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ABSTRACT For many physical systems, the fractional-order system can describe the dynamics more
accurately comparing with the integer-order system. However, its parameters, which include not only the
identification of model coefficients but also the estimation of fractional orders, are more difficult to be
identified. This paper proposes a modified quantum bacterial foraging algorithm (MQBFA) for parameters
identification of the fractional-order system, and the MQBFA algorithm is a relatively new issue in recent
years with strong engineering backgrounds. Not only does the proposed MQBFA algorithm apply the real
number encoding of the single gene to effectively perform encoding, but it also utilizes a continuously
varying rotation angle to update the rotation gate. First, a real number encoding of the single gene is
designed to improve the searching efficiency of the algorithm. Second, an improved quantum rotation
angle is applied to update the rotation angle continuously and adaptively. Third, the modificatory factor of
probability amplitude is introduced to enrich the population diversity. In addition, to prevent the generation of
invariant solutions in the early stage of quantum evolution, probability of optimal rotation angle is presented.
Furthermore, the convergence of the proposed algorithm is analyzed. Based on several benchmark functions
and parameters identification of the fractional-order system, simulation results and comparisons demonstrate
the effectiveness of the proposed MQBFA algorithm.

INDEX TERMS Quantum bacterial foraging algorithm, fractional-order system, parameter identification,

rotation angle, real-coded.

I. INTRODUCTION

A. MOTIVATION

In the past few decades, the fractional calculus theory has
attracted attention of many scholars, and the reason lies in
the application of the fractional differential equations for
many actual systems, such as thermal systems [1], power sys-
tems [2], financial systems [3] and hyperchaotic systems [4].
Therefore, it is an important issue to study the fractional-order
theory.

The fractional-order model has been widely used in
many engineering and science applications because of its
lower order, fewer parameters and higher modelling accu-
racy. Recently, considerable attentions have been paid to
study the identification method for the fractional-order
structure parameters [5]-[8]. Based on particle swarm

optimization (PSO) algorithm, Yuan et al. designed a new
method for parameters identification of the fractional-
order chaotic delayed systems [5]. Idiou et al. presented a
novel time-domain identification scheme by using adjustable
fractional-order differentiators to solve a more difficult iden-
tification problem [6]. According to the improvements of
population initialization, searching equation and the ratio
between employed and onlooker bees, Hu et al. introduced a
hybrid artificial bee colony (HABC) algorithm to identify the
unknown fractional-order chaotic systems [7]. Du et al. inves-
tigated an evolutionary optimization approach and applied the
method to identify a series of fractional-order chaotic systems
with unknown initial values and structure [8].

However, with the increase of the complexity of the
fractional-order system, it becomes more and more difficult
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to ensure the accuracy and stability of the system. So, a more
reliable optimization algorithm is reasonable for the design
of the fractional-order system.

B. RELATED WORK

Recently, a new bionic algorithm called bacterial foraging
algorithm (BFA) was proposed by Passino in 2002 [9].
Compared with other optimization algorithms, BFA includes
chemotaxis, reproduction and elimination-dispersal opera-
tions, and establishes a relatively complete information shar-
ing mechanism, which is helpful to improve the stability
and convergence precision of the algorithm. Panigrahi et al.
proposed a multiobjective fuzzy dominance BFA to solve
economic emission dispatch problem [10]. Das et al. applied
BFA to tuning the fractional-order PID controller in a master-
slave chaos synchronization configuration [11]. In [12], BFA
was used to generate accurate model for solar photovoltaic
(PV) module. Mazouz et al. investigated the robustness of
BFA, and combined BFA with PI controller to obtain a good
control effect for high-voltage direct current system [13].
In order to solve the problem of fault diagnosis existed in
aluminum electrolytic cell, Yi et al. presented an optimized
relative transformation matrix using BFA [14]. Based on
smallest univalue segment assimilating nucleus principle and
BFA, Verma and Parihar designed a fuzzy system for edge
detection [15].

Although BFA has made some achievements in practical
applications, it’s still difficult to resolve the problem of slow
convergence rate and large computation, especially in the
high dimensional condition. To improve the performance of
BFA, many BFA variants have been proposed [16]-[19].
To solve the function optimization problem, Kim et al. [16]
proposed a hybrid algorithm which was composed of genetic
algorithm and bacterial foraging algorithm. To accelerate
the optimization speed, Dasgupta et al. [17] presented a
novel BFA variant with adaptive computational chemotaxis.
To make full explore the potential of BFA, Li et al. [18]
designed a new BFA with varying population. Chen et al. [19]
put forward a new bacterial colony foraging algorithm based
on the combination of colony foraging strategy and BFA.
These algorithms are classified into two categories: improve
their own parameters and present new algorithms combining
with other algorithms. In addition to above improvement
strategies, another important improvement is to introduce
quantum mechanisms into BFA [20]. Compared with BFA,
quantum bacterial foraging algorithm (QBFA) has the quan-
tum characteristics and greatly increases the search space,
which can improve the overall performance. Li et al. [21]
successfully solved the traveling salesman problem using
QBFA. In [22], QBFA was used in spectrum sensing, which
verified the effectiveness of the algorithm.

