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ABSTRACT We quantify the impact of residual hardware impairments (RHI) on a non-orthogonal multiple
access (NOMA)-based relaying network, where a source communications simultaneously with multiple
users via an amplify-and-forward relay. Specifically, exact and asymptotic expressions for the outage
probability are first derived in closed-form over Nakagami-m fading channels, accounting for RHI at the
source, relay, and all users. Our results show that the outage performance loss induced by RHI is small in
the low signal-to-noise ratio (SNR) regime or/and at low target rates, however it is significant at high SNRs
or/and target rates. Furthermore, we present new tight analytical approximated and asymptotic expressions
for the system ergodic sum rate (ESR). For comparison, we also discuss the ESR of the conventional
hardware-impaired relaying system employing orthogonal multiple access (OMA) transmission and obtain
the asymptotic high-SNR expression of the ESR. The provided numerical results demonstrate that in the
absence of RHI, the ESR in either the NOMA or the OMA system increases monotonically with the increase
of SNR, whereas an unavoidable ESR ceiling is introduced in the hardware-impaired scenario for both
systems. Notably, since the ESR ceiling value is only depended on the RHI levels, the NOMA-based and
OMA-based systems achieve the same ESR performance in high SNRs.

INDEX TERMS Non-orthogonal multiple access, residual hardware impairments, outage probability,
ergodic sum rate.

I. INTRODUCTION
Recently, non-orthogonal multiple access (NOMA) has
been regarded as one promising technology in future
fifth-generation (5G) wireless networks to improve spec-
tral efficiency [1]. Compared with orthogonal multiple
access (OMA), NOMA can provide improved spectral effi-
ciency and user fairness by allowing multiple users to be
served in the same time, frequency or code domain. In partic-
ular, multiple users’ messages are superposed at the transmit-
ter and successive interference cancellation (SIC) is adopted
at the receivers to separate the mixture signals in the power
domain [2]. In [3], NOMA transmission in a typical single-
hop cellular system was considered, in which the system
performance in terms of outage probability (OP) and ergodic

sum rate (ESR) was investigated. The subsequent work in [4]
studied the power allocation with max-min fairness criterion.
Recently, NOMA has been applied to large-scale underlay
cognitive radio (CR) networks [5].

A. COOPERATIVE RELAYING WITH NOMA
More recent works have considered the integration of
cooperative relaying transmission with NOMA systems,
where users or/and dedicated relays cooperative to further
improve the spectral efficiency and transmission reliability of
NOMA systems [6]–[16]. Specifically, in [6], a coopera-
tive NOMA (C-NOMA) scheme was first proposed for a
NOMA-based cellular network with multiple users, where
users with strong channel conditions acted as relays to assist

VOLUME 6, 2018
2169-3536 
 2018 IEEE. Translations and content mining are permitted for academic research only.

Personal use is also permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

15117

https://orcid.org/0000-0003-4706-2535
https://orcid.org/0000-0003-2602-1937


F. Ding et al.: Impact of Residual Hardware Impairments on NOMA

the users with weak channel conditions. In [7], simultaneous
wireless information and power transfer (SWIPT) technique
was used in C-NOMA systems, in which near NOMA users
that are close to the source act as energy harvesting relays to
help far NOMA user. Additionally, the concept of C-NOMA
was considered in overlay CR networks, where a secondary
transmitter [8] or a secondary receiver [9] serves as a relay
and helps transmit the primarymessages, so as to access same
the frequency band allocated to the primary network. On the
other hand, a dedicated relay can be employed to improve the
performance of NOMA systems [10]–[16]. In [10] and [11],
NOMA was applied to the classical three-nodes coopera-
tive relaying system (CRS) with a dedicated half-duplex
relay, where the source transmits two symbols with different
power levels using superposition coding so that the destina-
tion can acquire two data symbols during two times slots.
In [12] and [13], two-user NOMA systems were considered,
where the authors proposed to employ a dedicated half-
duplex relay [12] or a dedicated full-duplex relay [13] to
improve the performance of the user with poor channel con-
dition. Furthermore, for multi-user NOMA systems without
direct link transmissions as in [14], a variable gain relay was
introduced to facilitate the transmission between the source
and NOMA users. Under Nakagami-m fading channels, exact
and asymptotic high signal-to-noise ratio (SNR) expressions
for the OP and ESR was presented to show the superior-
ity of NOMA over OMA. Recently, the work of [14] was
extended to NOMA-based relaying networks with a fixed
gain relay and direct link transmissions [15]. Very recently, a
NOMA-based relaying network with a SWIPT-based decode-
and-forward (DF) relay was considered in [16].

Common to the aforementioned research contributions is
the strong assumption of the ideal transmitter-receiver hard-
ware structures and this assumption is idealistic for practi-
cal applications. In practice, the hardware gear of wireless
transceivers may be subject to impairments, such I/Q imbal-
ance (IQI), high power amplifier (HPA) non-linearities and
oscillator phase noises [17]. The related works on hardware
impairments are detailed in the next subsection.

B. LITERATURE REVIEW ON HARDWARE IMPAIRMENTS
The impact of individual hardware impairments on
different types of wireless systems has been well inves-
tigated [18]–[22]. As a general conclusion, the indivi-
dual [18]–[20], [22] or the combined [21] hardware
impairments have a deleterious impact on the achievable
performance.

Generally speaking, the performance degradation caused
by the above single type of hardware impairments can be
typically mitigated by using certain calibration techniques
at the transmitter or/and compensation algorithms at the
receiver [17]. However, these approaches are not able to
completely remove hardware impairments, and hence there
always remains a certain amount of unaccounted distor-
tion caused due to residual hardware impairments (RHI),
which are added to the transmitted/received signal [17].

These RHI stem from inadequate compensation schemes
resulting from the imperfect parameter estimation and/or time
variation of the hardware characteristics, the randomness of
noises, and etc [17], [23], [24]. Recently, the performance
analysis of various cooperative relaying systems suffering
from RHI has attracted considerable attentions [25]–[30].
Specifically, exact and asymptotic expressions of OP and the
ergodic capacity of AF and DF relaying systems were derived
in [25], where RHI in all nodes are considered. In [26],
the authors analyzed the impact of RHI at the relay on the
OP and symbol error rate in a two-way relaying config-
uration. Similarly, the OP of cognitive AF multirelay net-
works was derived in [27] considering only RHI at the relay.
Recently, the joint impact of RHI and co-channel interfer-
ence (CCI) or channel estimation error on OP or/and average
capacity was investigated in [28] and [29], respectively. Very
recently, the effects of RHI on the OP of a hybrid satellite-
terrestrial relay network was analyzed in [30].

C. MOTIVATION AND CONTRIBUTIONS
As described above, residual transceiver hardware impair-
ments may significantly degrade the performance of the con-
ventional OMA-based relaying networks. Nevertheless, there
is no previous work focusing on the effect of RHI on the
newly NOMA-based two-hop relaying configuration or even
the single-hop NOMA systems, to the best of the authors
knowledge. his motives the work of this paper. Specifically,
we analyze the performance of a NOMA-based relaying net-
work as considered in [14], whereas we take the aggregate
residual hardware impairments at all nodes into considera-
tion. We attempt to present a framework of analyzing the
effect of RHI on a NOMA-based relaying network. The
analysis utilizes the generalized residual impairment model
of [17], which can provide a macroscopic look at the aggre-
gate impact of diverse residual hardware impairments in a
NOMA-based relaying configuration. The key contributions
are as follows:
• Under Nakagami-m fading channels, we first derive
exact closed-form expressions for the users’ outage
probabilities, which provide accurate characterizations
of the impact of RHI on user’s OP for any arbitrary
SNR value.

• To gain more engineering insights, we then present
asymptotic high-SNR expressions of users’ outage prob-
abilities. We find that, if the critical condition that
users’ target rates and power coefficients are properly
chosen, the presence of RHI does not affect the user’s
obtained diversity order, rather it decreases the array
gain, thus increasing the OP. In particular, the OP of the
hardware-impaired NOMA system turns out to be more
sensitive to the choices of the target rates and power
coefficients, compared to the ideal NOMA system. It is
worth mentioning that unified exact closed-form and
asymptotic OP expressions of each user in NOMA-
based AF relaying network with and without RHI are
derived in this paper. Therefore, our work includes the
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work in [14] as a special case where ideal hardware is
assumed.

