions C1, C2 and C3 with the
minimum number of vertices, i.e., |V(G)| is as small
as possible.
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For a graph G = (V, E), we use the following notations to
prove the theorems.

N'(e) : the set of edges adjacent to the edge e,

E, : the set of edges incident to the vertex v,

Vi={vld(v) =i} fori> 2,

Vit = {vld(v) = 3}, k = |[V3+] and V3+ =
{u15u25."5uk}’
ny = |Val,

V3 = ldgv,1(v) = 3},

Eg; ={wldu) =s,d(v) =1},

Eg i+ = {uvld(u) = s,d(v) = 1},

Egt o+ = {uvld(u) = 5,d(v) = t},

by = |Eapl, €y = |Ep 3+, €3 = |E3+ 3+,

E; 5 = {wldgv,,1(w) = 3, dgv, . (v) = 3}

That is to say, Vj is the set of vertices with degree three
in G[V3+] and E§’3 the set of edges whose end vertices have
degree three in G[V3+].

Lemma 2: For any (n, m)-graph G with n > 10 and m =
2n — 2 and 8(G) > 2, we have

a)lz=2k—241¢y;

b) {3 > 6and k > 4.

Proof: a) Via the summation of the degrees of all the
vertices, we have
k

Zd(v)+ Z d(v) = 2n2+2d(u,~) —2m=4n—4,5

veVy veVsq i=1

(D
n=n+k, (2
and
2n —2 =41+ £r + £3. 3)
By Eq. (1)-(3), we have
k
—2k + Y d(u) =2n—4. )
i=1
Since Zf-;] d(u;) = €, + 243, we have
b3 =2k — 2+ 4. ©)

b) If k = 0, then G is the union of cycles, contradicting
with m = 2n — 2. Hence we have k > 1.

Now, we claim that £3 > 3. Otherwise, suppose on the
contrary that £3 < 2, then we have ¢3 = 2k —2 4 ¢; < 2.
Hence we have ¢ <4 — 2k < 2.

Case 1 (£3 = 0): In this case, we have k = 1 and £1 = 0.
This means that there is exactly one vertex with degree at least
three and the other vertices with degree two. It is clear that
such a graph does not exist.

Case 2 (£3 = 1): In this case, we have k = 1. This means
that there is exactly one vertex with degree at least three.
Therefore, there is no edge e € E3+ 3+, a contradiction.

Case 3 (£3 = 2): In this case, we have k < 2. This means
that there are at most two vertices with degree at least three.
Therefore, there is at most one edge e € E3+ 3+, whichis a
contradiction.
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From above, we have £3 > 3. Hence, k > 3. Now we will
show that k # 3. Otherwise, there are at most three edges
el, e2, e3 € E3+ 3+, 1.e, €3 < 3. By Eq. (5), we have {3 =
2k — 2+ £ > 2k — 2 > 4, a contradiction.

Now from above, we have k > 4, and thus 3 =2k — 2 +
£1 > 2k — 2 > 6. This assertion completes the proof. O

Lemma 3: If Gis an (n, m)-graph withn > 10,m = 2n—2,
8(G) > 2 and G has the maximum ABC index, then |E; 2| =
0.

Proof: We first prove the following claim:

Claim 1: there is an edge e € E3+ 3+ such that e ¢ E, for
any v € V4.

Proof: Otherwise, {3 < k — 1. By Eq. (5), we have
03 =2k —2+ £1.So we have 2k —2 + £1 < k — 1 and thus
k—1+¢; <0.ByLemma 2, we have k > 4, a contradiction
withk — 14+ ¢; <O. ]

Now, suppose on the contrary that |E; 2| > 1, this way
there is an edge wivy € Ez 2. By Lemma 2, we have £3 > 6,
and thus, there is an edge wov2 € E3+ 3+ such that wyvy and
wo vy are disjoint. Since d(w1) = 2, without loss of generality
we may assume that wywy ¢ E(G). We consider the following
cases.

Case I (viv2 ¢ E(G)): We now consider a graph G’ such
that G’ = G — wivy — wava + wiwa + viva. It can be seen
that ABC(G’) > ABC(G), a contradiction.

Case 2 (vivy € E(G) and wivs ¢ E(G)): Since d(vy) = 2,
we have viwy ¢ E(G). We now consider a graph G’ such that
G = G — wyvi — wavp + wiva + wovy. It can be seen that
ABC(G") > ABC(G), a contradiction.

Case 3 (viv2 € E(G) and w;vy; € E(G)): By Claim 1,
we have that there is an edge w3vz € Ez+3+ such that v; is
not incident to w3vs. Since wivy € E» 2, we can conclude that
wivy and w3vs are disjoint. Now, applying the proof of Case 1
for w3vs and wpvy we obtain a contradiction. O

Lemma 4: If G € G, then |E» 3] = 0.

Proof: Suppose on the contrary that there is an edge
wivy € E» 3, we have wy has another neighbor v3 € V3+ by
Lemma 3.

Case 1: there is a vertex vo € N(vy) with vy € V3+.

