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ABSTRACT In this paper, we investigate the fault-tolerant consensus problems for multi-agent systems with
actuator faults. Based on the relative state information, fully distributed adaptive protocols are designed for
these agents described by Lipschitz nonlinear dynamics under leaderless and leader-follower communication
structures. As the special case, for linear multi-agent systems, fault-tolerant consensus problems are also
solved with the proposed protocols. First, for the leaderless multi-agent systems, all agents reach an
agreement on a common value with undirected connected communication graphs. Second, for the leader-
follower multi-agent systems, in which the state of the leader is only available to a subset of the followers,
the state of each follower converges to the state of the leader, asymptotically. A distinctive feature of this
paper is that the adaptive protocols here are independent of the eigenvalues of the Laplacian matrix associated
with the whole communication graph, which means the protocols can be implemented by each agent in a
fully distributed fashion. Simulation examples are provided to illustrate the theoretical results.

INDEX TERMS Fault-tolerant, consensus, linear and Lipschitz nonlinearity, multi-agent systems, actuator

faults.

I. INTRODUCTION

Strongly stimulated by the development of advanced con-
trol technologies and the explosion in computation and
communication capacities, the consensus control problems
for multi-agent systems have been investigated by many
researchers [1]-[13]. However, these works about the con-
sensus problems do not take faults occurred in the systems
into consideration. In reality, advances in control technolo-
gies, computation and communication have also increased
the complexity of engineering systems. Compared to a sin-
gle agent, multi-agent systems involve an increasing number
of actuators, sensors, and other system components. These
physical components may become faulty which can cause
system performance deterioration or even lead to accidents.
In order to overcome these weaknesses, fault-tolerant control
is proposed to maintain desirable performance and stability
properties in spite of faults [14].

In the past few years, a large number of results have been
reported on fault-tolerant consensus problem for multi-agent
systems [15]-[19]. In [20], distributed protocols were pro-
posed for fault-tolerant consensus tracking problems of linear

and Lipschitz nonlinear multi-agent systems. The protocols
proposed in [20] required the knowledge of some eigen-
value information of the graph Laplacian matrix. Whereas
the eigenvalue information of the Laplacian matrix which
depends on the entire communication graph, is global infor-
mation and unknown for all agents. In [21], observer-based
adaptive protocols were proposed for fault-tolerant tracking
problems of Lipschitz nonlinear nonstrict-feedback systems.
There is only one leader and one follower considered in [21].
Fault-tolerant consensus problem of nonlinear multi-agent
system was investigated in [22]. The consensus error expo-
nentially converges to a bounded set. Note that in [22],
Chen et al. assumed that for agent i, its all actuators have
the same actuator efficiency factor. However, for an agent
in the multi-agent systems, its different actuators may have
different actuator efficiency factors in practice. Thus for each
agent, the actuator efficiency of the control input is an effi-
ciency diagonal matrix. The method applied in [22] could
not solve this situation. In this paper, we assumed that for
each agent i, its actuator efficiency factors may be differ-
ent. In [22], adaptive control techniques are used to tackle
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the unknown nonlinear term and actuator faults. Actually,
in recent years, adaptive control techniques have been widely
used to solve the unknown terms in the system [23]-[28].
Motivated by [22], [29], fully distributed adaptive protocols
are designed to achieve consensus in this paper. Fault-tolerant
consensus tracking problem and containment control prob-
lem of multi-agent systems with actuator faults were consid-
ered in [30] and [31], respectively. In [30]—[32], the protocols
need the information of the graph Laplace matrix, thus are not
fully distributed protocols.

In this paper, we investigate the fault-tolerant consen-
sus problems for Lipschitz nonlinear multi-agent systems
with leaderless and leader-follower communication struc-
tures. Contributions of this paper can be summarized as
follows.

First, this paper considers actuator faults containing stuck,
outage, bias and loss of effectiveness faults. Moreover,
we assume that for each agent, its different actuators may
have different actuator efficiency factors. Thus in this paper,
for each agent, the actuator efficiency of the control input is
an efficiency diagonal matrix. Second, compared with [20],
[30], [32], the adaptive protocols proposed in this paper can
be implemented by each agent in a fully distributed fash-
ion without using any global information. Third, we extend
the protocols proposed in [33]. If the multi-agent system is
failure-free, the adaptive protocols proposed in this paper will
reduce to the protocols in [33].

The rest of this paper is organized as follows. Section II
provides some preliminaries and problem formulation.
Section III considers the fault-tolerant consensus problem for
Lipschitz nonlinear multi-agent systems. The fault-tolerant
consensus tracking problem with leader-follower commu-
nication structure is studied in Section IV. The effective-
ness of the proposed protocols is illustrated by examples in
Section V. Finally, some concluding remarks are given in
Section VI.

Notations: R™™ denotes a set of n x m real matrices
and I, represents the identity matrix of dimension n. 1, =
[1,1,..., 117 e R"™*!. A ® B denotes the Kronecker product
of matrices A and B. For a vector x € R”, || x || denotes its
Euclidean norm. For real symmetric matrix G, G > 0 means
that G is positive definite.