• Furthermore, for the NOMA-based AF relaying network
with/without RHI, a unified accurate approximation of
the individual ergodic rate (IER) of each user is derived
in closed-form, from which a tight analytical formula
for the system ESR is obtained in a straightforward
manner. It is worth noting that exact expression for
the IER or ESR of NOMA-based AF relaying systems
is difficult to obtain, as stated in [14]. In this con-
text, the lower and upper bounds for the user with the
best channel gain (best user) are derived in [14], while
both of them are generally loose over the entire SNR
range. However, as for the non-best users, only the
high-SNR asymptotic expressions are presented. In this
paper, by using the method of second order Taylor series
approximation as proposed in [31], we provide unified
accurate approximations for the IER and system ESR,
which generally enable an accurate characterization of
the capacity behavior of NOMA-based AF networks
for arbitrary SNR values and other different system
configurations.

• Finally, simple asymptotic expressions for the IER
and ESR are derived. Interestingly, the asymptotic
results reveal that the presence RHI results in a
ceiling effect on the system ESR, which depends
only on the hardware impairment levels, whereas
the asymptotic ESR of ideal-hardware system scales
as 1

2 log2 ρ, where ρ denotes the system SNR. In addi-
tion, a comparison in ESR performance between the
NOMA-based system and the typical orthogonal mul-
tiple access (i.e., time division multiple access) based
system is provided. The present analytical and numer-
ical results confirm that the ESR of NOMA-based
relaying system without RHI is superior to that of the
OMA-based relaying system at moderate-to-high
SNRs. However, the high-SNR asymptotic ESR of both
systems are exactly the same, due to the presence of RHI.

D. ORGANIZATION AND NOTATIONS
The rest of this paper is organized as follows. In Section II,
the system model, for NOMA-based AF relaying networks
with RHI, are presented. In Section III, we derived exact
and asymptotic expressions of outage probability for users.
In Section IV, tight analytical and asymptotic expressions
of the ergodic rate for each user are presented, form which
the expressions of the system ergodic sum rate are obtained.
Section V presents simulation results to verify our theoretical
analysis. Finally, Section VI concludes the paper.
Notations: Throughout this paper, fX (·) and FX (·) denote

the probability density function (PDF) and the cumula-
tive distribution function (CDF) of a positive random vari-
able X , respectively; E[·] denotes the expectation and Pr(A)
is the probability of an event A. The operator , denotes
a definition. CN (a, σ 2) denotes the complex Gaussian
distribution with mean a and variance σ 2. 0(·) is the Gamma

FIGURE 1. NOMA-based AF relaying system.

function [35], andKv(·) denotes the vth-ordermodifiedBessel
function of the second kind [35].

II. SYSTEM MODEL WITH RESIDUAL HARDWARE
IMPAIRMENTS
We consider a downlink NOMA-based relay network as
shown in Fig. 1, where one source S communicates with
N users {Dn}Nn=1 simultaneously via the help of anAF relayR.
All nodes are equipped with single antenna and operate in a
time-division half-duplexmode. No direct links exist between
the source and the destinations, due to the long distance or sig-
nificant obstacle.

The channel coefficients of the S → R link and the
R→ Dn link are denoted by h1 and h2,n, respectively. Then,
in a Nakagami-m fading environment, the channel gains |h1|2

and |h2,n|2 follow the Gamma distribution with different
fading severity parameters mi and different average fading
powers �i, i = {1, 2}, respectively, where E[|h1|2] = �1,
and E[|h2,n|2] = �2,n with E[·] is the expectation operator.
Moreover, we consider a homogeneous network topology for
mathematical tractability, where all users are located in close
proximity to each other. In such a homogeneous environment,
all channels between the relay and users experience indepen-
dent and identically distributed (i.i.d) Nakagami-m fading,
i.e., �2

1
= �2,n and m2

1
= m2,n. Note that this assumption

is widely adopted in NOMA-based systems to facilitate the
analysis (please see [7], [8], [14] for more details). Besides,
the AWGN na at each receiver a (a ∈ {R,Dn}) is modeled as a
complex Gaussian variable with zero mean and variance σ 2,
i.e., na ∼ CN (0, σ 2). For simplicity, we assume σ 2

= 1
hereafter.

A. NOMA TRANSMISSION
In NOMA-based AF networks, the communication is con-
ducted in two phases. In phase 1, the source S sends∑N

n=1
√
αnPsxn to the relay R according to NOMA principle,

where Ps is the transmitted power of S, xn is the message for

VOLUME 6, 2018 15119



F. Ding et al.: Impact of Residual Hardware Impairments on NOMA

n-th user (i.e., Dn), and αn is the power allocation coefficient
with

∑N
n=1 αn = 1. In the presence of RHI, the received

signal at R is given by

yR = h1

(
N∑
n=1

√
αiPsxn + ηsr

)
+ nR, (1)

where the independent distortion noise ηsr ∼ CN (0, κ2SR Ps)
denotes the RHI at both the transmitter (S) and the
receiver (R), and κSR ,

√
κ2S,t + κ

2
R,r describes the aggregate

level of RHI of the S → R link, where κS,t and κR,r character-
ize the hardware impairments levels in S and R, respectively.
Note that these parameters, i.e., κS,t , κR,r ≥ 0, are measured
as error vector magnitudes (EVMs). The typical values of
hardware impairment lie in the range of [0.08, 0.175], which
resemble the EVMs of 3GPP Long Term Evolution (LTE)
requirements as mentioned in [32, Sec.14.3.4].

In phase 2, R amplifies the received signal yR with a gain
factor G, and then broadcasts it to all users with power Pr . For
variable gain relaying, the amplifying gain is given by [25]

G =
√

Pr
(1+ κ2SR)Ps|h1|

2 + 1
. (2)

Then, considering the RHI at the relay andDn, the received
signal at Dn is yDn = h2n(GyR + η2,n) + nDn , and it can be
further expressed by

yDn = h2,nG
[
h1

(
N∑
n=1

√
αnPsxn + ηsr

)
+ nR

]
+ h2,nη2,n + nDn

= Gh1h2,n
√
Ps

(∑n−1

k=1

√
αkxk︸ ︷︷ ︸

SIC

+
√
αnxn︸ ︷︷ ︸
signal

+

∑N

j=n+1

√
αjxj︸ ︷︷ ︸

IUI

)
+ Gh1h2,nη1 + h2,nη2,n︸ ︷︷ ︸

THI distrotion noises

+Gh2,nnR + nDn︸ ︷︷ ︸
noises

, (3)

where η2,n ∼ CN (0, κ2RDn Pr ) is the RHI induced aggre-
gate distortion noise of the R → Dn link. In addition,
κRDn =

√
κ2R,t + κ

2
Dn,r is the aggregate level of RHI of

the R → Dn link, where κR,t and κDn,r denote the levels
of hardware impairments in R and Dn, respectively. Similar
to [27], [28] and [30], we assume that all users have the same
structure to facilitate the analysis. As such, the impairment
levels of users are the same, i.e., κ2D,r = κ

2
Dn,r . Accordingly,

we define κRD , κRDn =

√
κ2R,t + κ

2
D,r . It is worthwhile

noting that in case of different levels of hardware impairment,
our results can be applied to derive the upper-bound and/or
lower-bound of the outage probability and ergodic rate of
each user.

B. SIC DECODING AT USERS
Without loss of generality, we assume all users are ordered
based on their channel qualities: |h2,1|2 ≤ · · · ≤ |h2,N |2.
In NOMA systems, users with poorer channel qualities are
allocated more transmission powers [2]. This implies that
users’ power allocation factors are ordered as α1 ≥ · · · ≥ αN .
According to the NOMA principle, SIC is carried out atDn to
separate the mixture signals in the power domain [3]. Specif-
ically, Dn will first decode signal of the weaker user1

Dk (k < n) (the ‘SIC’ term in (3)) and removes it from its
observation in a successive manner [3]. While the stronger
user Dj’s signal (the ‘inter-user interference’ (IUI) term
in (3)), j > n, will be treated as noise at Dn. Therefore,
from (3), the signal-to-interference-plus-distortion-and-noise
ratio (SIDNR) of Dk ’s (k ≤ n) message decoded by Dn is
given by

γk→n =
αkG2Ps|h1|2|h2n|2[

G2|h2n|2
((

N∑
j=k+1

αj + κ
2
SR

)
Ps|h1|2 + 1

) .