C. CONTRIBUTION

The traditional binary coding is adopted in QBFA, but the
coding and decoding operations will affect the efficiency
of the algorithm. In addition, the rotation angle of the
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classical QBFA is obtained by look-up table. The rotation
angle obtained in this way is discrete and fixed, which can
not affect the solution space, and limits the increase of popu-
lation diversity. Thus, a modified quantum bacterial foraging
algorithm (MQBFA) is proposed in this paper. The main
contributions can be summarized as follows.

1) A real coding method of single gene is designed to
preserve the rich population brought by quantum coding, and
eliminate the time of searching optimum.

2) An improved quantum rotation angle is proposed, which
can update the rotation angle continuously and adaptively,
and enhance the global searching ability of the algorithm.

3) The application of the modificatory factor of probability
amplitude enriches the population diversity.

4) A concept called probability of optimal rotation angle
is presented to improve the searching performance of the
algorithm.

The remainder of this paper is organized as follows.
In section 2, the modified quantum bacterial foraging algo-
rithm (MQBFA) is proposed. The convergence of the pro-
posed MQBFA is analyzed in section 3. In section 4,
the parameter of MQBFA is analyzed, and the performance
of MQBFA is evaluated by seven benchmark functions.
In section 5, MQBFA is applied to identify the parameters
of fractional-order system. Conclusions are summarized in
section 6.

Il. MODIFIED QUANTUM BACTERIAL

FORAGING ALGORITHM

A. CLASSICAL QBFA ALGORITHM

In the QBFA algorithm, quantum bit is the smallest unit which
is also called qubit. A qubit can represent the state 0 and
state 1 as well as any superposition of states between the two
states. Thus a quantum bit is represented as

¢ = al0) + B[1), ey

where, @ and § are the probability amplitude of state |0) and
state | 1), respectively, and meet the requirement: o>+ 8% = 1.
o and B2 are the probability of state |0) and state | 1), respec-
tively. A qubit is represented by the probability amplitude.
For example, a chromosome with qubits is represented as

|:oz1 o) oz,,:| )
B1| B2 Byl

where [a|> + |8?=1,i=1,2,---,p

In the QBFA algorithm, the update process of chromosome
state is accomplished by a single quantum rotation gate which
is defined as

3

sin 6 cos

U®) = |:(:059 —sin91|’

Obviously, U(0) is a unitary matrix. The adjustment opera-
tion of the quantum rotation gate is shown as follows

ol | L] [cos6; —sin6;| o
PR e [
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where the rotation angle is defined as 6; = s(«;, B;) - A6;, and
its value can be obtained by look-up table from [20].

The QBFA algorithm is a probabilistic algorithm, in which
the bacterial population is composed of quantum chromo-
somes. Suppose that the population of the 7th generation is
0(t) = {4, 45, - - - . ¢},}. The probability amplitude of the jth
chromosome is given by

t t t
p_ (% % o Oy i—1.2.... N 5
q] [ﬂi ,35 ﬂ[l;/}’ ] 9~y ) b ()

where, n is the population size, and N is the chromosome
length.

B. THE PROPOSED MQBFA ALGORITHM

In this paper, there are mainly four improvements in our
proposed MQBFA algorithm including encoding mechanism,
update strategy, population initialization and the improve-
ment for optimal rotation angle.

1) ENCODING STYLE OF MQBFA ALGORITHM

Compared with binary coding in classical QBFA, an extra
storage space exists in the real coding of single gene, and the
coding mode is as follows,

, 6)

¥ = bpax — bnins @)

|rx1 Xy e TXp

where r is the range of the real domain, /., is the upper
limit of the real domain, /,,;, is the lower limit of the real
domain, n is the length of chromosome, x;(i = 1,2,---,n)
is a random number generated from the interval [0, 1], and x;
corresponds with the ith probability amplitude in QBFA algo-
rithm. The form of the corresponding probability amplitude
is as follows,

cos 6,
sin 6,

cos 6r
sin 6

cos 01
sin 6;

®)

The chromosome with a length of n is coded by the real
coding of single gene, and the probability cos 91.2 related to
the probability amplitude cos 6; is compared with a random
number rand generated between 0 and 1. If cos 01.2 > rand,
the measured value of the corresponding gene is set as r * x;,
otherwise, it is set as r * rand. The real number encoding of
the single gene is essentially the expansion of the quantum bit
encoding.

The new encoding mechanism not only preserves the qubit
encoding, but also replaces the binary encoding with real
encoding, which retains the rich population brought by quan-
tum encoding and eliminates the time converted from binary
form to decimal form.

