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ABSTRACT Massive multiple-input multiple-output (MIMO) has been regarded as one of the key
technologies of fifth-generation cellular systems due to its excellent performance in spectral and energy
efficiency, whose performance has also been widely studied. However, most related works focus only on the
impact of the wireless channels. In fact, its performance is affected not only by the wireless channel but also
by the transceiver radio frequency (RF) circuits. Random variation of RF gain would lead to a mismatch
channel, where the downlink is not the transpose of the uplink in time-division duplex (TDD) mode.
Therefore, the impact of the transceiver RF circuits should be considered when we evaluate the performance
of the massive MIMO systems. In this paper, we develop a detailed analysis on the downlink sum rate of the
massive MIMO systems and derive its closed-form expressions using maximum ratio transmission and zero-
forcing (ZF) precoding. The derived results provide some good insight into how the system performance is
affected by the RF mismatch parameters. Based on the analytical results, we further investigate the optimal
power allocation scheme to maximize the sum rate subject to the total power constraint and lowest rate
requirement. For the simplest case of user equipment side mismatch with the ZF precoding, we apply the
water-filling solution, while for the other mismatch cases, we conduct a convex relaxation on the non-
convex problem through lower bound inequality, variable substitution, and Taylor expansion techniques,
before applying some convex optimization solving tools. In the end, we propose an iterative algorithm to
successively improve the iterative results for approaching the optimal solution. Simulations demonstrate
that, for the massive MIMO systems with RF mismatch, our power allocation schemes achieve significant
capacity improvement relative to an equal power scheme, and it performs well for the ZF precoding in the
case of the RF mismatch only at the base station.

INDEX TERMS MIMO communication, performance analysis, optimization, MRT/ZF precoding.

I. INTRODUCTION
Recently, massive Multiple-Input Multiple-Output (MIMO)
has been widely studied since it can bring substantial
improvements in spectral and energy efficiency. Hence,
it has been identified as one of the most promising tech-
niques for fifth generation (5G) wireless communication net-
works [1]–[4]. In massive MIMO systems, the effects of
uncorrelated noise and small-scale fading will be eliminated
when the number of base station (BS) antennas goes to
infinity [1]. Furthermore, with the perfect knowledge of the
downlink channel state information (CSI), BSs can use the
simple linear precoding/detection approaches, e.g., matched-
filter (MF) precoding/detection—to obtain the optimal
capacity [2], [3].

The sum rate analysis on different transmission/reception
schemes is one of the hottest topics in massive MIMO
systems [5]–[12]. By assuming imperfect CSI and adopt-
ing conjugate and generalized zero-forcing (ZF) precod-
ing, the system performance is examined in [5] and [6].
The impact of pilot contamination on sum rate is dis-
cussed in [7]. Besides, there are numerous results about
the bounds on the sum rate of massive MIMO systems,
e.g., the upper bound based on maximum-ratio combination
(MRC) receivers in [8], the upper and lower bounds based
on ZF receivers in [9]. Furthermore, [10] proposes lower
bounds on the sum rate with MRC, ZF and minimum mean
square error (MMSE) receivers in the cases of perfect CSI
and imperfect CSI. Most of the above-mentioned analytical
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results are based on the assumption of Rayleigh channels.
In order to make study results more practical, researchers
start to consider various real-life channel models. By using
the same receivers as in [10], the asymptotic sum rate under
Rayleigh correlated channel is investigated through random
matrix theory in [11]. Assuming Ricean channels, the works
in [10] are extended in [13] for providing a more general
analysis.

However, all the aforementioned studies take no account
of the transceiver radio frequency (RF) circuit gains at both
ends of the communication link. In fact, in practical systems,
the end-to-end communication channel consists of not only
the wireless propagation part but also the transceiver RF
circuits [14]. In general, the transceiver RF circuits comprise
filters, analog-to-digital (A/D) converters, power amplifiers,
etc. Its gain is superimposed to the wireless propagation
channel through a complex magnification coefficient [15]
and usually changes randomly since it heavily depends on
the external environment — e.g., temperature, humidity.
It would be impossible for downlink and uplink RF cir-
cuits to have the same change; hence, the reciprocity prop-
erty of the whole communication channel for time-division
duplex (TDD) systems is destroyed. Such RF mismatch will
severely degrade the various performances of the system
including sum rate [16]. Therefore, reciprocity calibration
should be performed to compensate RF mismatch for TDD
systems. There is a large body of literature investigating the
impact of RF mismatch [16]–[19] so that some highly effi-
cient and practical calibration methods can likely be found.
Total-least-squares-based calibration has been proposed for
MIMO systems [17]. Nevertheless, the calibration informa-
tion is required to be exchanged between the transmitters and
the receivers for that method, which results in heavy feedback
overhead and prohibits the use of massive antenna arrays.
In [18], a hardware calibration method performed at BS is
proposed from the perspective of dual-layer beamforming,
while the authors in [19] propose that user equipment (UE)
side hardware calibration can also be performed to enhance
downlink transmission. However, [16] notes that RF mis-
match at the BS side will have a greater impact on system
performance than that at the UE side.

Among most prior works in this area, the impact of RF
mismatch on system performance has been evaluated only
through simulations. The theoretical analysis on the per-
formance of massive MIMO systems with RF mismatch is
presented in [20] and [21]. Such analysis is pursued in [20]
under regularized ZF and MRT precoding schemes, where
the RF circuit gains are treated as known constants during
the data transmission interval concerned. As RF gains vary
over time, to obtain the average sum rate, it also needs take
expectation over time aside from channel realizations. [21]
does not consider large-scale fading effects, thus limiting the
generality of the analysis.

Building on the prior work of [20] and [21], we pursue a
detailed analysis with MRT and ZF precoding considering
large-scale fading and RF mismatch at both the BS side and

the UE side. Our derived results are insightful in terms of
characterizing the impact of the RF mismatch parameters
and path-loss on the ergodic sum rate. In addition, we note
that most studies on power allocation for massive MIMO
systems assume an ideal match channel (i.e., excluding the
RF circuit) [22]–[24]. For example, [24] proposes the cor-
responding uplink and downlink power allocation schemes
for massive MIMO systems with ZF detection/precoding by
assuming an ideal Rayleigh channel. To our best knowledge,
there is no any power allocation scheme proposed for the
system considering a non-ideal channel.

