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ABSTRACT Regarded as one of the most promising transmission techniques for future wireless com-
munications, the discrete cosine transform (DCT)-based multicarrier modulation (MCM) system employs
cosine basis as orthogonal functions for real-modulated symbols multiplexing, by which the minimum
orthogonal frequency spacing can be reduced by half compared with discrete Fourier transform-based one.
With a time-reversed pre-filter employed at the front of the receiver, interference-free one-tap equalization is
achievable for the DCT-based systems. However, due to the correlated pre-filtering operation in time domain,
the signal-to-noise ratio is enhanced as a result at the output. This leads to reformulated detection criterion
to compensate for such a filtering effect, rendering minimum-mean-square-error, and maximum likelihood
detections applicable to the DCT-based multicarrier system. In this paper, following on the pre-filtering-
based DCT-MCM model that builds in the literature work, we extend the overall system by considering
both transceiver perfections and imperfections, where frequency offset, time offset, and insufficient guard
sequence are included. In the presence of those imperfection errors, the DCT-MCM systems are analyzed
in terms of desired signal power, inter-carrier interference, and inter-symbol interference. Thereafter, new
detection algorithms based on zero forcing iterative results are proposed to mitigate the imperfection effect.
Numerical results show that the theoretical analysis matches the simulation results, and the proposed iterative
detection algorithms are able to improve the overall system performance significantly.

INDEX TERMS Discrete cosine transform (DCT), fading channels, intercarrier interference (ICI),

performance optimization.

I. INTRODUCTION

In addition to some famous waveforms such as orthog-
onal frequency division multiplexing (OFDM) [1], uni-
versal filtered multi-carrier (UFMC) [2]-[4], generalized
frequency division multiplexing (GFDM) [5], filter bank
multi-carrier (FBMC) [6], [7], filtered OFDM [4], [8], the dis-
crete cosine transform (DCT) based multicarrier modula-
tion (MCM) is one of the spectrally-efficient transmission
candidates for the next generation wireless communica-
tions. Under the restriction that only real-valued signals are
transmitted, it supports the minimum subcarrier spacing at
1/(2T) Hz instead of 1/T in OFDM by adopting cosinusoidal
orthogonal functions cos(2w x kt/(2T)) [9], where T is the
symbol period and k is the subcarrier index respectively.

Correspondingly, the multiplexing and de-multiplexing oper-
ations for all information carried subcarriers can be sim-
ply performed by discrete cosine transform (DCT) pair,
which is similar to what discrete Fourier transform (DFT)
pair did in OFDM systems. However, the fast DCT algo-
rithms proposed in [10] and [11] provide some improve-
ments in computation complexity when compared with fast
Fourier transform (FFT) algorithms. But the complexity
reduction is limited, compared with the order of N2 in
general for a length-N sequence [12]. Additionally, similar
to other real-transform techniques for multicarrier systems
(e.g. DHT-based MCM [13]-[15]), the DCT uses only
real arithmetic along with real-valued signals. As a result,
the employed system does not need a quadrature modulator
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at the transmitter, thus avoiding the in-phase/quadrature-
phase (I/Q) imbalance problem. In addition to avoiding IQ
imbalance, it also reduces phase noise sensitivity. This can
further reduce both the signal-processing complexity and
power consumption at the transmitter implementation [10],
which is very attractive for massive machine-type commu-
nications (mMTC) where transmitter devices for power effi-
ciency and low complexity are always desired to support more
user equipments [16]. The study in [12] shows analytically
that in the presence of frequency offset, inter-carrier interfer-
ence (ICI) coefficients are more concentrated around the cen-
tral coefficients in DCT-MCM than in DFT-MCM, bringing
enhanced robustness against frequency offsets. This renders
DCT-MCM very promising for some high-speed mobility
communication scenarios such as railway dedicated mobile
communication systems where high Doppler shifts have a
major impact on the overall system performance [17].

Despite of those merits, one major designing difficulty
that DCT-MCM schemes encounter in practical design is
that when the system is employed under multipath fading
channels, the circular convolution property by DCT does not
hold and, therefore the cyclic-prefix (CP) based approaches
used in conventional OFDM systems do not apply any
more [18], [19]. The convolution property by DCT has been
demonstrated in seminal work in [20], which implies the
fact that the equivalent channel matrix can only be diago-
nalized by DCT when the channel impulse response (CIR) is
symmetric. The chromatic dispersion channel in single-mode
fibres (SMFs) [21] is one of the examples which meets the
specified symmetry condition, but it only works in optical
communications. In the case of generic circumstances, such
as wireless multipath fading channels, the transmitting sig-
nals and CIR in time domain is not symmetrically convoluted,
and the channel cannot be compensated by simple one-tap
equalizers exploiting CP accordingly.

In the literature, various attempts exist trying to sidestep
this problem. The earlier proposed method in [22] extends the
post-DCT signal symmetrically in double length to address
the symmetry issue, however, losing the data rate by half
as an expense. A more effective method without data rate
sacrifice is based on zero-padding algorithm [12], by which
guard sequence is zero inserted to eliminate ISI caused by
multipath. But it destroys the orthogonality and the resid-
ual ICI limits overall system performance. Another alterna-
tive solution is called cosine modulated multitone (CMT)
based FBMC, in which ICI issue is mitigated and made
less crucial through a bank of well-designed filters than
with other schemes [6]. However, the significantly increased
complexity and some other practical system configuration
problems hinders its practical deployment. Besides the above
designing approaches, an optimized solution is inspired by
Al-Dhabhir ef al. [18], where one-tap equalization is enabled
in the cosine domain by using a time-reversed filter at the
front of receiver so that CIR symmetry is acquired after
filtering. Unlike conventional DFT-MCM system where CP
is normally added at each transmission block, this optimised
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method has to introduce both prefix and suffix as symmet-
rically extended sequence from the information block and
the information symbol should be one-dimensional format-
ted. With these two constraint conditions satisfied, a one-tap
equalizer is applicable to achieve the optimum performance
for DCT-MCM under wireless frequency-selective channels.

To the best of our knowledge, previous work described
in [18] and [23] have built fundamental framework for
the prefiltering based DCT-MCM systems in the form of
matrix expressions. System optimizations for one-tap equal-
ization procedure has also been investigated. In order to
provide in-depth insights into the prefiltering mechanism for
DCT-MCM, especially its effects on the output SNR per-
formance, an alternative approach to system implementation
is developed to process the signals in time domain. In this
paper, following the fundamentals that laid out in the previous
work in [24], we complement the theoretical basis for the
employment of DCT-MCM system over frequency-selective
channels and systematically extend our study by considering
both transceiver perfections and imperfections. Correspond-
ing theoretical results are derived as well in formula. The
novelties and contributions of this paper are summarized as
follows:

o The output SNR expression per subcarrier is derived
by taking the pre-filtering effect into account. With the
provision of additional analysis on the lower boundary
for the minimum received signal power, the output SNR
gain is verified between among all subcarriers, com-
pared to DFT-MCM system.