2) MODIFICATORY FACTOR OF PROBABILITY AMPLITUDE

In order to improve population diversity and searching effi-
ciency of the algorithm, the modificatory factor of probability
amplitude (MFB) in [23] is introduced. As the name suggests,
the modificatory factor of probability amplitude is used to
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modify the probability amplitude updated by quantum rota-
tion gate. MFB is defined as follows.

o (ﬁ,vl—y)T, |W;|2§V
|:’3’/] = (vl—)/,«/?)Tv |Ol,{|22 l—y 9
! alf,ﬂi’)r, else

where y is a relatively small positive number, and [er; f; 17
is the probability amplitude updated by quantum gate.

3) IMPROVED QUANTUM ROTATION ANGLE
Some parameters are defined as follows:

0; represents the angle of a quantum bit on the unit circle
of the current bacterium.

0, denotes the angle of a quantum bit on the unit circle of
the optimal bacterium.

[af ,Bi*]T is the probability amplitude related to a quantum
bit of the current optimal bacteria.

[a; Bi]7T is the probability amplitude related to a quantum
bit of current bacteria.

69 is the initial value of the rotation angle.
L, >

-1, t<0

A = %o i and sgn(t) = is the sign
Bo Bi

function.
The improved quantum rotation angle is defined as

S1 = sgnlA;l
Sy = sgn(6; — 0%), (10)
0 = S]@oe_(gi_g*)sz. (11

S1 is used to control the direction of the rotation angle, and
S>, 6p, 6; and 0* are used to control the size of the rotation
angle. When m = 6; — 6* > 0, we have Sy = 1. Thus, |0'| =
Boe~™ < 6y, which implies the value of rotation angle varies
towards to the trend of less than 6y. When m = 6; — 0* = 0,
we get So = 1. So, |0'| = Gpe™™ = 6y, which implies the
value of rotation angle varies is the same as the initial value
6p. When m = 0; — 6* < 0, we have S» = —1. Therefore,
0’| = Bpe™™ > 8y, which implies the value of rotation angle
varies towards to the trend of greater than 6. The rotation
angle obtained by (11) is continuous, and the solution space
can be searched comprehensively, which drives the algorithm
to find the global optimal solution quickly.

From above analysis, once the value of the initial rotation
angle is fixed, the value of the quantum rotation angle is
adjusted adaptively around 6 until the global optimal rotation
angle is obtained. Thus, the value of 6y has a great influence
on the quantum rotation angle.

4) PROBABILITY OF OPTIMAL ROTATION ANGLE

In the classical QBFA algorithm, the initial values of all
probability amplitudes are set as 1/+/2. So, the current opti-
mal rotation angle is the same as the rotation angle of each
qubit, which is easy to generate the invariant solutions in the
early stage of quantum evolution, and even deteriorates the
performance of the algorithm. Motivated from the mutation
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operation in genetic algorithm, this paper presents a concept
called probability of optimal rotation angle. The probability
of optimal rotation angle Py is adopted to modify the optimal
rotation angle, and the corresponding expression is shown
below.

0" * , P
9b= * W 9 <& (12)
0'x(1—p), Pp=e¢

where p and ¢ are random numbers obeying (0, 1) distribu-
tion. 6, takes 8’ % u or 8’ * (1 — u) with the same probability.
So, the value of Py is set as 0.5.

IIl. CONVERGENCE ANALYSIS
Definition 1: Suppose that the population size is S. Define
that f represents the fitness function value, and fy.s repre-
sents the global optimal solution which is defined as fpes; =
min text{f(x) i=1,2,---,8} Let X" = {x}, x5, -, x{}
represents the position mformation at the rth iteration.
Definition 2: For a set of random sequences t(n =
1,2,---), where existing a random variable 7, let
{ hm T =1} = 1;0rforVé§ > 0, there 1sp(ﬂ°°1Uk>n|rk
7| Z 8) = 0, which we call random sequence 1,, converges to
random variable 7 with probability 1.
Definition 3: Define that E = {El,Ez, .

the searching space, where D = ]_[ ”’

, Ep} represents
bi . Suppose that a and

b are the upper and lower bounds of the searching space, and
¢ is a given precision. The state space is defined as:

(D Ay = {EilfE~fpes: | < €}

(2) Az = {EillfEi~fpes | = €}

Suppose that p1; is the transfer probability from Aj to Ay,
p21 is the transfer probability from A; to Ay, and pj» is the
transfer probability from A, to A,. Because the strategy of
reserving optimum is used for the MQBFA algorithm, we get
pir =1

Lemma 1 [24]: Suppose that (B, Ba, - -+ , By) is an event
sequence of mutual independence in probability space, and
p(Bx) is the corresponding probability. Then,

(H Zp(Bk) <00, p(Mp2 ) U2, Br) =0

n—l
@) 3 pBr) = 00, p(32,

n=1

Lemma 2 [25]: The population sequence {Q’,¢t > 0} of
MQBFA is a homogeneous Markov chain with finite state
space.

