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ABSTRACT The first step in statistical reliability studies of coherent systems is the estimation of the
reliability of each system component. For the cases of parallel and series systems, the literature is abundant,
but it seems that the present paper is the first to present the general case of component inferences in coherent
systems. The failure time model considered here is the three-parameter Weibull distribution. Furthermore,
identically distributed failure times are not a required restriction. An important result is proved: without
the assumption that components’ lifetimes are mutually independent, a given set of sub-reliability functions
does not identify the corresponding marginal reliability function. The proposed model is general in the sense
that it can be used for components of any coherent system, from the simplest to the most complex designs.
It can be considered for all kinds of censored data, including interval-censored data. An important property
obtained for the Weibull model is that the posterior distributions are proper, even for non-informative priors.
Using several simulations, the excellent performance of the model is illustrated. As real examples, boys’
first use of marijuana and a device from a field-tracking data set are considered to show the efficiency of the
solution even when censored data occurs.

INDEX TERMS Bayesian paradigm, bridge system, coherent system, component lifetime, parallel system,

parametric estimation, series system, Weibull model, 2-out-of-3 system.

I. INTRODUCTION

As motivation, the reliability estimation of a device with two
components in series is considered [1]. The device has two
possible causes of failure: 1) an electrical surge failure or
2) a wear-out failure. This is a field-tracking study, and the
cause of failure can be observed. Clearly, the failure of either
component 1 or 2 leads to device failure. Here, the failure
of a component implies that the possible future failure time
of the other becomes invisible, i.e., censored data. The sta-
tistical inference for the reliability of the device depends on
both marginal components’ probability models, even in the
presence of censoring. In addition, it is important to estimate
the lifetime distribution of a particular component for future
system design and maintenance planning [2]. Hence, infer-
ences for both components are needed.

Statistical inference of component reliability is not an easy
task: censoring, dependence, and unequal distributions are
some of the troubles. Considering a sample of the device
discussed above, the n sample units are observed up to death.

For each system unit, one of the components produces its
failure time, and the remaining component lifetime is cen-
sored. It is reasonable to say that the two types of components
are not identically distributed, since it is likely that one of
the components may suffer more censoring than the other.
For a system with m components, the last component to
fail is the responsible for the system failure at time ¢ (the
time when the system failed), implying that all the remaining
components are also censored at time #, although the types
of censoring could be different (some components can be
failed at time ¢, and some could be working). It is clear
that all components are important for system reliability and
are in some way responsible for the failure of the system.
We define the component responsible for the system failure
as the component whose failure time is not censored, that is,
it was the last component to fail and then the system failed.
The reliability of a system and its components also depends
on the system design: the way components are intercon-
nected. The device example described previously is a series
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FIGURE 1. (a) Representation of a series system with 4 components;
(b) Representation of a parallel system with 3 components.

system with two components, a simple case known as a com-
peting risks problem. Figure la is a series system with four
components. At the time the system fails, only one component
is uncensored; the other three components are right-censored
at the system failure time. A parallel system, as in Figure 1b,
works whenever at least one component is working. Again,
only one component has its failure time uncensored; the other
components are left-censored observations.

The literature on the reliability of either parallel or series
systems is abundant, and different solutions have been
presented. For series systems, [3] treated the estimation prob-
lem, and [4] presented the relationship between the sub-
distribution functions of the components (the probability of
the system working until a certain time and the interest
component responsible for system failure). A nonparametric
estimator for these functions and a modified Cox proportional
hazard model for competing risks were developed by [5].

References [6]-[9] discussed the Bayesian nonparametric
statistics for series and parallel systems. Under Weibull prob-
ability distributions, Bayesian inferences for system and com-
ponent reliabilities were introduced by [10]. Reference [11]
presented a hierarchical Bayesian Weibull model for com-
ponent reliability estimation for both series and parallel
systems, proposing a useful computational approach. Using
simulation for series systems and considering Weibull fam-
ilies, [12] compared the following three types of estimates:
Kaplan-Meier, maximum likelihood and Bayesian plug-in
estimators. Reference [13] also performed a comparative
study of survival function estimation. Considering the cel-
ebrated property that any coherent system can be writ-
ten as a combination of parallel and series systems, [14]
introduced Bayesian nonparametric statistics for a class of
coherent systems. Figure 2 illustrates two cases of this kind
of combination with three components. Component 2, for
example, is susceptible to both right- and left-censoring.
Reference [14] restricted themselves to cases for which no
component appears more than once in parallel-series or
series-parallel representations.

In general, for a coherent system that uses a representation
combining parallel and series systems, some components
may appear in two or more places. Figure 3 is the bridge
system described in the literature [15], and Figure 4 illustrates
its parallel-series and series-parallel combinations. Note that
each of the five components appears twice for both represen-
tations. Another important design is the k-out-of-m system
(it works only if at least k out of the m components work).
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FIGURE 2. (a) Parallel-series representation; (b) Series-parallel
representation.

FIGURE 3. Bridge design.

(b)

FIGURE 4. (a) Bridge parallel-series representation; (b) Bridge

series-parallel representation.

(@) (b)

FIGURE 5. (a) 2-out-of-3 parallel-series representation; (b) 2-out-of-3
series-parallel representation.

Figure 5 considers the simple 2-out-of-3 case in parallel-
series and series-parallel representations. Note that each
of the three components also appears twice in both
combinations.

In their nonparametric inferences for coherent systems,
[16] restricted themselves to cases of independent and iden-
tically distributed failure times; hence, all components have
the same reliability. The method introduced in the present
article is not restricted to the assumption of identically dis-
tributed component lifetimes. Another restriction, not high-
lighted in most of the literature, is that the failures of any
pair of components cannot occur at the same time. Here, this
restriction is also unnecessary. Our important restrictions are
that all component lifetimes are mutually independent and
three-parameter Weibull distributed; this is a very general
family of distributions that can approximate most lifetime
parametric distributions. Besides the left- and right-censored
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observations, the interval-censored observations can also be
handled here. An important result of this paper is that with-
out the assumption that components’ lifetimes are mutually
independent, a given set of sub-reliability functions does
not identify the corresponding marginal reliability function.
An advantage of the Weibull is that in our approach, even
with a class of improper priors, the posterior distributions are
proper. The proposed mechanism of calculation can be well
used for any other family of distributions whenever proper
priors are used.