For this reason, other than our analytical results, we also
investigate the optimal power allocation scheme to maxi-
mize the system sum rate subject to the total power con-
straint and lowest rate requirement. For the case with mis-
match only at the UE side (thereafter simply termed UE
side mismatch; likewise, the case with mismatch only at the
BS side is termed BS side mismatch) with ZF precoding,
the optimal scheme is a water-filling solution, while the
formulated problem for the other mismatch cases with ZF
and MRT precoding is non-convex and intractable. To solve
the original problem efficiently, we relax it to an equiva-
lent form based on virtue of lower bound inequality. Using
appropriate variable substitution and the first-order Taylor
expansion, the equivalent problem can then be transformed
into a standard convex optimization problem, which can be
solved efficiently by off-the-shelf solvers, e.g., CVX [25].
Since we are optimizing the lower bound on the sum rate,
we propose an iterative algorithm that can improve these
lower bounds successively and finally approach the optimal
solution to the original problem by using the successive con-
vex approximation method (SCAM) [26]. Simulations show
that our proposed power allocation schemes, combined with
existing hardware calibration methods, can further eliminate
the impact of RF mismatch on system performance.

To summarize, the key contributions of this paper are now
listed as follows.
• For massive MIMO systems with an RF mismatch chan-
nel, we first provide an analytical result on the sum rate
with MRT precoding. We also extend the results in [21]
considering large-scale fading effects.

• Based on the derived analytical results, we further inves-
tigate the optimal power allocation. For the simplest case
of UE side mismatch with ZF precoding, we derive the
water-filling solution, whereas for the cases of mismatch
at both the BS and UE sides withMRT precoding as well
as BS side mismatch with ZF precoding, we transform
the non-convex problem into a standard convex one by a
series of procedures, including lower bound inequality,
variable substitution and Taylor expansion, then apply
an iterative algorithm to solve it using a constrained
concave convex procedure (CCCP).

• Simulations are conducted with different system config-
urations to verify the accuracy of the analytical results
and the effectiveness of our proposed power allocation
scheme.
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The remainder of the paper is organized as follows.
In Section II, we describe the systemmodel. Then, the analyt-
ical results on sum rate for mismatch channel with MRT and
ZF precodings are developed in Section III. In Section IV,
based on the results in Section III, we present the power
allocation schemes to maximize system sum rate. Numerical
simulation results and discussions are provided in Section V.
Finally, the main results of the paper are summarized
in Section VI.
Notations-Throughout the paper, boldface lower-case and

upper-case letters denote vectors and matrices, respectively.
[ · ]m,n and Tr(·) denote the (m, n)th element and the trace of a
matrix, respectively, IM represents anM ×M identity matrix
and ei is the ith column vector of IM . Moreover, the operators
(·)T , (·)∗ and (·)H denote the transpose, conjugate and con-
jugate transpose, respectively. ‖ · ‖ represents the Euclidean
norm of a vector, while ‖ · ‖F represents the Frobenius norm
of a matrix, | · | refers to the modulus of the operand. E(x)
represents the expectation of the random variable x, and
x ∼ CN (µ, δ2) denotes that random variable x is circularly
symmetric complex Gaussian distribution with mean µ and
variance δ2. The set K is defined as K 1

= {1, 2, · · · ,K }.

II. SYSTEM MODEL
A. AMPLITUDE AND PHASE MISMATCH OF
TRANSCEIVER RF CIRCUITS
We consider a downlink single-cell massive MIMO system
operating in TDD mode, in which the M -antenna BS simul-
taneously serves K single-antenna UEs and usually M � K
is satisfied. The whole communication channel of the con-
sidered system comprises not only the wireless propagation
channel, but also the transceiver RF circuits at both ends
of the radio link [14], [21]. Each antenna at BS or UE
has an independent transceiver RF module, which imposes
a random change complex magnification coefficient on the
transmission signal. For notational convenience, we place
these magnification coefficients into diagonal positions of
a diagonal matrix. Let the diagonal elements of Bt and Br
denote the coefficients of RF gain in the transmission and
reception at the BS side, respectively. Likely, the diagonal
elements of Ut and Ur denote the coefficients of RF gain in
the transmission and reception at the UE side, respectively.
All these diagonal matrices are defined as

Br = diag
{
br,1, br,2, · · · , br,M

}
, (1)

Bt = diag
{
bt,1, bt,2, · · · , bt,M

}
, (2)

Ur = diag
{
ur,1, ur,1, · · · , ur,K

}
, (3)

Ut = diag
{
ut,1, ut,2, · · · , ut,M

}
, (4)

where br,m, bt,m (m = 1, 2, · · · ,M) and ur,k , ut,k (k = 1,
2, · · · ,K ) are the complex RF circuit gains, which can be
written as br,m =

∣∣br,m∣∣ eiϕbr,m , bt,m = ∣∣bt,m∣∣ eiϕbt,m , ur,k =∣∣ur,k ∣∣ eiϕur,k , and ut,k = ∣∣ut,k ∣∣ eiϕut,k . The amplitude of the RF
gain is assumed to be of log-normal distribution [16], [27],

denoted as

ln
∣∣br,m∣∣ ∼ N

(
0, δ2b,r

)
,∀m, (5)

where δ2b,r is the mismatch variance of the RF gain in the
reception of BS, and the subscripts b, r in δ2b,r represent
the base reception side. Similarly, we have ln

∣∣bt,m∣∣ ∼
N
(
0, δ2b,t

)
, ln

∣∣ur,k ∣∣ ∼ N
(
0, δ2u,r

)
and ln

∣∣ut,k ∣∣ ∼

N
(
0, δ2u,t

)
. The phase of the RF gain is assumed to be of

uniform distribution [16], [27], which is denoted as

ϕbr,m ∼ U
[
−θb,r , θb,r

]
,∀m, (6)

θb,r is the maximal mismatch phase of RF gain in the recep-
tion of BS. Similarly, we have ϕbt,m ∼ U

[
−θb,t , θb,t

]
, ϕut,k ∼

U
[
−θu,t , θu,t

]
, and ϕur,k ∼ U

[
−θu,r , θu,r

]
.

B. CHANNEL MODEL
As mentioned above, we consider a more practical MIMO
channel consisting of the path-loss effects depending only on
the distance from BS to UEs and the transceiver RF circuit
gains. The whole uplink and downlink channels can then be
expressed as

GU = BrH̃TD
1
2Ut , (7)

GD = UrD
1
2 H̃Bt , (8)

where H̃ =

[
h̃
T
1 , h̃

T
2 , · · · , h̃

T
K

]T
∈ CK×M contains

the independent and identically distributed (i.i.d.) com-
plex Gaussian entries with zero mean and unit vari-
ance, h̃k =

[
h̃k,1, h̃k,2, · · · h̃k,M

]
denotes the k-th row

entries of H̃, and the diagonal entries of diagonal matrix
D = diag {β1, β2, · · · , βK } represent path-loss coefficients.
Notice that D, Ut and Ur are all diagonal matrices, and (7)
and (8) can be written as GU = HUD

1
2 and GD = D

1
2HD,

respectively, whereHU
1
= BrH̃TUt andHD

1
= UrH̃Bt . From

(7) and (8), it can be readily observed that the uplink link
channel is non-reciprocal with the corresponding downlink
channel due to the RF mismatch, i.e., GD 6= GT