Theorem 1: The optimal solution sequence {X’, t > 0} of
MQBFA is a homogeneous Markov chain with finite state
space.

Proof: The state transfer process in MQBFA is car-
ried out in a finite space, and its operations such as quan-
tum coding, measurement, chemotaxis, reproduction, and
elimination-dispersal, are performed in an independent ran-
dom process. Besides, the whole process of evolution adopts
the strategy of reserving the best individual, which means
that Q'*+! is only related to Q' and has no relationship with

U/?in By) =1
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the previous population information. According to Lemma 1,
we can complete the proof of Theorem 1. U

Theorem 2: There exists a constant o € (0, 1) in MQBFA,
thus, we have pyy < u.

Proof: For a given precision ¢ > 0, when 3/ > 0 and
|X — Xpest| < [, we have lf(x) _f(xbest)| <, where Xpes
is the optimal solution of the optimization problem, and 0 <
¢ < e.LetS) = {X||X — Xpes:| < [}, and it is easy to find
that §1 C Ay.

In the MQBFA algorithm, the operation for modifying the
optimal rotation angle is the same as the Gauss mutation.
Assume that the individual X in A, is implemented with the
operation and generate a new individual X 4 A, then we have

PiX +A) €81} < p{lX +4) € At} =poy. (13)

The random variable A follows Gauss distribution N (0, 12)
whose probability density function is defined as
2

1
f) = —x\/ﬂexl)(_m)’

Because

n
pIX +2) € St} = [ [PUXi+ 4 = Xpew| < 1)
i=1

n Xpest —Xi+l
=11 / f@x)dx,
i=1 Xbest—Xi—1

we get

n Xpest —Xi+l
]_[ / fode < 1=
i=1 Xpest —Xi—1

0<p{X+1)eS) <Ll

Because the random variable A follows Gauss distribution,
the variable x related to p{(X 4+ A) € St} is continuous. Thus
3X’ € E, we have

PX +2) €St} =minlp{X + 1) € S}l (14)

Let u = 1 —p{(X'+ 1) € S1}. According to (13) and (14),
we get

pX' +0 eSS <X+ eSi}t<pu=1—-pn=

pn <1—=p{X'+1) €S} =pn <pu a
Theorem 3: The MQBFA algorithm is globally convergent.
Proof: For a given precision ¢ > 0, after evolution from
generation ¢ to generation ¢+ 1, the probability of not meeting
the precision is p' = pan = p{lfX) — fXpest)| > &}
According to Theorem 2, we have

Zp; < Zu. (15)

Because 1 € (0, 1), wecangetz n= 1= u ,and szz <

=1
L < 00. According to Lemma 1, we have p(ﬂ ° U,
[ﬁ frestl = §) = 0. Based on Definition 2, we can
draw the conclusion that the MQBFA algorithm is globally

convergent. O
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TABLE 1. Test results with different ¢,.

Algorithm| 69 Optimal Worst value | Average Variance
value value
0.37 | 2.8421E-10 | 1.6768E+00 | 2.7390E-01 | 7.4844E-01

0.5 | 2.8421E-10 | 7.9899E-01 | 1.8120E-01 | 5.7107E-01
0.7m | 2.8421E-10 | 2.4663E-02 | 2.4680E-03 | 5.4736E-02
MQBFA | 0.97 | 2.8421E-10 | 6.1665E-06 | 1.2956E-06 | 4.3401E-06
1.17 | 2.8421E-10 | 1.1942E-08 | 2.6634E-09 | 2.2653E-13
1.37 | 2.8421E-10 | 5.6751E-07 | 1.1951E-07 | 4.1018E-07
1.57 | 2.8421E-10 | 1.3106E-03 | 2.0149E-04 | 1.6947E-05

IV. PERFORMANCE EVALUATIONS

A. PARAMETER ANALYSIS

According to the analysis for the improved quantum rotation
angle, it is clear that the optimal rotation angle is obtained
around 6y, which implies that 9y has a great influence on the
performance of the algorithm. In order to obtain an excellent
performance of the algorithm, the selection for 6 is essential.
Therefore, a classical function named Sphere is used for
testing the MQBFA algorithm to get an appropriate 6y. The
function is defined as

n
A=) "x]. (16)
d=1
When x = (0,0, - - -, 0), the function get the optimum O.

In Sphere function, the searching space is set as [-100,100],
and the order is set as 2. For the MQBFA algorithm, in order
to make the simulation results more convincing, parameters
such as S (population size), N, (number of chemotaxis),
Ny (number of reproduction), N,z (number of elimination-
dispersal), P.4 (probability of elimination-dispersal) and len
(length of chromosome) are set according to [21]. The spe-
cific parameters are set as: § = 40, N. = 50, N, = 5,
Ned = 2, Pog = 0.25 and len = 44. Run the algorithm
50 times and the test results with different values of 6y are
listed in Table 1.

