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ABSTRACT This paper addresses the problem of global state feedback stabilization for a class of genuinely
nonlinear systems with a time-varying power. By revamping the so-called adding a power integrator
technique and the homogeneous domination approach, a new design method called interval homogeneous
domination approach is proposed to delicately design a state feedback control law that renders the nonlinear
systems globally asymptotically stable. The novelty of the proposed scheme owes to the systematic fashion
that provides a distinct perspective to solve the stabilization problem for the nonlinear systems with a
time-varying power.

INDEX TERMS High-order nonlinear systems, adding a power integrator, homogeneous domination, global

stabilization.

I. INTRODUCTION

The past decades have witnessed a rapid advance on research
of efforts aimed at the development of systematic analy-
sis and design approaches for nonlinear control systems.
A large number of works published in the literature have been
dedicated to the problem of global stabilization for various
nonlinear systems (see, e.g., [1]-[14], and the references
therein). In this paper, the primary objective is to investigate
the problem of global state feedback stabilization for a class
of genuinely nonlinear systems described by

X1 = 0P 4+ ¢1(x, 1, u)

et = [P + g1 (X, 1, 1)
= [P 4 a(x, 1, 1) (1

where X = (x1,...,x,)) € R" and u € R are the system
states and control input, respectively. For i = 1,..., n, the
nonlinearity ¢; : R” x Rt x R — R is a continuous
function. The time-varying function p : Rt — [p,p] C R
with 1 < p < p, which is called the power of the Sys-
tem (1), is a continuous bounded function, and the power sign
function [-|%?) is defined as [-]*® := | . |*@sign(-) for a
continuous function & : R™ — RT.

When the power p(¢) is a fixed constant, the system (1) is
called a high-order nonlinear system (i.e., nonlinear systems
in p-normal form) in the literature [15]. Due to the existence
of uncontrollable/unobservable linearization around the ori-
gin, the stabilization problem of high-order nonlinear systems
has been recognized as a challenging problem in the field
of nonlinear control. Fortunately, with the aid of the tech-
niques of adding a power integrator [16] and homogeneous
domination [17], many approaches have been proposed in
the past two decades (see, e.g., [16]-[26]) to overcome the
topological obstruction to the stabilization problem of high-
order nonlinear systems, in which the power is assumed to
be a fixed constant. However, in practice, the power p(t)
might vary for different operation conditions. For instance,
the reduced-order dynamical model of a boiler-turbine unit
in [27] can be expressed as

i1 = ar[x )P + ¢1(x1, u)
X2 = axxy + ¢ (u) 2)

where a; and a, are constant parameters, ¢(-) and ¢,(-) are
continuous nonlinear functions, and the power p(¢) is varying
in time since this power is usually estimated/identified from
operational data obtained from a power plant; two typical
values of p(¢) are p(t) = 1.072 [27] and p(¢) = 1.031 [28].
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Another example can be found in [29], in which an under-
actuated weakly coupled mechanical system was considered
and it may involve time-varying powers because of potential
performance deterioration of a hardening spring.

Due to the existence of the time-varying power p(t), it is
not surprising that most of the existing results [16]-[26]
dealing with the stabilization problem for systems with fixed
(constant) powers are inapplicable to the system (1). Specit-
ically, the main obstacles in constructing stabilizers for the
system (1) lie in two aspects: (i) Based on the adding a power
integrator technique [16]-[22] and/or homogeneous domi-
nation approach [23]-[26], the selected Lyapunov functions
inevitably include the (time-varying) power of the system (1);
thus, the associated design method is no longer workable
for constructing stabilizing control laws, and the claimed
stability conclusion is in general not satisfied. (ii) Because
the power p(t) is time-varying, the system (1) is intrinsically
time-varying (non-autonomous) and more complicated. New
perspectives and/or mathematical techniques should be devel-
oped for the control law design, as well as stability analysis.
For these critical reasons, the global stabilization problem for
the system (1) is exceptionally challenging and much more
difficult than the case when the power p(?) is fixed.

In this paper, we aim to tackle the obstacles mentioned
above and shall provide a solution to the problem of global
state feedback stabilization for the system (1). By extending
our previous results [30], which considered the power p(¢)
with p = 1, we develop a new design strategy called interval
homogeneous domination approach so that a state feedback
globally stabilizing control law can be constructed for the
system (1) with the power satisfying p < p(¢#) < p. Thus,
the proposed scheme is applicable to a more general class
of nonlinear systems. It should be pointed that the extension
is nontrivial because in the case of p > 1 the system (1)
is a pure high-order system [16] and the design procedure
together with stability analysis becomes more complicated
and difficult. To overcome this difficulty, a change of coor-
dinates with tunable parameters will be firstly constructed
to acquire a transformed system. Based on the transformed
system, a state feedback globally stabilizer will be organized
for the transformed nominal system by revamping the tech-
nique of adding a power integrator [19]. Finally, the newly
developed technique, i.e., the interval homogeneous domi-
nation approach, will be fulfilled by an exquisite selection
of the parameters equipped in the coordinate transformation
to construct a state feedback stabilizing control law for the
transformed system; equivalently, in the original coordinate,
the resultant control law will globally stabilize the system (1).