Il. PRELIMINARIES AND PROBLEM FORMULATION

A. GRAPH THEORY

For the leaderless multi-agent systems, assume that each
agent is a node and the information exchange of N agents
is denoted by an undirected graph G = (V, &), where V =
{vi,v2,...,vw} and &€ C V x V represent, respectively,
a nonempty finite set of nodes (i.e., agents) and a set of
edges (i.e., communication links). An edge (v;, v;) means that
agents v; and v; can obtain information from each other. The
neighborhood of the ith agent is denoted by N; = {v; €
V|(vj, vi) € £}. A path P in G is a sequence {viy, Vi, ..., Vi, }
where (v,-H, vlj/.) € Eforj =1,2,...,k and the nodes are
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distinct. The weighted adjacency matrix A = [a;] € RV*N
associated with G is defined by a;; = 0, a;; = a;; > 0 if
there is an edge between agent v; and v;, i.e., (v;, v;) € £ and
ajj = aj; = 0 otherwise. The Laplacian matrix of G is defined
as L = [ljlnxy =D — A, where D = diag{d;, da, ..., dn}
is called the degree matrix of G with d; = Y\ aj,i =
1,2,...,N. An undirected graph G is connected if there
exists a path between every pair of distinct nodes, otherwise
is disconnected.

For the leader-follower multi-agent systems consist of N
follower agents and a leader agent, assume that the leader
is represented by node vy and the followers are represented
by nodes vi, va, ..., vy. The information exchange between
these agents is represented by a directed graph G = (V, £),
where V = VU {wp} and V = {v1,v2, ..., vn}. A node is a
leader if it only sends out information and receives no infor-
mation from any other node. The leader adjacency matrix is
defined as a diagonal matrix B = diag{ajo, axo, - . ., ano},
where a;g > 0 if the follower agent i has access to the
leader’s information and a;o = 0 otherwise. The information
exchange between different follower agents is represented by
the undirected graph G = (V, £) of order N. £ = [ljly xn is
the Laplacian matrix of G.

Lemma 1 [5]: For a connected undirected graph G, the
Laplacian matrix L of G has the following properties.
ILx = % Zivzl ZI\;I aj(xi — x)> for any x =
[x1, x2, ...,xN]T € RY, which implies that L is positive
semi-definite. 0 is a simple eigenvalue of L and 1, is the
associated eigenvector. Assume that the eigenvalues of L are
denoted by 0, Ay, A3, ..., Ay satisfying0 < dp <Az < ... <
AN. Then the second smallest eigenvalue Ay > 0.

Assumption 1: For leader-follower multi-agent systems,
the undirected graph G for the followers is connected and
there is at least one follower agent i, which has access to the
leader’s information, i.e., B # 0.

Lemma 2 [5]: Denote H = L + B. For leader-follower
multi-agent systems, if Assumption 1 holds, then H > 0.

B. NODES DYNAMICS
Consider Lipschitz nonlinear multi-agent systems which con-
sist of N identical follower agents and one leader agent, the

dynamic of the ith follower is described by:
Xi=Axi +f(x;,t)+Bu;, i=1,2,...,N, @))

where x; € R" is the state, u; € R™ is the control input, and
A, B are constant matrices with compatible dimensions. The
nonlinear function f (x, ¢) is assumed to be continuous in ¢ and
Lipschitz in x with a Lipschitz constant / > 0, i.e.,

Ifee, ) =f. Ol <llx—yll, Vx,yeR™ (@)
The dynamic of the leader can be expressed as:
Xo = Axo + f (x0, t) + Bug. 3)

Assumption 2: The leader’s control input ug is continuous
and bounded, i.e., ||uglloo < D where D is an unknown
positive constant.
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C. FAULT MODEL

For a multi-agent system which consists of N identical agents,
where each agent has m actuators. For the jth actuator of
agent i, v;;(¢) represents the input, uf;” () represents the output
that has failed under the Ath faulty mode. In this paper, similar
to [20], the actuator fault under the Ath fault model is defined
as

= plivi(t) + ol (1), 4)

wherei = 1,2,...,N, j=1,2,....m, h=1,2,...,H,
pihi(t) are the unknown time-varying actuator efficiency fac-

tors, oi}-‘ are unknown constants. Here, the index H is the total

fault modes For the hth fault mode, there exist known scalars
p and p pll with 0 < p < pl/(t) < ,0[/ < 1. The stuck fault

ij” () is time varying and bounded. According to the practical
case, ,03. and ol;’ are defined as

0<ph)<1l, off=0orl (5)

Remark 1: For the jth actuator of agent i under the Ath fault
mode, equation (5) implies the following cases (fault modes):
@) ﬁf_]’. = Ef; = 1and ‘71'7 = 0 indicates the failure-free case;

(ii) BZ‘ = ﬁg. =1 and aé? = 1 is the actuator bias fault;
(i) p;, =
(iv) p”]
V)0 < ,0 < ,ol](t) < ,ol] < 1 and aj = 0 is the partlal

= ﬁg = 0 and O’h = 0 means that the outage fault;

= ,olJ = 0 and a =1 represents the stuck fault;

loss of effectlveness fault; (vi) 0 < ,0 < ,ol](t) < ,ol] <1

and o i = = 1 contains the partial loss of effectlveness fault and
bias fault.