From Table 1, when 6y = 1.1m, the proposed MQBFA
algorithm get the best results regardless of the average
value, the worst value or the variance, which implies that
the MQBFA algorithm has higher calculation accuracy and
stronger stability. It is easy to find that the algorithm can get
the same optimal value for different 8y. The reason for the
same optimal value lies in the algorithmic structure.

To test the performance of the proposed method,
the MQBFA algorithm is compared with QBFA, QGA and
PSO algorithms by seven benchmark functions in Table 2.
In Table 2, fi — f4 are multimodal functions, and f5 — f7 are
unimodal functions.

B. PARAMETER EVALUATIONS

For the QBFA algorithm, the parameters are set based on [21]:
S =40, N, = 50, N;e =5, Nog = 2, Poyg = 0.25, len = 44.
For the MQBFA algorithm, The values of N, Ny, Neg4, len
and P4 are set as that in QBFA, and other parameters are
set as: Bp = l.1x and Py = 0.5. For the QGA algorithm,
the maximum number of iterations MaxlIter = 500, crossover
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probability P.ss = 0.7 and mutation probability P,, =
0.15 [21]. Because MQBFA, QGA and QBFA algorithms
are coded by binary mode, PSO algorithm is introduced to
highlight the good performance of the proposed scheme. For
the PSO algorithm, the population size § = 40, the maximum
iteration number MaxlIter = 500, the inertia factor W = 0.8,
and the learning factor ¢; = ¢y = 1.5 [26].

The difficulty of optimization enhances with the increase
of dimension. To demonstrate the effectiveness of the pro-
posed MQBFA algorithm, the dimension of the seven bench-
mark functions is set to 30. Running 30 times, the average
value (Mean ) and the number of iterations (/ter) of test
results are listed in Table 3.

From Table 3, we note that the MQBFA algorithm has
more accurate results than those of QBFA, QGA and PSO
algorithms, which indicates that the MQBFA algorithm has
higher calculation accuracy. Furthermore, from the aspect of
Iter, we can easily find that the proposed approach has faster
convergence rate than QBFA and QGA algorithms. Besides,
the MQBFA algorithm has a relatively smaller convergence
rate than PSO. The reason lies in that the MQBFA algorithm
adopts binary encoding, which affects the convergence rate
of the algorithm.

V. PARAMETER IDENTIFICATION OF
FRACTIONAL-ORDER SYSTEM

A. FRACTIONAL CALCULUS THEORY

1) DEFINITION OF THE FRACTIONAL-ORDER DERIVATIVES
AND INTEGRALS

Although the fractional calculus has a history of more
than 300 years, it is applied in practical fields in recent
decades. In the fractional calculus theory, the basic operator
is defined as

dCi
d[_o" Re(a) >0
DY = 1, Re(a) =0 (17)

t
/ (tt)™%, Re(a) <0,

where a and ¢ are the upper and lower bounds of the opera-
tional factor. « is the order of calculus, and Re() is the real
part of «. In the development of the fractional calculus, there
are several typical definitions: Caputo, Riemann-Liouville
(RL) and Grumwald-Letnikov (GL) definitions [27]. For
example, GL is defined as

[(t—a)/h] @
. o .
WDIf (@) = Jim - 2; WO —jh. (18
]:

@ _ D@+

I T+ D —j+ 1’ (19

where I'(-) is the " function, [(z — a)/h] is the largest integer
that is not greater than (¢t — a)/h, and h is the sampling
period.
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TABLE 2. Basic information of benchmark functions.

Function Mathematical representation Range of search Optimal value
: D
Griewank filz) = 4000 H cos(f—[) +1 [—100, 100] 0
D
- \/ Z :)2 7% > cos(2wzx;)

Ackley fo(z) =20+ e — 20e —e = i=1 [—100, 100]P 0

Rastrigrin f3(x) = §j[x — 10 cos(2mz?) + 10] [~100, 100]P 0

Schewefel fa(zx) = 418.9829D + 2 (—; sin(\/z7)) [~500, 500]P 0

i=1
D—1
Rosenbrock fs(z) = > [100(zi41 — x2)2 + (z; — 1)?] [-10,10)P 0
=1
Sum Squares fe(z) = Z ix? [~100, 100]P 0
=1
D
Dixon-Price fo(z) = (z1 —1)2 + Y (222 — z;_1)2 [-10,10)P 0
i=2
TABLE 3. Performance comparison of MQBFA, QBFA, QGA and PSO algorithms.
Function MQBFA QBFA QGA PSO
Iter | Average value Iter Average value Iter Average value Iter Average value