« In addition to conventional zero forcing (ZF) detec-
tion technique that has been employed in most of the
DCT-MCM systems, we reformulate two improved
detection methods. Both of them could effectively com-
pensate the coloured noise effect after prefiltering at
the receiver. Comparisons are conducted and their BER
performance are presented as well.

o In the presence of transceiver imperfections for
DCT-MCM system, we implement an analytical expres-
sion in terms of desired signal, ICI and inter-symbol
interference (ISI) by considering carrier frequency off-
set (CFO), timing offset (TO) and insufficient guard
sequence between symbols. Based on the framework,
zero forcing based (ZF-based) iterative channel detec-
tion algorithms are proposed and hence provide sig-
nificant gain compared with conventional detection
methods in terms of BER performance.

The rest of the paper is organized as following sections.
We begin with Section II by demonstrating the constraint
conditions and the appropriate transmission formulations for
proposed optimum DCT-MCM systems. Section IIl improves
the system model to matrix formulations and gives analysis
on the pre-filtering effect on both transmitted signal power
and coloured noise variance. In Section IV, by taking the
pre-filtering effect into account, we present reformulated
criterion for conventional detection methods. In the pres-
ence of considered imperfections, we complete the received
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signal expression in terms of CFO, TO and insufficient guard
sequence and propose corresponding effective detection algo-
rithm to combat interference in Section V. Lastly, we draw
our conclusions in Section VI.

Notations: operator * is denoted as a linear convolution of
two vectors. Iy and Jy stand for identity matrix and reversal
matrix in dimension N x N, respectively. And Ops«y is the
zero matrix of size M x N. E[-] means taking the expectation
of random variable. [-]7 and [-]7 refer to hermitian conjugate
and transpose operation, respectively. diag(-) is defined to
return the vector of the main diagonal elements of the oper-
ated matrix.

Il. CONSTRAINT CONDITIONS ON DCT-MCM SYSTEM

In this section, we start by introducing the basic constraint
conditions for DCT-MCM based systems and its appropriate
formation to support data transmission.

In conventional DFT-MCM systems like OFDM, the abso-
lute orthogonality that maintained among subcarriers is
achieved by the complex exponential function sets and the
minimum subcarrier frequency spacing AF is 1/T accord-
ingly. However, by transmitting only one-dimensional sym-
bols and employing a single set of cosinusoidal functions as
orthogonal sets, this minimum subcarrier frequency spacing
can be reduced to AF = 1/2T in the sense that:

r 2 12
/ —cos 2k AFt),| — cos RQmmAFt)dt
0 T T

_ 1, k=m )
o, k#m

Particularly, in DCT-MCM systems, modulator and demodu-
lator can be easily realized with the IDCT and DCT operation,
respectively. In order to implement a simple equalizer struc-
ture by means of a bank of scalars at the receiver, the sym-
metric convolution-multiplication property of the DCT is
exploited to perform an element-by-element multiplication in
the corresponding discrete trigonometric domain. Therefore,
the guard sequence is to be duplicated as prefix and suffix.
An additional time-reversed prefilter is introduced to enforce
the equivalent channel impulse response to be symmetric
as required. For instance, assuming a complex equivalent
channel impulse after prefiltering denoted by h(t) = hg(?) +
jhi(t), then the real and imaginary components of it both
satisfy the symmetric CIR constraint: hg(¢) = hr(—t) and
hi(t) = hi(—1).

In general, there exist eight types of DCT [25]. By exploit-
ing their corresponding type of symmetry in the symbol
sequence, the constraint on channel conditions and suitable
symbol structure formations to use any type of DCT are
presented for data transmission in [26]. Their corresponding
channel estimation techniques, based on the use of training
symbols, also taking into account their special symmetric
conditions in the time domain for any kind of DCT, are
presented in [23]. Since the results indicate that every kind
of DCT achieves identical performance [23], [26] without
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Jr = 1o fr, ..

loss of generality, here we only consider the type-II DCT
pair for multiplexing and demultiplexing for simplicity as it
earns great popularity in most of the practical DCT-based
transceiver implementations [25]. The baseband modulated
discrete-time signal x,, in a N subcarrier DCT-MCM system
is then represented by

N-1
kQm + 1
xm:Zakﬂkcos[%N_’_)], —0,1,--- ,N—1
k=0
2

where a; is amplitude-shift keying (ASK) modulated infor-
mation symbol that transmitted on the kth subcarrier and the
parameter coefficient By is defined as

1
]V’ k=0
Br = 5 3)
= k=12, ,N—1
N

To completely avoid the ICI and ISI problems, the length of
the prefix and suffix v should be at least equal to the channel
delay spread. [18] has given the symmetric extension for the
prefix and suffix as follows:

l<n<v

1<n<v “4)

X—n = Xn—1,
XN—14n = XN—n;

Assuming the real component vector of CIR with L taps is
.»JL—11]. Its corresponding time-reversed filter
vector is thus in the reverse form g, = [fr—1,fL—2,...,/fol,
resulting in the overall effective symmetric channel vector:

hy =frxgr =fo.fi, ... . fo=1l1*fL=1,.... /1, fol
=[h_py1,h—r42,..., ho, ..., hp_2, hp_1] (5)

where hr = [h—L—H’ h_L+2, ey ho, ey hL—Z, hL—l] is
denoted as the effective CIR vector for real branch with delay
spread at length 2L — 1. By which the element #,, in the vector
is represented as a convolution result as

L—|n|
% if—-L+1<n<L-1;
I, = ,;fkf +in] )
0 others.

Apparently, the symmetry property arises with the condition
h, = h_, implied in the aforementioned. The effective
channel response coefficients corresponding to those one-tap
per subcarrier equalizers is obtained in [26]:
L wkn
Hy ZZZhncos[T]—l—ho, k=0,1,--- ,N —1.

n=1

(N

With the above condition constraints provided, we are
now able to formulate the pre-filtering method model and
present further system analysis for the DCT-MCM system in
multipath fading environments.
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FIGURE 1. Baseband system model for pre-filtering DCT-MCM systems.

Ill. SYSTEM MODEL AND OUTPUT SNR ANALYSIS

Due to the correlated pre-filtering in time domain, the signal
power is no longer equally spread among subcarriers. For the
purpose of analysing the pre-filtering effect on DCT-MCM
systems over general multipath fading channels, the baseband
equivalent system model is proposed in the form of matrix
representation. Mathematical representations for ergodic out-
put signal power and coloured noise variance are then pro-
vided, respectively.

Note that in DCT-MCM systems, the symbols that are
ready for transmission are all in real format after multiplexing
by IDCT. Consequently, the convolution with a complex-
valued CIR can be regarded as two independent processes
that the signal is convolved with the real component and
imaginary component of the CIR at the same time, with
each allocating one-half of the total signal power. As to the
pre-filtering, the received signals after channel are firstly
separated by quadrature. Then both the real and imaginary
components of received signals are fed to their correspond-
ing prefilter vectors respectively as indicated in Fig. 1 [24].
Due to the orthogonality maintained between in-phase and
quadrature branches, the detector is able to recover the infor-
mation bits from either real part or imaginary part of received
signals. To make full use of the information, the two indepen-
dently filtered data streams are combined in complex form for
detection. Since the two streams experience identical signal
processing steps in quadrature, without loss of generality,
the following derivations are for in-phase branch and we
focus on real signals processing mechanism. The total output
signal power thus can be obtained by doubling.