Section II describes the Bayesian Weibull model.
Section III presents the simulation studies to show the excel-
lent performance of the proposed model, and we compare
the performance of our approach to that presented by [16].
Section IV illustrates the methodology by considering two
practical motivations: a data set of systems with two com-
ponents in series and a data set for which interval censor-
ing appears. Final considerations appear in Section V. The
Appendix shows the proofs of two important results. The first
is that mutual independence of the components’ lifetimes is
necessary to avoid non-identifiability problems. The second
is that the posterior distributions considered here are proper.

Il. BAYESIAN WEIBULL MODEL
In a coherent system with m components, let X; be the failure
time of j-th component, j = 1, ..., m. The system failure
time is denoted by T = h(Xy,..., X)), in which A(-) is
the function that relates the system failure time to the com-
ponents’ functioning, and it depends on the system design.
For a series system, for example, T = h(Xy,...,X,) =
min{X1, ..., X;,}. The indicator of the component whose
failure caused the system to fail is § = j when T = X;,
j=1,...,m.

The j-th sub-distribution function evaluated at the time ¢ is
the probability that the system survives at most to the time
t and failure indicator is j-th component, that is, Q;(r) =

Pr{(Tft)ﬂ(S:j)}.

Besides, let G(1) = Pr {(T > HNE = j)} be the
Jj-th sub-reliability function evaluated at the time ¢. Denote
by Fj(t) the marginal distribution function (DF) for the j-th
component evaluated at time ¢, and Rj(t) = 1 — Fj(z) the
marginal reliability function,j =1, ..., m.

Our aim is to estimate the marginal distributions of com-
ponents’ lifetimes. Therefore, we assume that X, ..., X, are
mutually independent. This assumption is necessary to avoid
the non-identifiability problem of the model.

When the interest is only in the estimation of the marginal
distributions of each component in series system, [17] shows
that without the hypothesis that components’ survival times
are mutually independent, the model of survival times is
unidentifiable: the set of sub-reliability functions is consistent
with an infinity of joint reliability functions. The following
theorem is the natural extension to coherent systems.

Theorem 1: Let Xi,...,X,, be the failure time of the
m components involved in a coherent system. Without
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the assumption that X1, ..., X;, are mutually independent,
a given set of sub-reliability functions (sub-distribution func-
tions) does not identify the corresponding marginal reliability
functions (distributions functions) when information from
other components are not available or not necessary.

Proof:  The proof of this result is given in the
Appendix. [ ]

When a coherent system is written as series-parallel or
parallel-series subsystems, it is possible that the subsystems
share components with the original configuration. In this type
of configuration (shared components), it is clear that the com-
ponents are not independent, and the marginal distribution of
all the components will not be identifiable. This is not only
an independence problem, but also the set of jump points
will not be disjoints. This is a limitation of the nonparamet-
ric estimator from [7]-[9]. Our method does not need the
subsystem representation with shared component, and the
proposed model has the assumption of continuous random
variables, then the set of joint jump points has probability
ZEero.

A simple random sample of n systems with the same design
is observed, where 11, .. ., t,, is a sample of the random vari-
able T. The goal is to estimate the reliability of components.
At system failure, however, not all components would have
their failure time observed. In addition, a particular compo-
nent may be responsible for system failures in some sample
units and not in the remaining ones, which are cases of censor-
ing on component failure time. The amount and the types of
censoring depend on the design of the system. For example,
a sample of n units of a machine with a configuration as
in Figure 2a is observed: The failure of component 1 alone is
not enough for system failure. On the other hand, every failure
of the system implies the failure of component 1 either being
left-censored or being the last to fail. The latter should imply
that one of the other two components, say component 2, failed
before component 1, a case of left-censoring, and component
3 is a right-censored observation.

When a system fails, the failure time of a given component
J may not be observed, but its censored time of failure is.
For all sample units, the system failure times 71, ..., t, are
recorded. For a specific component j that is not responsible
for one of the n systems that failed at time ¢, either it is
right-censored, in which case it could still continue to work
after ¢, or it is censored to the left if it has failed before
t. Another kind of censoring could also occur: Suppose a
machine failure time (a sample unit) is in an interval (L, U), L
for the observed lower limit and U for the upper limit. If two
or more components failed, they are all interval-censored in
(L, U). To generalize the notation for all cases of component
failure and censoring, consider the following notation: for a
specific component j of system unit i, let (Lj;, Uj;) be a general
interval of time in which

e Ljj = Uj; = t;, if the j-th component failure time causes

the i-th system failure time:

e Ljj = t; and U; = oo if the j-th component is right-

censored at #;;
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e Lij = 0 and U; = ¢ if the j-th component is left-

censored at #;;

e 0 < Lj; < Uj < oo if the j-th component is interval-

censored.

It is worth noting that in our approach, it is not necessary
to know the design of the system. The available information
of each unit is the system failure time and the status of its
components in the moment of system failure.

To complete the theoretical environment, let X; be the
random variable representing the j-th component failure time
with density function f(x;|6;) and with reliability function
R(x;16;). 0 is the parameter, which can be either a scalar or a
vector.

Using the above notation, the likelihood function is as
follows:

n

L@ | ju) = [ |16

i=1

Tji=

1 =ji=u)
x [R(;i16)) — Rjl6)) | NG

where Iiryey = 1 or Iiparsey = 0, [ = (1, ..
wj = (Uj1, ..., Ujp).

The likelihood function in (1) is generic and straightfor-
ward for any probability distribution. The distribution con-
sidered here is the three-parameter Weibull. The choice of
this distribution is due to the variation of parameter values
implying changes in both distribution shape and hazard rates.
We can have increasing, decreasing and constant failure rates
in this family of Weibull distributions [18].

The Weibull reliability function is as follows:

C_u\B
R(yj | 6)) = exp [— (x’ n{”’) ]
]

for x; > 0, where 6; = (8;, ;, ;) and B; > 0 (shape), n; > 0
(scale) and 0 < u; < x; (location).

The Weibull distribution with two parameters (u; = 0) is
the most celebrated case in the literature. However, the loca-
tion parameter ; that represents the baseline lifetime has
an important meaning in reliability and survival analysis.
In reliability analysis, a component under test may not be
new. In medicine, for instance, a patient may have the dis-
ease before the onset medical appointment. Not taking into
account this initial time can lead to an underestimation of the
other parameters. Clearly, for new component testing, (; may
be 0.

The estimation in this work is performed under a Bayesian
perspective of inference, and thus, the a priori distribution to
0; = (B;, nj, 11;) needs to be defined.