Let G = G — {wy}, then we have ABC(e|G) < ABC(e|G")
for any e € E(G'), and x = d(v). Then we have

N2
ABC(w1v1[G) = ABC(w1v3|G) = ABC(v12IG') = -,
and
1
ABC(nw|G) = |2
3x

Therefore, we have
ABC(G) < ABC(G') + ABC(w1v1|G)

+ABC(w1v3|G) + ABC(viv2|G)
—ABC(v1»|G)

«/5 x+1
2 3x

< ABC(G)+ 2 — (— -
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< ABC(G) ++2 — (? — %)

Subcase 1.1 (ABC(G') < ABC(X]”J)): In this case,
we have if n > 10, then

ABC(G) < ABC(X]™%) + /2 — (“/7z _ %)
= ABC(X]™)
_4( n _ n—l)
Vam—1  \30-2)
S2n—4  J2n—6 ﬁ g
-1 w2 ) 2 3

< ABC(X]™,

a contradiction.
Subcase 1.2 (ABC(G') < ABC(X;'_é)):
In this case, we have if n > 10, then

ABC(G) < ABC(X}™%) + V2 — (? _ %)

= ABC(X)™)
4 n—1 n—2
B 3n—2) \3m-3)
) n n—1
TT\Wam-2) V4n-3)
V2 o2
\2 3

< ABC(X}™),

a contradiction.

Case 2 (d(w) = 2 for Each Vertexw € N(vy)): LetN(vy) =
{w1, wa, w3}. Since m = 2n — 2, by Lemma 2 we can deduce
that there is another edge x1x; € E3+ 3+. With the result of
Case 1, we can conclude that there is no neighbor of x; with
degree two. If one assumes that G = G — x1xp — viws +
vixz + wsxy, it can be verified that ABC(G) < ABC(G'). As
v1 has a neighbor w; with d(w;) = 2 and another neighbor x;
with degree at least three. Applying further Case 1, we again
obtain a contradiction. This assertion completes the proof. []

Lemma 5: If G € G, then |Ep 4] = 0.

Proof: Suppose on the contrary that there is an edge
wivy € E» 4, we have wy has another neighbor v3 € V4+ by
Lemmas 3 and 4.

Case 1: there are two vertices vo,vq4 € N(vi) with
{va,v4} C V3+.

Let G’ = G — {wy}, then we have ABC(e|G) < ABC(e|G")
for any e € E(G'), x; = d(v2) and x, = d(v4) Then we have

2
ABC(w1v11G) = ABC(w1v3/G) = %
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x1+1 n n—1
ABC(v1|G) = , (] _
1n2|G) 3 ( 4n—2) 4(n—3))
, xy +1 2 5
= oz /=
ABC(viv4|G) 3 (3 2

EHEHER

2 < ABC(X5™),
ABCOra|G) = |2 o 2
4x a contradiction.
and Case 2: there is exactly one vertex v» € N(vi) with
V) € V3+.
X2 + 2' Let G’ = G — {w}, then we have ABC(¢e|G) < ABC(e|G))

ABC(viv4|G) =

M~
=
N

for any e € E(G'), x = d(v;) and so x > 3. Then consider
the following cases.

Therefore, we have
Subase 2.1 (x > 4):

ABC(G) < ABC(G') + ABC(wv1|G)

+ABC(w1v3|G) + ABC(viv2|G) ABC(w1v(|G) = ABC(w1v3|G) = “/TE
+ABC(v1v4|G) — ABC(viv2|G') o)
—ABC(viv4|G)) ABC(vi»|G') > T

< ABC(G)+ 2 and

2
xi+2 xi+1 x+2
LR L ABC(v1»2|G) = .
*;Q% /m) .

Therefore, we have

/
=< ABS (G +v2 ABC(G) < ABC(G') + ABC(w1v1|G)
+Z<\/Xi+2 _\/xi+1) +ABC(w1v3|G) + ABC(viv2|G)
o \V 4 3 ) b= — ABC(vin|G)

) 2 5
§ABC(G)+«/§—2<§— E)'

n [x+2 fx+1
4x 3x
we haveifn > 10, then < ABC(G)+ V2

[x+2  [x+1
ABC(G)gABC(XyS)JM/E_z(%_ %) +( x4x B xSX)

n—4
= ABC(X{™") < ABC(G)+ 2 — (,/ 2 \V 2) .
12 16
4 [ n _ n—1
( 3(n—1) 3(n—2) Subcase 2.1.1 (ABC(G) < ABC(X}’_5)): In this case,

(JZn 4 i 6) we have if n > 10, then

< ABC(G') + V2
Subcase 1.1 (ABC(G)) < ABC(X;I_5)): In this case,

x=4

ABC(G) < ABC(X!'™%) + /2
n—1 n—2

_2(2_ z) —(/g—/%

3 12 .
— ABC(X"™)
n—4 1
< ABC(XI™),
adict 4 < [ n n—1 )
a contradiction. - -
Subcase 1.2 (ABC(G') < ABC(X)~®)): In this case, 3= y3n—2)
we have if n > 10, then (\/Zn—4 \/Zn—6)
2 3 n—1 n—2
ABC(G) < ABC(X; ™)+ V225 -/ =
3 12 5 6
= ABC(X)™%) “\V12 Vie
o =1 n—2 < ABC(X]™%),
3(n—2) 3(n—3) a contradiction.
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Subcase 2.1.2: ABC(G') < ABC(X5™).
In this case, we have if n > 10, then

ABC(G) < ABC(X)™%) + 2 — (\/g _ \/T%)

= ABC(X)™)
4 n—1 n—2
B 3n—2) \ 3(n-73)
) n n—1
B \/ 4n—2) \4n-3)

< ABC(X)™),

a contradiction.

Subcase 2.2 (x = 3): Since d(v4),d(vs) > 3, together
with Lemma 4, we have v4v; ¢ E(G). Now, let N(vp) =
{v1, v4,vs}and G = G—{w1}—vav4+v1vs. Since for x > 3,

b V2 [x43 [x+d \/? 2
WS SV TV T
we have ABC(G') > ABC(G).

Now we can obtain a contradiction by similar argument to
the proof of Case 1.

Case 3 (d(w) = 2 for Each Vertex w € N(v;)): Let
N(1) = {w1, w2, w3, wa}. Since m = 2n — 2, by Lemma 2
we can deduce that there is another edge x1x € E3+ 3+. Itis
sufficient to consider the following cases.