Notations: For easy reference, the notations used through-
out this paper are summarized as follows. R denotes the set of
all real numbers, R the set of all nonnegative real numbers,
and R” represents the Euclidean space with dimension n. For

o) e B x| = Y

For a scalar continuous function & : RT — R*, [y|*® :=
ly|“@sign(y) where sign(y) = 1ify > 0, sign(y) = 0ify = 0

a real vector x = (xp, .
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and sign(y) = —1 if y < 0. Finally, p(¢) is the time-varying
power of the system (1), where p(7) satisfies p < p(t) < p
with1 <p <p.

Il. PRELIMINARIES AND TECHNICAL LEMMAS
To begin with, we recall the definition of interval homogene-
ity which is initially proposed in [30] by generalizing the idea
of traditional weighting homogeneity [31]-[33].

Definition I [30]: A continuous vector-valued function
f : R" x R" x R — R" denoted by f(x,7,u) =
Aix,t,u), ... . fux,t,u)’ withx = (x1,...,x) € R”
is said to be interval homogeneous of interval homogeneity
degree [z, T] with respect to the weights (71, ..., 1, Fu+1)
andr; > Oforalli =1, ..., n+ 1if there exists a continuous
real-valued function 7 : R — [z, T] such that

FieMx1, o, €y, 1, &) = T Of(x, 1, )

forallx e R, reRT,ueR, e >0andi=1,...,n

Definition 2 [30]: A nonlinear system x = f(x, ¢, u) with
f:R" x Rt x R — R"is said to be interval homogeneous
of degree [z, 7] if f(x, ¢, u) is continuous and interval homo-
geneous of interval homogeneity degree [z, T].

Next, we list some useful lemmas that will be used fre-
quently throughout this paper. The detailed proofs of the
first three lemmas can be found in the literature, such
as [34]-[36].

Lemma 1 [34]: Let k(t) be a continuous real-valued func-
tion satisfying k(z) > 1 for all t+ € R. The following
inequality holds for any ¢, x1, x € R:

e MO = [ 40| < k() (207242)

x (e =2l 4 [xi =zl 0

where |x[¥O~1 .= 0if x, = 0 and k() = 1.

Lemma 2 [35]: Let ki, ko and g be continuous real-
valued functions. The following inequality holds for any
t,x1,x € R:

1y [0y [20) < ki(t)g(x1, x2) PRIGEE0
T k() + k()
_ho
ka(t)g 20 (x1, x2) Ly 11O+ (0)

ki(#) + ka(2)
Lemma 3 [36]: Let k be a continuous real-valued func-

tion. The following inequality holds for all # € R and x; € R
withi=1,...,n:

(il + -+ D' < max (1,4401)

§ Q,xl O 4o 1),
The lemma listed below contributes to a powerful tool for
the stability analysis in this paper.
Lemma 4: Let g and k be real-valued functions. If the
function k(-) satisfies that k < k() < k, then the following
inequality holds for all x € R" and 7 € R:

g
1+ g% k)

§Ox) >
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Proof: Indeed, we only need to prove the case of
g(x) > 0. By direct calculation, one has

k(1) +k < k+k < 2k + k().
With this inequality in mind, one can verify that
y ) < M) + 2 O).

This completes the proof. [ |

Remark 1: Lemma 4 is crucial in the subsequent stability
analysis due to the following two aspects. (i) It provides an
effective lower bound of a power function, which is exploited
to dominate time-varying properties of the power function.
(ii) It gives an insight into the satisfactory solution for multi-
ple nonidentical time-varying powers.

Ill. MAIN RESULTS
Without doubt the global stabilization problem of the sys-
tem (1) is achievable only under certain conditions on the
power p(t) and nonlinearities ¢;(X, 7, u)’s. Thus, we impose
the following assumptions:

Assumption 1: For the bounds p and p in the system (1),
the following inequality is satisfied: -

(-
(1+£+E2+...+pn—2>

P—p =

for a constant 0 < k¥ < 1.
Assumption 2: There is a real constant ¢ > 0 such that

n
picx, 1wl < e x Y
i=1
forallx e R, t e Rt,ueRandi=1,...
the power of the system (1).

It is worth noting that Assumption 1 presents a restriction
on the magnitude of the power p(t) (i.e., the distance between
p and p) so that the existence of a stabilizing control law for
the system (1) can be guaranteed; that is, we only consider the
system (1) with a bounded time-varying power. Assumption 2
gives a growth condition of ¢;(x, ¢, u) (i.e., the upper bounds
of ¢i(x, t, u)) that is frequently used in the literature [16], [37]
with a fixed power p(¢).

