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ABSTRACT Based on the spin-flip model, state bistability (SB) between pure- and mixed-mode states in a
1550-nm vertical-cavity surface-emitting laser under parallel optical injection is theoretically investigated.
The simulated results show that two types of SB can be observed when the injection light frequency (vinj)
is smaller than the dominant mode frequency of the free-running laser (ve). For type-I SB, which occurs
through fixing vinj and scanning injection power (Pinj) along different routes, there exist two hysteresis loops
in which the laser operates at pure- or mixed-mode state, depending on the variation route of Pinj, and the
hysteresis loop width increases sharply for increasing |1ν| (1v = vinj − ve) with relatively strong Pinj
whereas the loop width increases slowly for relatively weak Pinj, in agreement with our recent experimental
report. Furthermore, type-II SB is also investigated through fixing Pinj and scanning vinj along different
routes. There also exist two hysteresis loops in which the laser may operate at a pure- or mixed-mode state.
With an increase of Pinj, the hysteresis loop width located at lower |1ν| increases sharply and then decreases
after reaching a maximum. However, for the hysteresis loop located at higher |1ν|, the loop width gradually
increases with the increase of Pinj.

INDEX TERMS Vertical cavity surface emitting lasers, parallel optical injection, state bistability, hysteresis
loop.

I. INTRODUCTION
Semiconductor lasers (SLs) subject to optical injection have
received considerable attention in recent decades because of
their fundamental characteristics and technological applica-
tions [1]–[19]. The injection-locking phenomenon of light
is a special and stable dynamic characteristic and can be
utilized to improve the performance of SLs via processes
such as spectrum narrowing, modulation bandwidth enhance-
ment, and frequency chirp reduction [1]–[3]. In addition,
after introducing optical injection, SLs can be driven into
various nonlinear dynamical states, such as period one,
period two, quasi-period, and chaos, which have applications
in the generation of photonic microwaves and fast physi-
cal random number, secure optical communication, chaotic
lidar, etc. [9]–[20].

As a type of SL currently under development, vertical-
cavity surface-emitting lasers (VCSELs) have received more
attention because of their unique features, such as low thresh-
old current, easy fabrication into two-dimensional arrays,
high coupling efficiency to optical fibers, and low manu-
facturing cost [21]–[23]. Under different operating condi-
tions, free-running VCSELs may oscillate at one of two
orthogonal polarization modes; we refer to those modes as
X and Y polarization modes. Therefore, depending on the
relationship of the polarized direction between the injected
light and the dominant mode in a solitary VCSEL, the opti-
cal injection can be categorized to orthogonal optical injec-
tion (OOI), variable polarization optical injection (VPOI)
and parallel optical injection (POI). A considerable number
of detailed theoretical and experimental investigations on
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the optical bistability in VCSELs subject to OOI and VPOI
have been conducted [24]–[29]. For VCSELs under POI,
most of the theoretical and experimental studies are focused
on the injection locking (IL) and polarization switch (PS)
phenomena [30]–[36]. Quirce et al. [32]–[34] have reported
the frequency- and power-induced PS and IL in VCSELs
under POI. Further, Denis-le Coarer et al. [35] experimen-
tally and theoretically measured the mapping of the dynamic
evolution of VCSELs under POI in parametric space of the
injection power and frequency detuning. In addition, a special
bistability phenomenon between IL along with PS (IL + PS)
and solely injection locking (IL) have been observed
in [32]–[36]. In principle, such bistability behavior can be
classified as a state bistability (SB) between a mixed-mode
state and a pure-mode state [37], [38]. Very recently, we have
experimentally observed the performances of SB resulted
by scanning injection power along different routes and ana-
lyzing the dependence of hysteresis loop width on the fre-
quency detuning [38]. In this paper, based on the spin-flip
model (SFM), we theoretically investigate the characteristics
of such an SB (named type-I SB); the simulated results are
in agreement with that reported in [38] after excluding the
influence of the reflected injection light by the laser sur-
face. In addition, the characteristics of another SB (named
type-II SB) induced by scanning the frequency are also dis-
cussed.