Subcase 3.1 (x1x2 € E33): By Lemma4, we have d(u) > 3
forany u € N(x;))(@ = 1,2). Let 51 and s, be two of the
neighbors of x1, y; = d(s1), and yp = d(s2), we have y; >
3,y2 > 3. Let G’ = G — x1x; + vix2, now we have

ABC(G) < ABC(G)) — \/g + % -2

yi+1 2 +1
+ +
\/ 3y \/ 3y2

6 2 4
<ABC(G)— | —+= -2+~
< (G 573 f+3

< ABC(G),

a contradiction.

Subcase 3.2 (x;x2 € Ez+ 4+): Assume G’ = G — xjxp —
viwg 4+ vix] + waxp and it can be verified that ABC(G) <
ABC(G’). But v; has a neighbor w; with d(w;) = 2 and
another neighbor x; with degree at least three. Applying now
Case 1, we obtain a contradiction. This assertion completes
the proof. g

By similar argument to the proof of Lemma 5, we can
obtain Lemma 6.

Lemma 6: Let G € G and G be an (n, m)-graph with m =
2n — 2, §(G) > 2 and G has the maximum ABC index.

1)Ifk =6and |V3| > 1 ork <5, then |Ey 5| = 0;
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i) If n > 13, k = 5 and N(v) contains at least two vertices
with degree at least three for each v € Vg, then |E; 6| = 0.

Lemma 7: If G € G, then G contains no induced P3 =
wiwows such that d(w;) = d(wp) = 3 and d(w3) > 3.

Proof: Suppose on the contrary that G contains an

induced P3 = wiwyws such that d(wy) = d(wp) = 3 and
dws3) > 3. Let G = G — {wz} + wiws, then G’ is an
(n—1,2n — 4)-graph.

Case 1 (ABC(G') < ABC(X}“_j)): Since n > 10, we have

4
ABC(G) < ABC(G') + 3

4
< ABC(X]™) +3

< ABC(XI™) —
_4( n—1 )
3(n— ) \3m-2)
\/2n—4 \/2n— 4
n—1 §
< ABC(X]™),

a contradiction.
Case 2 (ABC(G') < ABC(X;’_6)): Since n > 10, we have

n—6 4
ABC(G) < ABC(X;™) + 5
= ABC(X3 ™) =2

4 n—1 _ n—2
3(n—2) 3(n —3)

n—1 +f

V 4(n—2) 4(n — 3) 3

< ABC(X)™),
a contradiction. This assertion completes the proof. ]

By similar argument to the proof of Lemma 7, we have the
following result and omit the proof.

Lemma 8: If G € G, then G contains no induced P3 =
wiwaws such that d(w;) = 4, d(wp) = 3 and d(w3) = 4.

Lemma 9: Let G € G and k > 6. If wywyws is a triangle
in G[V3], then there is no vertex s € Vz+ \ {wy, wa, w3} such
that [N(s) N {w, wo, w3}| > 2.

Proof: Otherwise, we may assume that there is a vertex
s € V3+ \ {w1, wa, w3} such that |[N(s) N {wy, wa, w3}| > 2
and swy, sw3 € E(G).

Now we claim that there is an edge t1fy € E3+3+ \
(Eg U {wiw2, wiws, wows}). Otherwise, |E3+3+| < |Ey U
{fwiwa, wiwz, wows}| <3+ k —1 =k + 2. By Lemma 2,
we have {3 = 2k — 2 = |E3+3+| < k + 2. Hence k < 4,
a contradiction.

Now it is sufficient to consider the following two cases.

Case I (wit; ¢ E(G) and wit; ¢ E(G)): In this case,
1, ¢ {s, wi, w2, w3}, and we can deduce that wst; ¢ E(G)
and wity ¢ E(G). Let G' = G — wiws — t11p + wit] + wiby,

VOLUME 6, 2018
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-2
fix,y) = ,/% and we have

ABC(G) < ABC(G') + ABC(w1ws3|G) + ABC(t112|G)
—ABC(w1t1|G") — ABC(w312|G)
< ABC(G')+f(3.3) +f(d(t1), d(12))
—f(3,d(t1)) — f(3,d(12))
< ABC(G),

a contradiction.

Case 2 (wit; ¢ E(G) andwit; € E(G)): Since d(wy) = 3,
we have 1 € N(wy) = {s, wp, w3}. In this case, we have
that 7, cannot be any vertex in {s, w3}. Hence, #; is exactly
the vertex wo. Now we claim that there is an edge g1q2 €
E3+ 3+ \ (E;UE,, UE,, UE,,). Otherwise, |E3+ 3+| = |EsU
{wiwa, wiwsz, wowz, wat1}| < 4+k—1 = k+3. By Lemma 2,
we have €3 = 2k — 2 = |E3+3+| < k + 3. Hence k <
5, a contradiction. Now, since d(w;) = d(w3) = 3, we can
deduce that N(w;) N {q1, g2} = @ for any i € {1, 3}. Let

G =G —wiws — q1q2 + wiq1 + w3qa, f(x, y) = /22

xy
and we have

ABC(G) < ABC(G') + ABC (w1w3|G)
+ABC(q192|G) — ABC(w141|G")
—ABC(w3¢2|G")

< ABC(G') +f(3.3) + f(d(q1). d(q2))
—f(3,d(q1)) — f(3,d(q2))
< ABC(G),

a contradiction. This assertion completes the proof. g

Lemma 10: Let G € G and k > 6. Then G[V3] contains
no triangle.