U

III. ANALYSIS ON SUM RATE FOR MASSIVE MIMO
SYSTEMS WITH MISMATCH CHANNEL
In this section, by exploiting the two schemes of MRT and ZF
precoding we provide the results of the sum rate for massive
MIMO systems with a mismatch channel. It is known that
the CSI of uplink channel is required at the BS for precoding
in the downlink. We assume that BS has a perfect uplink
CSI, which is a reasonable approximation in environments
with low noise or moderate mobility [24], and has also been
widely used in the literature [9], [21], [24]. It follows that the
corresponding downlink channel by transposing the uplink
channel since the BS operates in TDDmode. After precoding,
the output vector x = [x1, x2, · · · , xK ]T at the BS is given by

x = αWP
1
2 s, (9)
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where W is the precoding matrix exhibiting different forms
according to the MRT/ZF schemes, P is a diagonal matrix
with the diagonal entries [P]k,k = pk denoting the transmis-
sion power allocated to the k-th user, s = [s1, s2, · · · , sK ]T

is the signal vector transmitted to all the K UEs satisfying
E{ssH } = IK , and α is the scaling factor to satisfy the
transmission power constraint E

(
‖x‖2

)
= p, p is the total

transmission power of the BS, i.e., p 1
=
∑K

k=1 pk . From the
property of norm ‖Ax‖2 ≤ ‖A‖2F ‖x‖

2, we have ‖x‖2 =

α2
∥∥∥WP

1
2 s
∥∥∥2 ≤ α2 ‖W‖2F

∥∥∥P 1
2 s
∥∥∥2. Therefore, the equality

α2E
(
‖W‖2F

)
= 1 will meet the above power constraint,

that is

α =
1√

E
{
Tr
(
WWH

)} . (10)

A. ANALYSIS OF SUM RATE WITH MRT SCHEME
With the ideal uplink channel estimation (i.e., (7) can be
accurately estimated), the precoding matrix W for the MRT
scheme can be given as W =

(
GT
U

)H
= H∗UD

1
2 . Substituting

this result into (10), we have

α =
1√

E
[
Tr
(
H̃HE

(
UtU∗t

)
DH̃E

(
BrB∗r

))] , (11)

=
1√

e2δ
2
u,t+2δ

2
b,rTr

[
E
(
H̃H̃H

)
D
] , (12)

=
1√

Me2δ
2
u,t+2δ

2
b,r
∑K

k ′=1 βk ′

. (13)

In (11) we use the property of trace operator Tr (AB) =
Tr (BA) and the commutative property of diagonal matri-
ces DUt = UtD as well as the independence between
Ut and Br , while (12) results from the n-th moment prop-
erty of the log-normal distribution (ln x ∼ N

(
µ, δ2

)
,

x > 0), i.e.,

E
(
xn
)
= exp

(
nµ+

n2σ 2

2

)
, n = · · · − 1, 0, 1, 2, · · · , (14)

which means E
(∣∣ut,k ∣∣2) = e2δ

2
u,t and E

(∣∣br,k ∣∣2) = e2δ
2
b,r .

And (13) is obtained from the property of the Wishart distri-
bution, which is, if H̃H̃H

∼WK (M , IK ) is a K × K complex
Wishart central matrix withM (M > K ) degrees of freedom,
E
(
H̃H̃H

)
= MIK [28].

Defined y = [y1, y2, · · · , yK ]T as the signal vector
received by K UEs in the downlink, then

y = GDx+ n

= αD
1
2UrH̃BtB∗r H̃

HU∗t D
1
2P

1
2 s+n, (15)

where n is a K × 1 noise vector and has the i.i.d. normalized
entries distributed according to CN (0, 1).

The received signal of the k-th UE can be denoted as

yk = α
√
pkβkur,ku∗t,k h̃kBtB

∗
r h̃

H
k sk

+α
√
βk

K∑
j=1,j 6=k

√
βjpjur,ku∗t,jh̃kBtB

∗
r h̃

H
j sj + nk . (16)

The received signal-to-interference-plus-noise ratio (SINR)
of the k-th UE for MRT precoding, denoted by γMRT

k ,
is given by

γMRT
k =

pkβ2k
∣∣ur,k ∣∣2∣∣ut,k ∣∣2∣∣∣h̃kBtB∗r h̃Hk ∣∣∣2

βk
K∑

j=1,j 6=k
βjpj

∣∣ur,k ∣∣2∣∣ut,j∣∣2∣∣∣h̃kBtB∗r h̃Hj ∣∣∣2 + α−2 .
(17)

The ergodic sum rate for the considered system is then
given by

RMRT
= E

[
K∑
k=1

log2
(
1+ γMRT

k

)]
. (18)

The expectation operation is taken over all the channel
realizations of H̃ as well as mismatch variables at UE
side and BS side. To evaluate the ergodic sum rate, we
apply [13, Lemma 1] to (18), which can be translated as

E
[
log2

(
1+ x

y

)]
≈ log2

(
1+ E(x)

E(y)

)
, where x =

∑t1
i=1 xi

and y =
∑t2

i=1 yi are sums of nonnegative random variables
xis and yis respectively, and x and y are not necessarily
independent.

A closed-form expression to approximate the achievable
downlink rate with the MRT scheme is given in Theorem 1.
This result holds for any finite number of antennas and it
can also reveal explicitly the impact of the path-loss and
the RF mismatch variances at two ends of the link on the
performance.
Theorem 1: Using MRT precoding, the achievable down-

link sum rate of theK UEs for the considered massive MIMO
system with the mismatch channel can be approximated as

RMRT
≈ R̃MRT

=

K∑
k=1

log2

1+
pkβ2k

[
3+(M−1) e

−

(
δ2b,r+δ

2
b,t

)]
βk

K∑
j=1,j 6=k

βjpj+e
−2
(
δ2u,r+δ

2
b,t

)
K∑

k ′=1
βk ′

,
(19)

where the notation R̃MRT denotes the approximate sum rate.
From (19), we can see that RF mismatch phases at both the
UE side and BS side has no impact on the downlink sum rate
since (19) is not related to the mismatch phases, and downlink
sum rate does not depend on the RF transmission mismatch
variance—i.e., δ2u,t at the UE side.

Proof: See Appendix.
Corollary 1: For the case of RF mismatch only at the UE

side—i.e., δ2u,r 6= 0, δ2u,t 6= 0, δ2b,r = δ2b,t = 0—the
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approximate sum rate for the system is reduced to

R̃MRT
Umis ≈

K∑
k=1

log2

1+ pkβ2k e
2δ2u,r (M + 2)

βke2δ
2
u,r

K∑
j=1,j6=k

βjpj+
K∑

k ′=1
βk ′

.
(20)

Proof: The proof can be completed by substituting
δ2b,t = 0 into (19).
Corollary 2: For the case of RF mismatch only at the BS

side—i.e., δ2b,r 6= 0, δ2b,t 6= 0, δ2u,r = δ2u,t = 0—the
approximate sum rate for the system is reduced to

R̃MRT
Bmis ≈

K∑
k=1

log2

1+
pkβ2k

[
3+ (M − 1) e

−

(
δ2b,r+δ

2
b,t

)]
βk

K∑
j=1,j 6=k

βjpj + e
−2δ2b,t

K∑
k ′=1

βk ′

.
(21)

Proof: The proof is straightforward by setting δ2u,r = 0
in (19).