A. SYSTEM MODEL
Assuming N ASK modulated symbols are allocated to N
subcarriers at the transmitter. The general transmission sys-

tem model on in-phase branch in the diagram is expressed
as [23], [24]

y = DRPRHRCD" a + DRPgng (8)
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where y is the demodulated signal vector to be equalized,
a € RM*! is information symbol vector with normalized
signal power (US2 = 1). D € RV*V is type-Il DCT matrix that
has been power normalized and its (I, m) entry is given by

2 (-DC2m-Drx

NCOS(T), [>1

dim =1V A ©)
-, I=1
N

C e RWH2IXN js a prefix and suffix inserting matrix
at length v which is organized as C = [J,, Oyxv—v); IN;
Oyx(v—v), Jv]. Generally, we assume the prefix and suffix
have the same guard sequence length and the whole block
length is Ly = N + 2v. The multipath channel convolution
matrix on in-phase branch Hy € RIU*I1 is implemented
as a Toeplitz matrix with the first row and first column
being [f—1,f1—2, -+ fo, O1xz,—1)] and [f—1, O1xz,—1)1*
respectively. In order to achieve free ISI transmission, suf-
ficient guard sequence length should be met by L < v [18].
The pre-filter matrix Pg € R which stands for
time-reverse filtering on in-phase branch, is also imple-
mented by a Toeplitz matrix with its first row and column
being [fz—1, O01x,—n] and [f—1,fi—2. .., fo. O1xe,—0)17,
respectively. The guard sequence discarding operation is
defined by R € RV*L1 and we build it in the form as

R= [Owa INvoNXV]- (10)

According to the aforementioned constraint conditions,
with the employment of a pre-filter and insertion of symmet-
ric guard sequence, the DCT-MCM is optimised for informa-
tion carrying without ICT and ISI problems. This renders the
output of DRPRHRrCD" integration equivalent to a diagonal

matrix by which the relation is given by
Heyy g = DRPRHRCD" (11)

where Hor g € REL1>L1 jg the effective channel matrix for
in-phase branch and the elements on the diagonal vector is
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defined as

diag(Hqp r) = [Ho, Hy, ..., Hyv_1] (12)

where Hy is the effective frequency response coefficient that
has been provided in Eq. (7).

In conventional DFT-MCM systems, it is assumed that the
channel frequency responses subject to Gaussian distribution
with equal power for all subcarriers if a typical Rayleigh fad-
ing channel is considered. However, due to the correlated pre-
filtering, the output signal power is not identically distributed
among subcarriers in DCT-MCM systems. In order to get an
in-depth look at the output SNR, we present our analysis on
output signal power and noise variance as below, respectively.

B. ERGODIC OUTPUT SIGNAL POWER

In practice, many wireless multipath fading channels are
modelled as Rayleigh fading channels having an impulse
response represented by a tapped delay line where coeffi-
cients are Gaussian random process [27]. As a consequence,
here we denote the in-phase component of channel coef-
ficients as fr ~ N(O, 0.50,{2). Considering the channel is
already normalised with power, we get

Sot=1 (13)

Upon the assumption that channel taps are independent to
each other, we have

Elfi £ =0

By combining Eq. (6) and Eq. (14), the expected correla-
tion results for effective channel coefficients is obtained as
(see Appendix A)

ifi#j (14)

E[h; - hj]
li]
Zo O’L lil+p i=4j#0;
— L 1L—1—p (15)
-Z o+ 5 Z Z Jops 1==0;
0 others.

By substituting Eq. (15) to Eq. (7), the ergodic output signal
power on in-phase branch at kth subcarrier is
L—1 .
2
= E[h3] + 4 Z E[h}]. cosz[ﬁnk] (16)

n=1

E[H?]

From Eq. (16), it is obvious to see that the subcarriers are sub-
ject to diverse gain and we are able to define the boundaries
for the gain variation.

As depicted apparently in the signal gain equation, the sig-
nal power will be maximized if the multiplying term
cosz[]lvnk] achieves the maximum value at 1, which is always
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obtained by the initial subcarrier at index k = 0, i.e.,
L—1
[h3]+4) " E[h}]
n=1
L 1L—1-p

_Zg +2 Z Z er,_075 (17)

This indicates that, for a power normalised channel case,
E [Hg] is irrelevant to channel characteristics and equals to
a constant value at 0.75. Accounting for the other half of dis-
tributed signal power on quadrature branch which experience
similar signal processing, the total output signal power on the
initial subcarrier is reached to the upper bound at gain of 1.5.

The power gain for other subcarriers are below the upper
boundary, i.e., E[Hk2] < E[Hg]. The minimum gain, on the
other hand, is variable and subject to the channel type and
its channel parameters. However, In Appendix B, we have
proved the lower bound for the minimum gain is 1 + ﬁ
when the channel has L taps. Our simulation results are in
agreement with this analysis as indicated in Fig. 2 where we
give an example of typical IEEE 802.11 channels [28] with
different sampling frequency and root mean square (RMS)
delay spread. When the RMS is 10ns and sampling frequency
is 10MHz, which is a single-tap case, the minimum power
gain is thus 1.5. As the channel tap increases (either by
increasing the sampling frequency or the RMS delay spread),
this minimum gain will gradually reduce and finally coincide
with the lower bound at a certain point to 1, which is identical
with analysis shown above.

E[HJ)=E

2 T T T
—©— Trms=10ns
—+— Trms =50 ns
Trms =100 ns
—>%—— Trms = 200 ns
c ——&—— Trms = 500 ns
=15
©
o
N
)
; -4
o)
Q
£
=]
E 1t— % e
£
1S
05 L L L

10MHz 20MHz 50MHz 100MHz 200MHz

FIGURE 2. The minimum signal power gain for different sampling
frequency and RMS delay in a typical IEEE 802.11 channel.

C. COLOURED NOISE VARIANCE
The pre-filtering operation also affects the coloured noise
variance as well. As the pre-filtering is operated indepen-
dently on in-phase and quadrature branches, after filtering,
the coloured noise v is combined by real and imaginary
components which is expressed as

v = DR(Pgng + jPiny) (18)
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where Pr and Pj are for real and imaginary parts pre-filtering;
whereas ng and n; are the components of the AWGN channel
noise vector n with variance an2 in quadrature. The expecta-
tion for the coloured noise covariance matrix E[w], proven
in [24], is in the form of an identical matrix multiplying a
constant factor, which is represented as

EwW?1=0502 Iy ifL<v (19)

This reveals that by independently filtering the in-phase and
quadrature branches, the resulted coloured noise variance
after combiner is reduced by half. The key to this vari-
ance reduction lies to the fact that modulated symbols after
IDCT are in one-dimensional format for transmission, hence
become robust against the complexed noise.