There are situations where information about the func-
tioning of the component through expert opinion and/or past
experience can be expressed in the a priori distributions.
In this work, no prior information about the functioning of the
components is available, and the considered non-informative

-, ljn) and
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prior distribution in this work is

11
n(ﬂj’ njs I‘Lj) 0 lgj . (2)
The choice of the priori distribution in (2) guaranttes that
the posterior distribution is a density function, as can be seen
at Theorem 2.
The posterior density of §; = (8, nj, 1;), combining (1)
and (2), comes out to be

(B, mj» 1y | Ly uj)

BRI {(u)”f”@
B nj nj
Bivy Litmu;
o[ - (1))
nj
IB.
l“_ . J
oo (5) ]
nj
o N\Pi 1_1(1_,'1':”,‘,')
-en| - (452)]
]

Even though (2) is not a proper prior (its integral is not
finite), the posterior density in (3) is still a proper, as stated
by the following result.

Theorem 2: Let a class of non-informative priors given by

1
w(Bj, nj, uj) = —, b=>0.
(/3] nj M]) Uj/gjb

Even though for » > 0, n = 1 and the existence of a failure,
the posterior density in (3) is not proper, and for n > 1,
the posterior in (3) is proper.

Proof: ~The proof of this result is given in the
Appendix. [ ]

The importance of the above result is that one can perform
Bayesian inferences even with little prior information.

Because the posterior density in Equation (3) does not have
a closed form (it is not possible to calculate the constant of
proportionality in an analytical way), statistical inferences
about the parameters can rely on Markov-Chain Monte-
Carlo (MCMC) simulations. Here, we consider an adaptive
Metropolis-Hasting algorithm with a multivariate distribu-
tion [19].

Discarding burn-in (first generated values discarded to
eliminate the effect of the assigned initial values for param-
eters) and jump samples (spacing among generated val-
ues to avoid correlation problems), a sample of size n,
from the joint posterior distribution of 6 is obtained. For
the j-th component, the sample from the posterior can
be expressed as (Bj1, Bj2, - - -, ,Bj,,p), mjt, iz, -+ - fljn,,) and
()1, mj2s e - ,uj,,p). Consequently, posterior quantities of
reliability function R(¢ | ;) can be easily obtained [20]. For
instance, the posterior mean of the reliability function is

1 &
EIRG16) | hwl = — R@|6p), >0 4
P p=1
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llIl. MODEL EVALUATION WITH SIMULATED DATA

To evaluate the quality of the model described above, this
section presents simulation studies that are divided into two
parts. First, the interest is in evaluating the effect of censor-
ship in the quality of the proposed estimator. For this purpose,
the proposed uncensored model is compared to its censored
version in different sample sizes. Second, our approach is
compared to the one presented by [16] in scenarios with
different distributions to generate the lifetime of the compo-
nents, the percentages of censor data and the types of complex
system design.

The observed information is the failure time of the n
observed systems and, for each unit that failed, the status of
each component at the system failure time.

To generate the data of each simulated example, with m
being the number of components and n the sample size,
the following steps are considered.

For each system unit i, fori =1, ..., n:

1) Draw Xj; from a given distribution forj =1, ..., m;

2) LetT; = h(X1i, ..., Xmi), where T is the system failure

time and A(-) is the function that relates the system
failure time to the components’ functioning, and it
depends on the system design;

3) For each j component, where #; is the system failure

time:
o If Xj; =t;, then [;; = t; and uj; = ¢; is recorded;
o If Xj; <1;, thenl; = 0 and uj; = t; is recorded,;
o If Xj; > t;, then [;; = t; and uj; = oo is recorded;
4) The data set for the j-th component is {(/;1, uj1),
(i, upp), -« s (i, wjn)}.

To obtain posterior quantities, we used an MCMC proce-
dure to generate a sample from the posterior distribution of
the parameters. We generated 20, 000 samples from the pos-
terior distribution of each parameter. The first 10, 000 of these
samples were discarded as burn-in samples. A jump of size
10 was chosen to avoid correlation between the samples. The
final sample size of the parameters generated from the pos-
terior distribution was 1, 000. The chains’ convergence was
monitored in all simulation scenarios for good convergence
results to be obtained. The posterior mean is considered the
point estimator for the reliability function obtained through
our Weibull model. We will denote the posterior mean as
W3PM (Weibull 3-Parameter Model).

A. CENSORSHIP EFFECT IN DIFFERENT SAMPLE SIZES
In this first part of the simulation studies, we consider three
simulated types of data:

o Example 1: Parallel system with m = 4 components,
in which lifetimes are generated by a normal multi-
variate distribution truncated at 0 with mean vector
(205, 210, 215, 211) and covariance matrix

200 10 15 20
10 210 23 25
15 25 215 10
20 25 10 213
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« Example 2: 2-out-of-3 system in which X; was gen-
erated from a Weibull distribution with mean 15 and
variance 8, X, from a gamma distribution with mean 18
and variance 12 and X3 from a log-normal distribution
with mean 20 and variance 10.

« Example 3: Bridge design in which X; was generated
from a Weibull distribution with mean 17 and variance 8,
X, from a log-normal distribution with mean 16 and
variance 22, X3 from a log-normal distribution with
mean 15 and variance 15, X4 from a gamma distribution
with mean 15 and variance 6 and X5 from a gamma
distribution with mean 20 and variance 12.

For each simulated example, 40 data sets with different sam-
ples sizes were generated by considering »n from 25 to 1000 by
25. The goal is to compare the sample size effect to the pro-
posed estimator. For this purpose, the proposed uncensored
model is compared to its censored version in different sample
sizes.

For Example 1, the percentages of the censored data are
87% for component 1, 77% for component 2, 62% for compo-
nent 3 and 74% for component 4. In Example 2, component 1
is censored in 77.8% of systems, component 2 is censored in
54.4% of systems, and component 3 is censored in 67.8%
of systems. In the Example 3, components 1, 2, 3, 4 and 5
are censored in 80.1%, 69.3%, 90%, 80.8% and 79.8% of
systems, respectively. As one can note, all components have
high percentages of censored data.

A data set is generated for each sample size in each exam-
ple, and we compare the mean absolute error (MAE) from the
estimator in the censored scenario to the uncensored model.
R(t) and ﬁ(t) are the uncensored reliability function and
the estimate in the censored scenario, respectively. Hence,
the MAE is evaluated by % ZL] | ﬁ(gg) — R(g¢) |, where
{g1,.... 8¢, ..., g} 1s agrid in the space of failure times.

The MAE values are presented in figures 6, 7, and 8.
As expected, the MAE values decrease as the sample sizes
increase. In general, the MAE value stabilizes when n = 200
for the three examples.