In the case when ¢;(x,t,u) = O foralli = 1,...,n, one
can find from Definition 2 that the system (1) is interval
homogeneous of degree [p — 1, p — 1] with respect to the
weights -

, n, where p(t) is

¥n, rn+l):(17--~,171)-

In addition, Assumption 2 implies that ¢;(x,?, u)’s are
bounded by the interval homogeneous functions with inter-
val homogeneity degree [z, T] with respect to the weights
(1,...,1). Thus, in the case when ¢;(x, t, u) # 0 for some
i € {1,...,n}, the nature of interval homogeneity of the
system (1) can be appropriately utilized so that the influence
of the nonlinearities ¢;(X, ¢, )’s is dominated delicately by
interval homogeneous parts of the system (1); this process

(ri,r, ...,
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is called interval homogeneous domination. To this end,
consider the following change of coordinates:

Xi . u
=", i=1,...,n andv=— 3
Zi o i n, and v e 3)
where
g =gV g2l
a(j) = Z}’;‘ﬂp, 020, j=1,...n @&

and £; > 1 is a gain parameter to be determined later. Note
that, the coordinate transformation together with the gain
£1 > 1 given by (3)—(4) plays a key role in constructing a
global state feedback stabilizer for the system (1). From the
relation (4), the following is easy to verify:

Gy TR G Ox i
1

i+1 —
gWH Sonmzowp
_ Q(lp(t)—g)/g
>1 5
and
(t) P
A
Lic1 T Lia
Z’ 0P /P2
- 221:%11’11"‘2
1
4
=4 (6
ori = 1,...,n — 1. Under the new coordinate —(4),
for i 1 1. Under th di 3)-4)

the system (1) can be equivalently described as

2= TP (121 zn st vE)
p(t)
. _ e a1, vE
P = n ll—Zan([)+¢n 1, 21 n~n—1 n)
n—2 L2
) o By 20y e v Znn—1, V&
2, = n l_va(;)+¢n( 1 n~n—1 n). 7
n—1 L1

With the transformed system (7) in mind, in what follows
we first show that there is a state feedback control law that
globally renders the nominal system of (7), i.e., the system (7)
with ¢;(x,t,u) =0 foralli =1, ..., n, globally (uniformly)
asymptotically stable. Then, by delicately choosing £; for
i = 1,...,n, a scaled globally stabilizing control law will
be constructed for the system (7); that is, equivalently, in the
original coordinate, a globally stabilizing control law can be
obtained accordingly for the (original) system (1).
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A. STABILIZING CONTROL LAW FOR THE
NOMINAL SYSTEM

In this subsection, we consider the nominal system of (7)
which takes the form of

21 = &0 p®

(1)
o Tl

= 20172
Sﬁ([)
n = v]P®, 8
w=g vl (3)
Clearly, (8) is interval homogeneous of degree

[p — 1,p — 1] with respect to the weights (1,1,...,1).
The following theorem claims that the global stabilization
problem of (8) is solvable by a state feedback control law.

Theorem 1: There always exists a state feedback control
law that renders the nominal system (8) globally (uniformly)
asymptotically stable.

Proof: This proof is based on an inductive argument
that simultaneously constructs a positive definite and proper
Lyapunov function and a globally stabilizing control law for
the nominal system (8).

First Step: Select the following positive definite and
proper! Lyapunov function

Vi) = 22
1Z1) = 2Z1
which is smooth. Then, denoting &; := z1, we derive
Vi) = 2015100 + 0% (1227 - 123170)

where 73 is a virtual control law. Clearly, the virtual control
law

Z;Z_,Blzl With,Bl =nz= 1

yields

i) = % -z + 0% (120 — 170)

—2fOnle PO+ 200% (1220 - [2570).
©)

Inductive Step: Suppose that at step k with
k € {1,...,n — 1}, there exist a smooth positive definite
and proper Lyapunov function Vi (z1, ..., zx) and the virtual
control laws z7, ..., zi, z; |, denoted by

A

IA

71=0 &=z —2}
% = —&1p1 b=20—-12
= —&_1Pr—1 k=% —2
G = —EBr Erv1 =241 — g (10)

TA nonnegative function V : R” — R is said to be proper if for any b > 0
the set V_l([O, b]) C R" is compact in R”.
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with constants 81 > 1, ..., B > 1, such that

k 2[7([)
J2k) < —(n—k+1) x Z £l_|§i|p(t)+l

i=1 i

Vi(zi, ...

p(1)
(TP = 1 ).

Lk
(11

Clearly, (11) reduces to (9) when k = 1. We claim that (11)
also holds at step k + 1. To verify this, we set

+

2
L) + E"T“ (12)

Vir1@1s -5 ze+1) = Vi(zt, - -
which is smooth, positive definite, and proper. Then, it fol-
lows from (8) and (11) that
Vier1(@1, - s Zkt1)
k S‘l.)(t)
<—(n ) ; ol
2]7([)
+E g (FZk+1Jp(') - fZZ+1Jp('))

L1
k  gkpp® o)

+ J J zin |[PO 4 ZhtL 25 PO
j:ZI oaat SEIE R i st SR
SP(Z)
k+1

e (Taesa ) = 1720) (13)

where B}‘ = BrPr—1---Bjand zf 42 is a virtual control law.
In order to proceed further, an estimate for each term in the
right-hand side of (13) is necessary.