+ κ2RD|h2n|
2
+ 1

]
(4)

Let d0 = κ2SR + κ
2
RD + κ

2
SRκ

2
RD, d1 = 1+ κ2SR, and

d2 = 1+ κ2RD. Invoking G2 into (4), and after some algebraic
steps, the SIDNR at Dk is given by

γk→n =
αkXYn

(
∑N

j=k+1 αj + d0)XYn + d1X + d2Yn + 1

=
αkZn

(
∑N

j=k+1 αj + d0)Zn + 1
, (5)

where X , Ps|h1|2, Yn , Pr |h2n|2, and Zn , XYn
d1X+d2Yn+1

with 1 ≤ n ≤ N . For the case n = k in (4) and (5), it denotes
that Dn decodes its own signal and the SIDNR at Dn is

γn , γn→n =
αnZn

(
∑N

j=n+1 αj + d0)Zn + 1
, (6)

Further, the signal-to-distortion-plus-noise ratio (SDNR)
for the strongest user DN to decode its own message, after
all the poorer users’ messages are successfully decoded and
removed from its received signal, can be expressed by

γN , γN→N =
αNXYN

d0XYN + d1X + d2YN + 1

=
αNZN

d0ZN + 1
. (7)

By invoking κsr = κrd = 0 (or equally d0 = 0 and
d1 = d2 = 1) into (5), (6), and (7), they reduce to the ideal-
case forms [14]. For instance, in the ideal scenario, (5) is
reduced to γ idk→n =

αkXYn
(
∑N

j=k+1 αj)XYn+X+Yn+1
. We see that the

1By saying ‘‘weaker user’’ or ‘‘pooer user’’, it specifies the user that has
weaker/poorer channel gain, as compared to the user that is under discussion.
Similarly, the ‘‘stronger user’’ implies that it has better channel gain than the
user being discussed.
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expressions of γk→n and γ idk→n have similar forms, except
that the coefficients of the variables in their denominators,
i.e., XYn, X , and Yn, are different. Thus, the presence of
RHI does not affect the diversity order in terms of the user’s
outage probability in general (see Corollary 1 and footnote 5
in Section III).

Besides, from (5), the corresponding data rate achieved
at Dn to detect Dk ’s message is

Rk→n =
1
2
log2 (1+ γk→n) , 1 < k < n ≤ N . (8)

Similarly, according to (6) and (7), the achievable data rate
for Dn to detect its own message is

Rn =
1
2
log2 (1+ γn) , 1 ≤ n ≤ N . (9)

III. OUTAGE PROBABILITY PERFORMANCE ANALYSIS
In this section, we consider the case that each user has a preset
target rate which is determined by its quality of service (QoS)
requirement [3]. In this situation, the outage probability is
an ideal metric for performance evaluation as it measures the
ability of NOMA to meet the users’ predefined QoS require-
ment [3], [14], especially for a delay-sensitive networks.2

Specifically, both the exact and asymptotic expressions of
each user’s individual OP are derived, fromwhich the achiev-
able diversity order is obtained.

A. OUTAGE EVENTS AND UPPER BOUND ON
THE TARGET RATE
The outage events at Dn can be defined as follows. We first
define En,k

1
= {Rk→n ≥ R̂k} as the non-outage event that Dn

cannot detect Dk ’s message, 1 ≤ k ≤ n. Here, R̂k denote the
target rate of Dk . In NOMA, an outage occurs at Dn when it
can detect any of k-th user’s message, where k ≤ n due to the
SIC [5]. Therefore, the OP at Dn is given by

Pnout = 1− Pr
(
En,1 ∩ · · · ∩ En,n

)
. (10)

From (5) and (8), the event En,k can be expressed as

En,k =
{[

αk

22R̂k − 1
− (
∑N

j=k+1
αj + d0)

]
XYn

> d1X + d2Yn + 1
}

(a)
=

{
Zn >

(
αk

22R̂k − 1
−

(∑N

j=k+1
αj + d0

))−1 }
,

(11)

2In wireless communication systems, the BER is another important per-
formance metric. However, as sated in [16], it is difficult to obtain the
exact BER of NOMA-based system in closed-form as they depends on
the specific channel coding or modulation schemes. Moreover, the error
propagation effect due to imperfect SIC makes the analysis of exact BER
in NOMA very challenging, and thus no prominent research that provides
a rigorous mathematical understanding of the effect of imperfect SIC on
NOMA schemes [2]. In this context, the benefit of using OP in NOMA is
also manifested in making the mathematical analysis simple and tractable.
In particular, the fundamental limits of a wireless communication system
using specific channel coding or modulation can be evaluated by OP, since
the probability of detection error can tightly bounded by theOPwhen optimal
coding with an infinite length is used.

where step (a) is obtained based on the following critical
condition αk

22R̂k−1
− (
∑N

j=k+1 αj + d0) > 0. That is,

R̂k < R̂upk ,
1
2

(
1+

αk∑N
j=k+1 αj + d0

)
, k ≤ n. (12)

R̂upk in (12) is an upper bound on the target rate R̂k , above
which decoding Dk ’s message is impossible at Dn. This has
an intuitive explanation since the SIDNR γk→n in (5) is upper
bounded as γk→n ≤ γ

up
k , αk∑N

j=k+1 αj+d0
. The existence

of R̂upk is attributed to the combined effect of RHI and IUIs
from the stronger users (i.e., Dj, j > k), since both IUIs and
RHI induced noises show up interference terms atDn that are
proportional to the transmit power and go through the same
channels as the intend signal xn (see (3)). Therefore, as shown
in (12), the value of the upper bound is characterized by the
power allocation (PA) coefficients and RHI levels.

By setting d0 = 0 in (12), the upper bound of R̂k in NOMA
without RHI is obtained as

R̂k,id < R̂upk,id ,
1
2

(
1+

αk∑N
j=k+1 αj

)
. (13)

Equation (13) implies that in the ideal NOMA system,
there still exists an upper bound R̂upk,id on the target rate R̂k .
Note that, unlike NOMA with RHI, the existence of R̂upk,id
in the ideal case results from the IUIs only and thus it is
dependent only on the PA coefficients.

Similarly, we defineEN ,N
1
= {RN ≥ R̂N } as the non-outage

event that DN can detect its own message. From (7) and (9),
the event EN ,N can be expressed as

EN ,N =
{
ZN ≥

(
αN

22R̂N − 1
− d0

)−1 }
. (14)

which is obtained based on the following condition:

R̂N < R̂upN ,
1
2

(
1+

αN

d0

)
. (15)

The result in (15) implies that even if all the weaker users’
messages can be decoded at the best user DN , i.e., DN is free
from IUIs, there still exists an upper bound R̂upN due to the
presence of RHI. However, there does not exist such an upper
bound on the target rate of DN in the ideal NOMA system.
Remark 1: From (12), we see that the upper bound R̂upk

is independent of the transmit power, and hence it cannot
be crossed by simply increasing the transmit power. More
importantly, R̂upk is also irrespective of the channel gains.
From this observation, we conclude that when R̂k ≥ R̂

up
k , not

only Dk cannot detect its own signal xk , but also all stronger
users (i.e., Dk+1,. . . , DN ) cannot detect xk before detecting
their desired signals. Intuitively, substituting (5) into (8) and
using the fact |h2,1|2 ≤ · · · ≤ |h2,N |2, we have Rk→k ≤

Rk→k+1 ≤ . . . ≤ Rk→N < R̂upk . In other words, as long
as R̂k ≥ R̂upk , outage will occur at Dn where k ≤ n ≤ N .
For example, if R̂2 ≥ R̂

up
2 , the usersD2,D3, . . . ,DN will be in

full outage. In particular, if R̂1 ≥ R̂
up
1 , all the users (including
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the userD1) are always in outage. Similar conclusions can be
drawn in the ideal-hardware NOMA system.

B. EXACT OP
From the above analysis, the outage probability of Dn in (10)
can be rewritten as

Pnout =

{
1− Pr

(
En,1 ∩ · · · ∩ En,n

)
, R̂k < R̂upk

1, R̂k ≥ R̂
up
k ,

(16)

where 1 ≤ k ≤ n ≤ N .

Define εn =
(

αn

22R̂n−1
− (
∑N

j=n+1 αj + d0)
)−1

with 1 ≤

n ≤ N − 1, εN =

(
αN

22R̂N−1
− d0

)−1
, and ε∗n =

max{ε1, · · · , εn} for 1 ≤ n ≤ N . Then, invoking (11) or/and
(14) into (16), we can express (16) as follows

Pnout =

{
1− Pr

(
Zn > ε∗n

)
= FZn (ε

∗
n), R̂k < R̂upk

1, R̂k ≥ R̂
up
k ,

(17)

where FZn (x) denotes the cumulative distribution function
(CDF) of Zn. Without loss of generality, we assume that Ps =
Pr = P [14], and refer to ρ , P/σ 2 as the average system
SNR. Accordingly, we have X = ρ|h1|2 and Yn = ρ|h2n|2.
The following theorem provides new and tractable closed-

form OP expression of Dn in the presence of RHI.
Theorem 1: For Nakagami-m fading channels with integer

fading parameters, the OP of Dn in NOMA-based AF net-
works with RHI is derived as

Pnout = 1−
Qn
0(m2)

m1−1∑
i1=0

i1∑
j1=0

N−n∑
i2=0

n+i2−1∑
j2=0

∑̃
j2,n`

m2+8n`−1∑
k2=0

×

(i1
j1

)
i1!
3(i2, j2, n`, k2)e

−

(
m1d2
�1
+

(j2+1)m2d1
�2

)
ε∗n
ρ

×

(
m1d2ε∗n
ρ�1

)i1 (m2d1ε∗n
ρ�2

)m2+8n`
(
d1ε∗n +

1
d2

)j1
×

(
m1�2ε

∗
n(d1d2ε

∗
n + 1)

(j2 + 1)m2�1

) k2−j1+1
2

(d1ε∗n)
−k2−1

×2Kk2−j1+1

(
2
ρ

√
(j2 + 1)m1m2d1d2ε∗n
�1�2(ε∗n +

1
d1d2

)−1

)
, (18)

for R̂k < R̂upk and Pnout = 1 for R̂k ≥ R̂
up
k , where

1 ≤ k ≤ n ≤ N. Here, Qn =
N !