II. THEORY
Based on the spin-flip model (SFM) [21], [39], the modified
rate equations for a 1550-nm VCSEL under optical injection
are as follows:
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where subscripts x and y represent the X and Y polariza-
tions, respectively.E accounts for the slowly varying complex
amplitude of the field.N corresponds to the total carrier popu-
lation difference between the conduction and valence bands,
and n denotes the difference between the carrier inversions
for the spin-up and the spin-down radiation channels. k is the
field decay rate, and α corresponds to the linewidth enhance-

ment factor. γe is the decay rate of N , and γa and γp are the
linear anisotropies representing dichroism and birefringence,
respectively. γs is the spin-flip rate, and µ is the normalized
bias current. k1 and k2 are the injection coefficients. Einj is the
amplitude of injection field, and Pinj = |Einj|2 is the injection
power. βsp is the spontaneous emission noise intensity. ξ+ and
ξ− are Gaussian white noise terms of zero mean value. νinj is
the frequency of injected light, and ν0 = (νx + νy)/2 is the
intermediate frequency between the oscillation frequencies
of X (νx) and Y (νy) polarizations. νx = ν0 + (αγa −
γp)/(2π ), and νy = ν0 + (γp − αγa)/(2π ). For parallel
optical injection (POI), the polarization direction of injection
light is along the dominant mode of the solitary 1550-nm
VCSEL. For convenience, in the following discussion, fre-
quency detuning 1ν is defined as 1ν = νinj − ve, where
ve denotes the lasing frequency of the dominant mode in the
solitary 1550-nm VCSEL.

FIGURE 1. (a) Linear dichroism as a function of µ, and
(b) polarization-resolved P-µ curve for a 1550-nm VCSEL operating in
free-running mode.

III. RESULTS AND DISCUSSION
We numerically solved the rate equations (1)-(4) by the
adopting fourth-order Runge-Kutta algorithm. In our sim-
ulation, we evaluated some parameters from [40]; these
parameters are set as follows: k = k1 = k2 =

33 ns−1, γs = 2100 ns−1, γe = 2.08 ns−1. To make
the simulated results match with our previous experimental
results [38], the remaining parameters were suitably modified
as follows: γp = 110 ns−1, α = 6.8, and βsp = 10−6 ns−1.
As demonstrated in [40], the value of γa depends on the
normalized bias current µ. For fitting our experimentally
measured polarization-resolved P-µ curve [38] together with
taking into account the varied trend of γa with µ reported
in [40], the used values of γa under different µ are given
in Fig. 1(a). Under this condition, the polarization-resolved
P-µ curve for the solitary 1550-nm VCSEL is simulated as
shown in Fig. 1(b), which is consistent with our experimental
result [38]. For 1 < µ < 4.13, the Y polarization is the
dominant mode, whereas the X polarization is suppressed.
When µ increases to 4.13, a sudden polarization switch-
ing (PS) from Y polarization to orthogonal X polarization is
observed, and the current required for PS is identified as µPS.
Further increasing the bias current to 5.00, the orthogonal
X polarization mode plays the role of the dominant mode,
whereas Y polarization is suppressed, and no further PS
occurs. In the following discussion, to be consistent with
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our previous experimental report [38], we consider two nor-
malized bias currents of µ = 4.50 and µ = 3.75 for
the discussion. For µ = 4.50, the dominant mode is the
X polarization mode; thus, only the X polarization mode is
subjected to optical injection with injection power Pinj =
|Einj,x|2 and frequency detuning 1ν = νinj,x − vx for POI.
In contrast, for µ = 3.75, the dominant mode switches to
the Y polarization mode. Under this case, for POI, only the
Y polarization mode is subjected to optical injection with
injection power Pinj = |Einj,y|2 and frequency detuning
1ν = νinj,y − vy.

FIGURE 2. Output power as a function of the increase (solid lines) and
decrease (dotted lines) of injection power under µ = 4.50 and
1ν = −17.0 GHz. (a) and (b) correspond to Y and X polarizations,
respectively.

The injection parameters consist of the injection power
Pinj and the frequency detuning 1ν (=νinj − ve) for par-
allel optical injection (POI). First, we discuss a type-I
SB induced by scanning Pinj along different routes for a
given 1ν. Here, Pinj is gradually increased and decreased
within a range 0-20.00 with a step of 0.15, and the time for
Pinj stays on each step is 1 µs. Under µ = 4.50 (>µPS)
and 1ν = −17.0 GHz, the output power for the Y polar-
ization (PY) and X polarization (PX) with an increase (solid
line) and decrease (dashed line) of Pinj are given in Fig. 2(a)
and Fig. 2(b), respectively. As is evident from Fig. 2(a),
the Y polarization mode is completely suppressed for a rel-
atively small Pinj. Furthermore, the Y polarization oscillates
when Pinj is increased to 1.35 and its output power is sud-
denly enhanced to 3.33; subsequently, PY presents a slowly
decreasing trend for further increase of Pinj, which has been
analyzed in [34].WhenPinj increases to 11.40, another abrupt
change of PY is observed whereas the Y polarization mode
is suppressed again. Further increasing Pinj to 20.00, the Y
polarization remains in the switch-off state. However, during
the gradual decrement process of Pinj, the Y polarization
is not excited until Pinj is 1.50. When further decreasing
Pinj to approximately 0.15, the Y polarization returns to the
switch-off state again. As a result, depending on the varying
routes of Pinj, the Y polarization mode is possibly excited for
0.15 < Pinj < 1.35 and 1.50 < Pinj < 11.40. The variation
trend of the X polarization mode is shown in Fig. 2(b): the
X polarization is never in the switch-off state. Therefore,
SB between pure (sole X polarization) and mixed (X polar-
ization + Y polarization) modes emerges through scanning
Pinj along different routes. The hysteresis loops locating at
higher- and lower-Pinj regions are represented as H1 and H2,