B. ANALYSIS OF SUM RATE WITH ZF SCHEME
The precoding matrix for the ZF precoding scheme based
on the ideal uplink channel estimation, W can be written as

W =
(
GT
U

)H[GT
U

(
GT
U

)H]−1
= H∗U

(
HT
UH
∗
U

)−1D− 1
2 . Similar

to the process of solving the power constraint coefficient
of the MRT scheme, substituting this result into (10) and
exploiting the independence among the random variables,
we have

α =
1√

E
{
Tr
[(

H̃BrB∗r H̃H
)−1

E
[(
UtU∗t

)−1]D−1]} .
Note that

E
[(
UtU∗t

)−1]
= E

(
diag

{∣∣ut,1∣∣−2, ∣∣ut,2∣∣−2, · · · , ∣∣ut,K∣∣−2})
= e2δ

2
u,t IK . (22)

Plugging (22) into the above equation yields

α =
1√

e2δ
2
u,tE

{
Tr
[(

H̃BrB∗r H̃H
)−1

D−1
]} . (23)

Combining H̃BrB∗r H̃
H =

∑M
m=1

∣∣br,m∣∣2h̃mh̃Hm (h̃m is the m-

th column vector of H̃) with E
{∣∣br,m∣∣2} = eδ

2
b,r ,∀m and

using the characteristic of Wishart matrices [29], we have

H̃BrB∗r H̃
H
∼WK

(
M , eδ

2
b,r IK

)
, then

(
H̃BrB∗r H̃

H
)−1

has

an inverse Wishart distribution
(
H̃BrB∗r H̃

H
)−1

∼

W−1K
(
M , e−δ

2
b,r IK

)
. According to [29, eq. (39)], we obtain

E
{(

H̃BrB∗r H̃
H
)−1}

= (M − K )−1 e−δ
2
b,r IK . Using this

result, (23) can be simplified as

α =

√√√√ M − K

e
2
(
δ2u,t−δ

2
b,r

)∑K
k ′=1 β

−1
k ′

. (24)

Similarly, the signal vector received by K UEs with ZF
precoding is given by

y = αD
1
2UrFU−1t D−

1
2P

1
2 s+ n,

(25)

where F 1
= H̃BtB∗r H̃

H
(
H̃BrB∗r H̃

H
)−1

. The signal received
by the k-th UE is then given by

yk = α
√
pkβk

ur,k
ut,k

[F]k,ksk + αβk

×

K∑
i=1,i 6=k

√
pi
βi

ur,k
ut,i

[F]k,isi + nk . (26)

Hence, the SINR for the k-th UE with ZF precoding can be
written as

γ ZFk =
pkβk

∣∣ur,k ∣∣2∣∣ut,k ∣∣−2∣∣[F]k,k ∣∣2
βk

K∑
i=1,i 6=k

pi
βi

∣∣ur,k ∣∣2∣∣ut,i∣∣−2∣∣[F]k,i∣∣2 + α−2 . (27)

The ergodic sum rate of the system is then given by

RZF = E

[
K∑
k=1

log2
(
1+ γ ZF

k

)]
. (28)

For the general case of having RF-mismatch at both the
BS and the UE sides simultaneously, the sum rate is very
arduous to be obtained due to random RF circuit gains and
the inverse of the ZF precoding matrix, and it has not yet been
addressed in the literature. Consequently, in the following,
we investigate separately the ergodic sum rate of the system
with ZF precoding for analytical convenience.

1) RF MISMATCH ONLY AT UE SIDE
In this case, δ2b,t = δ2b,r = 0, or equivalently Bt = Br = IM .
Hence, F is reduced to a unit matrix IK , and (27) can be
simplified to

γ ZF
k =

pkβkα2
∣∣ur,k ∣∣2∣∣ut,k ∣∣2 . (29)

Substituting (29) into (28) and then using Jensen’s inequality
E
[
log2 (1+ e

x)
]
≥ log2

(
1+ eE(x)

)
, we can easily obtain

the lower bound on sum rate RZF ≥ RZFUmis with

RZFUmis =

K∑
k=1

log2
(
1+ eln

(
pkβkα2

)
+2E[ln(|ur,k |)−ln(|ut,k |)]

)
.

By setting δ2b,r = 0 in (24) and together with the prop-
erty of log-normal distribution ln

∣∣ur,k ∣∣ ∼ N
(
0, δ2u,r

)
and
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ln
∣∣ut,k ∣∣ ∼ N

(
0, δ2u,t

)
, we obtain the following result

for sum rate, which is given in the following
theorem.
Theorem 2: When ZF precoding is used, the ergodic

downlink sum rate of the system for RF mismatch only at
the UE side can be lower bounded by

RZFUmis =
K∑
k=1

log2

(
1+

(M − K ) pkβk

e2δ
2
u,t
∑K

k ′=1 β
−1
k ′

)
. (30)

From (30), we can observe that RF reception mismatch at
the UE side has no impact on the sum rate of the system.
Clearly, compared (30) with the sum rate for ideal channel

RZFIdeal =
∑K

k=1 log2

(
1+ (M−K )pkβk∑K

k′=1 β
−1
k′

)
, which is obtained by

setting δ2u,t = 0 in (30), RF mismatch at the UE side exclud-
ing phase will deteriorate the sum-rate performance of the
system.

2) RF MISMATCH ONLY AT BS SIDE
In this case, δ2u,t = δ

2
u,r = 0. Like before, (27) and (24) can

be respectively simplified to

γ ZF
k =

pkβk
∣∣[F]k,k ∣∣2

βk
K∑

i=1,i 6=k

pi
βi

∣∣[F]k,i∣∣2 + α−2 (31)

and

α =

√√√√ (M − K )e2δ
2
b,r∑K

k ′=1 β
−1
k ′

. (32)

In the following, we represent [F]k,k in another form for
evaluation convenience.