D. OUTPUT SNR GAIN

The ergodic output SNR can be represented in terms of input
SNR, output signal power and coloured noise variance. The
input SNR is defined as

of
SNR;, = —2
o

n

for all subcarriers (20)

Accounting for the pre-filtering effect and power loss form
guard sequence insertion, the output SNR at kth subcarrier is
in the form as

N 2E[H}]- o}

SNRou k) = 550 " 0502
* n

— 4N—E[Hk2] - SNRin(k) (1)
- N +2v "

Since 1 < 2FE [sz] < 1.5, we get a proposition for the
achieved output SNR gain.

Proposition: Consider a DCT-MCM system, the pre-
fiitﬁring process will achieve a output SNR gain between

3N .
N and N for all subcarriers.

Consequently, the exact gain n of output SNR obtained for
arbitrary subcarrier index is

L—1
(EUR1+4 Y ER] cosz[lzvnk]) 22)

n=1

4N
N +2v

nk) =

Eq. (22) implies the output SNR gain is subject to employed
subcarrier number and channel characteristics. We then can
take a look at the exact SNR gain at the output of the
receiver. Fig. 3 demonstrates the simulation results for output
SNR gain with respect to three widely employed channels,
which are named by, Extended Pedestrian A model (EPA),
Extended Typical Urban model (ETU) and Extended Vehic-
ular A model (EVA), respectively. In practice, the chan-
nel knowledge is obtained through the introduction of pilot
symbols and the channel state will not change within one
transmitted symbol in slowly fading environments [23], [29].
Here we ignore the channel imperfection issues and assume
information is perfectly known at the receiver. The sampling
rate for simulation is assumed at f; = 20MHz and we assign
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FIGURE 3. The output SNR gain achieved in three typical channels.
(a) EPA N=64. (b) EVA N=64. (c) ETU N=64. (d) ETU N=256 [24].

64 and 256 subcarriers separately to the system for compar-
ison. Considering the SNR loss from prefix/suffix insertion
is fixed and not relevant to the pre-filtering process, without
loss of generality, we neglect the effect form the term ﬁ
in the simulation.

As can be seen in Fig. 3, for all subcarriers, our simu-
lation results on the linear gain 5 for all kinds of channels
concur with the previous analysis in Eq. (22). The sub-
figures (a),(b) and (c) give very distinct variation trends under
different channel characteristics. Generally, the output SNR
gain varies in the range between 2 to 3 folds among all
subcarriers, which is verified in our proposition. In particular,
as depicted in the figures, the gain variation curves fluctuate
sharply along with increased allocated subcarrier number and
channel taps. Fig. 3(a), due to the flat fading case in the sense
of a EPA channel at f; = 20MHz, in particular, achieves
a constant gain at n = 3 for all subcarriers. The cosine
term, as indicated on the right in Eq. (22), brings the sym-
metry property to the gain variation curves, which is clearly
observed at the middle subcarrier index on all accounts.

IV. REFORMULATED CRITERION FOR DCT-MCM

SYSTEM DETECTIONS

In this section, three commonly used detection techniques
are discussed to be integrated with DCT-MCM systems.
Among of the three, the zero forcing (ZF) one-tap equal-
izer is easy and efficient to build at the receiver [30] with-
out the need for noise information. However, at frequen-
cies where channel frequency response (CFR) is severely
attenuated, the noise power is proportionally increased when
the equalizer attempts to boost the signal power. As another
alternatives, minimum-mean-square-error (MMSE) and max-
imum likelihood (ML) detections could sidestep the SNR
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degradation problem but require the information of CIR and
the noise statistic property [31]. However, as indicated in
the aforementioned section, the pre-filtering process renders
the coloured noise correlated among subcarriers, therefore
deviates from the Gaussian distribution. This motivates us
to compute the coloured noise power at each instant and
reformulate the criterion for MMSE and ML methods to make
them adaptable for DCT-MCM so as to bring performance
enhancement.

A. REFORMULATED MMSE DETECTION

As an alternative detection method, the MMSE equalizer is
considered to compress the mean square error to the min-
imum [30]. To facilitate derivation, the post-DCT symbol
vector is represented in terms of effective channel matrix for
real part Hey g and imaginary part Hey ;. Combining with
effective pre-filtering matrix Gg and Gy imposed on the noise,
the received signal vector in Eq. (14) is simplified to

y= (Heﬁ R tjHey 1)a + Grng + jGny
= Hyya + Grng + jGny (23)

Where Gg = DRPr and G; = DRP;. And Hy is the
complex effective channel matrix. In ZF detections, as the
equalizer represented in matrix form by Wzr = H gf /| Hepr |?
only requires estimated CIR, conventional detection crite-
rion can be directly used for DCT-MCM systems. However,
in the case of MMSE detection method, accounting for the
pre-filtering effect, the filtered noise vector Ggng + jGrny
in Eq. (23) becomes coloured by multiplying a correlation
matrix on both the real and imaginary components. In what
follows, we provide the optimum and suboptimum MMSE
detections for DCT-MCM, respectively. Since the noise cor-
relation matrices Gg and Gy are non-diagonal inherently,
the optimum MMSE detection therefore is non-linear and the
overall complexity grows exponentially with the matrix size.
On the other hand, the suboptimum subcarrier-wise MMSE
case is a linear detction and attains the same complexity order
as the ZF case.

Firstly, we assume the MMSE equalizer matrix which can
effectively compensate the correlation effect is formed as
WeP_ by taking %{W = 0, we have

o2HH
w?=— fcﬂ H H (24)
0 Heﬁc o T an (GrGy + G1GY)

In order to reduce the general detection complexity from
subcarrier-wise perspective, we take the overall correlation
effect from the neighbouring subcarriers as a whole factor
and calculate the noise power at each instant for the desire
subcarrier. Then, the received symbol on kth subcarrier from
Eq. (23) can be extracted simply to:

N N
Ve =Heax + Y giattre +J Y qtti (25)
t=1 t=1

where n, ; and n;; are the in-phase and quadrature compo-
nents of noise vector n on subcarrier index ¢; whereas g ;
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and gy ; are the entries from the kth row and ¢th column of Gg
and Gy, respectively. It is noted that, the coefficients gx ; and
gk in the pre-filtering matrix are time-reversed transforms
from CIR. In practice, the noise changes much faster than
the channel and we can assume the channel coherent time
is long over symbols. Upon that assumption, g%yt and q,%’t
are regarded as instant values and the coloured noise on
arbitrary subcarrier index is in the additions of Gaussian
noise variables with power spectrum N, /2 (NO = n2) from
all subcarriers. The coloured noise variance Vk at subcarrier
index k is then calculated as

NO N N
=S Q &+ ) (26)
=1 t=1

With the provision of the instantaneous coloured noise
variance Vi, we yield the reformulated expression of the
suboptimum MMSE equalizer for kth subcarrier

2
sub __ Oy H 151 27
kK — 2 2 (27)
oy |H|” + Vi

As evidenced by the above equation, the pre-filtering effect
is compensated by the MMSE equalizer for DCT-MCM
systems, as the coloured noise power varies at different
instants.