B. SIMULATION STUDIES WITH DIFFERENT SCENARIOS
In this section, six scenarios with different generators of com-
ponent lifetimes are considered. Also, different percentages
of censored data are considered. Two types of system designs
are used: a bridge system (Figure 3) and a 2-out-of-3 system
(Figure 5). For each scenario, five different sample sizes of
system units are considered (n = 25, 50, 100, 300, 1000).
The W3PM estimates are compared to the nonparametric
estimates of [16], which we will call BSNP (Bhattacharya-
Samaniego Nonparametric Estimator). Their approach can
be used for all components involved in the reliability of any
system, even for more-complex designs. The only necessary
types of information for the computation of the estimates
are the system design and the observed system failure times.
However, in their work, there is the strong restriction that
all the component lifetimes are mutually independent and
identically distributed. Consequently, all components have
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FIGURE 6. MAE values in scenarios with different sample sizes for
components 1 to 4 in example 1.
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FIGURE 7. MAE values in scenarios with different sample sizes for
components 1 to 3 in example 2.

the same reliability. The present approach does not have this
limitation.

For each scenario, 1000 copies (data sets) are generated,
and we evaluate the MAE from the estimators to the true
distribution as the comparison measure.

Six scenarios are presented:

« Scenario 1: The same generation as example 2.

o Scenario 2: 2-out-of-3 design, in which X; was gen-
erated from a log-normal distribution with mean 4 and
variance 7, X, was generated from a modified Weibull
distribution [21] with mean 2.88 and variance 12.44,
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FIGURE 8. MAE values in scenarios with different sample sizes for
components 1 to 5 in example 3.

and X3 was generated from a three-parameter Weibull
distribution with mean 5 and variance 3.

o Scenario 3: 2-out-of-3 design in which X, X> and X3
were generated from Weibull distributions with means
10, 11, 10 and variances 2, 10, 8, respectively.

« Scenario 4: 2-out-of-3 design in which X, X> and X3
were generated from modified Weibull distributions [21]
with means 1.6, 2.4, 2.9 and variances 6, 4, 13, respec-
tively.

o Scenario 5: The same generation as example 3.

o Scenario 6: Bridge design in which X| was generated
from a Weibull distribution with mean 4 and variance
15, X, was generated from a modified Weibull distribu-
tion [21] with mean 5.6 and variance 15, X3 was gen-
erated from a log-normal distribution with mean 6 and
variance 7, X4 was generated from a gamma distribution
with mean 5 and variance 8, and X5 was generated from
a three-parameter Weibull distribution with mean 4 and
variance 8.

Since a component that causes system failure causes the
other components to become right- or left-censored data,
the high percentages of censored data for all scenarios are
shown in Table 1. It can be noted that all components in all
scenarios have high percentages of censored data, with all
cases being higher than 50%, reaching up to 90% (see com-
ponent 3 in scenario 5).

The mean and standard deviation of 1,000 MAE val-
ues obtained for W3PM and BSNP are presented in
figures 9a to 11b for scenarios 1 to 6. For component 3 from
scenarios 2 and 4, the two estimation methods showed similar
behavior. For the other situations, W3PM always presents
a lower mean of MAE values, and the performance of the
proposed estimator improves as n increases.

18525



IEEE Access

A. S. Rodrigues et al.: Bayesian Estimation of Component Reliability in Coherent Systems

e

o
3
0.10- 3
0.05-
0.00
0.20-
1 0-15- §
o0 =]
N
0.05- 4 i
4 a
0.00 =
0.20- %
0.15- % o
- i 3
0.10- i 3
w
0.05-
0.00 ‘ ‘ ‘ ‘ ‘
25 50 100 300 1000
n
W3PM 4 BSNP
()
0.10-
Q
o
% g
0.05- } ®
2N . =
0.00
0.10- } %
o
] o
y boog 5
=0.05- 4 0
N
0.00
0.10-
Q
o
: g
0.05- % % e
L i
0.00 ‘ ‘ ‘ ‘ ‘
25 50 100 300 1000
n
W3PM 4 BSNP
(b)

FIGURE 9. Mean (symbol) and standard deviation (bars) of the MAE of
W3PM and BSNP for scenarios 1 and 2. W3PM indicates the posterior
mean obtained by the proposed model, and BSNP indicates the
nonparametric estimation proposed by [16]. (a) Scenario 1. (b) Scenario 2.

IV. APPLICATION

A. DEVICE FROM A FIELD-TRACKING DATA SET

To show the applicability of the proposed method, the relia-
bility estimation of a device in typical service environments
is presented [1]. The device presents two failure modes: an
electrical surge failure (denoted by S) and a wear-out failure
(denoted by W). By taking into account that the system fails
when the first failure mode occurs, one can consider the
device as a series system with two components: mode S and
mode W. In this study, n = 30 devices are observed up to their
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FIGURE 10. Mean (symbol) and standard deviation (bars) of the MAE of
W3PM and BSNP for scenarios 3 and 4. W3PM indicates the posterior
mean obtained by the proposed model, and BSNP indicates the
nonparametric estimation proposed by [16]. (a) Scenario 3. (b) Scenario 4.

failure or the end of the test. A total of n = 8 devices (26.67%)
did not fail during the observation period. Half of the devices
(n = 15) failed due to component S and 23.33% of the
devices failed due to component W. Thus, component S has
50% of uncensored observations and 50% of right-censored
observations, and component W has 23.33% of uncensored
observations and 76.67% of right-censored observations.

To obtain posterior quantities related to the posterior dis-
tribution of §; = (B;, nj, u;), for j = 1, 2, from (3) through
MCMC simulations, we discarded the first 10, 000 as burn-
in samples and used a jump size of 30 to avoid correlation
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FIGURE 11. Mean (symbol) and standard deviation (bars) of the MAE of
W3PM and BSNP for scenarios 5 and 6. W3PM indicates the posterior
mean obtained by proposed model, and BSNP indicates the
nonparametric estimation proposed by [16]. (a) Scenario 5. (b) Scenario 6.

problems, obtaining a sample of size 1,000. The chains’
convergence was monitored, and good convergence results
were obtained.

Table 2 lists the posterior means and posterior standard
deviation for the parameters of shape (8;), scale (7;), location
(1;) and expected time of components’ lifetimes, E(X;|0;) =
wj+n (1 +(1/8))), for j = 1, 2, in which it is the expected
value of a three-parameter Weibull distributed random vari-
able. The posterior means of the expected time of the com-
ponent lifetimes are 554.22 thousand cycles for component S
and 311.13 thousand cycles for component W. The posterior
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TABLE 1. Percentage of censored data for each component in each
scenario.