Griewank 185 2.0675E-01 197 1.3545E+00 332 4.6907E+00 169 1.4752E+00
Ackley 225 1.2485E+00 347 1.0485E+01 316 5.5324E+01 177 2.6374E+01
Rastrigrin 224 2.5657TE+01 352 1.1241E+02 359 3.8057E+02 154 3.1428E+03
Schewefel 110 1.6357E+03 125 1.2685E+04 145 1.4651E+04 104 1.7627E+04
Rosenbrock 182 5.5248E+01 246 1.3347E+02 276 1.2348E+02 103 1.8428E+02
Sum Squares 177 2.3852E+00 358 6.2245E+00 357 8.7157E+00 174 1.1175E+01
Dixon-Price 196 4.5874E+01 233 1.5183E+03 254 4.6683E+03 165 8.3671E+03

2) THE FRACTIONAL-ORDER SYSTEM
So far, we have found that many fields such as electrochem-
istry, control theory and biology, can be accurately described
by the fractional difference equations. Under zero initial con-
dition, the corresponding transfer function of the fractional
difference equations is given by
G Y(s)  busPm 4+ by_1sPn1 4+ 4 by

(8)= U(s)  ans® + ap_15%-1+---4ag
where a; and b; are real numbers, «; and S; are calculus orders,
u(t) and y(¢) are the input and output signals of the system,
respectively.

With the increase of the fractional order, it is difficult
to accurately identify the fractional-order systems. In view
of this, a fractional-order system with continuous order is
proposed in [28]. And its expression is described as

(20)

bys™ + by,

aps"™ + an_ls(nfl)a 4+ ...

Y(s)
UGs)

(smDB 4 4 b

G(s) = et

2

B. SIMULATIONS
To further prove the effectiveness of the proposed scheme,
the MQBFA algorithm as well as QBFA, QGA and PSO algo-
rithms is applied to estimate the parameters of the fractional-
order system. The parameter settings of all the algorithms are
shown in Sec 4.2.

The simulations are implemented using MATLAB 7.11 on
Intel(R) Core(TM) 15-2320 CPU, 3.00 GHz with 4 GB RAM.
And the specific identification steps are as follows.

VOLUME 6, 2018

Step1: Determine the parameters to be identified, including
model parameters and order.

Step2: Determine the input signal and the fitness function.
In this paper, The sum of the squared errors between the out-
put y(¢) and the true value yo(?), i.e., J = fOT [y(¢) — yo(t)]zdt
is used as the fitness function, and the sinusoidal signal is
introduced as the input signal.

Step3: Initialize the parameters of the algorithm to generate
searching vector.

Step4: The parameters in the fractional-order system are
identified with the corresponding algorithm.

Step5: If the deadline condition is satisfied, the algorithm
will stop, otherwise, go to step 4.

The structure chart of parameter estimation for the
fractional-order system is shown in Figure 1.

1) IDENTIFICATION FOR THE KNOWN FRACTIONAL-ORDER
MODEL STRUCTURE

Suppose that the transfer function of the identified system is
known, its expression is shown below.

1
22823 414801 + 1
For the fractional-order system, the searching range of
coefficients is set as [0, 3], and the fluctuation range of

order is limited as [—0.05, 0.05]. The identification vector
is described as

G(s) =

(22)

x=[a1 a a3 by b2,
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FIGURE 1. Structure chart of parameter estimation for fractional-order
system.

TABLE 4. The estimation results of various algorithms.

Algorithm PSO QGA QBFA MQBFA
Best
al 2.1808 2.1846 2.1895 2.1987
as 1.3952 1.3970 1.3982 1.3998
as 0.9902 0.9911 0.9943 0.9994
b1 2.2891 2.2898 2.2953 2.2998
b2 1.0947 1.0954 1.0987 1.0995
J 2.4751E-02 | 2.1630E-02 | 8.0712E-03 | 6.8319E-04
Mean
ay 2.1748 2.1793 2.1855 2.1981
as 1.3712 1.3797 1.3859 1.3935
a3 0.9826 0.9847 0.9878 0.9988
by 2.2745 2.2782 2.2811 2.2943
ba 1.0809 1.0862 1.0916 1.0982
J 6.4241E-01 | 5.4221E-01 | 4.0912E-01 | 8.8012E-02
Worst
ay 2.1315 2.1459 2.1515 2.1236
as 1.4819 1.4413 1.2801 1.3531
as 1.1123 0.8562 0.9501 1.0712
b1 2.5142 2.6421 2.1411 2.1708
ba 1.1793 1.1384 0.8368 1.0146
J 2.0846E-01 | 1.8415E-01 | 16052E-01 | 1.4902E-01

where ay, ay and a3 are the model parameters, and by and by
are the orders of the model. Table 4 shows the best, the mean
and the worst estimated parameters with over 30 independent
runs.

TABLE 5. The estimation results of various algorithms.