Proof: Suppose on the contrary that G[V3] contains a
triangle wiwyws. Then, there is an edge 1172 € Es+ 3+ \ (Ey, U
Ey, U E,,;) and we have |[N(w;) N {t;,}| < 1foranyi e
{1, 2, 3}. Now it is sufficient to consider the following cases.

Case 1 (witz ¢ E(G) and wit; ¢ E(G)): LetG' = G —
wiws — titp + wita + wsty, and ABC(G) < ABC(G). Since
nty € Ez+ 3+ \ (Ey, UEy, UE,,), we have w; # 1, and
wz # t1. As G'[V3] has an induced P3 = wiw;pws, we can
obtain a contradiction by Lemma 7.

Case 2 (witz ¢ E(G) and w3t; € E(G)): In this case,
we have wit; ¢ E(G) and wat, ¢ E(G) by Lemma 9. Let
G = G—wiwz —Htr+wit +wstr, and we have ABC(G) <
ABC(G"). As G'[V3] has an induced P3 = wiwpws3, we can
obtain a contradiction by Lemma 7. This assertion completes
the proof. g

Lemma 11: Let G € G and k > 6. If wiwpws is a triangle
such that d(w1) = d(w») = 3, d(w3) = 4 and another edge
tity € E3+ 3+ \{wiw2, wiws, wows}, then itis impossible that
wity ¢ E(G) and wit| ¢ E(G) with wy # 1, and w3 # 1.

Proof: Suppose on the contrary that G contains a trian-
gle P3 = wiwpws such thatd(wy) = d(wp) = 3 and d(w3) =
4. Then there is an edge 111 € E3+ 3+ \ {wiwa, wiws, wows}.
If d(tp) > 4, then let G =G- wiwsz — ) + w1ty + watg,
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and we have ABC(G) < ABC(G'). Then we can process G’
applying Lemma 7, and obtain a contradiction.

Ifd(t;) = 3,thenlet G' = G — {wy} — t11p +wits + waty.
Then G’ is an (n — 1, 2n — 2)-graph. we have ABC(G) <

d(t)+2 d(tp+1 / ..
ABC(G) + % - % - ifjl();r) —\/ 3(2‘(),; + 15—2 By similar

argument to the proof of Lemma 7, we can obtain a contra-
diction. This assertion completes the proof. ]

By similar argument to the proof of Lemma 9, we have
obtained the following lemma and omit the proof.

Lemma 12: Let G € G and k > 6. If wiwpws is a triangle
such that d(w;) = d(w») = 3 and d(w3) = 4, then there is no
vertex s € Vz+ \ {wy, wp, w3} such that [N(s)N{w, w3}| > 2.

Lemma 13: LetG € G and k > 6. Then there is no triangle
wiwows such that d(w) = d(wp) = 3 and d(w3) = 4.

Proof: Suppose on the contrary that there is a triangle
wWiwoaws such that d(wl) = d(wz) = 3 and d(W3) = 4.
Consequently, there is an edge t1#; € Es+ 3+ \ (Ey, UE,, U
E,,;). Then, we can conclude that [N(w;) N {t1, 1}| < 1 for
any i € {1, 3}. Otherwise, we can obtain a contradiction. Now
it is sufficient to consider the following cases.

Case 1 (witz ¢ E(G) and wit; ¢ E(G)): LetG' = G —
wiwsz —t 1 +witr +wsty, and we have ABC(G) < ABC(G)).
Since 11ty € Ez+ 3+ \ (Ew, U Ey, U Ey;), we have w; #
ty and w3 # t1. As G’ has an induced P; = wiwyws with
d(wq) = d(wp) = 2and d(w3) = 4, we obtain a contradiction
by Lemma 11.

Case 2 (witz ¢ E(G) and w3t; € E(G)): In this case,
by Lemma 12, we have wit; ¢ E(G). Then we have wat, €
E(G). Otherwise, wit; ¢ E(G), watr ¢ E(G), w; ¢ t; and
w3 ¢ tp, contradicting with Lemma 11.

Now we claim that there is an edge 192 € Ez+ 3+ \ (Ey, U
Ey, U Ey, U {tit2}). Then, [N(w1) N {q1, g2}| < 1 since
d(w1) = 3. We may assume w.l.o.g. that wigs ¢ E(G), then
by Lemma 11 we have w3q; € E(G). Hence w3q> ¢ E(G).
Otherwise, we have gjqa = t1t2, a contradiction. Now by
Lemma 11 with g192 playing the role of t1#;, we obtain a
contradiction. This assertion completes the proof. |

Lemma 14: Let G € Gandk > 6. Thenk < 9.

Proof: Let

M= | N,
ecks 3

Es+ 3+ \ (E33UMy)

M,

then we have

2IE
> ABC(e) = | 3“',
eck3 3
6
D ABC(e) < 4/ B3 3),
eeM
5

Z ABC(e) < 2k —2 —5|E33]) o
eeMy
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G, G; G G;

FIGURE 2. The graphs used in the proof of Lemma 15.

> ABC(e) = (n—k)V2,
EEE2V3+
and
ABC(G) = Z ABC(e) + Z ABC(e)
eck3 3 eeM|
+ Y ABC(e)+ Y ABC(e)
ecMy EEE2,3+

2|E3 3| 6
< —— 44,/ —|FE
=ty 15| 3.3

+(2k —2— 5|E3,3|>\/g+ (n— k)2

< (2k — 2)\/5 + (n — k)V2.