(N−n)!(n−1)! ,∑̃
j2,n`

,
j2∑

n1=0

n1∑
n2=0
· · ·

nm2−2∑
nm2−1=0

j2!
(nm2−1)!

m2−1∏
t=1

(t!)nt+1−nt
(nt−1−nt )!

, n0 = j2,

nm2 = 0, 8n` =
∑m2−1
`=1 n`, and 3(i2, j2, n`, k2) =

(−1)i2+j2
(N−n
i2

)(n+i2−1
j2

)(m2+8n`−1
k2

)
. Moreover, 0(·) is the

Gamma function [35], and Kv(·) denotes the vth-order mod-
ified Bessel function of the second kind [35].

Proof: Please see Appendix A for the proof.

C. ASYMPTOTIC OP
In order to gain more engineering insights, we now consider
the asymptotic behavior of OP at high SNRs.
Corollary 1: In the high SNR regime, i.e., ρ → ∞, the

asymptotic OP at Dn is derived as

Pnout ≈


(m1/�1)m1

m1!

(
d2ε∗n
ρ

)m1

+
N !(m2!)−n

(N − n)!n!

(
m2d1ε∗n
�2ρ

)m2·n

, R̂k < R̂upk

1, R̂k ≥ R̂
up
k ,

(19)

which reveals that a diversity order of min(m1, nm2) is
achieved at Dn when R̂k < R̂upk with 1 ≤ k ≤ n ≤ N.

Proof: Please see Appendix B.
Remark 2 (OP of Ideal Hardware): By setting d0 = 0 and

d1 = d2 = 1, the exact and asymptotic expressions of Pnout
in (18) and (19) reduce to their respective ideal-case forms,
i.e., [14, eqs. (20) and (26)].

D. IMPACT OF RHI ON OP
Comparing (12) and (13), an important observation is that
R̂upk < R̂upk,id . That is, the existence of RHI results in a lower
upper bound on Dk ’s target rate R̂k compared to that in ideal
NOMA. In this context, we consider the following three cases
to separately analyze the impact of RHI on Pnout .
• Consider the case R̂k < R̂upk < R̂upk,id . In this case,
(19) reveals that Dn in NOMA with RHI achieves the
same diversity order of min(m1, nm2) as that in NOMA
without RHI.3 However, RHI degrades Dn’s outage per-
formance. Intuitively, it is easy to see from (5) that
the achievable SINR for Dn to detect Dk ’s message is
lower than that in ideal NOMA systems. Mathemati-
cally, the decreasing in the upper bound of Dk ’s target
rate results in an increasing4 in ε∗n , thus increasing P

n
out

in (19).
• Consider the case R̂upk ≤ R̂k < R̂upk,id . As shown in
(18) and (19), Pnout = 1 if R̂k ≥ R̂

up
k . However, since

3It is well-know that the external-user interference(s) (usually called CCI)
will result in a non-zero outage floor at the receiver, i.e., no diveristy can
be obtained, if the power of CCI is proportional to the transmit power
[28]. This is because the CCI received at the receiver comes from a dif-
ferent fading channel with that of the desired singal at the reciever, then
it unavoidably reflects an outage floor at the receiver. On the other hand,
in NOMA-based networks or conventional dual-hop relaying networks with
RHI, the distortion noises induced by RHI or the singals of all stronger users
(i.e., IUIs) also show up interference terms that are proportional to the trans-
mit power, while they go through the same channel as the desired signal at
the receiver. Therefore, diversity order is maintained if the following critical
condition is satisfied: the target rate of the receiver is chosen to be lower than
its upper bound, which depends on the PA coefficients [3], [14] or hardware
impairments levels [25]. Otherwise, the OP equals to 1 (i.e., outage floor).
So, in a sense, the outage floor still exists in NOMA or hardware-impaired
systems due to IUIs or RHI, since it cannot be crossed by simply increasing
the transmit power.

4From (12), we have αk/(
∑N

j=k+1 αj + d0) = 22R̂
up
k − 1 for 1 ≤ k ≤

n ≤ N −1. Thus, we can rewrite εk as εk =
1
αk

(22R̂
up
k −1)(22R̂k−1)

(22R̂
up
k −1)−(22R̂k−1)

. Noting

that εk is a monotone decreasing function of R̂upk . Hence, an decreasing in
εk will lead to an increasing in εk , thus increasing ε∗n = max{ε1, · · · , εn}.
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R̂k < R̂upk,id , the OP of Dn in NOMA without RHI
still experiences a diversity order of min(m1, nm2).
Therefore, RHI will make Dn be in full outage state,
i.e., Pnout = 1, at smaller target rate upper bounds
compared to the ideal scenario.

• Consider the case R̂k ≥ R̂upk,id > R̂upk . In this
case, either the ideal or hardware-impaired NOMA
user goes into full outage state, irrespective the system
parameters, such as system SNR, the fading parameters
(m1 and m2), or number of users N , which is also clari-
fied in Remark 1.

To sum up, the OP of the impaired NOMA system is
more sensitive to the choice of system parameters, i.e., the
PA coefficients and target rates, compared to the ideal NOMA
system. All of the above observations are well illustrated and
verified in Figs. 2 ∼ 4 in Section V.

IV. ERGODIC RATE
Like [3] and [14], we now consider the case where target
rates of different users are opportunistically allocated based
on their channel conditions, i.e., R̂n = Rn. In this scenario, it
can be verified from (5) and (8) that Rk→n > R̂k = Rk always
holds since |h2,n|2 ≥ |h2,k |2 for k < n ≤ N [3]. Therefore,
all users can be served with zero outage probability but with
different data rates. According to (6), (7), and (9), the exact
individual ergodic rate (IER) at Dn can be expressed by

Rnave =
1
2
E
[
log2

(
1+

αnZn
τnZn + 1

)]
, (20)

where τn = (
∑N

j=n+1 αj + d0) for 1 ≤ n ≤ N − 1, and
τN = d0. Accordingly, the system ESR can be expressed by

Rsumave =
∑N

n=1
Rnave. (21)

A. ACCURATE APPROXIMATIONS OF IER AND ESR
The IER at Dn in (20) can be rewritten as

Rnave =
1
2
E
[
log2

(
1+ (αn + τn)Zn

1+ τnZn

)]
, Cn(αn + τn)− Cn(τn), (22)

where Cn(λ) is defined as

Cn(λ)
1
=

1
2
E
[
log2 (1+ λZn)

]
, λ > 0. (23)

Unfortunately, it is not easily tractable to get an exact
closed-form expression of Cn(λ). Alternatively, using the
Taylor expansion of the function log2 (1+ λZn) about the
mean of λZn, i.e., E [λZn], we can give an analytical tight
approximation to Cn(λ) as [31]

Cn(λ) ≈
ln(1+ E[λZn])

2 ln(2)
−

E[(λZn)2]− E2[λZn]
4 ln(2)(1+ E2[λZn])2

=
ln(1+ λE[Zn])

2 ln(2)
− λ2

E[(Zn)2]− E2[Zn]
4 ln(2)(1+ λ2E[Zn])2

. (24)

To evaluate (24), we need to derive closed-form solution
for the generalized higher moments of Zn, which can be

given by

E[Zµn ] =
∫
∞

0
zµfZn (z)dz, µ ≥ 1. (25)

Lemma 1: The µth-order moment of Zn is given by

E[Zµn ]

=
µQn
0(m2)

m1−1∑
i1=0

i1∑
j1=0

N−n∑
i2=0

n+i2−1∑
j2=0

∑̃
j2,n`

m2+8n`−1∑
k2=0

×

k2+j1+2∑
q=0

(i1
j1

)(k2+j1+2
q

)
i1!