Scenario  Component Side of censoring
Left Right Total
1 72.40% 5.40% 77.80%
1 2 21.10%  3330%  54.40%
3 6.50% 61.30%  67.80%
1 3740%  25770%  63.10%
2 2 48.00%  32.80%  80.80%
3 14.60%  41.50%  56.10%
1 3420%  21.30%  55.50%
3 2 2720%  49.10%  76.30%
3 38.60%  29.60%  68.20%
1 40.00%  30.50%  70.50%
4 2 32.40%  25.60%  58.00%
3 27.60%  43.90%  71.50%
1 28.70%  51.40%  80.10%
2 50.40% 18.90%  69.30%
5 3 62.50%  27.50%  90.00%
4 61.70% 19.10%  80.80%
5 8.50% 71.30%  79.80%
1 52.60%  33.30%  85.90%
2 2430%  59.50%  83.80%
6 3 17.90%  69.50%  87.40%
4 23.00%  39.710%  62.70%
5 64.20% 16.00%  80.20%

TABLE 2. Posterior mean and posterior standard deviation of proposed
model parameters and mean time of component lifetimes for the device
from a field-tracking data set.

Component S
Posterior mean  Posterior standard deviation

51 0.62 0.14
m 311.93 98.47
n1 1.35 0.59
E(X1]61) 554.22 410.68
Component W
Posterior mean  Posterior standard deviation
B2 4.24 1.31
2 341.64 37.42
u2 0.99 0.58
E(X2]02) 311.13 32.01

mean and the 95% highest posterior density (HPD) point-
wise band of the reliability function are illustrated in fig-
ures 12a and 12b.

B. BOYS’ FIRST USE OF MARIJUANA DATA SET

A social study is considered in which the proposed method-
ology can be suitably applied. The data are analyzed by [22].
In this study, n = 191 California high school boys were
asked about their first use of marijuana. The answers were
age in years if the responder did use and remember his age
or “I never used it” (which are right-censored observations
of the boys’ current ages) or “I have used it but I cannot
remember the exactly time for my first use of the drug”
(which is a left-censored observation case) [22].

Reference [22] analyzed the data through Turnbull’s esti-
mator [23]. In their approach, boys who remember their
ages when they first used the drug produced uncensored
observations. Consider, for instance, a boy saying that he
used the drug for the first time at 13 years old and, more
specifically, that it happened when he was 13 years and
11 months old. He would be considered a subject with an
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FIGURE 12. Posterior mean and 95% HPD point-wise band (Cl 95%) of
reliability function for the lifetimes of components S and W.
(a) Component S. (b) Component W.

uncensored observation at the age of 13 by the Klein and
Moeschberger analysis, even if his age of use was closer to
14 years. We believe that this kind of information should be
considered an interval-censored observation at [13, 14), and
his information would be properly taken as interval-censored
in our likelihood, the second factor of the right-hand side of
equation (1). In this way, all data are censored: either right-,
left-, or interval-censored data.

To obtain posterior quantities related to the posterior distri-
bution of @ = (8, 1, 1) from (3) through MCMC simulations,
we discarded the first 10, 000 as burn-in samples and used a
jump of size 20 to avoid correlation problems, obtaining a
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TABLE 3. Posterior mean and posterior standard deviation of proposed
model parameters and mean time of first use of marijuana.

Posterior mean  Posterior standard deviation

B 24 037
n 6.19 0.58
" 9.54 0.52
E(X|0) 15.05 0.23
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FIGURE 13. Posterior mean and 95% HPD point-wise band of reliability
function for time to first use of marijuana.

sample size of 1,000. The chains’ convergence was moni-
tored for good convergence results to be obtained.

Table 3 lists the posterior means and posterior standard
deviation for the parameters of shape (8), scale (1), location
() and expected time of first use of marijuana, E(X|0) =
w~+nl'(1+ (1/B)). The posterior mean of the expected time
of first marijuana use is 15.05 years. The posterior mean and
the 95% highest posterior density (HPD) point-wise band of
the reliability function are illustrated in Figure 13.

V. FINAL REMARKS
A Bayesian Weibull model for component reliability was
proposed. Identical distributions of component lifetimes were
not imposed. The proposed methodology is said to be general
because it can be used for any coherent system, from the sim-
plest to the most complex designs. It is also appropriate for all
kinds of censored data, including interval-censored, allowing
it to be used in survival problems. In estimation processes,
satisfactory results about the convergence of the MCMC
method were obtained, and it was proved that the posterior
is proper even when using prior distributions chosen from
a family of non-informative prior distributions. We worked
with the Bayesian Weibull model. However, it is quite simple
to extend the work to other distributions or even to the pure
likelihood approach [24].

Reference [16] also considered coherent systems, as we
have here. However, the assumption of independent and
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identically distributed component lifetimes excludes the use
of their method for most practical applications. On the other
hand, their methodology does not require the choice of a
parametric family of distributions. For positive random vari-
ables, we believe that the three-parameter Weibull family
is a very rich family, since most real situations will have
random aspects that can be represented by an component of
the family.

Both methods were evaluated in scenarios with differ-
ent distributions for the generation of component lifetimes,
different percentages of censored data and different sample
sizes. The observed information consists of the failure time
of systems and the status of each component at the moment
of each system failure. The simulation study showed excellent
performance of the proposed estimator and that its advan-
tage increases with the sample size. For the cases where the
W3PM did not perform better, it was still very close to the
performance of BSNP.

The practical relevance was assessed in two real data
sets. The first is device from a field-tracking with two
components in series, and the second is a social study in
which interval-censored data appears. The proposed method-
ology can be suitably applied data sets. We also believe
that for future work, our methodology can be used to per-
form reverse engineering. Using model selection Bayesian
techniques, as in [25], that use a mixture of reliability esti-
mates, one can choose one out of several alternative reliability
systems.

APPENDIX
PROOF OF THEOREM 1
The proof for a series system was given by [17]. To prove
the Theorem 1, we show that the condition is necessary for a
parallel system. Then, we extend it to a series-parallel system
and a parallel-series system. Finally, using the arguments for
these results, we conclude with the condition for coherent
systems.

The j-th sub-reliability function evaluated at time 7 is the
probability that the system survives at least ¢ and that the
failure of the j-th component produced the system failure, that

is, Gi(t) = Pr{(T >~ HNEG =j)]. Let Qi(t) = Pr{(T <

HN = j)} be the j-th sub-distribution function evaluated at
time ¢.

,,,,, w(tl e te) = Pr{ﬂ]’.';l(x, > zj)} and

Fiom(tls e it) = Pr[ N < t,-)} be the joint
reliability and the joint distribution functions, respectively,
in which continuous partial derivatives with respect to all of
its arguments are assumed.