First, by Lemma 1, we have

< |8l x ’[-Zk+ljp(t) — [, PO
< p(t) (2”(’)_2 + 2) & |
x (186117 4 | B0 @)

< et (1661 18 PO + 1870 181])  (14)

for a constant cx41 > 0. Using Lemma 2, one can further find
from (14) that

& (o = [, 77)

1 |
< Lot 4 Pl PO ( : )m |41 PO
— 4 pt)+1 p)+1
(1)+1
ot 1 i £ P\ |&1 [P0
4 p)+1 \p@)+1

1 N

<5 & PO 4 Gy (g PO (15)

for a constant ¢x41 > 1.
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Next, from (5) and (10), it is easy to verify

k gk ap()
Z b5 Et1 [7j41 70
j=1 !
k k p(t)
Z §k+1 2117
k AL
=X S gl (61 + g )

for a constant byy; > 1. Using Lemma 2 and the fact
described in (5), it is not difficult to find that

k ’3](217
2 e

j=1

et [g+1] P

k SP(T)

bk+1
X pt)+1 4 K k p(t)+1 16
el e POt (o

=

N =

for a constant l;k+ 1> 1.
Substituting the above estimates into (13) and using the
relation of (5), one has

k  ap@)

iy
JZk+1) < —(n—k)x Z 2’—

=1 i

Vit - - | PO+

VAR _
4+l (5k+1 + bk+l) | [P
Lk
p(1)
k+1 *
&1z
Sk + k+2
2P<t>
NRL ALY (ka+2Jp<’) — FZ?QHJP('))-

Lk
7)

+ JP(Z)

Thus, the virtual control law of the form

ZZ+2 = —ﬂk+1$kj-1
with  Bry1 = (Cry1 + b1 +n—k) > 1

renders that

Vi1 @1y - ooy Zkg1)
k Ep(t)
< —( ) E T |&:]

=1 i
p(1)

kY -
k41 [~
+—t (Ck+1+bk+1)|§k+1|”(’)+l
L
p(t)
+ 2 T Brg1Era1 PO

Lk
p(t)
e (Taesa ) = 1,2070)
k+1 f)(t) 41
<-(n k)x;&_”a
p(1)
+ glékﬂ (ka+2Jp(') - fZZ+2Jp(’)) (18)
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in which we have used the fact of ,BP( ) > Br+1 > 1. Asa
result, (18) completes the inductive proof and (11) holds at
step k 4+ 1. From Inductive Step, one can conclude that (18)
holds forall k = 1,...,n — 1, with a set of virtual control
laws (10).

Last Step: At step k = n with [z,41]??) := v, one can find
that there exist a virtual control law

Z:.H = —Bué, with g, > 1
and a smooth positive definite and proper Lyapunov function
52
V(@) = Vi-1(z1, .., 2p—1) + 7” (19)
such that
S Sl')(t) (1)+1
V 7)< — _ .|P! H+
w(2) < ; o léi
SP(’)
ot (v 0) o)
n—1
where z = (z1, ..., z,)] € R™. Simply choosing
V= Za
= —Buén
= —fn (Zn + Bn—1Zn—-1 + Bn—1Bn—2zn—2 + - -+

+BamtBamz e Bic ) @

it is easy to deduce from (6) and (20) that
n qpt)

. £
Va@) = =3 S l&lr

=1 ~i—1
p
< —gf (I PO 1O o PO

(22)
Now, applying Lemmas 3 and 4 to the inequality (22) yields
p —
Vo) <~ (sl Il e 8D
n — - —_ .
P AL+ (&1l + 1€l +- -+ &P

It is obvious that the right-hand side of the above inequality
is continuous and positive definite (with respect to x € R").
Therefore, one can conclude that the control law (21) is a
globally (uniformly) stabilizing control law for the nominal
system (8). |

B. INTERVAL HOMOGENEOUS DOMINATION APPROACH

In this section, we shall show that under Assumptions 1 and 2,
the problem of global state feedback stabilization for the
system (7) is solvable. Specifically, by fulfilling the interval
homogeneous domination, i.e., the process of suitably scaling
the gain £1, a state feedback control law will be constructed to
globally stabilize the perturbed system (7). To see this, we set

f(z,1) = (fi(z, 1), /22, 1), ... [z, )"

T
2[7(1‘) Sp(l)
=(2’1"’)rzsz<’>,é—fzsy’(”,..., "y
1

2,17]
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and
®(z,t,v) = (P1(z,1,v), Doz, 1,V), ..., Pp(z, t,v)]
_ (¢>1(-) $20) ¢n<->)T

p p vt P
£ 05 S

It is straightforward to verify that the closed-loop system (7)
and (21) can be expressed in the following compact form

i =1z, 1)+ £1®@, 1, v). (23)
In addition, from Assumption 1, it is not difficult to show that
- -
_ /m=0 p" Z:n=10 p"

pa(j—1)—pa) =p 2 LA

= pi—2
— i—2
(P _1_7> (Zinzolim) -1
< :
- pl—2
. '
= (24)
forallj = 2,...,iand i = 2,...,n. Before proceeding,
we first introduce a proposition whose proof is included in
the Appendix.
Proposition 1: For any j = 2,...,k,k + 1 with k €
{1, ..., n}, there exists a constant 7r; > 1, which is indepen-

dent of p(t), such that

2 PO - PO <y x (16 PO 4+ 15 P0).
Now, by Assumption 2, Proposition 1, (6), (10) and (24),
one can verify that

i) 1 I
| = v |5l + 5 x Y I1gglh?
L L i j=2
< L (1P + -+ )
]7"
I
Y
< L (16170 + -+ 16P©) (25)
£
foralli =1, ..., n and for a constant y > 0.

With the aid of (23) and (25), we are now ready to present
our main results.