[F]k,k = eTk H̃BtB∗r H̃
H
(
H̃BrB∗r H̃

H
)−1

ek

= aBrB∗r H̃
H
adj

(
H̃BrB∗r H̃

H
)
ek

det
(
H̃BrB∗r H̃H

) , (33)

where a 1
= eTk H̃Bt =

[
h̃k,1bt,1
br,1

,
h̃k,2bt,2
br,2

, · · · ,
h̃k,Mbt,M
br,M

]
and adj (·) denotes an adjoint matrix. Let C 1

=

BrB∗r H̃
H = [c1, c2 · · · , cK ] ∈ CM×K ; then from (33), we

have

adj
(
H̃BrB∗r H̃

H
)
ek =

[
eTk

(
(−1)p+q det

(
H̃C
)(pq))

K×K

]T
,

where
(
H̃C

)(pq)
is a (K − 1) × (K − 1) matrix with

the same elements as H̃C but with the p-th row and
q-th column removed, (·)K×K denotes a K × K matrix,
and p = 1, 2, · · · ,K , q = 1, 2, · · · ,K . Since eTk A
extracts the k-th row of A, adj

(
H̃BrB∗r H̃

H
)
ek can be

rewritten as

adj
(
H̃BrB∗r H̃

H
)
ek

=

[
(−1)k+1 det

(
H̃C

)(k1)
, (−1)k+2 det

(
H̃C

)(k2)
,

· · · , (−1)k+K det
(
H̃C

)(kK )]T
.

(34)

Substituting (34) into (33) gives

[F]k,k =

∑K
j=1 (−1)

k+jacj det
(
H̃C

)(kj)
det

(
H̃C

)
=

∑K
j=1 (−1)

k+jacj det
(
H̃(k)C(j)

)
det

(
H̃C

) , (35)

where H̃(k) and C(j) correspond respectively to H̃ with the
k-th row removed and C with the j-th column removed.
We further define a new matrix H̃ka, which is obtained
by replacing the k-th row of H̃ with a. Note that H̃ka

with the k-th row removed is the same as H̃ with the k-th
row removed—i.e., H̃ka(k) = H̃(k). Consequently, (35) can be
rewritten as [21]

[F]k,k =

∑K
j=1 (−1)

k+j
[
H̃kaC

]
k,j

det
(
H̃ka(k)C(j)

)
det

(
H̃C

)
=

det
(
H̃kaC

)
det

(
H̃C

) =
det

(
H̃kaBrB∗r H̃

H
)

det
(
H̃BrB∗r H̃H

) , (36)

where the second equality of (36) follows from the property of
expanding the determinant along a row. Following the similar
lines as in the derivation of (36), we can obtain [21]

[F]k,i =
det

(
H̃iaBrB∗r H̃

H
)

det
(
H̃BrB∗r H̃H

) , (37)

where H̃ia is obtained by replacing the i-th row of H̃ with a.
When the number of BS antennas is large enough, combin-

ing (36) with (37) and exploiting [21, Ths. 1 and 2], we can
obtain the approximate rate of the system, denoted by R̃ZFBmis,
which is given in the theorem below.
Theorem 3: When the number of BS antennas is large

enough and ZF precoding is used, the ergodic downlink sum
rate of the K UEs for RF mismatch only at the BS side can
be approximated as

R̃ZFBmis =
K∑
k=1

log2

1+
(M − K ) pkβke

δ2b,t−δ
2
b,rυ2

ζβk
K∑

i=1,i 6=k
piβ
−1
i +

K∑
k ′=1

β−1k ′

,
(38)

17002 VOLUME 6, 2018



X. Wang et al.: Sum Rate Analysis and Power Allocation for Massive MIMO Systems With Mismatch Channel

where υ 1
= sinc

(
θb,t

)
sinc

(
θb,r

)
and ζ 1

=
M−K
M

[
e2δ

2
b,t +

e2δ
2
b,r − 2e

δ2b,t+δ
2
b,r

2 υ

]
. It can be seen from (38) that the per-

formance is related not only to RF mismatch variances at the
BS side but also to RF mismatch phases.

IV. POWER ALLOCATION TO MAXIMIZE
THE ERGODIC SUM RATE
We note that for the mismatch channel, most related works
focused on improving the system performance by a hardware
calibration method. In this work, we attempt to improve
the system performance from another point of view of
resource allocation. Specifically, we optimize the power allo-
cation to adapt the mismatch channel such that the per-
formance can be further improved. Based on the derived
ergodic sum rate expressions, we discuss the optimiza-
tion problems in the above-mentioned cases. To approach
the solution of the non-convex optimization problem,
whose objective function has a difference of convex (d.c.)
structure—we will make use of the following lower bound
inequality [26]:

log2(1+ z) ≥ ξ log2 z+ µ, (39)

which is tight at z = z0 when the approximation constants are
chosen as

ξ =
z0

1+ z0
(40a)

µ = log2 (1+ z0)−
z0

1+ z0
log2 z0. (40b)

A. POWER ALLOCATION FOR MRT PRECODING
The optimal power allocation policy to maximize sum rate
subject to power constraints at BS can be obtained by
solving

P1 : p∗ = arg max
{p1,p2,··· ,pK }

R̃MRT (41a)

s.t.
∑K

i=1
pi ≤ p (41b)

pi ≥ pi,min, ∀i ∈ K, (41c)

where pi,min is the minimal power allocated to the i-th user
such that it can meet the lowest rate requirement of the
i-th user. Clearly, the objective function has a d.c. struc-
ture and hence it is non-convex. It is of importance to
transform this problem into a tractable form. For ease of

exposition, we define b 1
= 3 + (M − 1) e

−

(
δ2u,r+δ

2
b,t

)
, c 1
=

e
−2
(
δ2u,r+δ

2
b,t

)∑K
k ′=1 βk ′ and

zk
1
=

bpkβ2k
βk
∑K

j=1,j 6=k βjpj + c
. (42)

Applying (39) and transformation p̃i = ln pi [30] to P1,
the original problem can be relaxed to the equivalent problem

P2 below,

P2 : p̃∗ = arg max
{p̃1,p̃2,··· ,p̃K }

R̃MRT
LB (43a)

s.t.
∑K

i=1
ep̃i ≤ p (43b)

ep̃i ≥ pi,min, ∀i ∈ K, (43c)

where

R̃MRT
LB =

K∑
k=1

[
ξk log2zk + µk

]
=

K∑
k=1

ξk

[
p̃k − log2

(
βk
∑K

j=1,j 6=k
βjep̃j + c

)]

+

K∑
k=1

[
ξk log2

(
bβ2k

)
+ µk

]
, (44)

ξk and µk are given by (40a) and (40b), respectively. Given
ξk and µk , (44) is concave with respect to the variables p̃ =
[p̃1, p̃2, · · · , p̃K ] since it is the sum of linear and concave
terms within the square brackets (note that log-sum-exp is
convex [??, Sec. 3.1.5]).

However,P2 is still non-convex due to the constraint (43c).
We use the CCCP method, which is widely adopted for
solving the d.c. problem [33], to approximate constraint (43c)
in the n-th iteration by its first-order Taylor expansion around
the current point p̃n−1i obtained from the (n− 1)-th iteration.
According to [32], using the first-order Taylor expansion of
(43c), P2 can be transformed into

P3 : p̃∗ = arg max
{p̃1,p̃2,··· ,p̃K }

R̃MRT
LB (45a)

s.t.
∑K

i=1
ep̃i ≤ p (45b)

ep̃
n−1
i + ep̃

n−1
i

(
p̃i − p̃

n−1
i

)
≥ pi,min, ∀i ∈ K,

(45c)

Obviously, after the above transformation, problem P3
becomes a standard concave maximization problem, which
can be solved efficiently by off-the-shelf solvers—e.g.,
CVX [25]. Note that the last term in (44) is not related to p̃ =
[p̃1, p̃2, · · · , p̃K ] and hence does not impact the optimization
problem and can be omitted.