respectively, where H1 corresponds to SB between injection
locked X polarization and mixed-mode state and H2 corre-
sponds to SB between period one X polarization and mixed-
mode state. Compared with Fig. 3 in [38], the variation trend
of Y polarization is identical; however, the simulated result
for X polarization differs from the experimentally observed.
The reason for this difference is that the experimentally mea-
sured output power of the X polarization contains a part of
injected light reflected by the laser surface.

To reveal the physical mechanism of SB, Fig. 3 shows the
optical spectra for increasing (a0-a4) or decreasing (b0-b4)
Pinj for a few fixed values. Here, Figs. 3(a0-a4) and (b0-b4)
correspond to points (I0-I4) and points (D0-D4) in Fig. 2(a),
respectively.PX is approximately 40 dB greater thanPY with-
out optical injection (Fig. 3(a0)), the X polarization is excited,
and the Y polarization is suppressed. For the value of Pinj
increasing to 0.90 (Fig. 3(a1)), the regenerated amplification
of the injection light leads to a tiny decrease of PX, which in
turn results in the slight increase of PY via the carrier sharing
mechanism between the X and Y polarizations. However, PY
is still 40 dB smaller thanPX; thus, the Y polarization is unex-
cited. The spectral line locating at zero frequency offset orig-
inates from the four-wave mixing of the injected signal with
the X polarization. When Pinj increases to 3.00 (Fig. 3(a2)),
the X polarization is locked by the injection light. Under
this case, the frequency offset to the central frequency ν0 for
X polarization is larger than that for Y polarization. As a
consequence, the Y polarization acquires larger gain than
the X polarization and translates into the dominant mode.
Under this scenario, the laser operates in the mixed-mode
(X polarization + Y polarization) state. Further increasing
Pinj to 9.00 (Fig. 3(a3)), the similar optical spectrum with
Fig. 3(a2) is observed, except for a smaller power difference
between the two polarizations. As Pinj increases to 12.00
(Fig. 3(a4)), the Y polarization is completely suppressed, and
only X polarization exists in the laser. However, when Pinj
decreases from 20.00 to 12.00, 9.00, and 3.00, the 1550-nm
VCSEL under POI remains the sole X polarization mode.
The Y polarization is excited again for the value of Pinj
decreases to 0.90 and the laser operates at the mixed-mode
state. When Pinj decreases to 0, the X polarization is excited
and the Y polarization is concealed again. Hence, the type-I
SB phenomena occurred within the prescribed ranges of Pinj,
as shown in Fig. 2. The type-I SB phenomena for the values
of 0.90, 3.00, and 9.00 are shown in Fig. 3. Additionally,
some spectral lines have a finite width, which is resulted by
Gaussian white noise included in rate equations.

In our previous experimental report [38], we discussed the
SB phenomenon that was observed under the condition of
1ν < 0. Recently, the related investigations demonstrate
that SB phenomenon can also be observed under 1ν > 0
[35], [36]. In this work, we take the case of 1ν < 0 as
an example to discuss the SB characteristics. For different
values of 1ν, SB characteristics are different, as shown in
Figs. 4(a1)-(a3). For a larger |1ν|, the hysteresis loop is wider
for H1, but there was no noticeable change for H2, and the
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FIGURE 3. Simulated optical spectra of a 1550-nm VCSEL under POI with 1ν = −17.0 GHz and different Pinj. The first, second,
third, fourth, and fifth column represents Pinj = 0, 0.90, 3.00, 9.00 and 12.00, respectively. The first row represents the
corresponding spectra of points (I0-I4) in Fig. 2(a), and the second row represents the corresponding spectra of points (D0-D4)
in Fig. 2(a). The biased current is µ = 4.50.

FIGURE 4. For µ = 4.50 and different 1ν, the dependence of output
power on Pinj (a1)-(a3) and the H1 and H2 hysteresis loop widths as a
function of 1ν. Solid lines and dashed lines in (a1-a3) are for the cases of
increasing Pinj and decreasing Pinj, respectively.

variations of the hysteresis loop width with 1ν are shown
in Fig. 4(b). Obviously, the hysteresis loop width is increased
quickly for H1 but is increased slowly for H2 with an increase
of |1ν| from 5 GHz. The variation trend for H1 and H2 is the
same as the experimental results reported in [38].