Theorem 2: Suppose that Assumptions 1 and 2 are satis-
fied. There exists a state feedback control law that renders
the system (7) globally (uniformly) asymptotically stable.

Proof: Choose the same Lyapunov function V,(z) given
by (19). One can deduce from (22) and (23) that

dVa(2) Vau(2)
R e

Vu(z) = ®(z,t,v)

z
P
—f (16 PO 1O

oV,
n £§ (z)

IA

®(z,1,v). (26)
z
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We further analyze the right-hand side of the inequality (26).

By a straightforward calculation, one has
oV,(z)
0z

<&l +Brlgal+ -+ Bu1Bn2--- B1) &l

+l&l+ B2 1&1+ -+ (Bu—1Bn—2--- B2) &l
+---+ |$n—l| + .Bn—l |$n| + |$n|
<o (&1l+---+1&D (27

for a constant & > 0. Besides, it is also easy to deduce
from (25) that

$1)| | |920) Gn(-)
lo@ el < | 257+ |52 + o+ |25
1 2 | "
< %IE] PO+ % (|g1 PO 4 |§2|p(r)> +..
d P
»Qf } 21*
+2 (18P0 + 18P 41, 7)
e
<L (Iéll"(’)+---+|€n|”(”) (28)
E”
1

for a constant y > 0. With the facts from (27) and (28) in
mind, it follows from (26) and Lemma 2 that

Va(z) < —£7 <|g:1 O Ii;‘nl”")“)

+g8

H@H « @G 1, )]
YA

0
=i 1- % (|g1 PO g I?Enll’(’)*‘)
v

(29)
for a constant p > 0 (noting that p > 0 when y > 0). Now,

by choosing

P
£1 > max P K’ 1 (30)
- 1—2

with an arbitrary real constant 0 < A < 1, we have

Va(@) < —ag] (|§1 PO+ L g0+ L4 IEnI”(’)“>.
31

Using Lemmas 3 and 4, it can be deduced from (31) that

~ p+l1
iy < 251 (el ol bt gD
P\ (&l + 2l + o+ )7

where the right-hand side of the above inequality is contin-
uous and positive definite (with respect to x € R"). On the
basis of the derivations given above, one can conclude that
the closed-loop system (7) and (21) is globally (uniformly)
asymptotically stable if £1 and £; for alli = 2,...,n are
selected according to the relations (4) and (30). |
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Remark 2: Tt is worth pointing out that, in the existing
results [16]-[26], a common strategy for global stabilization
design is to select a Lyapunov function that involves the
power; however, such a design is inapplicable to the sys-
tem (1) since the resultant Lyapunov function including the
time-varying power p(t) will produce obstacles preventing
us from constructing a global stabilizer. Instead of using
Lyapunov functions with the power p(¢), the interval homo-
geneous domination approach developed in this paper guides
us to adopt a Lyapunov function, as shown in (19), which is
independent of the time-varying power. Besides, by the inter-
val homogeneous domination approach, the tedious process
in estimating the nonlinearities during the stabilizing control
law design can be avoided skillfully. Compared to [16]-[26],
our approach not only avoids the usage of Lyapunov functions
with the power p(¢) but also provides an innovative way to
achieve the global stabilization for the systems with a time-
vary power.

Remark 3: 1t should be also emphasized that the design
parameters f; and £; can be determined by a systematic
manner. With the recursively selected 8; and £;, the resultant
control law will globally stabilize the system (1). Specifically,
the gain (parameter) £, which leads to a recursive selection
of £ for all i = 2,...,n, is intentionally introduced to
enlarge the influence of the interval homogeneous parts
of the system (1) and reduce the effects of nonlinearities.
By suitably selecting the gain £; > 1 (i.e., performing
interval homogeneous domination), system nonlinearities
can be dominated/compensated perfectly by the interval
homogeneous parts.

IV. EXTENSION
In this section, we will show that the technique presented
previously can be further extended to fulfill the global state
feedback stabilization problem for a more general class of
nonlinear systems. To be more specific, the presented scheme
can be used to cope with the system (1) whose nonlinearities
are not necessarily bounded in the sense of Assumption 2;
i.e., the upper bounds the nonlinearities need not be trian-
gular functions. To this end, the following assumption is
imposed.

Assumption 3: There are two real constants y > 0 and
0 < w < 1 such that

4 N.0)
oy 1

di(x, 1, u)
SG(I)P

forallx €e R, t e RT,u ¢ Randi = 1,...,n, where
£ > 1is an arbitrary real number, z; = x;/£*U= for all
j=1,...,n,and «(i) is given by (4).

Note that, by the relation (25), one can find that
Assumption 2 is a special case of Assumption 3. In addi-
tion, since Assumption 3 also includes the information of
the power p(¢) (i.e., the lower bound p), Assumption 1 is
also unnecessary for control law design. In fact, using only
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Assumption 3, one can verify that

|@Gz, 1,V
10| 20|, [0
- 4 P
£r £5 v
T T
< el + o (18170 + -+ 16) +
£ £
2 (18P0 + -+ 1)
ef
1
T
< (8P + -+ 16r) (32)
of

for a constant T > 0, which is similar to (28) and is crucial for
achieving interval homogeneous domination. With this fact in
mind, we are ready to present the following theorem claiming
a more general result on the problem of global stabilization
for the system (1).