B. MAXIMUM LIKELIHOOD DETECTION

The ML detection is an outstanding solution that obtains
optimal performance among the three. The detector considers
all potential realizations by searching for all possible signal
constellation. By assuming the raw bit value can be either
Zero or non-zero, a log-likelihood ratio (LLR) based detector
is employed to give the logarithm of the ratio of a posteriori
probabilities of the modulated symbols. In our case, the con-
ditional probability density function of y; given ay is in the

form as p(yrlax) = «/ﬂlTk exp(—%). This holds for
a specific information data frame for which the Vj stands
for instantaneous coloured noise variance. In general, soft
information in the form of the LLR indicates the confidence
of demapping decision. In this regard, according to [32],

the soft information contained at the ith bit is represented as

2 e A P@klye) 2 e A POKlaK)
= In
2 apeA® PLaklye) 2 e A® POKlaK)

lyk— Hkakl )

Li=1In

Za cAd exp(—
—hn - (28)
ZakeA(O) exp(M)

where .Af»'\) is the set of all possible candidate ASK sym-
bols corresponding to b; = A,A € {0,1}. With the
provision of log-sum-exponential approximation property:
log Zi exp(¢i) = max;(¢;), after taking out the CFR effect
and assuming the ZF equalized symbol on the kth subcarrier
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is zx = yx/Hk, and the LLR equation is simplified to

max,, g0 expl—|Hx*(zk — ax)?/ Vil

L; ~ In 3 3
max , o 4© exXpl—|Hi[*(zx — ar)”/Vi]

Vi
= —* {max [—(z — a)?] — max [—(z — ar)*]}

|Hk|2 akeAl(.l) akeAg
Vi . .
= ——{- min (& —a)*+ min (& — @)’} (29)
|Hk| akeAgl) akEAiO

As indicated, the pre-filtering effect on both signal and noise

components are compensated on the part II;/# in Eq. (34),

leading to optimum system performance for DCT-MCM
systems.

BEF% performance of DCT-MCM and classic DFT-MCM systems
10 T T T T T T T T

~
—%— classic DFT-MCM with ZF (64QAM) ‘ R
—O— classic DFT-MCM with MMSE (64QAM) . -
——+— classic DFT-MCM with ML (64QAM) O\ P
—-%-— DCT-MCM with ZF (8ASK) S\
—-¢-— DCT-MCM with optimum MMSE (8ASK)
—-©-— DCT-MCM with suboptimum MMSE (8ASK)
—-+-— DCT-MCM with ML (8ASK)

6 8 10 12 14 16 18 20 22
E,/N, [dB]

FIGURE 4. BER performance for DCT-MCM and DFT-MCM systems in three
detection methods.

C. PERFORMANCE COMPARISON WITH

DFT-MCM SYSTEMS

The BER performance of DCT-MCM systems is plotted
in Fig. 4 with respect to the above three reformulated detec-
tion methods under a typical IEEE 802.11 channel. As indi-
cated in [12] that the bandwidth of a DCT-MCM system by
transmitting one-dimensional formatted signals can be only
half of that required by a classic DFT-MCM system with the
same number of subcarriers, in order to make a fair com-
parison with DFT-MCM systems in the sense of same band-
width efficiency, we assign 128 number of 8 ASK modulated
subcarriers to DCT-MCM and 64 number of 64 quadrature
amplitude modulation (64QAM) subcarriers to DFT-MCM
systems respectively. A CP length of 12 is guaranteed for
DFT-MCM whereas it is doubled in DCT-MCM. Addition-
ally. the channel is coded with the polynomial (133,171) code
at constraint length of 7 and rate of 1/2 for both systems.
As shown in Fig. 4, due to the output SNR gain that explained
in proposition 4, DCT-MCM systems outperform DFT-MCM
based ones on all situations. It can also be observed that
our proposed suboptimum MMSE equalizer can approach
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the performance of the optimum MMSE while reducing the
detection complexity significantly. On the other hand, since
typically the detection of less dense symbols is more robust
to noise, DCT-MCM systems can result in improved error-
rate performance when operating far from the capacity limit.
This is verified by the superiority gap of ZF at 4dB at a BER
of 1072 and MMSE at 2dB at a BER of 1073 between these
two systems. However, it is reduced to around 1dB at a BER
of 10™* if the optimum ML approach is used for the two
systems, which is seen in the figure.

V. IMPERFECTION ANALYSIS AND

EQUALIZATION ALGORITHM

In the previous section, we focus on the performance anal-
ysis on the DCT-MCM system with perfect transceiver and
sufficient guard sequence. However, in practice, due to the
hardware impairments and inaccurate synchronization errors,
a certain level of CFO and TO will always be introduced at
the transceivers. Moreover, sufficient prefix and suffix length
is not always guaranteed in order to improve the bandwidth
efficiency of the system. In this section, we will first derive
the system model by taking all aforementioned imperfections
into consideration. The system performance is analysed in
terms of power of desired signal, ICI, ISI and noise. Finally,
new iterative equalization algorithms are proposed to mitigate
the effect of interference and noise.

A. SYSTEM MODEL IN THE PRESENCE OF IMPERFECTION
In the presence of TO effect and insufficient guard time
sequence, the derivation for DCT-MCM system in Section II1
using matrix operations are no longer suitable for imperfec-
tion analysis. Therefore, we will use discrete series in time
domain to express the generalized model in this section. The
discrete time sequence of a transmitted block is clearly shown
in Eq. (2). Considering the introduced inter-block interfer-
ence due to system imperfection, the corresponding discrete
time series is extended from single block case to consecutive
ones, by which the mth sample in the ith transmitted block is
given by

N-1
anm+ 1)
xi(m) = ZO aj nBu cOS [T]’

m=—vy,---

,N--- , N+v—1. (30)

For each transmitted block of N + 2v time-domain samples
passing through the channel, the receiver chooses N consecu-
tive useful data samples in the middle to be processed further
and discards the other 2v guard interval samples from the
front-end side equally. Assuming the frame synchronization
error is presented as sampling time offset Ak, the indices of
the remaining N samples corresponding to the jth received
block are {k — Ak +j(N +2v)|[k = 0,--- , N — 1}. In that
case, the remaining samples r(k) of the jth received block
after channel convolution and guard symbols removing is
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written as
+oo N+v—1
rt)y =Y Y ximhtk —m—i(N +2v)) + n(k),
1=—00 m=—v
k = —Ak +j(N +2v), -, —Ak

+jN +2v)+N—-1. 3D

It is noted that, without loss of generality, we integrate
channel convolution process with the pre-filtering operations
in Eq. (31) and take h(k) as a general effective symmet-
ric CIR after pre-filtering. As the correlation property for
h(k) has already been proved in Eq. (15), for simplicity,
we denote the effective channel autocorrelation function as
R(k) = E[hy - h{] and yield the general correlation function:

Elhy, - hi,] = [8(ki — k2) + 8(k1 + k2) — 8(k1)8(k2)1R (k1)
(32)

Here, the unit sample sequence 6(k) achieves the unit value
of 1 if k = O butremains O for k 7 0. In the practical design of
a typical OFDM based system, a training sequence is usually
employed in front of each symbol for the sake of estimating
the parameters of imperfections. This kind of imperfection
detection mechanism could be applied to DCT-MCM as well.
In the following, the knowledge for CFO and TO is assumed
to have been acquired from the training symbols.

