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ABSTRACT The lack of sufficient spectral resources in many alternative positioning, navigation, and
timing (APNT) systems for aviation has led to the problem of mutual interferences. Building APNT system
with the cognitive radio and frequency-hopping (FH) techniques can resolve above problem, however,
the main challenge is to achieve a long and high-precision range with high-speed FH signals. In this paper,
we propose a novel ranging method called time–frequency matrix ranging (TFMR), which is based on
the FH signals. Using the TFMR method, we built a jam-resistant APNT system to meet the accuracy
and coverage requirements of aviation. We employed a dual-tone signal for the TFMR to estimate the
pseudoranges between the ground stations and the aircrafts. One major challenge we faced was that what was
good for ranging accuracy was bad for coverage. For example, increasing the dual-tone interval can improve
the ranging accuracy; however, this led to a decrease in the unambiguous measurement range (UMR).
To overcome this challenge, we employed different dual-tone intervals in different hops of the frequency-
hopping signal. Finally, we formed a time–frequency matrix, so that a high UMR could be guaranteed
without any harmful consequences on the ranging accuracy in the middle to high levels of the signal-to-noise
ratio. The Cramér–Rao lower bound of TFMR is derived as the benchmark of the method. Using extensive
simulations, we investigated the ranging performance of the TFMR method. The simulation results showed
that the proposed TFMR could satisfy the APNT requirements of the Federal Aviation Administration.

INDEX TERMS Navigation, frequency hopping, pseudorange.

I. INTRODUCTION
The Global Navigation Satellite System (GNSS) is an impor-
tant part of the aviation infrastructure because it provides
global positioning, navigation, and timing (PNT) services.
If the GNSS in the aviation sector fails, it may give rise to
serious security-related accidents.

However, the GNSS signal is weak and susceptible to
interference [1]. In recent years, a number of security
problems have been recorded with the Global Position-
ing System (GPS), which is the most widely used GNSS.
On 4 December 2011, an American Lockheed Martin
RQ-170 Sentinel unmanned aerial vehicle was captured by
Iranian forces by using jamming and cheating maneuvers.
In May 2012, the GPSs of over 500 aircrafts flying over
South Korea’s Incheon and Gimpo airports stopped working
because of GPS jammers used by North Korea. This kind
of intentional large-scale jamming of GPSs will have an
immense negative impact on the aviation system.

Therefore, it is necessary to develop alternative posi-
tioning, navigation, and timing (APNT) systems for avi-
ation so that jam-resistant PNT services are provided
when the GNSS fails. The United States Federal Aviation
Administration (FAA) proposed three APNT systems,
including DME/DME networks constructed by distance mea-
suring equipment (DME), passive wide area multilatera-
tion (P-WAM), and pseudolites (PLs) [2]. The German
Aerospace Center proposed another APNT system called
the L-band Digital Aeronautical Communication System 1
(LDACS1) [3]. Further studies about these APNT systems
are presented in [4]–[11]. These APNT systems are based on
existing systems and can be constructed quickly from these
existing systems.

However, these APNT systems operate at fixed frequen-
cies, and their spectra overlap, which causes mutual inter-
ference. For example, the spectrum for the DME ranges
from 960 to 1215 MHz, and it is divided into 252 channels;
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a fixed channel is assigned to each ground transpon-
der. LDACS1 works in the lower part of the L-band
(960–1164 MHz), and this band overlaps with that of the
DME. We investigated the interference between DME and
LDACS1, and the results indicated the existence of serious
mutual interference between the two systems [12]. Besides,
there were other systems that worked in the same frequency
band, such as GPS L5 and the Joint Tactical Information
Distribution System (JTIDS) [4].

It is difficult to avoid the overlapping of spectra between
systems because of the lack of spectral resources; however,
some unused discontinuous spectra still remain. The oper-
ating frequency of a ground transponder is fixed, and it has
a bandwidth of only 1 MHz. Therefore, even when multiple
DME ground transponders are used in a region, some unused
discontinuous channels are still present on the spectrum.
However, the unused discontinuous spectrum is different in
different regions. As the location of the aircraft changes
rapidly, the spectrum to be used by the aircraft also changes
rapidly.