Theorem 3: Under Assumption 3, there exists a state
feedback control law that renders the system (7) globally
(uniformly) asymptotically stable.

Proof: Consider exactly the exactly same Lyapunov
function V,(z) and control law given by (19) and (21). By a
fashion similar to the arguments in (27)—(31), it can be
deduced from (32) that

i < — (m+w+m+mwl>

27
? (1 + (&l + &2+ + |§n|)2f)71

for a constant 0 < A < 1. As a result, the control law (21)
with £1 and £; foralli = 2, ..., n being chosen according to
(4) and (30) can globally (uniformly) asymptotically stabilize
the system (7) |

V. ILLUSTRATIVE EXAMPLE
Here, we present an example to illustrate how our main results
can be applied.

Consider a planar system of the form

_ [x2]2+cos(0.5t) +x2% Sin(sxz)[xl]cos(o.Sz)+§
5‘:2 — [u]2+COS(O.5l) (33)
which has the same structure as (1) with p(t) = 2+ cos(0.5¢),
p =17 =3 ¢pxtu) = x sin(5x)x 0500+
and ¢o(x, ¢, u) = 0. It is worth pointing out that the global
stabilization problem of the system (33) cannot be solved by
the approaches in existing works, such as [16]-[26], because
the schemes developed in [16]-[26] are only applicable to the
systems with fixed powers. By Lemma 2, one has

d1(x, 1, u) 1
‘— <— (|Z1|17(t) + |Z2|P(t))

g
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which implies that Assumption 3 is satisfied with y = 1 and
o = 2/3. Following the proofs given previously, the globally
(uniformly) stabilizing control law can be constructed as

u=—2ip (ﬁm + %m) (34)

1
with the gains 81 > 0, B2 > 0 and £; > 1. The simulation
results depicted in Figs. 1 and 2 are conducted for the case
when (x1(0), x2(0))" = (=0.5,2.57, B1 = 2, fo = 3, and
£1 = 2.8. The responses of the system (33) with no control
(i.e., open-loop system) are also shown in Figs. 3 and 4
with the same initial condition. Clearly, the control law (34)
renders the system (33) globally (uniformly) asymptotically
stable but the open-loop system of (33) exhibits unstable
behavior; this reveals the effectiveness of the proposed
scheme.

0.6

04r

0.3

.’Ll(t)

0.2r

0.1r

-0.1

-2 0 2 4 6 8 10
time (sec)

FIGURE 1. Trajectories of x; (t) of the system (33)-(34) with
(x1(0), x2(0)) = (0.5, —2.5).

0.5

8 10
time (sec)

NS
o
N L
N
o

FIGURE 2. Trajectories of x,(t) of the system (33)-(34) with
(x1(0), x5(0)) = (0.5, —2.5).
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FIGURE 3. Trajectories of x; (t) of the system (33) with v = 0 and
(x1(0), x5(0)) = (0.5, —2.5).

-2.4

-2.45

-25r

.’LQ(t)

-2.55

-2.6

-5 0 5 10 15 20 25 30
time (sec)

FIGURE 4. Trajectories of x,(t) of the system (33) with v = 0 and
(x7(0), x2(0)) = (0.5, —2.5).

VI. CONCLUSION

This paper has presented a new systematic scheme for
designing a state feedback globally (uniformly) stabilizing
control law for a class of nonlinear systems with a time-
varying power. The proposed scheme is accomplished by
combining the revamped adding a power integrator technique
and the newly developed interval homogeneous domination
approach. A distinctive feature of the presented technique
is the ability to cope with more general systems that have
not only the time-varying power but also the nonlinearities
bounded by non-triangular functions.

APPENDIX
PROOF OF PROPOSITION 1
According to (10), it is clear that |z; PO =
In addition, by Lemma 3 one can deduce that
P = [+ 27

=& — &1 pica P

< 277N gPO 2P B (g P

= (7 2 (6P +1EP0). G5)

& PO
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Clearly, 27~' + 27187 ' > 1. Define

pi =271 427l g >1 foralli=2,...,j. (36)
It follows from (35) and (36) that
a1l = 1611
2l = o2 (16117 + 1&217)
23l = o3 (1828 + 1657)
(1) (1)
Izl < pj <|§j71 "+ g1 ) :
This implies that
lz1 |P(I) + |Z2|P(f) 4t |Zj|p([)
< 16l + 2 (161170 + 1&1P0) + -+
p(t) p(t)
+ o (|$j71 ™+ [ )
= (16 +161P0 + -+ 15170)
for a constant r; > 1. This completes the proof. ]
REFERENCES
[1] H. K. Khalil, Nonlinear Systems, 3rd ed. Upper Saddle River, NJ, USA:

[2]

[3]

[4]

[5]

[6]

[71

[8]

[9]

[10]

[11]

[12]

[13]

Prentice-Hall, 2002.

J. Liu, C. Wu, Z. Wang, and L. Wu, “Reliable filter design for sensor
networks using type-2 fuzzy framework,” IEEE Trans. Ind. Informat.,
vol. 13, no. 4, pp. 1742-1752, Aug. 2017.