3(i2, j2, n`, k2)

×(β1)i1
(

β2

j2 + 1

)m2+8n`
(
β1d1
β2d2

) k2−j1+1
2

×cq(−1)i1+m2+8n`+µ−q
∂ i1+m2+8n`+µ−qϒ(s)

∂si1+m2+8n`+µ−q

∣∣∣
s=β1+β2

,

(26)

where

ϒ(s) =
0 (k2 + 2) 0 (j1 + 1)

2c
√
β1β2e−sc/2

×W
−
k2+j1+2

2 ,
k2−j1+1

2

(
c(s+

√
s2 − 4β1β2)
2

)

×W
−
k2+j1+2

2 ,
k2−j1+1

2

(
c(s−

√
s2 − 4β1β2)
2

)
. (27)

In (26), the notation ∂nf (x)
∂xn denotes the n-th order derivative

of f (x) with respect to x. Note that ∂
0f (x)
∂x0
= f (x). Moreover,

in (27), c = 1
d1d2

, β1 =
m1d2
�1ρ

, and β2 =
(j2+1)m2d1

�2ρ
, and

Wa,b(·) denotes the Whittaker function [35].
Proof: Please see Appendix C.

It is worth noting that although (26) appears complicated,
it is in closed-form since higher order derivatives of arbitrary
order are known for the Whittaker function [25], [34]. There-
fore, (26) can be analytically evaluated in an efficient way.
The numerical results in this paper were produced by using
the Symbolic Math Toolbox in MATLAB.

Tight analytical closed-form expressions for the IER and
system ESR are summarized in the following theorem.
Theorem 2: The IER of the NOMA-based AF relaying

network suffering from RHI can be tightly approximated as
follows

Rnave ' Rn,apxave ,
1

2 ln(2)
ln
(
1+ (αn + τn)E[Zn]

1+ τnE[Zn]

)
−

(αn + τn)2(E[(Zn)2]− E2[Zn])

4 ln(2)(1+ (αn + τn)2E[Zn])2

+
(τn)2(E[(Zn)2]− E2[Zn])

4 ln(2)(1+ (τn)2E[Zn])2
. (28)
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With (28), the system ESR can be approximated as

Rsumave ' Rsum,aprxave ,
N∑
n=1

Rn,apxave , (29)

Proof: Substituting (24) into (22), we get (28), where
E[Zn] and E[Z2

n ] can be obtained by invoking µ = 1 and
µ = 2 into (26), respectively. Accordingly, a tight analytical
expression for the ESR in (29) can be derived directly.
Remark 3: Theorem 2 provides unified approximated

expressions for the IER and ESR of NONMA-based
AF networks with and without RHI, which will be proved
to be highly accurate. The results in (28) and (29) are new,
and have not been reported. In particular, for the special
case of ideal hardware as considered in [14], tight analytical
expressions of IER and ESR can be obtained by substituting
d0 = 0 and d1 = d2 = 1 into (28) and (29), respectively.

B. ASYMPTOTIC ANALYSIS OF IER AND ESR
We now turn our attention to the ergodic rate in the high
SNR regime. However, it is difficult to obtain the asymptotic
expressions of IER and ESR from (28) and (29). To solve this
issue, we first apply the approximation5 E[log2(1+ x/y)] ≈
log2(1 + E[x]/E[y]), which is introduced in [24, eq. (35)],
to approximate Rnave in (22) as

Rnave ≈
1
2
log2

(
1+

αnE{XYn}
τnE{XYn} + d1E{X} + d2E{Yn} + 1

)
.

(30)

To evaluate (30), we need closed-form expressions for E{X},
and E{Yn}. E{X} can be obtained from the definition of the
Nakagami-m PDF according to E{X} = ρE{|h1|2} = �1ρ.
In addition, E{Yn} can be calculated by

E{Yn} =
∫
∞

0
yfYn (y)dy (31)

Invoking the PDF fYn (y) in (48) into (31) and then using
[36, eq. (3.385.3)], it can be shown thatE{Yn} = ρ�2n, where
�2n = �2$ (n), and

$ (n) = Qn
N−n∑
i2=0

n+i2−1∑
j2=0

∑̃
j2,n`

δ1(i2, j2)0(m2 +8n` + 1)

0(m2 + 1)(j2 + 1)m2+8n`+1
.

(32)

Putting the above results into (30) and after some manip-
ulations, a simple approximate expression for the IER of Dn
(1 ≤ n ≤ N ) with RHI is given by

Rnave ≈
1
2
log2

(
1+

αn�1�2nρ
2

τn�1�2nρ2+(d1�1+d2�2n)ρ+1

)
.

(33)

5In fact, the asymptotic IER/ESR of the hardware-impaired system can be
straightforwardly obtained from (20) by assuming ρ → ∞. The main pur-
pose of using this approximation method herein is to derive the asymptotic
expressions for the IER of DN and system ESR of ideal hardware system.

Moreover, by substituting d0 = 0 and d1 = d2 = 1
into (33), an approximate expression for the IER of Dn (1 ≤
n ≤ N − 1) without RHI by can be obtained as

Rnave,id

≈
1
2
log2

(
1+

αn�1�2nρ
2∑N

j=n+1 αj�1�2nρ2+(�1+�2n)ρ+1

)
.

(34)

Besides, IER of DN without RHI is approximated by

RNave,id ≈
1
2
log2

(
1+

αN�1�2Nρ
2

(�1 +�2N )ρ + 1

)
. (35)

From (33), (34), and (35), we can obtain asymptotic high-
SNR IER and ESR expressions for NOMA-based AF net-
works with and without RHI in what follows.
Corollary 2: When ρ →∞, the asymptotic expression for

IER of NOMA-based AF networks with and without RHI are
respectively given by

Rnave ≈


1
2
log2

(
1+

αn∑N
j=n+1 αj + d0

)
, 1 ≤ n < N

1
2
log2

(
1+

αN

d0

)
, n = N .

(36)

Rnave,id ≈


1
2
log2

(
1+

αn∑N
j=n+1 αj

)
, 1 ≤ n < N

1
2
log2

(
1+

αN�1�2N

�1 +�2N
ρ

)
, n = N .

(37)

Accordingly, the asymptotic ESR of NOMA-based AF net-
works with and without RHI are respectively given by

Rsumave ≈
1
2
log2

(
1+

1
d0

)
. (38)

Rsumave,id ≈
1
2
log2ρ +

1
2
log2

(
�1�2N

�1 +�2N

)
. (39)

Proof: Please see Appendix D.

C. THE EFFECT OF RHI ON IER AND SYSTEM ESR
1) THE EFFECT OF RHI ON IER
Firstly, consider the user Dn (1 ≤ n ≤ N − 1). We see
from (36) and (37) that there exists an IER ceiling in the
high-SNR regime irrespective of channel conditions (i.e., mi
and �i, i = 1, 2) and N . Noting that the IER ceiling of Dn
with RHI is attributed to the combined effect of RHI and
IUIs from all stronger users, while the IER ceiling of Dn
in the ideal case is resulted from the IUIs only. Moreover,
comparing (36) and (37), it is clear that RHI has a detrimental
effect on the asymptotic IER in terms of decreasing the IER
ceiling. Secondly, consider the IER of the user DN with the
best channel gain. As shown in (37), the asymptotic IER of
DN without RHI goes unboundedly as ρ increases since it is
free from IUI, thus playing a dominate role in the asymptotic
system ESR. However, the IER of DN with RHI in (36) is a
constant due to the additive effect of RHI.
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2) THE EFFECT OF RHI ON ESR
The asymptotic ESR without RHI scales as 1

2 log2 ρ as
revealed in (39), thus growing unboundedly as ρ → ∞.
Intuitively, this is because the asymptotic ESR in the ideal
scenario is dominated by the IER of the best user DN ,
as explained above. However, from (38), we observe that the
asymptotic ESR with RHI saturates in the high-SNR regime,
which is dependent only on the RHI levels, i.e., d0. Therefore,
RHI has a substantial impact on ESR, especially when ρ is
high.

D. ESR IN OMA-BASED RELAYING SYSTEMS
For performance comparison, we consider the time division
multiple access (TDMA) scheme in this subsection, which
is a typical OMA scheme [6]. Note that the conventional
OMA-based dual-hop relaying system using TDMA requires
N×2 time slots to supportN users, while NOMA-based dual-
hop relaying system can support N users during 2 times slots
as described in Section II-A. Thus, the achievable rate of Dn
in OMA-based relaying system with RHI is given by

ROMAn =
1
N
×

1
2
log2

(
1+

XYn

d0XYn + d1X + d2Yn + 1

)
,

(40)

where 1 ≤ n ≤ N , X = ρ|h1|2 and Yn = ρ|h2,n|2.
From (40), the ESR of the OMA-based relaying system

with RHI is given by

Rsum,OMAave = E

{
N∑
n=1

ROMAn

}
. (41)

Note that we can use (41) to obtain the ESR achieved by
the OMA-based relaying system with and without RHI. Then
these results can be used as benchmarks to compare with the
NOMA-based relaying systems in the next section.