By Lemma I, we have ABC(X} %) = 4,/ s 42 [ qotirs

(n—5)+/2+2,/ 3. Itcan be verified thatif k > 10,ABC(G) <

ABC (Xf_s), a contradiction. O
In order to prove Lemma 15, we give the following defini-
tions.
For a graph G, a € Nand § € N, we define a function
d' : V(G) — N with

7o) = {a, dv) €8,
d(v), dv)¢S,

, d'(u) +d'(v) —2
ABCs_,(G)= ) Cdwd'(v)
uveE(G)

Lemma 15: LetG € Gand k > 6. Then k # 9.

and

Proof: Suppose on the contrary that k =
|Va+| = 9, then since |Ep3| = 0 and |Ep4| =
0 we have Ze€E+ +ABC(e) < ABC{] 2}%S(G[Vyr])

By an exhaustlve search in the set of (9, 16)-graphs,
we obtain that ABC{’1 2) _)S(G[Vg+]) < ABC| (1.2) _s(H) =~
10.2398775511417, Where H is one of the graphs depicted
in Figure 2.

Since n > 10, we have

ABC(G) — ABC(X5™)

> ABC(e)+ Y  ABC(e) — ABC(X}™)

66E3+’3+ €€E2_3+

27610

1
< ABCYj 5,5(G[V3+]) + (2n — 2 — 16)\/;

n—1

3n—2) Van-2)

5
—(n =52 — 2\/5
<1024 +(2n—2— 16)\/2

n—1
3(n—-2) 4(n—2)
—(n—5)«/§—21/i
12
<0
which is a contradiction to the initial assumption. |

Lemma 16: Let G € Gand k > 6. Then k # 8.
Proof: Let

M= | N,
eckE3 3
My = E3+ 3+ \ (E33 UM)j).

Suppose on the contrary that k = |V3+| = §, we have
Claim 2: |V3| > 4.
Proof: Suppose on the contrary that | V3| < 3, we con-
sider the following two cases.
Case 1: there is an edge wiv) € E3 3.
In this case, by Lemmas 7,10 and 13,we have

3+5-2

ABC(e) < 4
2 @=H"733

eeN’'(wivy)

Since |V3| < 3, we have |E3 4+| < 3. Since |Ez+ 3+| = 2 x
8 —2 = 14, we have |E3 4+ \N'(Wiv1)|+ |E4+ 4+| = 9. Since
d(w1) = d(v1) = 3, together with Lemmas 7,10 and 13, we
have

D> ABC(e)+ > ABC(e) < 3\/5 + 6\/136’

eeJ e€E + 4+
where J = E3 4+ \ N'(wyvy), and
Y ABC(e) < (n - 8)V2,

eeEmJr
and thus
ABC(G) < ABCwivi)+ Y ABC(e)
eeN’(wyvy)
+ Y. ABC(o)

e€k3 4\N'(wvy)

Z ABC(e) + Z ABC(e)

ecEyt 4+ eck, 5+

2 6 5 6
<44/ +43/=+6,/— —8)V2.
S E gty et @ W2
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Since n > 10, we have
ABC(G) — ABC(X5 ™) < 0,

a contradiction.
Case 2 (|E3,3| = 0): We first prove the following claim:

V3| + V4| < 6. (6)

Otherwise, since k = 8 and |Ez 2| = |Ez3| = |Ex 4] = 0,
there is at most one vertex u € Vy+. Since any vertex with
degree two is only adjacent to u, we conclude that such a
graph does not exist, which is a contradiction.

Then we claim that |E3 4| < 6. Otherwise, we assume that
|E3.4] > 7, and consequently, there are at least three vertices
with degree three. Since |V3| < 3, we have |V3| = 3. From
|E3 4] > 7 and |V3| 4 |V4] < 6, we have |V4| < 3. Further,
we also have a vertex v € V3 where each vertex in N (v) has
degree four whereby |V4| = 3. By Lemma 8, we conclude
that the vertices in N (v) are pairwise adjacent. Now it can be
checked that |E3 4| < 6, contradicting with the assumption
|E34] = 7.

Then we have |E3 s+| + [E3 4] <9, and so

ABC(G) < Z ABC(e) + Z ABC(e)

EEE3’4+

+ Y ABC(e)

€€E2,3+

< |E34ly/ ki + |E3 5+ 14/ al
’ 12 ’ 15
(14— s 5o | — B3 by
’ ’ 16

+(n—8)W2

5 6 6
6> +3.) > 45/2 4 (n—8)W2.
<635+ 5Y g T V2

Since n > 10, we have
ABC(G) — ABC(X5 ™) <0,

e€E4+,4+

a contradiction. O

Claim 3: V3| # 4.

Proof: Suppose on the contrary that |V3| = 4, we then
have |E3 3| < 2.

If |E5,3] = 2, then G[V3] is a matching of four vertices by
Lemma 8. By Lemma 7 and Lemma 13, we have ¢/ ¢ FE3 4
for each ¢’ € N'(e) for any e € E3 3. Hence |E3 4| = 0, and
thus

ABC(G) < Y ABC(e)+ Y ABC(e)

ecE3 3 eeM;
+ Y ABC(e)+ Y ABC(e)
€€E4+’4+ 66E213+

4 6 6
< - +8/— +4/— —8)V2.
S 8t @ W2

Since n > 10, we have
ABC(G) — ABC(X5™>) < 0,

a contradiction.
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If |[E3 3| = 1, we can deduce that |V3|+|V4| < 6 by similar
argument to the proof of Case 2 (see Eq. (6)). Since |V3| = 4,
we have |V4| < 2. Hence |E34| < 4 and |E4 4| < 1. Then we

have
5 6
> ABC(e) <4/ +2,/—.
12 15
€€(E3y4+\M1
6 7
Y ABC() = \[—+2)/5c,
16 20
e€E4+,4+
and thus

ABC(G) = ) ABC(e)

ecE3 3

+) ABC@+ )

eeM, e€(Ey 4+ \M)

+ Z ABC(e) + Z ABC(e)

e€E2,3+

ABC(e)

eeE4+14+

< 2+4,/ 6 +4,/ > +2,/ 6 +4/ 6
-3 15 12 15 16
7
2./ — — )V 2.
+ ,/2O+(n W2

Since n > 10, we have
ABC(G) — ABC(X5™5) < 0,

a contradiction.