For convenience, we use a uniform actuator fault model for
all possible fault modes H in the following discussion:

u,—u —Av,+a, , i=1,2,...,N, 6)

whereA € {A1 A% AT Al —dlag{pll,
p,, € [p p] andoz € {
dlag{crll,crlg,.. a ot o =0orl, H_l 2
To facilitate our analy51s we need the followmg mild
assumptions.
Assumption 3: For the stuck faults, there exists unknown
scalar ﬁf > 0, such that

i]zv --'9101m}
i >

l

i ()l < ;. )
Assumption 4: For multi-agent system, rank[B] =
rank[BA;], where A; € {Al A2 ...,Af’},i: 1,2,...,N.
Assumption 4 is necessary for compensating the actuator
faults of stuck or outage. The following lemma presents a
useful property of multi-agent systems with Assumption 4.
Lemma 3 [31]: Suppose that Assumption 4 holds, then
there exist constants u; > 0, u2 > 0,...,uy > 0, such
that

BABT > wBBT, i=1,2,...,N, (8)

where |11, 2, ..., N are unknown constants.
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According to the Assumption 3, there exist positive con-
stants &;, such that

S < =S
loiw; || < u;

=wid;, i=12,...,N, 9)

where w; is defined in Lemma 3.

Definition 1 (Fault-Tolerant Consensus Problem): For the
leaderless multi-agent systems, design fully distributed fault-
tolerant consensus protocols v;(t),i = 1,2,...,N based
on the local relative information between ith agent and its
neighboring agents such that for any initial conditions x;(0),

lim [|x;(t) —xO) =0, Vij=1,2,...,N. (10)
Dqﬁz%OnZ (Fault-Tolerant Consensus Tracking Prob-
lem): For the leader-follower multi-agent systems, design
fully distributed fault-tolerant consensus protocols v;(t),
i = 1,2,...,N based on the local relative information
between ith agent and its neighboring agents such that for
any initial conditions x;(0),i =0, 1, ..., N, the state of each
follower converges to the state of the leader, that is,

tlirglo lx:(t) —xo®)|| =0, Vi=1,2,....,N. (11)

IIl. LEADERLESS FAULT-TOLERANT CONSENSUS
Consider a group of N identical agents with Lipschitz non-
linear dynamics (1). With actuator faults (6), we rewrite the
multi-agent systems (1) as

X = Axi + f(xi, 1) + BIAyvi + ol |. (12)

Let &; denote the local relative state information between ith
agent and its neighboring agents that can be described by

N
E=) aj(x—x). (13)
j=1

For agent i, i = 1,2,...,N, based on &;, we propose the
following distributed adaptive protocol:

a2
K&,

, IKENS; + o (1)

¢i = vi1El T, 8 = yisl K& — vi2o (08, (14)

where c;(t) denotes the time-varying coupling weight asso-
ciated with the ith agent with ¢;(0) > 0. 5; is the estimate
of §; with Si(O) > 0. y;,1 and ;2 are positive constants.
o(t) € RT is uniform continuous function and satisfies the
following inequality:

t

lim o(t)dt <0 < 400, (15)
—00 o

vi=vi1+vi2, Vvi1=cKE&, vio=

where & is an unknown positive constant. K = —BT P~
I = P~ !BBTP~! where matrix P > 0 and scalar t > 0
satisfy the following linear matrix inequality (LMI):

AP+ PAT —BBT +1I /IP
JIP -1

Theorem 1: Suppose that Assumptions 3 and 4 hold. If
the undirected graph G is connected, then the fault-tolerant

< 0. (16)
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consensus problem of system (12) is solved by the distributed
adaptive protocol (14). Moreover, Si,i = 1,2,...,N are
bounded and coupling weights ci(t),i = 1,2,...,N con-
verge to finite values.

Proof: Consider the following Lyapunov function
candidate

N 2 2
1 _ mici — o) wid;
Vi=xl(cepP e+ ) B 2 4y L1
2 ; 2yi1 ;2%,2
= —Zzay(xl )" P — xp)
i= 1j—
pi(ci — o)? wid;
+ i\Ci n Hio; (17)
Z 27/1 ; 2y,
where x = [T xl, x0T, i = 1,2,...,N are

unknown positive constants which are defined in Lemma 3.
o is a positive constant to be determined later. Si = 3,- — 6,
i=1,2,...,N. The time derivative of V| along system (12)
and with adaptive protocol (14) is given by

N N
= Zzaijxlrp_l(xi —Xj)

i=1 j—l

Z s i

Vi2

N
= Z Za’J ( iTAT +fT(x,~, t)) P (x —Xj)

i=1 j=1

N
+ Z ag(Api + o) BT P~ (x; — x))

1 j=

Mz

Mz

e — ST T+ > i (1k&il —o)5:)

i=1

I¥
-

a;ji(x; — xj)T(ATP_l + P A)(x — x))

Il
Fﬂ:
M =

Il
~.
Il

agf T (i P~ (i — x))

n
M=
Mz

Il
~.
Il

ajeigl KT ABT P (xi — x))

n
M=
Mz

Il
~.
Il

5TKT5 A

aj—i— 1L _BTp~l(x; — x))
TIK &S + o (1) ’

n
M=
Mz

1

1j

+ 3> aylouwd) BTP (xi — x))

i=1 j=1

=z I
=

=

3 s~ 08T T+ (1Kl = o).
i=1 i=1 as)
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By using the Lipschitz condition (2), we can obtain

N N
DO af i P (i — xj)

i=1 j=1

R T
= Ezzaij [fai. ) —fe. 0] P — x)
i=1 j=1
1 N ]N
< 52 2 il = xlIP™ (i — %)l
i=1 j=1
N ]N
< 0D atts— )" [P 4 1] -
i=1 j=1
_ %xT [ce (10717 +1r)] . (19)