H. R. Karimi and H. Gao, “Mixed Hy/H, output-feedback control of
second-order neutral systems with time-varying state and input delays,”
ISA Trans., vol. 47, no. 3, pp. 311-324, 2008.

J. Liu, Y. Yin, W. Luo, S. Vazquez, L. G. Franquelo, and L. Wu,
“Sliding mode control of a three-phase AC/DC voltage source con-
verter under unknown load conditions: industry applications,” [EEE
Trans. Syst., Man, Cybern., Syst., to be published. [Online]. Available:
http://ieeexplore.ieee.org/document/8125592/

D. Zhang, S. K. Nguang, D. Srinivasan, and L. Yu, “Distributed fil-
tering for discrete-time T-S fuzzy systems with incomplete measure-
ments,” [EEE Trans. Fuzzy Syst., to be published. [Online]. Available:
http://ieeexplore.ieee.org/document/7972907/

D. Zhang, Q.-G. Wang, D. Srinivasan, H. Li, and L. Yu, “Asynchronous
state estimation for discrete-time switched complex networks with com-
munication constraints,” IEEE Trans. Neural Netw. Learn. Syst., to be pub-
lished. [Online]. Available: http://ieeexplore.ieee.org/document/7889020/
D. Zhang, W. Cai, L. Xie, and Q.-G. Wang, “Nonfragile distributed filter-
ing for T-S fuzzy systems in sensor networks,” IEEE Trans. Fuzzy Syst.,
vol. 23, no. 5, pp. 1883-1890, Oct. 2015.

Y. Wu, R. Lu, P. Shi, H. Su, and Z.-G. Wu, ‘“Adaptive output synchro-
nization of heterogeneous network with an uncertain leader,” Automatica,
vol. 76, pp. 183-192, Feb. 2017.

Y. Wu, X. Meng, L. Xie, R. Lu, H. Su, and Z.-G. Wu, “An input-based
triggering approach to leader-following problems,” Automatica, vol. 75,
pp. 221-228, Jan. 2017.

Y. Wu and R. Lu, “Event-based control for network systems via integral
quadratic constraints,” IEEE Trans. Circuits Syst. I, Reg. Papers, to be pub-
lished. [Online]. Available: http://ieeexplore.ieee.org/document/8046041/
Y. Wu and R. Lu, “Output synchronization and L;-gain analysis for
network systems,” IEEE Trans. Syst., Man, Cybern., Syst., to be published.
[Online]. Available: http://ieeexplore.ieee.org/document/8063381/

H. R. Karimi, “Robust synchronization and fault detection of uncertain
master-slave systems with mixed time-varying delays and nonlinear per-
turbations,” Int. J. Control, Autom. Syst., vol. 9, no. 4, pp. 671-680,
2011.

M. Xiang, Z. Xiang, and H. R. Karimi, “Asynchronous L; control of
delayed switched positive systems with mode-dependent average dwell
time,” Inf. Sci., vol. 278, pp. 703-714, Sep. 2014.

VOLUME 6, 2018

(14]

[15]

[16]

[17]

(18]

(19]

(20]

(21]

(22]

(23]

[24]

(25]

[26]

(27]

(28]

[29]

(30]

(31]
(32]
(33]

(34]

(35]

(36]

(37]

C.-C. Chen, C. Qian, Z.-Y. Sun, and Y.-W. Liang, “Global output feedback
stabilization of a class of nonlinear systems with unknown measurement
sensitivity,” IEEE Trans. Autom. Control, to be published. [Online]. Avail-
able: http://ieeexplore.ieee.org/document/8062806/

D. Cheng and W. Lin, “On p-normal forms of nonlinear systems,” IEEE
Trans. Autom. Control, vol. 48, no. 7, pp. 1242—1248, Jul. 2003.

W. Lin and C. Qian, “Adding one power integrator: A tool for global
stabilization of high-order lower-triangular systems,” Syst. Control Lett.,
vol. 39, no. 5, pp. 339-351, 2000.

C. Qian, “A homogeneous domination approach for global output feedback
stabilization of a class of nonlinear systems,” in Proc. Amer. Control Conf.,
Portland, OR, USA, Jun. 2005, pp. 4708-4715.

N. Wang, J.-C. Sun, and M. J. Er, “Global adaptive practical output
tracking control for a class of genuinely nonlinear uncertain systems:
Adding an universal power integrator approach,” IEEE Access, vol. 4,
pp. 10136-10146, 2016.

C. Qian and W. Lin, “Non-Lipschitz continuous stabilizers for nonlinear
systems with uncontrollable unstable linearization,” Syst. Control Lett.,
vol. 42, no. 3, pp. 185-200, 2001.

Y. Liu, “Global finite-time stabilization via time-varying feedback for
uncertain nonlinear systems,” SIAM J. Control Optim., vol. 52, no. 3,
pp. 1886-1913, 2014.

X. Lin, C.-C. Chen, and C. Qian, “Smooth output feedback stabilization of
a class of planar switched nonlinear systems under arbitrary switchings,”
Automatica, vol. 82, pp. 314-318, Aug. 2017.

Z.-Y. Sun, M.-M. Yun, and T. Li, ““A new approach to fast global finite-
time stabilization of high-order nonlinear system,” Automatica, vol. 81,
pp. 455463, Jul. 2017.