The failure time of a parallel system with m components is
T = max{Xy, ..., X,,}. Reference [8] proved the following
lemma.

Lemma I: The derivative of Qj(t), dQj;(t)/ dt, is equal
to the partial derivative of Fy__,(t1,...,t,) at the
jth component, evaluated att; =t = ... =t, = .
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If the components’ lifetimes are assumed to be mutually
independent,

m
Fi.m(ti, .. tw) = [ [Fi@). )
j=1
Using the fact in (5) and the Lemma 1,
dQ;(t) -
~— =40 [[Fo, (6)
j=1

where u; is the reversed hazard rate (RHR) of the jth compo-
nent:

o O _ 4 e
ui(t) = il In(Fj(1)).

Note that
Fy(t) = exp{—(~ In(F;()}
= exp | — [In(Fj(00)) = In(Fj(1))]

* i) }
= - Ay
eXp{ /z Fj(y) Y

= exp { - / uj(y) dy}. @)
t

Letting u(y) = Z]m=1 uj(y), (6) becomes

4o _ uj(t)exp{ — /oo u(y) dy}-
t

dr

Lemma 1 indicates that any given joint distribution func-
tion uniquely determines the sub-distribution functions

T dF ey
Qj(t) _ / |: 1,...,m(y1 Ym) i| dy.
0 YI=V2=...=Ym=y

dyj

Lemma 2 (For Parallel System): Let Xi,...,X,, be the
failure time of the m components involved in a parallel sys-
tem. Whatever the set of sub-distribution functions Q;(t), for
j =1,...,m, there exists a system of marginal distribution
functions, say, Fj*(t) forj = 1,2,...,m. This, combined
with the assumption that the components’ failure times are
mutually independent, implies the sub-distribution functions
Qf (¢) that coincide with the given Q;(¢).

Proof of Lemma 2: The proof consists in solving the

equations

do;(t >
det():u;k(t)exp{ _/t‘ u*(y)dy}’ ]: 1,...,m,

3
with respect to the u]’.‘(t), where u*(1) = Z]’"zl uj’.k(t). Taking
now the sum forj =1, ..., m, we obtain

m
dQ;i(t e
>0 rwer| - [Trowl
, dt t
J=1
d o
*
= — - dyt.
dteXP{ /t u(y) y}
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Consequently,

>0 = exp{ — / u*(y) dy},
t

J=1

which combined with (8), leads to

w40/ dr
EA yayoTo)
Finally, (7) implies
" * doi }
Fi@) = — (- 9
i eXp{ t Z/mzl Qi(y) ®

The substitution of F j* and uj* into (6) will produce

do; (1) n
=0 ]FoO
=1
_ dow/dr { Y= de(y)}
2ot 00 r 2 Q)
dQ;(r)/ dt { [ =~
=< 5 expy—|lo Qj(c0)
S0P s (/; /(29)
~ log (Z Qj(t))] }
j=1
dQ;(t)/ dt {1 “ }
= AT Q;(t)
Som | (e0)
_do;(0)
Code
that is, the derivative of QF coincides with that of Q;. ]

Now, let X1, X5, and X3 be the lifetimes of three compo-
nents of a series-parallel system (SPS) represented in Fig-
ure 2b. For component 1 in the SPS representation, we have
that

Gi(t) = Pr [(T > HNE = 1)}
- Pr{(Xl >HNY > Xl)},
where Y = max{X», X3} and T = min{X, max{X,, X3}}.

Let Ry y(t1,y) = Pr(X1 > #1) N (Y > y)), and we have
that

dG (¢ dRy y(t1,
1(®) _ Ly, y) (10)
dt dn fyyt
If X1 and Y are assumed to be independent,
Ry y(t1,y) = Ri(t1)Ry (y). (11
Using the facts in (11) and (10)
dG(?)
= —r1(OR1(H)Ry (1),
dr
18530

where
(t) d InR;(1)
ri(t) = —— InR;
J dr J
and
t
Ri(1) = exp { - / 1) dx}. (12)
0
By the results of [17], we have that
t
TS P— L R—
Gi1(1) + Gy (1)
in which Gy(¢t) = Pr{(Y > ) N (X1 > Y)} and

dG1x) } (13)

t
Ri(e) = exp { /0 G + Gr (o)

Since the system is in a series of component 1 with a
maximum of components 2 and 3, we can use the result
of [17] that whatever the set of sub-reliability functions G1(¢)
is, there exists marginal reliability functions, say, R’l‘(t), that,
combined with the assumption that component 1 failure time
is independent of Y, implies the sub-reliability functions
G () that coincide with the given G (1).

For component 2 in the SPS representation, we have
that

0 =Pr{(T =N =2)

= PI‘{(X] >X)NX <HNX3 < Xz)}

Lemma 3: For the system SPS in Figure 2b, the derivative
of Ox(), dQx(1)/ dt is given by

dQOs (1)
dr

dF>3(12, 13)
drp n=n=t

Proof of Lemma 3: The difference
Oa(t + h) — 0a(1)

dF23(11, 12, 13)
drn,

Hh=h=t3=t

= Pr{(Xl >X)NEt <Xy <t+h)NX3 <X2)} (14)
has lower bound
Pr{(X1 >St+h)NE <X, <t+h)N(X3 <t)}

= Fi123(00, 1+ h, 1) — F123(00,1,1)
—[Fio3(+h* t+h,t)—Fip30+h"1,0], (15
and upper bound

Pr{(Xl >HNE <X, <t+hHN (X3 <t—|—h*)}

= F123(00,t + h,t +h*) — F123(00,t,t + h")
—[Fi123(t, t +h,t +h*) = F1o3(t,t,t +h")].  (16)
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By dividing (14), (15) and (16) by & and applying the limit
as h — 0, we obtain for all #* > 0,

dF12,3(t1, 2, 13) _ dF13(t1, 12, 13)

dr =00, dn ty=t+h*,
h=t3=t h=t3=t
P %10)
- dr
dFy23(t1, 12, 13) _ dF13(t 10, 13)
- dn =00, dr n=n=t,’
h=t, t3=t+h*
n=t+h*

Now, taking the limit #* — 0 produces the desired result
dOx(t)  dF3(12, 13)

de dr ty=tyt
_ dFi23(11, 12, 13) a7
dr t1=ty=r=t
Thus,
"I dF23(02, y3)
O(1) = / [d—
0 )2 y2=y3=y
_ dF12301, y2,¥3) :|dy
dy: YI=y2=y3=y
||