According to Lemma 3 and the definitions of K, T, &;,
N N
Z Z a,jciSiTKTAiBTP_l(xi — X))
i=1 j=1

N
+ ) milei — )/ T
i=1
N
= - & PT'BAB P
i=1
N
+ > wilei — )& PT'BBT P
i=1
N
—> au#! PT'BBTP g (20)
i=1

IA

Accompany with inequality (9), it is easy to get that

%-T TA2
ZZ ]—AiBTP_l(xi—xj)
=S IKENS + o)
N N
+ Z Z aij(oiuf)TBTP_l(xi - X))

i=1 j=1

+ Zu, (Ik&l — o))

- Za LT P-1BABT P,
T I IBTPTIENS + o)

Zma IB" P~

i=1

N
+ Y b (187P 6l - o))
i=1

N 2T p—1ppl p—Ig.
- Zﬂi(— 8, & P B}? P7YE
Py BT P=1&1|16; + o (1)

N
=D mio (03
i=1

+ SinBTP—lsin)
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—Z ( 5illB"P~'&illo (1)
IBTP1&]15; + o (1)

. 1 2 1
; i (o(t) - G(t)<8i + 5&) + Zo(tﬁ?)
o(t)k, 20

where k = 3 | ui(1+ 182).
Substituting (19), (20), and (21) into (18) yields

—o()G, + Si&-))

IA

IA

. 1
Vi< 5" [co@™P ! +P A+ Lo (1P +ir)|x
N
— Z a,u,'EiTP_lBBTP_lgi + o(t)x
i=1

X7 [/: ® (ATP—l FPAL P 4 11)
— 2002 ® P*IBBTP”]x + o)k,

where ap; > ag,i = 1,2,...,N.ag > 0 satisfies 2ogA; >
T, i=2,3,...,N, t > 0 satisfies (16). Ao, A3, ..., Ay are
the eigenvalues of £. According to Lemma 1, they are positive

constants. Denote 1 = 1y, e = [elT, eg, e e{,]T, where

—X, X = Ilv Zﬁvzl x;. Obviously,

_ [<1N - ]1V11T> ®1n}x

Therefore, in terms of £1 = 0, for any matrix M € R™*",
we have

e = Xj

el (L®M)e =xT(L®M)x,
L (L@ Mye = xT (L2 @ M)x. (22)
Thus
Vi < %eT [,c ® (ATP—l +P A+ I(PTY + 11)
—2a0L? ® P*lBBTP*I]e Yok, (23)

Let U € RNV is an orthogonal matrix satisfies U7 LU =
diagf{0, X2, A3, ..., An}. Because the right and left eigenvec-
tors of £ corresponding to the zero eigenvalue are 1 and
17 with dimension N, respectively, we can choose U =

1"e -
[ f ]andUT |: YW],withYl € RVx(N-D
2
and Y» € RV=DXN Tete = (UT @ P~1)e, then
N
) 1
Vi=3 Z riel (AP 4+ PAT +1P? + 11 — 2a91;BBT )2
=2
+o(t)x
1 N
<5 Z riel (AP + PAT +1P* + 11 — tBB )¢
i=2
+o(t)k, (24

where 200A; > 1, i = 2,3, ..., N. From the definition of e,

1 1
e1=(—=1"g P! Iv——1")®1,|x=0.
o= (gimer) | (i) onls

(25)
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Based on (15), (16), (17), (24), we have

t
0 < Vi(t) = V1(0) + / Vi(s)ds
0

1
< Vi0)+ 5/0 Zx,-ef(s)(APJr PAT + P2
=2
t
+ 1 — tBBT>E,-(s)ds —I—/ ko (s)ds
0
< Vi(0) +«o. (26)

Denote W(&;(t)) = —1 YN | &l (1)AP+ PAT +1P? + 11 —
tBBT)2,(t), where A; = 0, then

t
/ W(ei(s))ds < V1(0) + ko. 27
0

Therefore fot W(e;(s))ds is bounded. Existence of
lim;_, o fot W (e;(s))ds is guaranteed since the left-hand side
of (27) is monotonically nondecreasing and bounded above.
From (26), Vi is bounded, which implies ¢; and 31- are
bounded. With (22) and ¢ = (UT @ P~ 1)e,

~T wici —
Z Ai€; Pe; + ; 21%

thus e;,i = 2,3,...,N are bounded, accompany with
e1 = 0, e is bounded. Then ¢ = (U ® P)e is bounded, thus
vi,i=1,2,...,N are bounded. Because

N ,u-~2
e
—L 28
+22m (28)

i=1

N

. 1

¢; = Ae; + B[Ayv; + al-uf] —B E N[Ajvj + ajuf]
j=1

|
+ N ;[f(xi, H—fx, 0, (29)

where ¢; = x; — x and

N N
Y e —f 0l < Y Ik —xl
j=1 j=
N
> llei—eill.  (30)
=1
we have ¢; are bounded for i = 1,2,...,N. With e =

(UT @ P~1e, ¢ is bounded. Therefore W(el(t)) is uniformly
continuous. By Barbalat’s Lemma, W (e;(f)) — Oast — 0.
Thus e;(¢) converge to zero asymptotically. That is e;(r) =
xi—x,i=1,2,..., N converge to zero asymptotically. The
states of all the agents reach a consensus state x = ]i\, ZJN= 1 %
Moreover, from (28), ¢; and Sg, i=1,2,...,N are bounded.
Since c;(t) are nondecreasing, coupling weights ¢;(¢),i =
1,2, ..., N converge to finite values. O