More importantly, when ρ → ∞, it is easy to observe
from (40) that

ROMAn ≈
1
N
×

1
2
log2

(
1+

1
d0

)
. (42)

Substituting (42) into (41), yields

Rsum,OMAave ≈
1
2
log2

(
1+

1
d0

)
. (43)

From (38) and (43), we find that under the impact of RHI,
the asymptotic ESR in the NOMA-based relaying system is
the same as that in the OMA-based relaying system, both of
which are only depended on the RHI level, i.e., d0.

V. NUMERICAL RESULTS
This section presents a set of Monte-Carlo simulations to
validate the theoretical results. The simulation results are
obtained by performing 106 random channel realizations.
Without loss of generality, we set the power allocation factors
as [3], [14] αn = N−n+1

µ
, where µ = N (N+1)

2 is to ensure∑N
n=1 αn = 1. Moreover, like [25] and [28], we assume that

FIGURE 2. OP vs. SNR ρ : κ = {0.1,0.2}, m1 = 2, m2 = 1, �1 = 10, �2 = 5,
and N = 3 with αn = {1/2,1/3,1/6} and R̂n = {0.4,0.6,0.7} bps/Hz for
n = 1,2,3.

the S → R and R → Dn links have the same impairment
level, i.e., κ , κSR = κRD. As such, we have d0 = κ4 + 2κ2

and d1 = d2 = 1 + κ2. Besides, the unit of target rate is
bps/Hz and is omitted in the following analysis for simplicity.

A. EFFECT OF RHI ON OP
In Fig. 2, the outage probability with or without RHI is plotted
as a function of system SNR ρ. Herein, we plot curves for
two different values of RHI levels: κ ∈ {0.1, 0.2}. Moreover,
we consider the case of three users by setting N = 3,
where the power coefficients are α1 = 1/2, α2 = 1/3,
and α3 = 1/6. With these settings, the value of R̂upn
(i.e., the upper bound of Dn’s target rate) can be computed
by (12) and (15), where n = 1, 2, 3. Specifically, we get
R̂upn ≈ {0.49, 0.74, 1.61} for a low level of impairments of
κ = 0.1, and R̂upn ≈ {0.45, 0.615, 0.8} for a high level of
impairments of κ = 0.2 [25]–[30]. Furthermore, we set the
target rates as R̂n = {0.4, 0.6, 0.7} so as R̂n < R̂upn , which
holds in both hardware-impaired cases (κ = 0.1 and 0.2).
From Fig. 2, we observe that exact analytical and simula-
tion results match well over the entire SNR range, and the
asymptotic results are very tight at high SNRs. Moreover, it
can be verified thatDn in NOMAwith RHI achieves the same
diversity order of min(m1,m2 n) as that in the ideal hardware
scenario when R̂n < R̂upn , which is proved by (19). However,
as shown in Fig. 2, the existence of RHI degrades the user’s
outage performance. In particular, as the impairment level
κ increases from 0.1 to 0.2, the performance loss compared
to the ideal-hardware case, increases substantially when ρ is
large.

More detailed effects of RHI on OP are illustrated in Fig. 3.
We first focus on the outage performance of D2. In agree-
ment with the analysis in Section III-D (the first case), it
can be seen from the curves of Case 1 that a diversity of
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FIGURE 3. OP vs. SNR ρ when m1 = 4, m2 = 2, �1 = �2 = 1, κ = 0.2, and
N = 3 with α1 = 1/2, α2 = 1/3, and α3 = 1/6. The target rate upper
bounds are R̂up

n ≈ {0.45,0.615,0.8}.

min(4, 2 × 2) = 4 is obtained at D2 with or without RHI
when R̂2 < R̂up2 < R̂up2,id , where R̂2 = 0.5, R̂up2 ≈ 0.615, and
R̂up2,id ≈ 0.8. However, we observe from Case 2 in Fig. 3 that
D2 in NOMA with RHI is in full outage over the entire SNR
range, i.e., P2out = 1, whereas a diversity order of 4 is still
obtained at D2 in the ideal scenario, due to the fact that the
condition R̂up2 < R̂2 = 0.7 < R̂up2,id ≈ 0.8 holds in Case 2.
In addition, we see from Case 3 of Fig. 3 that D2 in NOMA
with and without RHI are always outage when R̂up2 < R̂up2,id <
R̂2 = 0.85. These observations observed from Cases 2 and 3
of Fig. 3 are concurred with the conclusions of the second and
third cases drawn in Section III-D, respectively.

Furthermore, we observe from Fig. 3 that all users in
NOMA with RHI go into the full outage states in Case 4,
where we set R̂1 = 0.55. Since R̂1 > R̂up1 ≈ 0.45, it is impos-
sible for D1 to detect its own message. Thus, as explained in
Remark 1, both stronger users D2 and D3 cannot detect D1’s
message before detecting their desired messages if R̂1 > R̂up1 ,
which lead to the implementation failure of SIC. As a result,
outages will also be declared at D2 and D3. Similarly, we see
from Case 4 in Fig. 3 that all users in ideal-hardware NOMA
system are always in outage due to the fact that R̂1 = 0.55 >
R̂up1,id ≈ 0.5. Besides, by comparing the OP curves of D1 in
Cases 1, 2, and 3, we find that the performance loss caused by
RHI increases substantially as the target rate increases, which
is in line with [25].

Figure. 4 plots the outage probability versus the target
rate R̂ for ρ = 10 dB and ρ = 30 dB. For the sake of brevity
in interpretation, we assume R̂1 = R̂2 = R̂3 = R̂. From
Fig. 4, we observe that the impact of RHI is neglectable at
low target rates and/or low SNR (10 dB). Nevertheless, the
impact of RHI becomes much greater as the target rate gets
higher in the high SNR (30 dB) case, which is also illustrated
in Fig. 3 (see the OP curves of D1 in Cases 1, 2, and 3).

FIGURE 4. OP vs. target rate when m1 = 2, m2 = 1, �1 = �2 = 1, κ = 0.2,
and N = 3 with α1 = 1/2, α2 = 1/3, and α3 = 1/6. The target rate upper
bounds are R̂up

n ≈ {0.45,0.615,0.8}.

Another important observation is that a target rate wall (upper
bound) is created by IUIs in the ideal-hardware system, which
cannot be crossed by simply increasing the SNR, whereas in
presence of RHI, the value of the wall is decreased due to
additive effect of RHI. Thus, we see that as R̂ increases, the
hardware-impairedNOMAuser goes into the full outage state
much faster than the user in the ideal hardware system.

To sum up, from Figs. 2, 3, and 4, we confirm that the
presence of RHI has a deleterious effect on the outage perfor-
mance. Specifically, the detrimental effect of RHI becomes
more prominent as the impairment level κ or/and target rates
increase, especially in the high SNR regime. Particularly,
the outage performance of NOMAwith RHI is more sensitive
to the choice of the power coefficients αn and target rates R̂n
compared to the ideal-hardware system.

B. EFFECT OF RHI ON ERGODIC RATES
In Fig. 5, we investigate the impact of RHI on the IERs
and system ESR. With loss of any generality, we consider
the two-user case by setting N = 2 for clearness. Fig. 5
confirm that IER or ESR is only sightly degraded by RHI
at the low SNRs, but the performance loss induced by RHI
increases substantially as ρ gets higher. More precisely, while
the IER of weaker user D1 gets saturated after a certain
value of ρ in the absence of RHI, a lower IER ceiling of
D1 in the presence of RHI is observed due to the additive
effect of RHI. Moreover, it can be seen that IER of the
stronger user D2 with RHI does not grow unboundedly as
ρ increases, as is the case forD2 without RHI. In this context,
we observe from Fig. 5 that the asymptotic high-SNR ESR
of the ideal hardware system scales as 1

2 log2 ρ as revealed
in (39), thus increasing no bound as ρ increases, whereas the
ESR with RHI saturates at high SNRs, which is consistent
to (38).
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FIGURE 5. Ergodic rate vs. SNR ρ when m1 = m2 = 2, �1 = 5, �2 = 1,
κ = 0.2, and N = 2 with α1 = 2/3, α2 = 1/3.