If the components’ lifetimes are assumed to be mutually
independent, using the fact in (5) and (17), we have that
dQx(1)
== = wuo|RORBOL =R (8
Lemma 4 (For Component 2 of the SPS in Figure 2b): Let
X1, X>, X3 be the failure times of the 3 components involved
in a series-parallel system given in Figure 2b. Whatever the
set of sub-distribution functions Q(¢), there exists a system
of marginal distribution functions, say, F. ik (1), that, combined
with the assumption that the components’ failure times are
mutually independent, implies the sub-distribution functions
Q3 (1) coincide with the given Q»(1).
Proof of Lemma 4: The proof consists in solving the
equations
d0» (1)
== = w0 |F OO - R,
with respect to the u3(¢).
By (7), we have that

Fz(t)=eXp{ —/ uz(y) dy}-
t

We can write the integration as

o° ° dFy(x)
dy =
/, “20) dy / Fa(x)

_ /Oo [1 = Fi(x)]F3(x) dF2(X)_ (19)

¢ [ = Fi]F3(x)F2(x)
From (18), we have that dQ,(x) = [1 — F{(x)]F3(x) dF>(x).
The system distribution function of the SPS system
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(T = min{X;, max{X», X3}})is F(t) = 1 — [1 — F1(®)][1 —
Fr(0)F3(0)]. Thus, F(t) — Fi(t) = [1 — Fi(O)IF2)F3(2).
In this way, we can write (19) as

o © dQr(x)
dy = =
/t u20) dy /t F@) — Fi(x)
Z/OO dQ(x)
fY 0ix) — ©4(01.02.03.%)

in which

t—doi)
<I>s(Q,Q,Q,t)=1—eXP{/ —}
b 01—, 0

once F(t) = 213:1 Q;(t) and R (¢) = 1—F1(t) can be written
as
L —do()
Ri(?) :exp{/ —},
1 0 1-YL, 0

what is obtained by (13) considering Qy () = Q2(t) + Q3(¢),
under independence assumption.
Thus,

dQy(1)/ dt
YL 0it) — ©4(Q1. 0. 03.1)

us (1) =

and

* dQ»(x)
F*(;):exp{—/ }
’ ¢ YL, 00 — 0,01, 0, 05, %)

The substitution of «5 into (18) will yield

dQx(t 3
det( !~ 0] Y 00 - 0401, 02.03.1)
j=1
_ dO»(1)/ dt
Y1 Qi) — (01, 02, 03, 1)
3
x{ > 0 — 0401, 02, 03, t)}
j=1
dQ0»(1)
odr
that is, the derivative of Q3 coincides with that of Q5. |

For component 3, we have that
03() = Pr{(T =N (6 =3)
=Pr {(Xl >X3)NX < X3)N(X3 < t)}

Thus, the proof for component 3 is analogous to that pre-
sented for component 2.

Now, let X1, X2 and X3 be the lifetimes of three compo-
nents of a parallel-series system (PSS) with representation in
Figure 2a.
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For component 1 in the PSS representation, we have that
011 = Pr{(T <HNE = 1)}
=Pr {(Xl <N < Xl)},

where W = min{X3, X3} and T = max{X;, min{X5, X3}}.
Since the system is in parallel of component 1 with the min-
imum of components 2 and 3, we can consider the Lemma 2
for component 1.

For component 2 in the PSS representation, we have that

0:) =Pr|(T =N =2)
= Pr{(Xl <X)NX<H)NX; > Xz)}.

Lemma 5: For the system PSS in Figure 2a, the derivative
of 0a2(1), dQx(t)/ dt is given by

dOs(t)  dFia(n, 1)
dr dr,

==t

_ dF103(11, 12, 13)
dr,

Hh=h=t3=t

Proof of Lemma 5: The difference

Oa(1 + h) — 0a(2)
= PI'{(X] <X))Nt<Xp<t+hNXs >X2)} (20)

has lower bound

Pr{(Xl <t)ﬂ(t<X2§t+h*)ﬂ(X3>t+h*)}

= Fi23(t,t +h,00) — F123(t,1,00)
—[Fio3(t, t +h,t +h*)— Fi23(t,t,t +h*)], (21)

and upper bound

Pr{(X1 <t+hH Nt <X <t+hHN X3 >f)}

= Fi123(t+h*,t +h,00) — Fi23(t + h*, 1, 00)
—[F123(t + h*,t +h, t) —F1230+ h* e, D]. (22)

By dividing (20), (21) and (22) by 4 and applying the limit
as h — 0, we obtain for all #* > 0,

dF12,3(11, 12, 13) dF123(11, 12, 13)

dtz H=h=t, dtz H=h=t,
13=00 n=t+h*
_ 400
- dr
dFy23(11, 12, 13) dFy2,3(11, 12, 13)
= dt, n=t+h*, dn, H=t4+h*,’
h=t, h=t3=t
13=00
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Now, taking the limit #* — 0 produces the desired result

dQ (1) _ dF12(t, 1)
dt dr

==t
_dF05(n, 0. 13)

a (23)

n=nh=13=t
|

If the components’ lifetimes are assumed to be mutually
independent, using the fact in (5) and (23),

dO» (1)
dt

Lemma 6 (For Component 2 of the PSS in Figure 2a): Let
X1, X2, X3 be the failure times of the 3 components involved
in a parallel-series system given in Figure 2b. Whatever the
set of sub-distribution functions Q5(t), there exists a system
of marginal distribution functions, say, F;(t), that, combined
with the assumption that the components’ failure times are
mutually independent, implies the sub-distribution functions
05 (t) coincide with the given Q5 ().

Proof of Lemma 6: The proof consists in solving the
equations

d
de[(t) _ —r;(l‘){[l — F;O1F1(0)[1 — F3(f)]]’

with respect to the 75 (#).
By (12), we have that

= —nO{ll - ORI - F0l], 4

t
Rt)=1-F@) = CXP{ _/o () d)’}~

We can write the integration as

, Cdll = ()]
dy= | ——— 27
/0 20) &y /0 (1= F(0]

_ /’ _Fill — F3(0)] d[1 — F2(x)]

Jo FI®I = F30)lll — Fa(x)]
From (24), we have that dQ»>(x) = Fi(x)[1 — F3(x)] d[1 —
F>(x)]. The system distribution function of the PSS system is
F(@t) = Fi0){1-[1-F2()I[1—F3(0)]}. Thus, F1(1))—F () =
F1(0)[1 — Fo(0)][1 — F3(¢)]. In this way, we can write (25) as

(25)

! o0 dQs(x)
dy = . E=ev
./0 20) dy / Fi(x) — F(x)
_ /’_ d0s(x)
0 Dp(01,02.03. %) — X1, Oi(x)
in which
o dQq(r)
@(Q,Q,Q,n:exp{/ ——},
pEnE C YL, 00

once F'(t) can be written as (9) and F(¢) = Z;zl Q;(®).
We have that

dQx(x)
Dp(Q1, 02, 03, %) — X Oj(x)

) =—
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and
! d
Fit) =1 —exp{—/ Q) . }
0 q)p(Qla QZ» Q3a -x) - Z]:l Q](x)
The substitution of ) into (24) will produce the derivative of

03, which coincides with that of Q5. [ ]
For component 3, we have that

0:() = Pr{(T =N =3)
= PI‘{(Xl <X3)NX2 > X3)N(X3 < t)}

Thus, the proof for component 3 is analogous to that pre-
sented for component 2.