Remark 2: The distributed protocol (14) consists of two
parts, where the second part v; 7 is used to deal with the effect
of the additive actuator faults (bias faults) occurred in the
multi-agent systems.
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Remark 3: For  Lipschitz  nonlinear = multi-agent
systems (1), if the agents dynamics contain external distur-
bances, described as

Xi = Ax; +f(x;, t) + Blu; + w;], 31D

the distributed protocols (14) also can solve the fault-tolerant
consensus problem of systems (31). w; is the bounded exter-
nal disturbance for agent i, which satisfies matching condi-
tion. The proof process is similar to the proof of Theorem 1.
The effect of the external disturbances is dealt by the second
part v; » of the protocols (14).

Theorem 1 investigates the leaderless fault-tolerant con-
sensus problems for Lipschitz nonlinear multi-agent systems.
The general linear multi-agent system

).Cl':Axi‘i‘Buiv i=1,2,...,N (32)

is a special case of Lipschitz nonlinear multi-agent system (1)
with f(x;, 1) = 0, i = 1,2,..., N, which implies Lips-
chitz constant / = 0. Thus, we can present the following
corollary.

Corollary 1: Suppose that Assumptions 3 and 4 hold.
If the undirected graph G is connected, then the fault-tolerant
consensus problem of system (32) is solved by the dis-
tributed adaptive protocol (14) with K = —BTP~land I" =
P~1BBT P~ where matrix P > 0 satisfies the LMI:

AP + PAT — tBBT <0, (33)

with T > 0. And ¢;(0) > O, 3,-(0) > 0, yi,1 and y;2 are
positive constants. o'(¢) € R* is uniform continuous function
and satisfies inequality (15). Moreover, 3,-, i=12,...,N
are bounded and coupling weights c;j(t), i = 1,2,...,N
converge to finite values.

Remark 4: As shown in [3], a sufficient condition for the
existence of a matrix P > 0 and a scalar t > 0 to the LMI (33)
is that (A, B) is stabilizable.

Remark 5: Compared with [33] which focuses on consen-
sus problems of linear and Lipschitz nonlinear multi-agent
systems without considering faults that occurred in the sys-
tems, this work studies the fault-tolerant consensus problems.
Due to the complexity caused by the actuator faults, new
Lyapunov functions are constructed to solve the fault-tolerant
consensus problems with fully distributed protocols which
only use the relative state information.

If the multi-agent system is failure-free as considered
in [33], i.e. A; = I, and oy} = 0 in (12), the §; which
are defined in (9), are known constants and §; = 0, i =
1,2,...,N. Since the adaptive gains Si in protocol (14) are
the estimations of §;. Thus Si = 0 and v; » = 0, in which case
the adaptive protocol (14) will reduce to the adaptive protocol
for failure-free consensus problems of linear and Lipschitz
nonlinear multi-agent systems in [33].

IV. LEADER-FOLLOWER FAULT-TOLERANT

CONSENSUS TRACKING

Consider a group of N + 1 agents consisting of N followers
and a leader. The agent indexed by O is called the leader, and
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the rest agents indexed by i = 1,2, ..., N are referred as
the followers. The dynamics of the followers and the leader
are shown in (1) and (3), respectively. With actuator faults,
the actual control input of follower i is given as (6).

Let ¢ denote the local relative state information
between ith agent and its neighboring agents that can be
described by

N
&= Z ajj(xi — xj). (34)
Jj=0
For agent i, i = 1,2,..., N, based on ¢;, we propose the
following distributed adaptive protocol:
~2
K¢ié;
vi=vi1+vi2, vi1=c¢K¢g, vip=-—-n——,
1Kl + o (2)
& =vint! Ta, 8 = vial K&ill — viao (06, (35)

where ¢;(t), yi1, vi2, K, T, and o(t) € RT are defined as
in (14). 8; is the estimate of §; with 55(0) > 0, where §;,i =
1,2, ..., N are unknown constants.

Theorem 2: Suppose that Assumptions 1-4 hold. The fault-
tolerant consensus tracking problem of multi-agent systems
with dynamics (1), (3), and actuator faults (6) is solved by
the distributed adaptive protocol (35). Moreover, Si,i =
1,2,...,N are bounded and coupling weights c;(t),i =

1,2, ..., N converge to finite values.
Proof: The proof of Theorem 2 is similar with the steps
in Theorem 1, see Appendix. |

Remark 6: Similar to Remark 3, the distributed protocol
(35) also can solve the fault-tolerant consensus tracking prob-
lems of systems with dynamics

Xi=Axi+f(i, )+ Blui+wl, i=0,1,...,N, (36)
For general linear multi-agent systems:

Xi =Ax; +Bu;, i=0,1,...,N, (37)
we have the following corollary.

Corollary 2: Suppose that Assumptions 1-4 hold. The
fault-tolerant consensus tracking problem of multi-agent sys-
tems with dynamics (37) is solved by the distributed adaptive
protocol (35) with K = —BTP~!and I' = P~'BBT P!,
where matrix P > 0 satisfies the LMI (33). And ¢;(0) > 0,
3,-(0) > 0. y;,1 and y; 2 are positive constants. o () € Rt
is uniform continuous function and satisfies inequality (15).
Moreover, Si,i = 1,2,...,N are bounded and coupling
weights ¢;(t),i = 1,2, ..., N converge to finite values.