If |[Ez 3] = 0, we can deduce that |V3]| 4+ [V4] < 6 by
similar argument to the proof of Case 2 (see Eq. (6)) and thus
V4| < 2.

Now we claim that |V4| =
V4] < 1). Now we have

ABC(G) < Y ABC(e)+ Y ABC(e)

e€k; 4+

+ Z ABC(e)

eeE2'3+

5 6 7
4= +8/—+2,/— — 8)V2.
S R AT R ARG W2

Since n > 10, we have ABC(G) — ABC(X;‘S) < 0,
a contradiction.

Now we have both G[V3+] and G contains at least four ver-
tices 1, 1z, 13, t4 with degree three and two vertices s1, s with
degree four. Further, G[V3+] contains another two vertices
wi, wo and each vertex with degree two is adjacent to w; and
w2. By computer search, we obtain that if |V;| = 4 there is a
total of four graphs for G and eight possibilities with different
w1 and wp, which are presented in Figure 3; and if |V3/| =5
there is a total of seven graphs for G and seven possibilities
with different w and wy, which are presented in Figure 4.

We can verify that ABC(G) < ABC(X3™) for each
graph G = T(G’g, wi,wa,n — 8) (i € {l1,2,---,15}),
a contradiction. ]

2. (Otherwise, we have

e€Et 4+

27611



IEEE Access

Z. Shao et al.: On the Maximum ABC Index of Graphs With Prescribed Size and Without Pendent Vertices

W, W,
&
Gt

8

G; GE

FIGURE 3. The graphs used in the proof of Claim 2 if |E5 3| = 0 and
|Vé| =4,

“.2

W 1w - W,

G o G

FIGURE 4. The graphs used in the proof of Claim 2 if |E5 5| = 0 and
|Vé| =5.

Claim 4: |V3| # 5.

Proof: Suppose on the contrary that |V3| = 5, similar to
the proof of Claim 2 we have |E3 3| < 2.

If |E5 3| = 0, then G[V3] is an independent set. If G[V3+]
has exactly five vertices with degree three, then G[V3+] has
8 vertices, 14 edges, 5 vertices with degree three and contains
no edge in E3 3. However, such a graph does not exist. We can
also deduce that it is impossible for G[V3+] to have exactly
p vertices with degree three for each p € {6, 7, 8}. Hence,
we obtain a contradiction.

If |E5 3] = 1, we consider the following two cases.

Case 1 (|Vj| = 5): In this case, we have |E§3| = 1. By
computer search, we find only one (8,14)- graph (depicted
as Géé in Figure 5) satisfying the condition V| = 5 and
|E§’3| = 1. For the unique edge uzus € E§’3, it can be seen
that N(u3) # N(ugq). On the other hand, we have xz € E(G)
for any P3 = xyz with d(x) = d(y) = 3 and d(z) > 3 By
Lemma 7. By applying {x, y} = {u3, us}, we have N(u3) =
N (uy4), a contradiction.

Case 2 (|V5| = 6): In this case, we have |E§’3| < 4.
By computer search, we find four (8,14)-graphs satisfying
the condition |V | = 6 and |E3 ;| < 4. By observing these
graphs, we find each of them has |E§ ;| = 4. It follows that
there is a vertex x € V3 adjacent to other three vertices in vy
with degree three. In the set of above four graphs, there is
only one graph satisfying this condition which is depicted

27612

FIGURE 5. The graphs used in the proof of Claim 2 if |E5 5| = 1.

as Gé7 in Figure 5. By observing the graph G.’, it can be
seen that V3/ = {u1, u3, ug, ug, u7, ug} and VS/ = {uy, us}.
Since |V3| = 5 and |V3+| = 8, we have |V4+| = 3. Now
we may assume w.l.o.g. that |V:| = {t1,, 13}, d(t1) = x,
d(tp) = y,and d(13) = z with x < y < z Note that
Var 2 {uz, us}, |E23| = 0, |[Ex 4| = 0and V5§ = {ua, us},
wehave5 <x <y < zandx+y+z = 2n—3. Thatis to say,
G is a graph obtained by adding n — 8 vertices with degree
two to Gfl; such that each vertex with degree two is adjacent
to vertices in {t, 2, 13}.
Letc =2n—3,

flx.y) = —+5,/er +5 /y+

2n—3—x—y+1
3 — 82,
+\/3(2n—3—x—y)+(n W2

then we have

0 (x.y) _ 3 5

dx 2(c —x — y)%,/ % 2/3x2

V3 1 1
< — _
a2 o[
<0.
Similarly, we have #);}) < 0. Since n > 10, we have

ABC(G) <f(x ) =fG5.95)

3 + 10\/> \/ 3(2n

< ABC(X; %),

which is a contradiction to the initial assumption.

If |E5,3] = 2, then G[V3] is a matching of four vertices by
Lemmas 7 and 10. We may assume without loss of generality
that V3+ = {u1, u, - - - , ug} such that E3 3 = {ujun, usus},
d(us) = 3 and {d(ue), d(u7), d(ug)} = {x, y, z} withx <y <
z. Then we have x +y 4+ z = 2n — 3.