Proof of Theorem 1: Considering the interest in directly
accessing the marginal distribution of each component in
a coherent system, we have that: 1) the series and parallel
systems are particular cases of the class of coherent systems;
2) any coherent system can be written as a combination of
PSS and SPS. Therefore, the lemmas 1 to 6, together with
the results from [17], show that without the hypothesis that
the components’ survival times are mutually independent,
the model of marginal survival times is unidentifiable: the
set of sub-reliability functions (sub-distribution functions) is
consistent with an infinity of joint reliability functions (joint
distribution functions) for coherent systems. ]

PROOF OF THEOREM 2
Proof: We have to show that

min{t} 00 00
/o /0 /o w(Bj, nj, iy | Iy, uj) dB; dnj du; < oo,

where

(B, nj» 1y | b, uy) JT(,Bj, Njs 1)

Ti=ui)
ljl - Mj) ,3/ (ljl - H/)ﬁ e
X exp
1_[ {( nj nj
IB.
i — i\ "
Jor] - (552
nj
.. B 1=Tgji=uy)
- ()]
]

Because this proof works for all j, we will omit the j index.
Forn=1and ] = uy,

S CoR
o Jo Jo nBb n n
I—u\f
xexp|:—( . >i|dﬂdndp,
f’l f > Bl — P!

77/3+1

_ . \B
X exp{— <ll ; ,u) } dn dg du. (26)
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Let X be a random variable that, given « and y, follows an
inverse gamma distribution. Its density function is expressed
as

yoz
')
Consider the variable change: [(I; — w)/n]? = y/x, from

which it follows that (I; — p)? dx = yBnP~! dn, so the
integral expression in (26) can be written as

Iy
Y
/0/0 / x (h—u)yexp{_ﬂd’“dﬂd“
g 1 -2 Y
:/0 /o ﬂb(ll—u)/o ytenp |~} drdp du
l| o 1
——dBd
/0 /o B = 4P
0

In summary, forn = 1 and [} = u,

I3 o0 poo
f / / 2B 1| b ur) dB dn du = oo.
0 0 0

Consider that for a sample of size n, n > 1, data are
observed such that [; = u;, fori = 1,...,n7 and [; # u;
fori=ngyq, ..., 0

fxla,y)= x_“_lexp{—z}, a>0andy > 0.
X

TBym, | lu) (B, n, 1

A el (5]
L o)

i=ng+1

where t; = (t;1, ..., 1), forl =1, 2.
Because [; < u;, foralli=1,...,

(li—u)ﬁ (m—u)ﬁ
expi—| —— > exp4— .
n n

In this way,

T(Byn, i, u)

o (8.1, u)]j :(l"%“)ﬂ_l gexp :— (l%“)ﬁ”
T o5 oo (52

o[58 Ee ] (2]
< 1;[+1 |:exp{ <l%)ﬂ”

n, we have that
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Thus, it is necessary only to evaluate the upper bound, that is,

[ [
5 sexp{—cf% 1

x ]_[ |:exp{ <%“)5H dB dndp < co. (27)

i=ns+1
Let t,,; = I; —  and consider first the integrals in 8 and 7,
that is,

)] Jexp{—@)ﬁnwdn

lnf

[ nl) ]
o] o
/ / ﬁinff’njf [ [t’f“'_ 1}
X eXp { _ ; (%)ﬁ} dg dn. (28)

Consider again the variable change' (Zl 1 ml/nﬂ> =

y /x, from which it follows that Zl 1 ml = yAnP~1 dy.

Thus, we can write the expression in (28) as

[ esie

tlmz

x/ B 1y x 7 exp {—Z} dx dg
X

oo pnp—b=l "
-, [271,,,,]'”“[

o0 }’lf
xf Y x_”f_lexp{—z} dx dp
o Tny) X

0 ng—b—1 nf
:/0 [Zﬁ;’jl ml]nfl_[[m, ro as.
-1

Let ¢ be a real positive number such that ¢ > [} ie1 tni »and
consider also 71, such that 71, < max (1, . . ., fmn,). In this
way, for all b > 0, we have that

ny p—1
/ Ian —b— IF(I’Z) l_[z ltmt = d,B
I:Zz ltfu:I

Hray
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ny B
[TiZ)

ny
[Z?:l tfu‘]

ne B
| J B

ne B
[Zi=1 tmi:l

0o B
np—b—1 fiv
<cr(nf)f0 B [max(tm“”’tmnf)} dg. (29)

Let h = #1y/ max(ty, ...,
expression in (29) as

< / - B 070 (ny) dp
0

< [T ety ap
0

tmnf). We can write the last

cl(ny) /O - B ~0=1hf ap

= cT(ny) fooo B " Vexp{BIn(h)} dB.  (30)

Considering the variable change v = —fIn(h), we have
that dv = —In(h) dB, and (30) can be expressed as

Oo 1 et b—1
ny—b— _
cF(nf)/(; (|1n(h)|) v exp{—v} dv,

ng—b
sinceh < 1.Letcy = cF(nf)<|1an)|> . In this way,

o0 o0
cz/ Vb=l exp{—v} dr < Cz/ v lexp{—v} dv < oo,
0 0
(31)

where z is the smallest positive integer larger than ny — b.
The result in (31) is valid, since for all positive integer a,

o0
I'(a) = / v exp{—v} dv < .
0

In this way, we have that

1—/ / (B, n, u)
M) e )]
x'ﬁ [exp[—(%)ﬂ}] dB dn < oo (32)

l:nf+l

Returning to equation (27) and considering (32), we finally
have that

L
ORNGI
< 11 [exp{ (™) ” 4B dn dyx < oo,

i=ns+1
|
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