The cognitive frequency-hopping (FH) technique can be
used effectively in this situation because it combines the
cognitive radio and FH techniques. The cognitive radio
technique can sense a spectrum to obtain an unused dis-
continuous spectrum in real time. The FH technique can
effectively use a discontinuous spectrum over a wide fre-
quency band to obtain substantial anti-jamming gain control.
Therefore, the cognitive FH technique can dynamically adjust
FH patterns according to the spectrum utilization; this tech-
nique can be applied to wireless communications [13]–[17].
For example, the cognitive FH technique is used in air-
craft communication to increase the resource utilization
and enhance the anti-jamming ability [15]. And carefully
design the frequency hopping sequence can improve the
anti-jamming ability of the cognitive FH system [16]. It is
possible to apply the cognitive FH technique to avia-
tion navigation and build a new APNT system with high
anti-jamming ability. Spectrum-sensing algorithm in com-
munication can be used in aviation navigation. Real-time
communication is possible between the aircraft and the
ground stations (GSs); therefore, the spectrum-sensing results
can be transmitted in real time. Based on this informa-
tion, the spectrum-management algorithm and the spectrum-
sharing algorithm in communication can also be applied to
aviation navigation.

To build such APNT systems, a number of problems need
to be resolved. However, the main challenge is to achieve
a long and high-precision range with high-speed FH sig-
nals. APNT needs to provide navigation, which requires
hundreds of kilometers of range. The FAA has different posi-
tioning accuracy requirements for various operations of the
APNT system. For example, for lateral navigation, the
FAA requires positioning accuracy better than 0.3 nm
(nautical miles) 95% of the time, and for surveillance,
it requires 92.8m of positioning accuracy 95% of the time [5].
Therefore, the challenges faced are as follows:

1) The ranging methods are limited because of the short
resident time and limited instantaneous bandwidths of
high-speed FH signals.

2) The signal received by the aircraft undergoes a Doppler
shift because of the high speed of the aircraft.

In this study, we propose a ranging method for aviation
navigation based on high-speed FH signals; we have called
this the time-frequency matrix ranging (TFMR) method.
Two major highlights of the proposed TFMR method are as
follows:

1) Based on the high-speed FH signal, we propose a pas-
sive ranging method. Time-synchronized GSs transmit
different dual tones in different hops of the FH sig-
nal. By measuring the phase difference of a dual-tone
signal and combining the multi-hop signal to construct
a time-frequency matrix (TFM), the aircraft estimates
the pseudorange to the GS. By making a phase differ-
ence of dual tone, the influence of the initial carrier
phase on the ranging was eliminated, and the influence
of the short resident time of the high FH signal on
the unambiguous measurement range (UMR) [18] was
overcome by using TFM. The proposed TFMR can
achieve high accuracy across a large area.

2) The TFMR method uses prior-knowledge-based fre-
quency estimation. According to the prior knowledge
about the transmitted dual-tone signal, the frequency
offset of each hop is estimated to reduce the Doppler
shift and the inaccuracy of the carrier frequency to
the estimated pseudorange. The proposed TFMR can
effectively improve the ranging accuracy more than
the independent estimation method that estimates the
frequency of each tone independently.

The rest of the paper is organized as follows. In Section II,
the system model for the aviation navigation scenario is
described. The ranging method based on the dual-tone sig-
nal is introduced in Section III, and the tradeoff between
the ranging accuracy and the UMR is also analyzed in this
section. Then, we propose a TFMR method based on the FH
signal in Section III. In Section IV, we present a pseudorange
estimation method for the TFMR. And the Cramer-Rao lower
bound (CRLB) of the range estimation is derived in SectionV.
Our simulation results are analyzed in Section VI. The con-
clusions are drawn in Section VII.

II. SYSTEM MODEL
A. BASIC MODEL
Consider a typical APNT system deployment scenario in
which we need to position many aircrafts by several GSs
with known positions, as shown in Fig. 1. The GSs transmit
FH signal in the time division mode, and the aircrafts receive
the FH signal and calculate their own positions. The antenna
of the GS is very far from the ground; therefore, there is a
direct path for FH signal transmission from the GS to the
aircraft; the multipath effect can be ignored.

For each hop of the FH signal, the GS arranges a dual
tone in the baseband, and the frequencies of the dual tone are
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FIGURE 1. A typical APNT system deployment scenario with several GSs
and aircrafts. .

f1 and f2 (f1 < f2). The dual-tone signals are generated by the
same oscillator; therefore, their initial phases are the same.
We denote this initial phase by ϕp, where p denotes the GS p.
Then, the baseband signal can be expressed as follows:

sp (t) =
2∑
i=1

exp
(
j
(
2π fi (t −1tk)+ ϕp

))
(1)