Letc =2n —3 and

4 1 +1 —x—y+1
fay =245/ s Xy [T
3 X y 3c—x—y)
.
T e e S SV}
Xy
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Similarly, we have L&Y < 0 and L&Y < 0. Since |V3| =
5, we have 4 < x <y < z. Therefore, we have if n > 10,

ABC(G) = f(x,y) =f(4,4)
2n—10

<4+10 5+

=3 V12 Ven—33
[6

+ E—l—(n—S)ﬁ

< ABC(X)™?),

a contradiction. 0
Claim 5: |V3| # 6.

Proof: Suppose on the contrary that |V3| = 6. Then
we may assume without loss of generality that G[V3+] =
{wi,wo, -+ ,wg, t1, o} where d(w;) = 3 for each i €
{1,2,---,6} such that N(v) = {t1, tp} each vertex v with
degree two. If |V3’| = 6, according to Lemma 7, G[V3] must
be a matching. It can be verified that such a graph does

not exist, a contradiction. If |Vi| = 7, then |E§ 30 =7
since |E(G[V3+])| = 14, we have dG[V3+](ug) = 7. Since
|E33] <2, we have |E§ 31 <5,a contradiction. O

Claim 6: |V3| # 7.
Proof: Suppose on the contrary that |V3| = 7, then the
vertex with degree two can not connect to any other vertices

since |E2 3| = |E2,4| = 0, a contradiction. 0
From the results of Claims 2-6, the claim of Lemma 16
follows. O

Lemma 17: Let G € G and G be an (n, m)-graph, k > 6,
m = 2n — 2, §(G) > 2 and G has the maximum ABC index.
Then k # 7.

Proof: Suppose on the contrary that k = 7, the proof is
similar to that of Lemma 16. So we omit the detailed proof
but give outline of the proof.

First, we need to claim that

V3l +[Va] <5, )

then discuss the cases by different values of |V3]|.
If |V3] = 0, we have ABC(G) < 12,/1—66 +(n—7)V/2, and
obtain that ABC(G) < ABC (X;’_5 ), which is a contradiction.
If |[V3] = 1, then |V4] < 4 by Eq. (7). Then we can
obtain that |[E3 4] < 3 and |E4 4| < G) = 6. Now we have

ABC(G) <3,/% + 6,/ & +3,/5 + (n — 7)v/2, and obtain
that ABC(G) < ABC (X;'_5 ), which is a contradiction.

If |V3] = 2, then | V4| < 3 by Eq. (7). If |E3 3] = 1, we have
|E3.4] = 0 and |E44| < 3. Now we have ABC(G) < % +

4/ &+3,/&+4/ T +(n—7)V2. and obtain that ABC(G) <
ABC(X;’*5 ), which is a contradiction. If |E3 3| = 0, we have
V4] > 3 and thus |V4| = 3. In this case, we can obtain a
contradiction by similar argument to the proof of Claim 3.

If |V3] = 3, then | V4] < 1 by Eq. (7). We can process the
cases |V3| € {3, 4} by using similar approach to Claim 4.

If |V3] = 5, the G is a graph such that each vertex with
degree 2 is adjacent to two common vertices. We can process
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FIGURE 6. The graphs used in the proof of Lemma 19.

this case by using the approach used in the proof of Claim 3
in the case |E3 3| = 0 and |V}| = 4. O

In order to prove Lemma 18, we can start with
|V3| 4+ |V4] < 4 and discuss the cases |V3|. The proof is also
similar and we also omit it.

Lemma 18: Let G € G and G be an (n, m)-graph, m =
2n — 2, §(G) > 2 and G has the maximum ABC index. Then
k £ 6.

Lemma 19: Let G € G and G be an (n, m)-graph, n > 13,
m = 2n — 2, 8(G) > 2 and G has the maximum ABC index.
Ifk =5, then G = XJ°.

Proof: We first assume on the contrary that G & X§_5 .

Since m = 2n — 2, we have G[V3+] is isomorphic to one
of the graphs (Gé and Gg) depicted in Figure 6. It is clear that
Gé or G% has no pendent vertices and NG[V3 +1(v) contains at
least two vertices with degree at least two for each v € V;.
By Lemma 6 (ii), we have |E3 ¢| = 0, and thus G contains no
vertex with degree 6.

Since |E» 5] = 0 by Lemma 6, we have G contains no
vertex with degree 5, and

Claim 7: V3 U Vy| > 2.

Proof: Otherwise, we have |V3] = 0 or |V4] = 0.
If |V4] =0, we have

ABC(G) < Y ABC(e)+ Y. ABC(e)

EEE3’6+

+ Z ABC(e)

e€E213+

7 10
3\/%+5\/%+(n—5)\/§

< ABC(X3™),

EEE6+,6+

IA

a contradiction.
If | V3] = 0, we have

ABC(G) = Y ABC(e)+ Y ABC(e)
36E4’6+ eeE6+,6+
+ Z ABC(e)
€€E213+
7 10
<4/)—+4,/— — 52
< ,/18+ ,/36+(n W2
< ABC(X) ™),
a contradiction. O
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FIGURE 7. The graph G*(x,y, z).

Now we have
Claim 8: One of the following three cases holds.
1) V3| =2and [E33]| =0;
2) |V3] = |Va| = 1 and |E3 4] = O;
3) [V3U Wyl = 3.
Proof: 1f |V3U V4| < 2, then |V3 U V4| = 2 by Claim 7.
If |[V3] = 2 and V4] = O, then we have [E33] = 0.
Otherwise, there is at least an edge in £33 and we have

ABC(G) = Y ABC(e)+ Y ABC(e)

eckEs 3 e€E3y7+
+ Y ABC(e)+ Y ABC(e)
e€E;+ 7+ eeE2,3+

2 /8 [12
<Z 44 /=43 /241 m-5v2
-3 21 49 (n =52

< ABC(X5™),

a contradiction.
If [V3] = 1 and V4| = 1, then we have |E34| = 0

by similar argument to the proof of the case |V3| = 2 and
V4| = 0.