Once a solution p̃ is obtained, we use the inverse transfor-
mation pi = ep̃i to achieve the solution p to the original prob-
lem. Since we are optimizing a lower bound on the achievable
sum rate, it becomes natural to approach the optimal solution
by using SCAM. Therefore, we propose the following itera-
tive algorithm to solve this convex relaxation problem. This
algorithm does not need a brute-force or heuristic search of
any kind and hence has a low computational complexity.

B. POWER ALLOCATION FOR ZF PRECODING
1) POWER ALLOCATION FOR MISMATCH ONLY AT UE SIDE
In this case, similar to establishing the optimization prob-
lem of MRT precoding, according to (30), the optimization
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Algorithm 1 The Iterative Algorithm to Solve P3

1: Initialize p01, p
0
2, · · · , p

0
K , and compute z01, z

0
2, · · · , z

0
K

according to (42) and p01, p
0
2, · · · , p

0
K , and then compute

ξ01 , ξ
0
2 , · · · , ξ

0
K according to ξk =

zk
1+zk

; set error toler-
ance ε = 10−6 and iteration counter n := 1;

2: do
3: Solving the transformation problem

With the initial parameters, invoke CVX to solveP3 to
obtain the solution p̃n1, p̃

n
2, · · · , p̃

n
K ;

4: Solving the original problem
According to the results in step 3 and pk = ep̃k , com-

pute the solution pn1, p
n
2, · · · , p

n
K to original problem P1;

5: Update parameters
Update parameters zn1, z

n
2, · · · , z

n
K according to (42)

and pn1, p
n
2, · · · , p

n
K in step 4, then update ξn1 , ξ

n
2 , · · · , ξ

n
K

according to ξk =
zk

1+zk
;

6: Increment n := n+ 1;
7: Until convergence—i.e.,

∥∥pn − pn−1∥∥2 < ε

8: Output the optimal results p∗,n1 , p∗,n2 , · · · , p∗,nK

problem can be formulated as

P4 : p∗ = arg max
{p1,p2,··· ,pK }

RZFUmis (46a)

s.t.
∑K

i=1
pi ≤ p (46b)

pi ≥ pi,min, ∀i ∈ K, (46c)

The following theorem gives the solution to this problem.
Theorem 4: The water-filling solution to the downlink

power allocation problem P4 is

p∗k =
(
λ− ηZFUmis,k − pi,min

)+
+ pi,min,∀k (47)

where ηZFUmis,k
1
=

e2δ
2
u,t
∑K

k′=1 β
−1
k′

(M−K )βk
and λ is chosen to satisfy∑K

k=1

(
λ− ηZFUmis,k − pi,min

)+
= p− Kpi,min.

Proof: Let p′i = pi−pi,min for ∀i ∈ K,P4 can be written
as

P4.1 : p′∗ = arg max
{p′1,p

′

2,··· ,p
′
K }

RZFUmis (48a)

s.t.
∑K

i=1
p′i ≤ p− Kpi,min (48b)

p′i ≥ 0, ∀i ∈ K, (48c)

where RZFUmis in (48a) can be written as

RZFUmis =

K∑
k=1

log2
ηZFUmis,k + pk,min

ηZFUmis,k

+

K∑
k=1

log2

(
1+

p′k
ηZFUmis,k + pk,min

)
(49)

According to (49), the water-filling solution to P4.1 is given
by [31]

p′k =
(
λ− ηZFUmis,k − pk,min

)+
. (50)

The substitution of p′k = pk − pk,min into (50) yields the
desired result (47).

2) POWER ALLOCATION FOR MISMATCH ONLY AT BS SIDE
Likewise, according to (38) the optimization problem can be
formulated as

P5 : p∗ = arg max
{p1,p2,··· ,pK }

R̃ZFBmis (51a)

s.t.
∑K

i=1
pi ≤ p (51b)

pi ≥ pmin, ∀i ∈ K, (51c)

Since (51a) still has a d.c. structure, following the similar
lines as in the derivation of P3, P5 can be transformed into
the following problem P6,

P6 : p̃∗ = arg max
{p̃1,p̃2,··· ,p̃K }

R̃ZFBmis,LB (52a)

s.t.
∑K

i=1
ep̃i ≤ p (52b)

ep̃
n−1
i + ep̃

n−1
i

(
p̃i − p̃

n−1
i

)
≥ pi,min, ∀i ∈ K,

(52c)

where

R̃ZFBmis,LB=

K∑
k=1

ξk

[̃
pk−log2

(
βkζ

∑K

i=1,i 6=k
ep̃iβ−1i +

_c
)]

+

K∑
k=1

[
ξk log2

(
_

bβk
)
+ µk

]
. (53)

The associated parameters are defined as
_

b 1
= (M − K )

eδ
2
b,t−δ

2
b,rυ2, _c 1

=
∑K

k ′=1 β
−1
k ′ and

zk =

_

bpkβk
βkζ

∑K
i=1,i 6=k piβ

−1
i +

_c
. (54)

Therefore, P6 can be solved by invoking Algorithm 1 by
computing znk via (54).

V. NUMERICAL RESULTS
Numerical simulations are now conducted to validate the
accuracy of the derived sum rate results and the effectiveness
of our proposed power allocation scheme. Consider a massive
MIMO system with a cell radius of 500 meters, in which
the M -antenna BS is located in the center of the cell and
concurrently serves K = 5 users in the same time-frequency
resource. Without loss of generality, the large-scale shading
coefficients of UEs are assumed to be [β1, β2, β3, β4, β5] =
[0.1, 0.2, 0.3, 0.5, 0.8], and the minimal power required for
the lowest rate is set to be pk,min = 0.1 dB, ∀k .
First, we validate the results with MRT precoding. Fig. 1

illustrates the advantage of our proposed power allocation
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FIGURE 1. Sum rate vs. the number of antennas at BS for MRT precoding
(p = 40dB).

scheme over the equal power allocation in the cases of the
mismatch channel and of the ideal channel

(
δ2b,t = δ

2
u,r = 0

)
respectively. From Fig. 1, we can observe that the analytical
sum rate can match well with the Monte-Carlo result in the
entire antenna range considered, and the sum rate for the
case of the ideal channel outperforms that for the case of the
mismatch channel in the entire antenna range, which shows
that the mismatch channel will deteriorate the sum rate of
the system. Regardless of whether the channel is ideal, our
proposed power allocation scheme is better than the equal
power scheme. In addition, the sum rate increment of our
proposed scheme relative to equal power scheme becomes
more obvious as the number of BS antennas grows large.