B. POWER OF DESIRED SIGNAL, ICI, ISI AND NOISE

In the following process, we focus on the data symbols
detection within the intended received block (j = 0). Due
to fading effect caused by multipath, the output of DCT
performed as demultiplexing is corrupted by interference plus
the channel noise. Assuming the data symbols are statistically
independent with unit average energy and the transmitted
average energy per symbol equals to E;. The power of desired
signal received at the nth output of the DCT can be expressed
in terms of desired signal, ISI, ICI, and coloured noise as
follows:

Px(n)—EsN+2v
The useful power Py denotes the contribution from the
desired symbol ag ,. The ICI power Pjc; contains the contri-
bution from the other symbols transmitted in the considered
transmission block (i = 0), whereas the ISI power Pjs; con-
tains the contribution power from all subcarriers within other
transmission blocks (i # 0). Finally, V,, denotes the contribu-
tion from the coloured noise defined in Eq. (26). Assuming
the neighbouring subcarriers are modulated, we obtain

(Py(n) + Prer(n) + Pisi(n)) + V,,  (33)

Py(n) = Elly(n,0,n)|]

N—1
Pici(n) = Y Elly(n,0,D)|*]
1=0,1#n
+00 N—-1
Pgi(n) = Y Ellymi,DF1 (34
i=—00,i#0 [=0
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where y(n, i, [), given by

N—1IN+v—-1
. 7 (2m + 1) + Af)
y(ni,l)=Bifn Y Y cos N
k=0 m=—v
2k + 1
cos N(Z—;Mh(k — Ak —m—i(N +2v)

(35)

denotes the signal component for the demultiplexed output
at nth subcarrier during the intended received block j = 0,
caused by the information symbol a; ; multiplexed on the /th
subcarrier with carrier offset Af considered during the ith
transmission block. In order to distinguish the signal com-
ponent from desired subcarrier and interference subcarriers
separately, let us denote y(n,0,n) (i = 0,/ = n) as the
desired signal power coefficient and the rest of y(n,i, 1)
are the interference power coefficients. For the calculation
of the component E[|y(n, i, 1)|?], after substituting Eq. (32)
into (35), we provide a computational efficient expression
for E[|y(n,i,1)|?] by dividing it into six sub-components
(see Appendix B):

Ely(n, i, DI* = Elyi(n, i, DI* + Ely2(n, i, 1)|?
+Elys(n, i, D|*> + E|ys(n, i, D?
+Elys(n, i, DI* — Elys(n, i, DI*  (36)

In the presence of interference for the non-synchronized
DCT-MCM system, the signal-to-interference ratio (SIR) of
the nth subcarrier can be written as:

Pu(n)
SIR(n) = —————— (37
Pici(n) + Prsi(n)

It is well known that DCT owns the advantage of energy
compaction capabilities [12]. That is, the signal energy
is mainly distributed in a few DCT coefficients, while
the remaining coefficients are negligibly small. In this
regard, [12] has shown that the DCT operation distributes
more energy to the desired subcarrier and less energy to
the ICI than the DFT operation under AWGN channel.
This superiority can be also verified for multipath envi-
ronments in Fig. 5 where the simulation channel complies
with former IEEE 802.11 one. To highlight the the power
spectrum distinction between DCT-MCM and DFT-MCM,
we choose the 10th subcarrier as an example for the desired
subcarrier in a 64-subcarrier system and show its power
spectrum coefficients E[|y (n, 0, 10)|?] from subcarrier index
n = 4 to 16. The remaining coefficients are sufficiently small
to be ignored, and are not plotted in the figure. In the presence
of normalised frequency offset, AfT = 0.05, 0.1 and 0.2 are
presented for power spectrum comparison, respectively.

As can be seen in Fig. 5, for smaller absolute frequency
offset, DCT-MCM shows better energy compaction prop-
erty than DFT-MCM. Due to correlated filtering, the central
desired subcarrier power can even be amplified to 1.4 times
whereas DFT-MCM can only close to unit. However,
by increasing the normalised frequency offset, the SIR for
DCT-MCM will dramatically decrease and finally suffers
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FIGURE 5. Power spectrum (in linear) on the 10th subcarrier for
DCT-MCM and DFT-MCM systems. (a) AfT=0.05. (b) AfT=0.1. (c) AfT=0.2.

higher ICI than that of DFT-MCM, which concurs with the
results given in [12] under AWGN case.

In terms of the desire signal power Py and ICI power Pycry,
Fig. 6 demonstrates the interference effect introduced by CFO
and TO individually. In the case of CFO = 0.05, Py in
DCT-MCM still see non-linear power distribution among
subcarrier index due to filtering effect. This distributed
desired signal power is higher in DCT-MCM while the inter-
ference noise Pjc; are almost under the same level for both
two systems. On the other hand, Fig. 6(b) depicts the power
variation property from TO perspective. As shown in the
figure, the Py curve has very similar distribution trend with
cosine waves and the Pjcy is the other way around. Some
sensitive subcarrier indexes (e.g n = 18, 49) experience
deep fading with maximum ICI noise. Nevertheless, in prac-
tical system design, since channel coding and interleaving
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FIGURE 6. Power of Py and Pj¢; in different subcarriers for DCT-MCM
and DFT-MCM in the presence of transceiver imperfection. (a) CFO = 0.2,
TO = 0. (b) CFO=0,TO = 2.

techniques are involved, this kind of impairment can be remit-
ted without much BER performance degradation.

C. EFFICIENT EQUALIZATION ALGORITHM
With the provision of a complete signal model taking all the
CFO, TO and insufficient guard sequence into consideration
for DCT-MCM system under multipath environments, we can
get the expression for the desired symbol on the nth subcarrier
of the intended received block (j = 0)
N-1
Yo =y, 0,mao,+ Y y(n,0, Dao,
1=0,1%n
400  N-1
+ ) D vmiDai+Ve  (38)
i=—00,i#0 =0
As can be seen in Eq. (38), with certain level of imperfec-
tions introduced the received symbol yg , will suffer from
inner-block and inter-block interference plus coloured noise.
The coloured noise has been analysed on the effect of
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pre-filtering and corresponding compensation methods have
been proposed for optimum performance. But the inter-
ference will render the channel equalization matrix non-
diagonal by which huge computational complexity has to be
involved due to the inversion of channel equalization matrix
especially when N is fairly large. On the other hand, the over-
all effective noise is no longer channel noise dominated,
resulting ML method out of use in this case.