Similarly, we have that it is impossible if |V3| = 0 and
V4| = 2. O

Case 1 (|V3| = 2, |V4| = 0 and |E33] = 0): Now,
we define some graphs as follows. Let G; be the left
side graph depicted in Figure 5. For nonnegative integer
x,y,z, we define a graph G*(x,y,z) by V(G*(x,y,2)) =
V(G;) U{st,s2, ..., Uft, 00, ...,y Ufr, ma, ..., 12,
and E(G*(x,y,2)) = E(Gé) U {siuq4, Spug, ..., Sxuq} U
{s1us, sous, ..., sxus}y U {tyus, bus, ..., tyus} U {fruy,
Hhus, ..., l‘yuz} U {riua, roua, ..., r;ua} U {riug, nus, .. .,
r;up}. That s to say, G*(x, y, z) is obtained from G; by adding
x vertices of degree two adjacent to both u4 and us, adding
y vertices of degree two adjacent to both us and up and
adding z vertices of degree two adjacent to both u4 and up
(see Figure 7).

Let G; = G*(x1, y1, 21) and G = G*(xp, y2, z2) with x| +
y1 +z21 = x2 + y2 + 22 = n — 5. By symmetry, we assume
X2 > y7. Then we have

Claim9: If z1 = zp and x; = yi, then ABC(Gy) >
ABC(G»).

27614

Proof: Letf(x,y) =2, /5855 +2, [5400 4 [lics
I+y+t
B+t
monotonically decreasing with x on [‘—'/, +00).

Let E' = {ugus, ujua, usus, upus, ujiy, upu3}, t =
d(us|Gyp) and ¢ =n—5—z;.Note that d(us5|Gr) = d(us|Gy),
we have

. For any constant ¢’ > x, we have that f (x, ¢ —x) is

ABC(G1) — ABC(G>)
= Z(ABC(eIGl) — ABC(e|G?))

ecE’
4 4 1
_ &_ﬁ_z + 1 n +x;+¢
3(x; +3) 31 +3) (B +x)t
n 1+y1+t_2 4+ x 5 4+
GB+yt 3(x2 +3) 302 +3)
B 1+x2+t_ I1+y+1t
3+ x)t B+ yt
= f(x1,y1) —f(x2,¥y2)

=fx1, ¢ —x1) = f(x2, ¢ — x2).

Since z1 = z2 and x; = y;, we have x, > x; and so
ABC(G1) — ABC(G3) = 0. O
By Claim 9, we have

ABC(G*(x. . 2))

n—-5—-zn—-5-z
<
()
n—z

It can be verified that z = n — 5 if and only if the function

f(r== "_—5_7) + 2 /ﬁ + (n — 5)/2 reaches the

2 0 2
maximum value. Therefore, if ABC(G*(x, y, z))) reaches the
maximum value, we have G = Xg_s , contradicting with the
assumption of G.

Case 2 (|V3] = |V4] = I and |E3 4| = 0): By observing
two graphs G; and Gg in Figure 6, it can be easily inferred
that the case is impossible.

Case 3 (|[V3 U V4| > 3): In this case, G is a
graph obtained by adding n — 5 vertices with degree
two to two vertices in G; or G%. We can obtain the
desired result by using similar argument to the proof of
Claim 3. O

Lemma 20: Let G be an (n, m)-graph,n > 10,m = 2n—2,
8(G) > 2 and G has the maximum ABC index. If k = 4, then

G=xpt
=X )
Proof: We first assume on the contrary that G % X' ".
Since |E24| = |E25| = 0, we have |V4| = |V5| =

0 and G contains no vertex with degree 4 or 5. Then we
have
Claim 10: V3| > 1.
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Proof: Otherwise, we have

ABC(G) < Y ABC(e)+ Y  ABC(e)

e€E6+,6+ e€E2’3+

10
< 6\/%+(n—4)«/§

< ABC(X[™),

a contradiction. O

Since m = 2n — 2, we have G[V3+] = K4. By Claim 10,
G = H(x,y,z) for some x,y,zwithx +y+z =n — 4. Let
x+y+z=n—4and H(x,y, z) is obtained from G[V3+]
by adding x vertices of degree two adjacent to both u> and
u3, adding y vertices of degree two adjacent to both u3 and u4
and adding z vertices of degree two adjacent to both u4 and
uy. Then we have H(x, y, 7) = X{”‘l. Now, we have

ABC(H(x,y,z)

. 4+x 4+y
V33 +x) 33+y)
n 4+z 4+x+y
33+2) B+x)3+y)
4+x+z 44+z+y

B+x)GB+2) B+2C6+y)’

By similar argument to the proof of Lemma 19, we have
ABC(H(x,y,z)) < ABCH(0,0,x +y+12) = ABC(X1"_4).
Moreover, ABC(H (x,y, z)) < ABC(X!™*)if x +y > 0. This
assertion completes the proof. O

Theorem 1: Let G be an (n, m)-graph withn > 5Sand m =
2n — 2. If §(G) > 2, then we have

ABC(G) < max{ABC(X!"™*), ABC(XJ)}.

Moreover, the equality holds if and only if either i) G = X{ -4
and n < 34, or (ii) G = X7 7> and n > 35.

Proof: Ifn € {5,6,7,8,9}, we can verify that G =
X ?74 by computer search. By Lemmas 4-20, we have G = .
Therefore, if G is a graph withn > 10 vertices and m = 2n—2
edges, minimum degree at least two and the maximum ABC
index, then G = Xl"_4 or G = X;_S. Then by Lemma 1,
it follows that Theorem 1 holds. 0
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