J. Polendo and C. Qian, “A generalized homogeneous domination
approach for global stabilization of inherently nonlinear systems via output
feedback,” Int. J. Robust Nonlinear Control, vol. 17, no. 7, pp. 605-629,
May 2007.

X.-J. Xie, N. Duan, and C.-R. Zhao, “A combined homogeneous dom-
ination and sign function approach to output-feedback stabilization of
stochastic high-order nonlinear systems,” IEEE Trans. Autom. Control,
vol. 59, no. 5, pp. 1303-1309, May 2014.

J. Yang and Z. Ding, ““Global output regulation for a class of lower trian-
gular nonlinear systems: A feedback domination approach,” Automatica,
vol. 76, pp. 65-69, Feb. 2017.

J. Zhai and C. Qian, “Global control of nonlinear systems with uncertain
output function using homogeneous domination approach,” Int. J. Robust
Nonlinear Control, vol. 22, no. 14, pp. 1543-1561, 2012.

J.-Z.Liu, S. Yan, D.-L. Zeng, Y. Hu, and Y. Lv, “A dynamic model used for
controller design of a coal fired once-through boiler-turbine unit,” Energy,
vol. 93, pp. 2069-2078, Dec. 2015.

Z. Su, C. Qian, Q. Wang, and Z. Wang, “Reduced-order observer and
controller design for a 1000 mW ultra-supercritical unit,” in Proc. 58th
ISA POWID Symp., Kansas City, MO, USA, Jun. 2015, pp. 129-140.

C. Rui, M. Reyhangolu, I. Kolmanovsky, S. Cho, and H. N. McClamroch,
“Nonsmooth stabilization of an underactuated unstable two degrees of
freedom mechanical system,” in Proc. IEEE Conf. Control Decision,
San Diego, CA, USA, Dec. 1997, pp. 3998-4003.

C.-C. Chen, C. Qian, X. Lin, and Y.-W. Liang, “Interval homogeneous
domination approach for global stabilization of nonlinear systems with
time-varying powers,” in Proc. IEEE Conf. Decision Control, Las Vegas,
NV, USA, Dec. 2016, pp. 7258-7263.

A. Bacciotti and L. Rosier, Liapunov Functions and Stability in Control
Theory, 2nd ed. Berlin, Germany: Springer-Verlag, 2005.

M. Kawski, ““Stabilization of nonlinear systems in the plane,” Syst. Control
Lett., vol. 12, no. 2, pp. 169-175, 1989.

L. Rosier, “Homogeneous Lyapunov function for homogeneous continu-
ous vector field,” Syst. Control Lett., vol. 19, no. 6, pp. 467-473, 1992.

S. Ding, S. Li, and W. X. Zheng, “Nonsmooth stabilization of a
class of nonlinear cascaded systems,” Automatica, vol. 48, no. 10,
pp. 2597-2606, Oct. 2012.

Z.-Y. Sun, X.-H. Zhang, and X.-J. Xie, ‘“Continuous global stabilisation of
high-order time-delay nonlinear systems,” Int. J. Control, vol. 86, no. 6,
pp. 994-1007, 2013.

G. Hardy, J. Littlewood, and G. Polya, Inequalities. Cambridge, U.K.:
Cambridge Univ. Press, 1988.

B. Yang and W. Lin, “Homogeneous observers, iterative design, and
global stabilization of high-order nonlinear systems by smooth output
feedback,” IEEE Trans. Autom. Control, vol. 49, no. 7, pp. 1069—-1080,
Jul. 2004.

11263



IEEE Access

C.-C. Chen, S. S.-D. Xu: Global Stabilization for a Class of Genuinely Nonlinear Systems With a Time-Varying Power

CHIH-CHIANG CHEN (S’13-M’17) received the
Ph.D. degree in control engineering from National
Chiao Tung University, Hsinchu, Taiwan, in 2017.
From 2015 to 2016, he was financially supported
by the National Chiao Tung University Short Term
Research Scholarship to work as a Visiting Ph.D.
student with the Department of Electrical and
Computer Engineering, The University of Texas
at San Antonio, USA. Since 2017, he has been
with the Department of Systems and Naval Mecha-

tronic Engineering, National Cheng Kung University, Taiwan, where he
is currently an Assistant Professor. His current research interests include
nonlinear robust control, non-smooth control, and intelligent system.

11264

SENDREN SHENG-DONG XU (S’03-M’09)
received the Ph.D. degree in electrical and control
engineering from National Chiao Tung Univer-
sity, Hsinchu, Taiwan, in 2009. He is currently an
Associate Professor with the Graduate Institute of
Automation and Control, National Taiwan Univer-
sity of Science and Technology, Taipei, Taiwan.
His current research interests include intelligent
control systems, signal processing, image process-
ing, and embedded systems.

VOLUME 6, 2018



	INTRODUCTION
	PRELIMINARIES AND TECHNICAL LEMMAS
	MAIN RESULTS
	STABILIZING CONTROL LAW FOR THE NOMINAL SYSTEM
	INTERVAL HOMOGENEOUS DOMINATION APPROACH 

	EXTENSION
	ILLUSTRATIVE EXAMPLE
	CONCLUSION
	REFERENCES
	Biographies
	CHIH-CHIANG CHEN
	SENDREN SHENG-DONG XU