Algorithm PSO QGA QBFA MQBFA
Best
a1 2.1057 2.1176 2.1227 2.1531
a2 1.2169 1.2275 1.2337 1.2837
as 0.9328 0.9424 0.9458 0.9931
by 2.1607 2.1692 2.1965 2.2184
ba 1.0057 1.0183 1.0395 1.0754
J 2.2181E+01 | 2.1842E+01 | 8.3842E-01 | 1.1273E-01
Mean
a1 1.9832 2.0157 2.0387 2.1225
a2 1.1497 1.1572 1.2284 1.2694
as 0.8995 0.9107 0.9521 0.9897
by 2.1383 2.1422 2.1562 2.2058
ba 0.9704 0.9721 1.0124 1.0537
J 2.2145E+02 | 7.2815E+01 | 1.0574E+01 | 4.2178E+00
Worst
a1 1.9354 1.9398 1.9724 2.0571
a2 1.1298 1.1357 1.1852 1.2464
as 0.8934 0.9036 0.9381 0.9537
by 2.0813 2.0872 2.0918 2.1574
ba 0.9187 0.9215 0.9834 1.0281
J 7.1854E+02 | 1.2721E+02 | 3.7541E+01 | 8.9475E+00

From Table 4, an interesting observation to notice that the
estimated values obtained by MQBFA are much closer to the
true values, which reveals that the proposed method is more
accurate than the other three algorithms being compared.
In addition, it is easy to find that the MQBFA algorithm
can obtain the optimal fitness function values whether in the
optimal value, the mean value or the worst value.

In order to verify the search efficiency of MQBFA algo-
rithm, the evolutionary process of the fitness function and the
estimated parameters are shown in Fig. 2. Fig. 2 illustrates
that the estimated parameters can quickly converge to the
true values, and the fitness function value also has a fast
convergence rate, which means the MQBFA algorithm has
better convergence characteristics.

In order to study the influence of the variation range of
order on the identification effect, the variation range of order

—MQBFA
1.2 —QBFA
—AQGA
1.15 —PSO
Q1.1
1.05
] =t
1.25 0.95
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
No. of iteration No. of iteration No. of iteration
2.8 1.3 0.2
—MQBFA : —MQBFA —MQBFA
—QBFA 12 —AQBFA —QBFA
26 —QGA - —AQGA 0.15 —QGA
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1.1
524 ] - 01
1
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FIGURE 2.
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Evolutionary curves of estimated parameters and adaptive function values.
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TABLE 6. The model structure.

TABLE 7. The estimation results of various algorithms.

Model Structure Parameter
1 Sbll - a1, az,b1 Algorithm PSO QGA QBFA MQBFA
a1 571 +ag 1
2 0,571 $05"2 oz o1, 02,83, b1, by a1 37152 3.6917 28572 2.8027
3 2151 1ay5%% 1as5"5 1a; a1,02, 03, a4, b1, b2, b as 16837 15867 14831 14107
4 5% o Sb2+a135b3 TasStitas | M 02,03,04,a5,b1,b2, b3, b4 by 1.5571 1.4834 1.3725 1.2547
: J 1.6844E+02 | 1.5482E+02 | 1.2841E+02 | 8.4417E+01
2
is set as [—0.5, 0.5], and other conditions remain unchanged. a1 ‘:’ gg%; ?23;; ?g;gi ';’ ;33
o L . . a . Ne . .
The statistical re.su.lts are llsteq in Table 5.. - a:2>, 10381 10427 10247 1.0934
From Table 5, it is worth noting that the identification effect b1 2.3708 2.3473 2.3092 2.2579
can be improved significantly with the decrease of the random b2 0.9215 0.9087 0.8961 0.8566
number range of order. The main reason is that the objective ‘é 6.5752E+01 | 9.4283E+01 | 7.4752E+01 | 3.5715E+01
function value affected by the order changes exponentially, a 58903 58940 38875 38754
which indicates that there is a large change in the function az 1.2204 1.1821 1.1758 1.1847
value with a minor change of order. Thus, the appropriate a3 ??;gg (1)213(9)33471 ?gggg ?gzgg
. . aq . . . .
reductloq of the or.der helps shorten Fh.e convergence time of by 33575 35890 35627 35743
the algorithm and improve search ability. ba 1.3773 1.3624 1.3652 1.3517
b3 0.6725 0.6717 0.6635 0.6685
2) IDENTIFICATION FOR THE UNKNOWN J 1.2574E+01 | 8.3571E+00 | 4.5724E+00 | 5.2714E-01
4
FRACTIONAL-ORDER MODEL STRUCTURE o 07598 03061 03454 02917
In the model identification, the model structure is often a2 2.0965 2.3328 2.27233 2.1847
unknown. When one assumed model structure matches the a3 }égg? }'gzgg Hgg; H;gg
. a .. B . .
real model, the measured e?'ror will be smaller than that Qf ag 13436 11749 11126 10755
other models. Usually, the high-order systems rarely occur in b1 2.4720 2.2427 22035 21518
the actual system, and the higher order fractional-order sys- ba 2.6025 2.6883 2.6243 2.5085
tem can be reduced to one of the models in Table 6. Therefore, 23 égéig (1)25324212 (1)2857;441 (1)17‘3?7‘
the 4 models in Table 6 are selected for simulation study. The 7 118246402 | 835746401 | 3.7824E+01 | 8.9257E+00

transfer function of the identified object is assumed to be
1
2.5823 4+ 1.4814 4+ 0.8506 + 1°

The statistical results are listed in Table 7.