In Fig. 6, we compare the system ESR of NOMA with and
without RHI under different system configurations. From the
figure, it can be shown that the ESR of ideal-hardware system
monotonically increases with ρ and it can be enhanced as
users’ number or/and6 the fading severity increase (i.e., N
or/and mi increases, i = 1, 2). Similar observations are also
observed for the ESR of the hardware-impaired system in the
low-to-medium SNR regions, whereas at high SNRs, the ESR
saturates and approaches 1

2 log2
(
1+ d−10

)
as proved by (38).

Therefore, unlike the ideal scenario, the benefit offered to the
ESR by increasing mi or/and N vanishes at the high SNRs,
due to the presence of RHI. In addition, as the ESR ceiling
is depended merely on the impairment levels κ , it decreases
when κ is increased. In particular, it can be observed that with
the increase in the value of impairments, the saturation point
appears earlier, i.e., at the lower values of ρ.
It is worth noting that the provided simulation results

shown in Fig. 5 and Fig. 6 match very well with the approxi-
mation results of (28) or (29) over the entire SNR range and
in all considered scenarios, except for a small difference in
sever fading environments,7 i.e., when mi = 1, i = 1, 2.
Moreover, the asymptotic IER in (36) and ESR in (38)
very tightly follows the analytical results at high enough
SNR values.

Fig. 7 presents the ESR comparison of NOMA and OMA
systems in the presence and the absence of RHI. It is observed

6The ideal ESR curves of cases 1 and 2 are overlapped at high SNRs. This
is because the asymptotic ESR is dominated by the capacity of DN , which is
restricted by the weaker link between S → R and R→ DN .

7The high accuracy of the proposed analysis lies in the fact that the second
order Taylor series approximation method is adopted. This method has been
widely used in the ergodic capacity analysis of AF relaying systems subject
to Nakagami-m fading, and its highly accurate have beenwell verified specif-
ically for the moderate and high multipath fading environments, i.e.,mi ≥ 2.
In severe multipath fading environments, i.e., when mi < 2, a slight
discrepancy between the approximated and exact result is observed when this
approach is employed. For more specific details about these observations,
please refer to [31, Fig. 1], and references therein.

FIGURE 6. Ergodic sum rate vs. SNR ρ when �1 = 1, �2 = 2,
κ = {0.1,0.2}. For N = 2, α1 = 2/3 and α2 = 1/3. For N = 3,
α1 = 1/2, α2 = 1/3, and α3 = 1/6.

FIGURE 7. ESR comparison between NOMA and OMA with/without RHI,
where �1 = 1, �2 = 2, m1 = 2, m2 = 1, κ = {0.1,0.2}, and N = 3 with
α1 = 1/2, α2 = 1/3, and α3 = 1/6.

from Fig. 7 that, in the absence of RHI, the ESR in either the
NOMA system or the OMA system increases monotonically
with the increase of ρ. In particular, the ESR of NOMA-
based system outperforms that of the OMA-based one at
moderate-to-high SNRs, which demonstrates the benefits of
NOMA transmission. However, the presence of RHI causes
ESR saturation phenomena at high SNRs in both systems.
Since the ESR saturation value is only depended by the RHI
levels, as revealed in (38) and (43), the asymptotic ESR
curves of NOMA and OMA systems are overlapped together.
In other words, the superiority of NOMA over OMA in
terms of ESR disappears in the high SNR regimes, due to
the presence of RHI. However, NOMA can provide better
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spectral efficiency and user fairness as more users are served
at the same time, frequency, and spreading code [2], [3], [14].

VI. CONCLUSION
This paper investigated analytically the impact of residual
hardware impairment (RHI) on the NOMA-based AF relay-
ing network. Closed-form analytical and high-SNR asymp-
totic expressions for the outage probability (OP), individual
ergodic rate (IER) and system ergodic sum rate (ESR) were
obtained. Our theoretical analysis indicated that the outage
performance is only sightly degraded by RHI at the low
SNRs or/and at small target rates, but otherwise the out-
age performance loss can be very substantial. Furthermore,
we observed that RHI has small impact on the capacity
performance (i.e., IER and ESR) in the low SNR regime,
but it becomes more influential as the SNR gets higher.
In particular, while the ideal ESR in NOMA or OMA system
without RHI grows unboundedly with SNR, the ESR with
RHI approaches a deterministic value that is depended only
on the hardware impairment levels. More importantly, at high
SNRs, the advantage of NOMA over conventional OMA
in terms of ESR for the ideal-hardware scenario no longer
exists in the hardware-impaired scenario. But the application
of NOMA in AF relaying networks still has its benefits.
In particular, it can offer better spectral efficiency and user
fairness, as compared to OMA.

APPENDIX A
PROOF OF THEOREM 1
A. STATISTICAL CHARACTERIZATIONS
Recall that X = ρ|h1|2 and Yn = ρ|h2n|2. Since |h1|2 follows
Gamma distribution, the probability density function (PDF)
and the CDF of X are respectively given by

fX (x) =
mm1
1 xm1−1

(ρ�1)m10(m1)
e−

m1
ρ�1

x
, (44)

and

FX (x) = 1−
0(m1,

m1x
ρ�1

)

0(m1)

= 1− e−
m1x
ρ�1

m1−1∑
i1=0

(
m1x
ρ�1

)i1
i1!

, (45)

where 0(·, ·) represent the upper incomplete gamma function
[35, eq. (8.350.2)].

Similarly, the PDF and CDF of unordered variable
Ỹn = ρ |̃hn|2 are respectively given by

fỸn (y) =
mm2
2 ym2−1

(ρ�2)m20(m2)
e−

m2
ρ�2

y
, (46)

and

FỸn (y) = 1− e−
m2y
ρ�2

m2−1∑
i=0

(
m2y
ρ�2

)i
i!

. (47)

In (45) and (47), the assumption of integer shape param-
eters is made to facilitate the algebraic manipulations
for Nakagami-m fading, otherwise the analysis will be
very tedious. Furthermore, the FDF and CDF of the nth
ordered variable Yn = ρ|hn|2 are respectively given
by [14]

fYn (y) = Qn
N−n∑
i2=0

(−1)i2
(
N − n
i2

)
fỸn (y)

[
FỸn (y)

]n+i2−1, (48)

and

FYn (y) = Qn
N−n∑
i2=0

(−1)i2
(N−n
i2

)
n+ i2

[
FỸn (y)

]n+i2 , (49)

where Qn =
N !

(N−n)!(n−1)! . Using the multinomial
theorem, f|Yn|2 (y) and FYn (y) are respectively derived
as [14]

fYn (y) = Qn
N−n∑
i2=0

n+i2−1∑
j2=0

∑̃
j2,n`

δ1(i2, j2)
0(m2)

(
m2

ρ�2

)m2+8n`

×e−(j2+1)
m2
ρ�2

yym2+8n`−1, (50)

FYn (y) = Qn
N−n∑
i2=0

n+i2∑
j2=0

∑̃
j2,n`

δ2(i2, j2)
i2 + n

e−j2
m2y
ρ�2

(
m2y
ρ�2

)8n`
,

(51)

where
∑̃
j2,n`

=

j2∑
n1=0

n1∑
n2=0
· · ·

nm2−2∑
nm2−1=0

j2!
(nm2−1)!

m2−1∏
t=1

(t!)nt+1−nt
(nt−1−nt )!

,

8n` =
∑m2−1
`=1 n`, with n0 = j2 and nm2 = 0,

δ1(i2, j2) = (−1)i2+j2
(N−n
i2

)(n+i2−1
j2

)
and δ2(i2, j2) =

(−1)i2+j2
(N−n
i2

)(n+i2
j2

)
.

B. DERIVATION OF EQUATION (18)
Referring to (17), we see that the key task to derive FZn (ε

∗
n).

Recall that Zn =
XYn

d1X+d2Yn+1
. Then, FZn (ε

∗
n) can be calculated

by

FZn (ε
∗
n) = Pr

{
XYn

d1X + d2Yn + 1
< ε∗n

}

= Pr
{
(Yn − d1ε∗n)X < d2Ynε∗n + ε

∗
n

}
. (52)

Considering two cases, i.e., Yn ≤ d1ε∗n and Yn >

d1ε∗n , and performing some algebraic manipulations, we
obtain

FZn (ε
∗
n) =

d1ε∗n∫
0

fYn (y)dy+

∞∫
d1ε∗n

fYn (y)FX

(
d2yε∗n + ε

∗
n

y− d1ε∗n

)
dy

= 1−

∞∫
d1ε∗n

[
1− FX

(
d2yε∗n + ε

∗
n

y− d1ε∗n

)]
fYn (y)dy. (53)
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Using the CDF of X in (45) and the PDF of Yn in (50),
we can evaluate (53) as

FZn (ε
∗
n)

= 1− Qn
N−n∑
i2=0

n+i2−1∑
j2=0

∑̃
j2,n`

δ1(i2, j2)
0(m2)

(
m2

ρ�2

)m2+8n`

×

∫
∞

d1ε∗n

e−(j2+1)
m2
ρ�2

yym2+8n`−1
0(m1,

m1ε
∗
n

ρ�1

d2y+1
y−d1ε∗n

)

0(m1)
dy︸ ︷︷ ︸

I

.