Remark 7: In [20], fault-tolerant consensus tracking prob-
lems of linear and Lipschitz nonlinear multi-agent systems
with actuator loss of effectiveness faults are studied. In con-
trast to the protocols in [20], which require the knowledge
of eigenvalue information of the graph Laplacian matrix, the
adaptive protocol (35) can be computed and implemented by
each agent in a fully distributed fashion. Moreover, proto-
col (35) can also solve the consensus tracking problems of
multi-agent systems with stuck and bias faults.
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FIGURE 1. Schematic of flexible-joint manipulator modeled by torsional

spring.

TABLE 1. Parameters.

System parameter Value Units
Motor inertia, J, 37x1073  kg:m?
Link inertia, J; 93%x1073  kg:m?
Pointer mass, m 2.1x10~1 kg
Link length, 2b 30x1071  m
Torsional spring constant, k 1.8x1071 N/rad
Viscous friction coefficient, kf 4.6x102 N-s/m
Amplifier gain, K, 8.0x10~2 N-s/m

(a) (b)

FIGURE 2. Communication topology. (a) Leaderless structure.
(b) Leader-follower structure.

Solving the LMI (16) by using the LMI toolbox of Matlab
gives the P and feedback gain matrices K, T as

V. SIMULATION

In this section, simulation examples are provided to validate
the effectiveness of the theoretical results. Consider a network
of single-link manipulators with revolute joints actuated by a
DC motor [34] and model the elasticity of the joint as a linear
torsional spring with stiffness k& as shown in Fig. 1, which
represents a class of industrial arms. The nonlinear dynamics
for this system are

X1 = X2

. kf Kr

Xp = — X3 — Xj1) — —Xp + —1Uu;
Im I Im

X3 = Xis

. k mgh .
Xig = ——(x3 —x1) — ——sin(x;3), i=1,2,...,8,
Ji Ji

where xj1 = gi1, Xi2 = git = Xi1, X3 = qi2, Xi4 = 0.1gip =
0.1x;3, gi1, gi2 are the motor and link angles, respectively. J; is
the link inertia, J,, being the inertia of motor, k is the spring
stiffness, k¢ represents the viscous friction coefficient, u; is
the input torque, and m, h = 2b are the mass and length of
link, respectively. The consensus problems of this multi-agent
systems means that agents’ motor and link angles and angular
velocities reach consensus values, respectively. The system
can be represented by the following equation

X;i = Ax; + f(x;, t) + Bu,, (38)

. T
with x; = [xi1 x2 xi3 xia]”

0 1 0 0 0
486 —1.25 486 0 21.6

A=1 0 o 1w 2= o |
195 0 —195 0 0

fein)=[0 0 0 —0.333sin(xp3)]”,

where the values of the parameters as taken from refer-
ence [35] and shown in Table 1. Clearly, the nonlinear func-
tion f (x;, t) satisfies (2) with a Lipschitz constant / = 0.333.
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[ 4.9285  0.1121  —3.1606  7.1170 ]
p_ | 01121 00111 —0.0711  0.1635
= | -3.1606 —0.0711 2.6384  —3.6983 |’
| 71170 0.1635  —3.6983  20.5406 |
(58629  0.5798 —3.7186  8.5530 ]
D_ | 05798 00573 —0.3678  0.8459
T | 37186 —03678 2.3586  —5.4249 |’
| 85530 0.8459  —5.4249  12.4775 |
K =[-24213 —02395 15358 —3.5324]. (39)

Example 1: We consider the fault-tolerant consensus
problems for a leaderless multi-agent system with eight
single-link manipulators under connected undirected topolo-
gies as shown in Fig. 2(a). The controller parameters in (14)
and (16) are chosen as y;; = 10,y,2 = 10, §;(0) = 1,
ci(0) =1, i =1,2,...,8. P and feedback gain matrices
K, T' are given in (39). o (t) = 3005 The initial states of
the agents are chosen randomly in the interval [—2, 2].

This simulation considers the fault model: before 1s,
the actuator of the agent 1 lose 30% of its effectiveness,
ie. A1 = 0.7, and the other agents are normal. After 1s,
the actuator of the agent 1 lose 30% of its effectiveness,
the agent 5 occurs actuator bias fault at 50, and the other
agents are normal.

The trajectories of consensus errors under the adaptive
controllers (14) and (16) are shown in Fig. 3, where x; =
[xi1, Xi2, X3, Xia]T, X = %ngzlxj = [X1, X2, %3, %4]". It can
be seen that the consensus errors of agents converge to zero.
Fig. 3(b) shown that the consensus errors increase suddenly at
Is. The time-varying coupling weights 8; are bounded and ¢;
converge to finite values,i = 1,2, ..., 8 as shown in Fig. 4.

From Remark 2, the second part v; 7 of the controller (14)
is used to deal with the effect of the additive actuator faults
(bias faults). And Si is the estimation of §;, which is related
to the amplitude of the additive actuator faults. In this simu-
lation, we assume there is no agents occur additive actuator
faults before 1s. Thus in Fig. 4(a), we can see that 35(0) =
1,i=1,2,..., 8 at the beginning. Since there is no additive
actuator faults, §; quickly descend and close to zero. After 1s,
agent 5 occurs actuator bias fault at 50, all Si begin to rising
and 35 is lager than other Si, i=1,2,...,8, i #5.
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FIGURE 3. Consensus errors for leaderless multi-agent system. (a) First
coordinate of consensus errors. (b) Second coordinate of consensus
errors. (c) Third coordinate of consensus errors. (d) Forth coordinate of
consensus errors.