FIGURE 2. Sum rate vs. transmission power of BS for MRT precoding
(M = 100).

In Fig. 2, we investigate how the sum rate of the system
changes over the transmission power of BS with two kinds
of power allocation schemes. The comparison between the
mismatched channel and the ideal channel is also considered.
The sum rate for the case of ideal channel still outperforms
that for the case of mismatch channel in the entire trans-
mission power range. For both cases of ideal channel and

mismatch channel, our proposed scheme outperforms the
equal power scheme. The advantage of our proposed scheme
gradually becomes more obvious with increasing BS trans-
mission power. However, when BS operates in the high SINR
regime (i.e., ρ > 15 dB), the sum rate of the systemwill trend
to convergence and the advantage will disappear. The reason
is that when the transmission power becomes large enough,
the mulit-user interference resulting from MRT precoding
becomes large, which in turn restricts the increment of sum
rate and the advantage of our proposed scheme.

FIGURE 3. Sum rate vs. RF mismatch variance for MRT precoding
(p = 40dB).

Fig. 3 depicts how sum rates for two different antenna
configurations (M = 100, 200) are influenced by the RFmis-
match variance. It can be observed that the sum rate will dete-
riorate when the mismatch variance becomes large. This has
further verified that the mismatch channel will deteriorate the
sum rate of the system. This is because the larger mismatch
variance will bring more uncertainty to the channel, which
leads to less effectiveness of MRT precoding. This ultimately
results in the lower performance of the system. In addition,
we can also see that the sum rate with our proposed scheme
outperforms that with the equal power scheme for different
RF variance in the cases of M = 100 and M = 200.
However, the advantage of our proposed scheme, in terms of
the sum rate increment, compared to the equal power scheme
tends to vanish as the variance becomes large. Furthermore,
the system with M = 100 antennas can achieve a very
close performance to that with M = 200 antennas when the
variance is large enough, which means the improvement on
the sum rate obtained through equipping more antennas at
BS will disappear when the variance is large enough. This
indicates that it does not help to improve the sum rate of the
system via increasing the number of antennas or optimizing
users’ power when the channel has high uncertainty.

Fig. 4 illustrates the impact of RFmismatch variance on the
relative gain of sum rate for different antenna configurations.
The relative gain of the sum rate is defined as R∗−R

R , where
R∗ and R denote the sum rates obtained by our proposed
scheme and by the equal power scheme, respectively. It can
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FIGURE 4. Sum rate relative gain vs. mismatch variance for MRT
precoding (p = 40dB).

be observed from Fig. 4 that the relative gain first increases
and then decreases as the RF mismatch variance becomes
larger. Note that the relative gain approaches zero when the
RF mismatch variance is large enough (e.g., δ2 = 2). This
shows that our proposed scheme is no longer better than the
equal power allocation scheme as the channel becomes highly
uncertain, which means that a simple equal power allocation
schememay be a good choice in this case. Another interesting
observation from Fig. 4 is that the larger the number of
antennas, the greater the mismatch variance corresponding to
optimal gain.

FIGURE 5. Sum rate vs. the number of antennas at BS for ZF precoding
(p = 40dB). Case 1 and case 2 with δ2u,r = 1; case 3 and case 4 with
δ2b,r = δ2b,t = 0.5, θb,r = θb,t = 0.

Next, we validate the advantage of our proposed power
allocation scheme with ZF precoding. For convenience of
showing legends in the following figures, we define the fol-
lowing four cases. Cases 1-4 denote UE side mismatch and
equal power allocation scheme, UE side mismatch and our
proposed power allocation scheme, BS side mismatch and
equal power allocation scheme, and BS mismatch and our
proposed power allocation scheme, respectively. In Fig. 5,
we plot the changes in the sum rate of the system with the

number of antennas at BS for for the above four cases. It is
observed from Fig. 5 that our proposed analytical results on
sum rate can still match well with the Monte-Carlo results
in the whole antenna range for all the four cases. Similar
to MRT precoding, the use of large-scale antennas can also
bring significant improvement in spectral efficiency for ZF
precoding. Although we set δ2b,r = δ2b,t = 0.5 < δ2u,r = 1,
the sum rate obtained for BS side mismatch is much smaller
than that for UE side mismatch, which has further verified the
conclusion that the BS side mismatch has a more important
impact on system performance than UE side mismatch. How-
ever, after allocating the BS’s power to the UEs with our
proposed algorithm, the sum rate for the BS side mismatch
can be improved significantly.

FIGURE 6. Sum rate vs. transmission power of BS for ZF precoding
(M = 100). Case 1 and case 2 with δ2u,r = 1; case 3 and case 4 with
δ2b,r = δ2b,t = 0.01.

Fig. 6 shows the lines that the sum rate of the system
changes with the transmission power of BS for the four
cases. Similar to Fig. 5, there is a precise match between
our analytical results of the sum rate and the Monte-Carlo
results for all the cases. Moreover, for the cases of UE side
mismatch and BS side mismatch, enhancing the transmission
power of BS both can help raise the sum rate of the system.
In addition, the sum rate for the case of UE side mismatch
can acquire nearly linear growth as the transmission power of
BS increases, while the growth of the sum rate for the case of
BS side mismatch gets slower when the transmission power
is high. However, by using our proposed scheme, the sum rate
for the case of BS side mismatch can be greatly improved in
the high transmission power regime.

Fig. 7 illustrates the impact of RF mismatch variance on
sum rate. It can be seen that the sum rate for the case of UE
side mismatch decreases linearly as the mismatch variance
gradually grows from zero, whereas the sum rate for BS side
mismatch experiences a sharp decline and rapidly converges
to zero, which once more verifies the conclusion that the BS
side mismatch has a greater impact on system performance
than the UE side mismatch. However, our proposed power
allocation scheme can prevent this degradation trend to a
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FIGURE 7. Sum rate vs. RF mismatch variance for ZF precoding (p = 40dB,
M = 100, θb,r = θb,t = θu,t = 0).

great extent. Besides, we can further see that the sum rates
of the system for the two cases of BS side match and UE
side match (i.e., δ2b,r = δ2b,t = δ2u,t = 0, θb,r = θb,t =

θu,t = 0) are the same when both adopt an equal power
allocation scheme. This is because the two case are essentially
equivalent to each other under the same ideal channel, so the
sum rates for both cases are expected to be equal.

FIGURE 8. Sum rate vs. RF mismatch phase for ZF precoding (p = 40dB,
M = 100, δ2b,r = δ2b,t = δ2u,t = 0.5).