(54)

Applying [36, eq. (8.352.4)] and setting t = y − d1ε∗n ,
the integral I in (54) can be expressed as

I = e
−ε∗n

(
m1d2
ρ�1
+

(j2+1)m2d1
ρ�2

) m1−1∑
i1=0

(m1ε
∗
n

ρ�1
)i1

i1!
× I1, (55)

where

I1 =
∫
∞

0
e−

(j2+1)m2
ρ�2

t−m1ε
∗
n

ρ�1

d1 d2ε
∗
n+1

t

×(t + d1ε∗n)
m2+8n`−1

(
d2 +

d1 d2ε∗n + 1
t

)i1
dt. (56)

Using the binomial expansion for the powers of t , i.e., (t+
d1ε∗n)

m2+8n`−1 and (d2+
d1 d2ε∗n+1

t )i1 within the integral, and
then applying [35, eq. (3.471.9)], I1 in (56) can be solved as

I1 =
i1∑

j1=0

m2+8n`−1∑
k2=0

(
i1
j1

)(
m2 +8n` − 1

k2

)
(d1d2ε∗n + 1)j1

× (d1ε∗n)
m2+8n`−k2−1

(
m1�2ε

∗
n(d1d2ε

∗
n + 1)

(j2 + 1)m2

) k2−j1+1
2

× 2d2i1−j1Kk2−j1+1(
2
ρ

√
(j2 + 1)m1m2ε∗n(d1d2ε∗n + 1)

�1�2

)
. (57)

As a result, the closed-form analytical expression of
FZn (ε

∗
n) can be found by substituting (55) with I1 given

in (57) into (54), resulting in (18).

APPENDIX B
PROOF OF COROLLARY 1
When ρ → ∞, we have x

ρ
→ 0. Therefore, the CDF of X

in (45) can be approximated as

FX (x) ≈
(m1/�1)m1

m1!

(
x
ρ

)m1

. (58)

Similarly, FYn (y) in (51) can be approximated as [14]

FYn (y)≈
N !(m2!)−n

(N − n)!n!

(
m2y
�2ρ

)m2·n

. (59)

Now, we focus on deriving the asymptotic OP in
high SNRs. By adopting the well-known inequality:

XY
1+X+Y ≤ min(X ,Y ), Zn can be upper bound Zn as

Zn ≤ min
(
X
d2
,
Yn
d1

)
. (60)

Notice that the upper bound that XY
1+X+Y ≤ min(X ,Y ) has

been widely used in the literature for relaying networks
(e.g., [14], [33]) and it is shown to be accurate enough at
medium and high SNRs as will be discussed in the results
section.

Further, substituting (60) into (17), the OP of Dn for the
case R̂k < R̂upk is lower bounded by

Pnout ≤ 1− Pr
(
min

(
X
d2
,
Yn
d1

)
> ε∗n

)
= 1− Pr

(
X
d2
> ε∗n,

Yn
d1
> ε∗n

)
= FX (d2ε∗n)+ FYn (d1ε

∗
n)

−FX (d2ε∗n)FYn (d1ε
∗
n). (61)

Substituting (58) and (59) into (61), the high-SNR asymptotic
OP at Dn is obtained as

Pnout /
(m1/�1)m1

m1!

(
d2ε∗n
ρ

)m1

+
N !(m2!)−n

(N − n)!n!

(
m2d2ε∗n
�2ρ

)m2·n

. (62)

Besides, we have Pnout = 1 for R̂k ≥ R̂
up
k , irrespective of ρ.

This completes of the proof of (19) in Corollary 1.

APPENDIX C
PROOF OF LEMMA 1
After integrating by parts, we can rewrite (25) as

E[Zµn ] = µ
∫
∞

0
zµ−1(1− FZn (z))dz. (63)

Replacing ε∗n in (18) with z, we can obtain the CDF of Zn,
i.e., FZn (z). Substituting the expression of FZn (z) into (63) and
after some arrangements, we get

E[Zµn ] =
µQn
0(m2)

m1−1∑
i1=0

i1∑
j1=0

N−n∑
i2=0

n+i2−1∑
j2=0

∑̃
j2,n`

m2+8n`−1∑
k2=0

×

(
i1
j1

)
(β1)i1

i1!
3(i2, j2, n`, k2)

×

(
β2

j2 + 1

)m2+8n`
(
β1d1
β2d2

) k2−j1+1
2

9(z), (64)

where

9(z) =
∫
∞

0
e−(β1+β2)zzi1+m2+8n`+µ−1−

k2+j1+1
2

×(z+ c)
k2+j1+1

2 Kk2−j1+1
(√

4β1β2z (z+ c)
)
dz,

(65)

with c = 1
d1d2

, β1 =
m1d2
�1ρ

, and β2 =
(j2+1)m2d1

�2ρ
.
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To facilitate the using of [36, vol.2, eq. (2.16.10.2)],
we rewrite (65) as

9(z) =
∫
∞

0
e−(β1+β2)zzi1+m2+8n`+µ−j1−k2−2

× (z+ c)k2+j1+2
z
k2+j1+3

2 −1

(z+ c)
k2+j1+3

2

×Kk2−j1+1
(√

4β1β2z (z+ c)
)
dz. (66)

By using the binomial expansion for (z+ c)k2+j1+2 within the
integral, we get

9(z) =
k2+j1+2∑
q=0

(
k2 + j1 + 2

q

)
cq
∫
∞

0
zi1+m2+8n`+µ−q

×
e−(β1+β2)zz

k2+j1+3
2 −1

(z+ c)
k2+j1+3

2

Kk2−j1+1

×

(√
4β1β2z (z+ c)

)
dz. (67)

Consider the following property of the Laplace transform
that $[tnf (t)] = (−1)n ∂

nF(s)
∂sn [35], where F(s) is the Laplace

transform of f (t), i.e., $[f (t)] = F(s) ,
∫
∞

0 e−st f (t)dt . With
the help of this property, (67) can be rewritten as

9(z) =
k2+j1+2∑
q=0

(
k2 + j1 + 2

q

)
cq(−1)i1+m2+8n`+µ−q

×
∂ i1+m2+8n`+µ−q

∂si1+m2+8n`+µ−q
ϒ(s)

∣∣∣
s=β1+β2

. (68)

where

ϒ(s) =
∫
∞

0
e−szz

k2+j1+3
2 −1(z+ c)−

k2+j1+3
2

×Kk2−j1+1
(√

4β1β2z (z+ c)
)
dz. (69)

Then, with the help of [36, vol.2, eq. (2.16.10.2)], ϒ(s) in
(69) can be solved as in (27). Finally, by substituting (68) with
ϒ(s) given in (69) into (64), E[Zµn ] can be solved as in (26).

APPENDIX D
PROOF OF COROLLARY 2
By assuming ρ → ∞, we get (36) from (33) straightfor-
wardly. Similarly, (37) can be obtained via (34) and (35)
as ρ → ∞. Accordingly, the asymptotic ESR of system
suffering from RHI can be asymptotically approximated as

Rsumave ≈
1
2

N−1∑
n=1

log2

(
1+

αn∑N
j=n+1 αj + d0

)
+

1
2
log2

(
1+

αN

d0

)
=

1
2
log2

(∑N
j=1 αj + d0∑N
j=2 αj + d0

×

∑N
j=2 αj + d0∑N
j=3 αj + d0

· · ·

×
αN−1 + αN + d0

αN + d0
×
αN + d0
d0

)
=

1
2
log2

(∑N
j=1 αj + d0
d0

)
. (70)

Recall that
∑N

j=1 αj = 1. Thus we can obtain (38)
from (70).

As for the ideal-hardware system, we have

Rsumave,id ≈
1
2

N−1∑
n=1

log2

(
1+

αn∑N
j=n+1 αj

)

+
1
2
log2

(
1+

αN�1�2N

�1 +�2N
ρ

)
(a)
=

1
2
log2

1
αN
+

1
2
log2

(
1+

αN�1�2N

�1 +�2N
ρ

)
=

1
2
log2

(
1
αN
+

�1�2N

�1 +�2N
ρ

)
, (71)

where (a) is obtained by using the fact
N−1∑
n=1

log2(
1+ αn∑N

j=n+1 αj

)
= log2

1
αN

. As ρ →∞, we can obtain (39)

from (71).
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