Table 7 shows that MQBFA algorithm outperforms other
three algorithms. Besides, we can find that the performance
index J of model 3 is significantly smaller than that of other
models, so model 3 is closest to the target model. Moreover,
taking the J value of model 3 as the dividing point, the J value
decreases first and then increases. Furthermore, the difficulty
of parameters identification is greatly increased with the
increase of the parameters of the system. We can also see
that the identification accuracy of a», by and b, obtained by

G(s) = (23)

TABLE 8. Test results using a,, a;, b, and b, as independent variables.

MQBFA is not the best. We take the parameters obtained by
MQBFA as an example to explain the above phenomena. ay,
a4, by and by are used as independent variables respectively,
and the values of independent variables in the test are based
on the results obtained by the other three algorithms. The test
results are listed in Table 8.

In Table 8, the data of line 1 represents the results obtained
by MQBFA. The values of a, obtained by the other three
algorithms are used as independent variables, and other vari-
ables remain unchanged, and the performance index J are
listed in lines 2-4. Similarly, the data of lines 5-13 represents

a as as a4 by ba b3 J
1 2.8254 1.1847 0.8784 1.0183 2.2742 1.3517 0.6685 0.5271
2 2.8254 1.1758 0.8784 1.0183 2.2742 1.3517 0.6685 0.6872
3 2.8254 1.1821 0.8784 1.0183 2.2742 1.3517 0.6685 0.5345
4 2.8254 1.2204 0.8784 1.0183 2.2742 1.3517 0.6685 0.4814
5 2.8254 1.1847 0.8784 1.0529 2.2742 1.3517 0.6685 1.4591
6 2.8254 1.1847 0.8784 1.1084 2.2742 1.3517 0.6685 8.7106
7 2.8254 1.1847 0.8784 1.1395 2.2742 1.3517 0.6685 15.1293
8 2.8254 1.1847 0.8784 1.0183 2.2627 1.3517 0.6685 0.6374
9 2.8254 1.1847 0.8784 1.0183 2.2824 1.3517 0.6685 0.4723
10 2.8254 1.1847 0.8784 1.0183 2.3575 1.3517 0.6685 1.0487
11 2.8254 1.1847 0.8784 1.0183 2.2742 1.3652 0.6685 0.5721
12 2.8254 1.1847 0.8784 1.0183 2.2742 1.3624 0.6685 0.5624
13 2.8254 1.1847 0.8784 1.0183 2.2742 1.3773 0.6685 0.5028
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FIGURE 3. Evolutionary curves of estimated parameters and adaptive function values.

the results which are obtained by using a4, by and by as
independent variables respectively. Table 8 reveals that a
small change of ap, b1 and by has little effect on the per-
formance index J, whereas a slight change of a4 causes a
significant change of the performance index J. In the early
iterations of the MQBFA algorithm, J changes from big to
small with the tuning of all the parameters. However, in the
later iterations of the algorithm, when J becomes smaller
mainly due to change of a4, the algorithm is insensitive to
minor changes of other parameters, and the algorithm tends to
converge gradually. The evolutionary processes of estimated
parameters in model 3 are shown in Fig. 3. Fig. 3 reveals that
the proposed MQBFA algorithm has the fastest convergence
speed.

VI. CONCLUSIONS

In this paper, based on a modified quantum bacterial foraging
algorithm, a new parameter estimation scheme is proposed to
identify the parameters of the fractional-order system. A new
encoding mechanism is designed to improve the searching
efficiency of the algorithm. Besides, a novel update strat-
egy for the quantum rotation gate is presented to further
strengthen the convergence rate of the algorithm. In addition,
to enrich the diversity of population, a modificatory factor of
probability amplitude is introduced in population initializa-
tion. Furthermore, the application of probability of optimal

6618

rotation angle enhances the searching ability of the algorithm.
To verify the correctness of the MQBFA algorithm, seven
benchmark functions are adopted to test the performance.
In contrast to the other three algorithms, the test results
demonstrate the correctness of the proposed scheme. In order
to test the validity and convergence rate of the proposed
algorithm, the MQBFA algorithm as well as other algorithms
is used for parameters identification of a typical fractional-
order system. Numerical simulations show that the proposed
approach is an effective method with faster convergence rate
and higher precision.

For a complex system with multiple parameters (more
than 10), if we want to obtain a good performance, the time
complexity will be increased due to the complex structure
of MQBFA. So, in the future work, we will enhance the
performance by improving the structure of algorithm. Fur-
thermore, we will utilize the proposed algorithm to identify
the parameters of the actual fractional-order model, such as
the Cole impedance model.
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