Example 2: Considering a leader-follower multi-agent
system consisting of eight followers and a leader under
directed topology Fig. 2(b). The dynamics of ith agent are
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FIGURE 4. Coupling weights for leaderless multi-agent system.
(a) Coupling weights ;. (b) Coupling weights c;.

described by (38),i = 0, 1, ..., 8, where the agent indexed
by 0 is the leader, uy = 1. The controller parameters in (35)
and (16) are chosen as Example 1. The initial states of the
agents are chosen randomly in the interval [—2, 2].

This simulation considers the fault model: before 2s,
the actuator of the agent 1 lose 30% of its effectiveness,
ie. A1 = 0.7, and the other agents are normal. After 2s,
the actuator of the agent 1 lose 30% of its effectiveness,
the agent 5 occurs actuator bias fault at —10, and the other
agents are normal.

The trajectories of tracking errors under the adaptive con-
trollers (35) and (16) are shown in Fig. 5, where x; =
[xil,xl-z,x,-g,xi4]T,i = 0,1,...,8. It can be seen that the
tracking errors converge to zero. Fig. 5(d) shows that the
tracking errors increase suddenly at 2s. The time-varying
coupling weights 8; are bounded and ¢; converge to finite
values, i = 1, 2, ..., 8 as shown in Fig. 6.

Example 3: In this example, we consider the fault-tolerant
consensus tracking problems for a linear multi-agent system
with leader-follower structure as shown in Fig. 2(b). The
dynamics of ith agent are described by (37) with

o Xil _ 0 1 . 0
sl A=l o) =[]

uo = —3x91 —2x02. This simulation considers the fault model:
before 5s, all agents are normal. After 5s, the actuator of the
agent 5 occurs actuator bias fault at 10, and the other agents
are normal.
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FIGURE 5. Tracking errors of the followers for leader-follower multi-agent
system. (a) First coordinate of tracking errors. (b) Second coordinate of
tracking errors. (c) Third coordinate of tracking errors. (d) Forth
coordinate of tracking errors.

In [32], Wang and Yang study fault-tolerant tracking
control for multi-agent systems with mismatched parame-
ter uncertainties. The protocol is also applicable to linear
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FIGURE 6. Coupling weights of the followers for leader-follower
multi-agent system. (a) Coupling weights §;. (b) Coupling weights c;.

multi-agent systems (37). However, the protocol needs the
information of A1 which is the minimum eigenvalue of H =
L+ B, is global information and thus is unknown. According
to the number of agents and the communication topology, A
may be very small. Therefore, we need to choose control gain
c sufficiently large, such that ¢ > ﬁ, and thus the amplitude
of the control inputs may be large.

In Fig. 7 and Fig. 8, we compare the protocol proposed in
this paper with the protocol in [32]. The initial states of the
agents are chosen randomly in the interval [—2, 2].

The controller parameters in (35) are chosen as Exam-
ple 1 and matrix P > O satisfies LMI (33).

Consider the protocol proposed in [32]. In this example,
AA = 0. According to the proof of Theorem 1 in [32],
lziz(t) = 0 and inequality (14) in [32] reduce to inequality:

PA+ATP —2¢0PBBTP < 0. (40)
X1 = 0.0849 in this paper. Choosing ¢ = 6, &i,j(O) =0,
gij = 1l,andki3(0) = 1,ku(0) = 1,i= 1,2, ..., 8. Fig. 7(a),
Fig. 7(b) show the trajectories of tracking errors and control
inputs of agents under the adaptive controllers (35) and (33).
Fig. 8(a), Fig. 8(b) show the trajectories of tracking errors and
control inputs of agents under the protocols proposed in [32].
From Fig. 7 and Fig. 8, we can see that the amplitude of the
control inputs with protocol in [32] is larger than the protocol
proposed in this paper.
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FIGURE 7. Leader-follower consensus tracking under controller (35).
(a) Tracking errors. (b) Control inputs of the followers.
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VI. CONCLUSION
In this paper, fault-tolerant consensus problems for linear
and Lipschitz nonlinear multi-agent systems with actuator
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faults are studied. The adaptive protocols which based on
the relative state information, are independent of any global
information of the communication graph, and thereby are
fully distributed. For the leaderless case, the states of all
the agents reach a consensus state with connected undi-
rected communication graph. For the leader-follower case,
the state of each follower converges to the state of the leader
with undirected connections between followers and directed
connections between the leader and the followers. Further
work include considering the fault-tolerant consensus prob-
lems of more general nonlinear systems and considering a
more general graph case where the communication graph is
directed or switching graph.