In the sequel, we first modify our channel equalization
function for the ZF method. The other two performance
enhanced methods MMSE and ML are then updated by the
iteration results from a ZF equalizer. By regarding the cor-
related interference term as an additional part of the overall
effective noise, we can avoid very complex joint-detection
process. Consequently, the desired symbol ap, that trans-
mitted on the nth subcarrier in the intended received block
Jj = 0 can be recovered through the modified ZF equalizer
by the expression in terms of its desired signal component
coefficient as

W = y(n,0,m) /1y (n, 0, m)? (39)

However, for MMSE and ML equalizers, since the inter-
ference is correlated with desired subcarrier, direct equaliz-
ing operation incurs huge computational burden due to the
destroyed orthogonal condition. And the channel equalizer
matrix is no longer strictly diagonally dominant. To achieve
optimum error rate performance as well as reduced equaliza-
tion complexity, a ZF-based iterative technique is employed
to address this problem.

With the provision of a typical ZF equalizer function in
Eq. (39), we yield the equalized symbol Xo, = Yo.n - W&i.
Supposing the recovered symbol from X , after a de-mapper
is ap.,, we can estimate the interference term by feeding
back the recovered symbols ag , with their corresponding
interference power coefficients

N-1 +oo0  N-1
nfC = > y@m0.bag + Y. Y yiDhay
1=0,l#n i=—00,i#0 [=0

(40)

As aforementioned energy-compaction property of DCT,
the desired signal power is highly concentrated on the mod-
ulated subcarrier and its few neighbouring subcarriers. This
means most of the interference power coefficients are not
significant and there is no need to calculate every interference
term. Hence, we may relax the constraint to approximate the
overall interference noise by making the following definition:

i D .
Sy = 1=y eh iy iD= gy 0m;
~0 if y(n,i,1) < &y(n,0,n).

where £ is the interference power impact factor which allows
flexibility for the balance between complexity and accuracy.
Extensive tested results indicate a value of 3% for £ is applica-
ble for most cases where good approximation of interference
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FIGURE 7. BER performance for 8ASK DCT-MCM in normal and iterative
detection methods in the presence of imperfections.

noise can be obtained with very few terms. The approximate
interference noise is thus formulated as

N-1 +o0  N-1
AC = 3" gm0 bao + Y. Yy i D
1=0,1%n i=—00,i#£0 1=0

(42)

By eliminating the interference noise before equalizer,
the sparse effective channel equalization matrix now becomes
diagonally dominant. Consequently, upon invoking the
MMSE criterion in Eq. (27), the equalized symbol can be
yield by

~IFC 0‘3)’(”, 0, ”)H
—o,n ) 2 2

Us |V(”’ 07 n)' + Vn

For the ML method, equalization function in Eq. (29) is
updated to:

~MMSE
X0.n = (Yo,

(43)

—50.0—y (,0,m)ag >
D e A EXP(—H ==t
Ll = ]n QoneL |~ ( 0 ) |2
=y0.n =y (n,0,n)ap.n
Z(IO.neA(-O) eXp( - an : )
\% . -
= - {— min (o, —ao n)2
|]/(n, 07 n)|2 aO,nEA,(' ' '
L 2
+ min 0 (ZO,n - aO,n) } (44)
aoqneAi
where y = — AlFC and % =y 0
Yon = Yon — ng, and Zo, = Yon/v(n,0,n).

However, this equalization algorithm only works well when
the interference is moderate. In the case of hardware impair-
ment where ICI and ISI account for significant power loss,
in order to estimate the interference accurately, it is benefit
to update our new demodulated results and iterate them over
Eq. (43) and (44) for several times.

The ZF-based iterative interference cancellation detections
are verified by BER performance under comparison with
normal detection methods. The simulation environment com-
plies with what we assumed in Section III. In the presence
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FIGURE 8. BER performance at E,/No = 16dB for MMSE and ML detections for 8ASK DCT-MCM in the presence of imperfections (a) CFO = 0.05,

T0=4,v=7.(b))CFO=0.2,TO=4,v =17.

of imperfections, we simulate the DCT-MCM system with
CFO = 0.2, TO = 2 and reduce the prefix and suffix length
from 12 to 7 (channel length is 11). As can be seen in Fig. 7,
the new proposed iterative detection methods can success-
fully cancellate the ICI and ISI interference and therefore
significantly improve the system performance by only one
iteration. A 2 dB gain is achieved by the iterative MMSE
equalizer while the iterative ML method shows even better
attractive improvements, which demonstrates around 3 dB
gain superiority than the iterative MMSE equalizer.

Fig. 8, on the other hand, shows the convergence property
at E5/N, = 16dB. Noted that the number of iterations at
zero means the results are ZF based and has not yet iterated
to MMSE and ML cases. As can be seen from the figure,
if the interference level is moderate (e.g. CFO = 0.05,
TO = 4, v = 7) to the transmitted signal power, single
iteration is sufficient to achieve the optimum performance,
which is clearly identified in Fig. 8(a). However, when
imperfection errors play dominant role (e.g. CFO = 0.2,
TO = 4, v = 7), increasing the number of iterations may
be appropriately adjusted for striking a flexible trade off
between the performance gain obtained and the complex-
ity burden imposed, especially for ML method as verified
in Fig. 8(b).

VI. CONCLUSION

In this paper, we first modelled the DCT-MCM systems
with several constraint conditions satisfied to achieve inter-
ference free transmission. The boundaries for output SNR
gain between two to three folds is verified for all sub-
carriers. As to the detectors, criterion for MMSE and ML
methods are reformulated for DCT-MCM systems respec-
tively. Simulation results illustrate the performance superior-
ity of DCT-MCM than DFT-MCM systems when operating
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far from the capacity limit. In the presence of transceiver
imperfections, we show that the advantage of energy com-
paction property by DCT still holds over multipath channels.
In order to combat the interference arising from imperfection
errors, new iterative equalization algorithms are proposed
to effectively improve the performance of one-tap channel
equalization algorithms. In the case of severe conditions
where ICI and ISI are dominated, the proposed algorithms
are able to mitigate the interference effect by adjusting the
number of iteration times. An interesting topic for future
research is to derive the exact theoretical BER performance
for the prefiltering DCT-MCM systems.