The above results are obtained under µ = 4.50, which
is greater than PS current µPS. Next, we take µ = 3.75
as an example to discuss SB characteristics for the case of
µ < µPS; the obtained results are shown in Fig. 5. Note that,
for the free-running 1550-nm VCSEL, the dominant mode
switches to Y polarization; this phenomenon is different from
the case of µ = 4.50, and therefore the frequency detuning is
1ν = νinj,y−νy for POI. Figs. 5(a1)-(a3) show that there still
exist two bistability hysteresis loops by scanning Pinj along
different routes. Fig. 5(b) displays two hysteresis loop width

FIGURE 5. For µ = 3.75 and different 1ν, the dependence of the output
power on Pinj (a1)-(a3) and H1 and H2 hysteresis loop widths as a
function of 1ν. Solid lines and dashed lines in (a1-a3) are for the cases of
increasing Pinj and decreasing Pinj, respectively.

variations with frequency detuning; the results are similar
with that shown in Fig. 4(b). However, the width of H1 for
µ = 3.75 is smaller than that for µ = 4.50 under the same
value of 1ν.
In [38], we experimentally investigated the type-I SB that

is induced by scanning injection power Pinj, and the above
discussed simulated results are in agreement with the reported
experimental results. Additionally, as reported in [32], for a
fixed value of1ν, the output spectrum of a 1550-nm VCSEL
under POI is critically dependent on the process of vary-
ing 1ν. As a result, type-II SB can be induced by scanning
1ν along different routes with a step of 1 GHz, and the time
for 1ν stays at every step is 1 µs. Next, we discuss the
performances of type-II SB. For a 1550-nm VCSEL biased at
µ = 4.50 under POI with Pinj = 50.00, through continuously
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FIGURE 6. For µ = 4.50, (a) output power as a function of frequency
detuning under Pinj = 50.00, and (b) variation of hysteresis loop widths
for H3 and H4 with Pinj. Solid lines and dashed lines in (a) are for the
cases of increasing 1ν and decreasing 1ν, respectively.

FIGURE 7. For µ = 3.75, (a) output power as a function of frequency
detuning under Pinj = 50.00, and (b) variation of hysteresis loop widths
for H3 and H4 with Pinj. Solid lines and dashed lines in (a) are for the
cases of increasing 1ν and decreasing 1ν, respectively.

increasing (solid line) and decreasing (dashed line) frequency
detuning 1ν (=νinj,x − νx), the variation curves of PY are
shown in Fig. 6(a). Similar to the results of scanning Pinj,
the X polarization is always excited and the Y polarization
might be excited or not. There still exist two hysteresis loops;
the hysteresis loops located at lower- and higher-|1ν| regions
are named H3 and H4, respectively, for convenience. The
hysteresis loop width for H3 and H4 as a function of injection
powerPinj is illustrated in Fig. 6(b). As shown in this diagram,
the width of H3 and H4 initially increases sharply and then
H3 decreases gradually whereas H4 increases continuously
with an increase of Pinj. We repeat the type-II SB induced by
scanning 1ν for different routes for µ = 3.75; the results
are shown in Fig. 7. Note that there still exist two hysteresis
loops whose widths are smaller than those obtained under
µ = 4.50, and the variation trend of hysteresis loop widths
with Pinj is similar with that obtained under µ = 4.50.

IV. CONCLUSION
We reported in this paper the theoretical analysis of the state
bistability (SB) between pure- and mixed-mode states in a
1550-nm VCSEL under parallel optical injection (POI), for
which the polarization direction of the injection light is identi-
cal to that of the dominant mode in the free-running 1550-nm
VCSEL. Initially, we showed the simulated characteristics
of type-I SB are induced by scanning injection power Pinj
in a 1550-nm VCSEL biased at µ = 4.50 and µ = 3.75,
in accordancewith the condition of our previous experimental
result. The results showed that there exist two hysteresis loops

in which the suppressed mode of the free-running laser is
excited or not by POI, depending on the scanned route of Pinj.
The hysteresis loop located at the region with relatively large
Pinj is named H1, and the other is named H2. The width
increases radically for H1 but slowly for H2 with an increase
of |1ν| (1ν = vinj − ve, vinj and ve are the frequency of
the injected light and the dominant mode of the free-running
laser, respectively). We confirmed that the hysteresis loop is
wider when the bias current is large. All the characteristics
obtained from the results are in good agreement with our
previous experimentally observed results when we exclude
the influence of the reflected injection light by the laser
surface. Furthermore, we also discussed the performances of
the type-II SB induced by scanning1ν along different routes.
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