APPENDIX
PROOF OF THEOREM 2
Proof: Define the tracking error for agent i, i =
l,---,Nase = x; —xo. Let e = [el,el, ... k1.
Consider the following Lyapunov function candidate
N -2 N 2
1_ . wi(ci — a) wid;
V=’ HeP ety ———+> —L
2 ;g; 2yi1 ;g; Yi2
1 _
=1 a(x; — x)" P~ (x5 — xj)
i=1 j=1
|
+5 21: aio(xi — x0)" P~ (xi — x0)
=
N -2 N 2
wi(ci —a) Wid;
TR AL e B 1)
; 2yi1 ; Yi2

where p; are unknown positive constants which are defined
in Lemma 3. & is a positive constant to be determined later.
8 = &; — &, where §; are positive constants to be deter-
mined later. According to Assumption 1 and Lemma 2, H is
symmetric positive definite. The time derivative of V; along
dynamics (1), (3), (6) and with adaptive protocol (35) is
given by

N N

o S e

V=7 2 1: 2 l:aij(xi—xj)T(ATP "4 P 1A — xp)
=1 j=

N N
+ D0 ayf T, P (6 — xp)
i=1 j=1
N N
+ D> a(Awi+ o)) BT P (x — xp)
i=1 j=1

N
1 o
+= Y aiolx — x0)" (ATPT! 4+ P A)(; — x0)
2 =1

N
+ Y aio (F(xi, 1) = f(xo, ) P~ (xi — x0)

i=1
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N
+ > aio(Awi + o —ug)" BT P~ (x; — xo)

i=1

3 s F;I+Zu,,(||1<cl|| o1)5;).

i=1
(42)
Thus
1 N N
2 DO ayti — )" ATPT 4+ P AY G — x)
i=1 j=1
1 N
5 2 aioli —x0)" (ATPT! + PTA) i — xo)
i=1
' HeP'A+ATP e (43)

By using the Lipschitz condition (2) and inequality (19),
we have the following inequalities

N N
DO ayfT i P (i — xp)
i=1 j=1

~(x — x0)

aio (f (xi, 1) — f (xo, )T P

Mz

1

N
Z ai(x; — )Cj)T [Z(Pfl)2 + II] (xi — xj)

1 ]=1

1 o i
+5 21: aipel [Z(P 2y 11] Z;
i=

IA
B
=

Lor [H ® (1(1)—1)2 + 11)] . (44)

With protocol (35), Lemma 3 and the definitions of K, I', ¢,

N N

Z Z aij(Avi )T BT P (xi — xj)

i=1 j=I

N N

+ > ain(Awi ) BT (i—x0)+ Y pilei—a)g TG
i=1 i=1
N N

==Y ajeir PT'BABTPT (x5 — xp)

i=1 j=0

N
+ > pilei — )¢ T
i=1
N
< =Y awe/P'BBTPy;. (45)
i=1

According to Assumption 1 and the definition of e and ¢;,
e = (H '@ L), where e = [el,el,....eL1", ¢ =
[;lT , §2T s ;,5 17, H is symmetric positive definite. Define
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— = N
H™' = [hjlnn. h = lg?éN{lhijl}, thuse; =} ;" hy¢jand

IB" P! ||—‘BTP—1Zhl,c, <hZ||BTP ll-
J= Jj=1
N
With Assumption 2, — Y ajoul BTP~'(x; — x0) =<

i=1

il = max {azo}D Z h Z IB" P~ gl

y T T
Z laioug | 1B" P~"e
i= i=1 j=1

= max {alo}DhN Z |BT P! Zjill. Accompany with Assump-
1< i=1
tion 3, there exists positive constants 51, such that

loie} || + max {aig}DAN < wid;, i=1,2,...,N, (46)
1<i<N

where u; are defined in Lemma 3. Then

N N

Z Z ag(oiu)" B P~ (xi — x))

i=1 j=0

N
- Z aioug BT P~ (x; — x0)

N
< > llowf 11IB"P~" i

i=1

N
, Tp-1lg,
+122§§v{a’°}DhN g 1B P&l

N
<> wbilB"Pg). (47)
i=1

Thus following similar step as (21), we have

N N

D0 ay(Awig + o) BTP (x; — x))

i=1 j=1
N
+ Z aio(Awip + o; — ug)' BT P71 (x; — xo)
i=1

+Zu, 5i (K6l = o0

N N

=-2.2 4

i=1 j=0

N N
+ Z Z aij(Uiuf)TBTP_l(xi — X))

i=1 j=0

— Zalouo
+Zul (IKGl —o0):)

Sl. ¢IPIBABT P~ (x; — x;)
IK g6 + o (0)

P~ (x; — x0)
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N 32 T p—1ppl p—1
6:¢ PT'BB' P a
§Zm<— i il +8i||BTP‘lci||)
i=1 ”BTP_l&HSi +o(1)

N
— Y mio8s; < o (k, (48)
i=1
where & = YN, mi(1+ 382).
Substituting (43), (44), (45), and (48) into (42) yields
|
V) < EET[H QAP+ P A+ 1PV + 1)z
N
=Y wiag PT'BBTPT G+ o)k, (49)

i=1
Since ‘H is symmetric positive definite. There exists an
o= =T, =
orthogonal matrix U € RN*N such that U HU =

diag{A1, A2, ..., AN}. A1, A2, ..., Ay are the eigenvalues of
H. Choose ap; > ap,i = 1,2,...,N, a9 > 0 satisfies
2a0hi > T,i = 1,2,...,N.Lete = [el,el,... el ]T =

(U @ P~Ye, then

N

. 1 o~ -

Vo< s > " hie] (AP + PAT +IP* +II — tBB"); + o ()i,
=1

(50
which is similar to (24). Thus the rest of the proof follows
similar steps to those in Theorem 1. O
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