In Fig. 8, we investigate the impact of RF mismatch phase
on the performance of the system. It is observed from Fig. 8
that RF mismatch phase at the BS side still has a significant
impact on the sum rate of the system for fixed variances
(δ2b,r = δ2b,t = 0.5). When the mismatch phase at BS
increases from zero, the performance of the system will also
suffer significant deterioration. However, the sum rate for the
case of BS side phase mismatch is fundamentally different
from the case of the UE side phase mismatch. Specifically,
the sum rate holds constant for any mismatch phase at UE
side since the sum rate expression (30) does not include this
parameter. Therefore, it is necessary to concentrate only on
performing calibration at the BS side rather than the UE side.

FIGURE 9. Sum rate relative gain vs. transmission power of BS
(δ2b,r = δ2b,t = 0.01, δ2u,t = 1, θb,r = θb,t = θu,t = 0).

To conclude this section, in Fig. 9 we study how the relative
gain of sum rate is affected by the transmission power of BS.
The definition of relative gain is the same as in Fig. 4, and
cases 1 and 2 in the legend of Fig. 9 represent the case of UE
sidemismatch and the case of BS sidemismatch, respectively.
As shown in Fig. 9, the relative gains under three different
antenna configurations (i.e., M = 100, 200, 300) always
drop for case 1 as the transmission power of BS increases.
The main reason is that from Fig. 5 and Fig. 6, the rate
difference of the two schemes does not significantly increase
with increasing transmission power. However, for the sum
rate in case 2, the relative gains under three configurations
first decrease and then increase with increasing transmission
power. This phenomenon can be explained by virtue of the
lines of sum rate for BS side mismatch in Fig. 6. When
increasing transmission power, the growth of sum rates of the
equal power scheme shows a marked increase in the range
of low power; however, it slows down in the range of high
power, and at the same time, the sum rate can be greatly
improved after adopting our proposed scheme. According to
the definition of relative gain, it is not difficult to understand
such a phenomenon.

VI. CONCLUSIONS
In this paper, we have investigated downlink massive MIMO
systems considering both large-scale and small-scale fading
effects as well as transceiver RF mismatch effects. Closed-
form expressions on the ergodic sum rate using MRT and
ZF precoding have been derived. The results can offer
useful insights into the impact of the RF mismatch param-
eters and path-loss on the sum rate. Based on the derived
results, we have further investigated the power allocation
scheme to maximize the system sum rate. The water-filling
solution has been given to solve the simplest case of UE
side mismatch with ZF precoding, while for other cases,
we have proposed an iterative algorithm to obtain near-
optimal power allocation performance. Extensive simulation
results have validated the accuracy of the derived analytical
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results and the effectiveness of our proposed power allocation
scheme. Furthermore, simulations have also demonstrated
that, for ZF precoding, the case of RF mismatch only at BS
side can reap significant improvement in spectrum frequency
over that only at UE side when our proposed scheme is
adopted.

Appendix
Proof of Theorem 1
Obviously, the expectation of the numerator and denominator
of (17) must be taken when applying [31, Lemma 1] to (18).
To this end, we first calculate the expectation of the numera-
tor, denoted by Nu, in (17).

E (Nu) = pkβ2kE
(∣∣ur,k ∣∣2)E (∣∣ut,k ∣∣2)E [∣∣∣h̃kBtB∗r h̃Hk ∣∣∣2]

= pkβ2k e
2δ2u,r+2δ

2
u,tE

[∣∣∣h̃kBtB∗r h̃Hk ∣∣∣2] , (55)

where (55) is the direct result after using (14).
The expectation term in (55) is calculated as follows.

E
[∣∣∣h̃kBtB∗r h̃Hk ∣∣∣2]

=

M∑
m=1

E
(∣∣∣h̃k,m∣∣∣4∣∣bt,m∣∣2∣∣br,m∣∣2)

+

M∑
m=1

M∑
m′ 6=m

E
(∣∣∣h̃k,m∣∣∣2∣∣∣h̃k,m′ ∣∣∣2bt,mbt,m′b∗r,mb∗r,m′)

= 3Me2δ
2
b,t+2δ

2
b,r +M (M − 1) eδ

2
b,t+δ

2
b,r

= Meδ
2
b,t+δ

2
b,r

(
3eδ

2
b,t+δ

2
b,r +M − 1

)
. (56)

Note the independence among the random variables; the sec-
ond equality in (56) results from (14) and the fourth moment
property of normal distribution E

(
x4
)
= µ4

+ 6σ 2µ2
+ 3σ 4

if x ∼ N
(
µ, δ2

)
as well as the properties E

(
bt,m

)
=

E
(∣∣bt,m∣∣) eiE(ϕtb,m) = e

1
2 δ

2
b,t , E

(
bt,m

)
= E

(
bt,m′

)
= e

1
2 δ

2
b,t ,

E
(
b∗r,m

)
= E

(
b∗r,m′

)
= e

1
2 δ

2
b,r . Plugging (56) into (55)

follows as

E (Nu) = Mpkβ2k e
2δ2u,r+2δ

2
u,t+δ

2
b,r+δ

2
b,t

(
3eδ

2
b,r+δ

2
b,t+M − 1

)
.

(57)

Next, we begin to compute the expectation of the denomi-
nator in (17). Let F denote the first term of the denominator;
the expectation of F is derived as follows:

E(F) = βk
K∑

j=1,j 6=k

βjpjE
(∣∣ur,k ∣∣2∣∣ut,j∣∣2∣∣∣h̃kBtB∗r h̃Hj ∣∣∣2),

= βke2δ
2
u,r+2δ

2
u,t

K∑
j=1,j6=k

βjpj

[
M∑
m=1

E
(∣∣∣̃hk,mbt,mb∗r,mh̃∗j,m∣∣∣2)

+

M∑
m=1

M∑
m′=m

E
(
h̃k,mbt,mb∗r,mh̃

∗
j,mh̃k,m′bt,mb

∗
r,mh̃

∗

j,m′

)]

= βke2δ
2
u,r+2δ

2
u,t

K∑
j=1,j6=k

βjpj
M∑
m=1

E
(∣∣∣h̃k,mbt,mb∗r,mh̃∗j,m∣∣∣2)

= βke2δ
2
u,r+2δ

2
u,t

K∑
j=1,j6=k

βjpj
M∑
m=1

E
(∣∣bt,m∣∣2)E (∣∣b∗r,m∣∣2),

(58)

where the third equality in (58) is obtained from the indepen-
dence among random variables and the zero mean property
E
(
h̃k,m

)
= E

(
h̃∗j,m

)
= 0, whereas the last equality in

(58) follows from E
(∣∣∣h̃k,m∣∣∣2) = E

(∣∣∣h̃∗j,m∣∣∣2) = 1. After

using the property of the log-normal distribution, (58) can be
simplified as

E (F) = Mβke
2
(
δ2u,r+δ

2
u,t+δ

2
b,r+δ

2
b,t

) K∑
j=1,j 6=k

βjpj. (59)

Substituting (57), (59) and (13) into (18) and applying
some algebraic manipulations, we can obtain the desired
result (19).
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