APPENDIX A
Considering the effective channel coefficients are in sym-
metric after pre-filtering: hy = h_;, we firstly consider

E[h; - hy] for the coefficients on the right side where i > 0,
Jj = 0. The results then can be easily extended to the whole
case.
1) when i # j, it is easy to verify E[h;] and E[h;] are
uncorrelated to each other. Consequently, we yield:
E[h; - hj] = 0.
2) wheni=j # 0, wehave: E[f?-f?] = E[f?]-E[f] =
0.250i2 . ajz. In that case,

i i
Elhi-hj) =Y EU; S i) =) EU1 - EUff i)
p=0 p=0
L,
=2 2O OL ity
p=0

3) when i = j = 0, the expected value on fourth order
for Gaussian variable is calculated by: E [fl.4] = 3.
(/0.50))* = %oﬁ. Without loss of generality, E[h; - ;]
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then can be given by:

L—1 L—1—p
Elhi-hj]l =Y Elf1+2 Z Ely - fu]
0
" LlL 1-p
-ZZIO'-+ Y R @9
pO t=0

By combining the above three conditions and extend-
ing them to the whole effective channel coefficients case,
we obtain the following:

E[h; - hj]
li]
Za O’L lil+p i=4j#0;
— —1L—-1-p (46)
—Za—i— ZZGUP_H i=j=0;
0 others.
APPENDIX B

The output signal power on the in-phase branch at
kth subcarrier is represented as:

L—-1

29 2 27. 2 T
E[H}] = ho]+4n§E[hn] cos’[onk] (47
which equals to
L—1
E[H1=E[h§]+2) Elh;]- (cos[—nk]+l) (48)
n=1

The function above now can be considered as a convex func-
tion optimization problem and it is easy to find E [sz] will

achieve the lower peak value at the ;)oints k/N = 1/4 by tak-

S - . 9E[H
ing its differentiation function zgk il

the minimal value of E[H kz] is

= 0. As a consequence,

= LL-1-p
min{E[H}1) = = Z o + 5 LY 2o,k (i
p=0 =0
1 (-1
12CE g

2

Considering (7]? subject to the exponential power delay distri-
bution in the Rayleigh fading channel, we have

L—-1L—-1-p

L—
min{E[H}]} > %Z ;4—2 Z p+l
p=0

L—1
1
=720, +05 (50)
p=0
Recalling  the Cauchy Schwarz inequality theorem:
Yrat> n(Zl | i )%, we obtain the following
[t S Nt |
zsz;;Z%wwz 5D
p=0
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Combining the above results, we have min{E [sz]} > 0.5+
ﬁ. Accounting the other half of distributed signal power on
quadrature branch, the lower bound of the minimal signal
power gainis 1 + i

APPENDIX C

Let us consider the calculation of the component E |y (n,i,1)|%.
Without loss of generality, the general form for E|y (n, i, [)|>
is expressed as:

E|y(nil)|2
— N+v—1
1 I+ A +m +1
_,31,3 Z Z 7T( f)(;,” m )
k,k'=0m,m'=—v
—i—cosn(l—i_A];\a(m_m)]'

k—k'
+cos%].[5(k—k’—m+m’)

+ 8k +k —m—m —2Ak) — 8k —m — AKk)
8K —m' — AK)RGk —m — AKk) (52)

ank + k" + 1)
[cos ——MM8M8

For simplicity, we make new summation variables: m +m’ =
u, m —m = uy, k+k = wuzand k — k' = uy.
By defining the inner weight function: A; ,(u1, ua, us, us) =

A—lt[COS 7T(1+A{V)(M|+1) + cos 7T(l+léf)142] [cos nn(lﬁ+l) +
cos T ], we obtain:

Ely(n, i, )?

= BB Y D D Y Aalur, uz, u3, us)

Uy up U3 Uy
-[6(ua — u2) + 6(uz — u; — 2Ak) — 6(k —m — Ak)
-8k —m' — AK)R(k — m — Ak)

= BB DD A, uz, uz, up)

up Uy u3

+ Z Z ZAI,H(MB - 2Ak5 uz, us, u4)
upy U3 U4

=D D Alnluz = 28k, uz, u3, u2)] - R(k — m — Ak)
uz u3

N-1
= BIBILY Y D Avalur, uz, u3, uz)

up=0 uy u3

—1
+ Z Z ZAI’,,(LH , U2, U3, U2)

up=—(N-1) ur u3

N—-1
4 Z Z ZAI’”(M — 2Ak, up, u3, us)

uz3=0 Uy ug
N+2Ak—1

+ Z Z ZAI,,,(IB —2Ak, up, u3, usg)

uz=N uy u4
2N-2

+ Z Z ZAl’n(l,Q —2Ak, up, us, ug)

us=N—+2Ak u2 ug
=D D Alnluz =28k, uz, u3, u2)] - R(k — m — Ak)

uy u3
= Elyi(n, i, D> + Elya(n, i, D> + Elys(n, i, D[?
+Elya(n, i, D|* + Elys(n, i, D> — Elys(n, i, D> (53)
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whereas the six components of E|y (n, i, [)|* are given by:

Elyi(n, i, l)l

= BiB; ZZZAznwl,uz,uz,uz) Rk —m — Ak)

up=0 up u3
N—1N+v—uy—1 N—1

=BiBr Y. D Y AaQui+up, uz, —u. 1)

up=0 u=—v uz=u
-R(uz — u2 —uy — Ak) 54)
Elys(n,i, D)
= BiB; Z DO A, ug, uz, up)

up=—(N-—-1) ur u3
-R(k — m — Ak)
-1 N+v+ur—1 N-—1

=8B > oY AaQu—uyup. 2u3

up=—N+1 uj=—v uz=—up

+up, uz) - R(uz + up — uy — Ak) (55)
Elys(n, i, 1)|?
N—1

= BBy D D> Ain(us — 20k, uz, u3, us)
u3=0 uy u4
-R(k —m — Ak)
N—1 w3z 2vtuz—2Ak

=B D D

u3=0 uy=0 upy=0

+2Ak, u3, 2ug — u3) - R(ug — up +v — Ak)

Apn(uz —2Ak, 2up — uz — 2v

Elya(n, i, D]
N+2Ak71
= BBy Y ZZAzn(u3—2Ak 0y, u3, us)
u3=N up
-R(k — m — Ak)

N+2Ak—12N—u3z =2 2v+u3z—2Ak

S ED DI

Al,,,(u3 — 2Ak, 2u2

uz=N uy=0 uy=0
—u3 —2v+2Ak, u3, 2ug — 2N + 2 + u3)
“R(ug +u3 —up — N +v+1— Ak) (56)
Elys(n. i, )|
2N-2

D00 Avalus — 24k,

= BBy
us=N+2Ak u2 usg
uy, u3, ug) - Rtk —m — Ak)
IN—2 2N—u3—22N+2v—u3—2+2Ak

= :812.31% Z Z Z Al,n(u3_2Ak7
uz=N+2Ak us=0 upy=0
2uy —2N —2v + 2 + uz — 2Ak, uz, 2ug — 2N + 2 + u3)
‘R(ug — up +v+ Ak) &)
Elys(n, i, DI?
= Bi B, Z ZAl,n(M3—2Ak, up, u3, up) - R(k — m— Ak)
Uy u3
N—-1N-1
1 a(l + Af)uy +uy —2Ak + 1)
202
= B B, Z Z Z[cos N
uy=0uy=0
7+ Af)ur — u)
S N ]
1 —

(58)
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