Multiple aircrafts could be flying in the same area.
We assume that all the GSs are mutually time synchronized
whereas the time between each GS and the aircraft is not
synchronized.1tk is the time difference between the GSs and
the aircraft k . All GSs are synchronized; therefore, the time
difference between the aircraft k and all GSs are the same.
The baseband signal of GS p up-converts to a radio signal

by using a carrier with center frequency fcp and the initial
phase θp:

sp−R (t) = apsp (t) exp
(
j
(
2π fcp (t −1tk)+ θp

))
= ap

2∑
i=1

exp
(
j
(
2π
(
fi + fcp

)
(t −1tk)+ϕp + θp

))
(2)

where ap is the real-valued amplitude of the dual-tone signal.
The FH signal changes the carrier center frequency fcp to
correspond with the pseudo-random sequence. If the distance
between GS p and the aircraft k is dpk , then the propagation
delay is dpk/c. The aircraft k receives the signal and down-
converts it to the baseband signal by using a carrier with the
center frequency fck and the initial phase ηk :

rpk (t) = βpksp−R
(
t−dpk/c

)
exp(j (2π (−fck) t+ηk))+wpk(t)

= βpkap
2∑
i=1

exp
(
j
(
2π
(
fi+fcp−fck

)
t+αi

))
+wpk (t)

(3)

αi = −2π
(
fi + fcp

) (
1tk + dpk/c

)
+ϕp + θp + ηk (mod 2π) (4)

where the complex coefficient βpk denotes the flat-fading
channel between the GS p and the aircraft k . The coefficient
can be modeled as a zero-mean complex Gaussian random

variable with the variance σ 2
pk . The noise term wpk (t) is

modeled as a zero-mean complex Gaussian random process
with the variance σ 2. The signal phase is αi when the signal
is received.

High-performance Direct Digital Synthesizer (DDS),
Phase Locked Loop (PLL) [19], and crystal oscillators [20]
can be used to synthesize high-precision frequency signals
in APNT. The baseband signal can be synthesized by DDS
and PLL having a high-precision crystal oscillator, which can
produce a baseband signal with accurate frequency. There-
fore, the frequency offset of the dual-tone in the baseband can
be ignored. On the contrary, there may be a carrier frequency
offset (CFO) between fcp and fck .

B. DOPPLER-EFFECT MODEL
When there is relative movement between the aircraft and
the GS, the influence of the Doppler effect needs to be
considered. When the relative speed between the GS and
the aircraft v satisfies v � c, the relationship between the
Doppler shift fD and the transmission frequency f0 is given as
follows:

fD = f0 (v/c) (5)

When the baseband has a small bandwidth, the Doppler
shift difference of the dual-tone is negligible. For example,
let us assume that the maximum relative speed of the aircraft
and the GS is 440 m/s [21]. If the bandwidth of the baseband
is 500 kHz, the Doppler shift difference between the two
tones is approximately 0.7 Hz. Therefore, both tones of the
dual-tone signal have equal Doppler shifts. The dual-tone
interval is constant in the ranging process. The Doppler effect
causes the signal received by the aircraft to shift; therefore,
the carrier frequency of GS p received by the aircraft can be
written as follows:

f ′cp = fD + fcp (6)

Now, we rewrite (3) and (4) as follows:

rpk (t) = βpkap
2∑
i=1

exp
(
j
(
2π
(
fi+f ′cp−fck

)
t + αi

))
+wpk (t) (7)

αi = −2π
(
fi + f ′cp

) (
1tk + dpk/c

)
+ϕp + θp + ηk (mod 2π) (8)

III. FROM DUAL-TONE RANGE TO TFMR
The fundamental concern of this paper is to determine a rang-
ing method based on high-speed FH signals. Ranging meth-
ods have a number of limitations because of the short resident
time and the limited instantaneous bandwidths of high-speed
FH signals. To resolve this problem, we first introduce dual-
tone ranging (DTR) [22], [23]. DTR is an improvement to
Radio Interferometric Positioning System (RIPS) [24], [25].
RIPS is used in wireless sensor network (WSN) and it needs
four nodes with two senders and two receivers to participate
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in ranging process to get the Qrange which is the distance
combination between the four nodes. Therefore, the ranging
process of RIPS is complicated. Futhermore, there is Qrange
ambiguity in RIPS [26], [27] and the UMR of RIPS will limit
the coverage of the system. DTR use one sender and one
receiver to get the pseudorange between the two nodes and the
ranging process is simplified. But the pseudorange ambiguity
still exists. DTR and RIPS are mainly applied to WSN, and
the coverage ofWSN is small relative to the APNT system for
aviation. Therefore, smaller UMR can be accepted in WSN
but not be accepted in APNT system. DTR can not be directly
apply to theAPNT system, so, we propose the TFMRmethod.
The proposed TFMR uses different dual tones in different
hops, and it constructs a TFM by using multi-hop signals to
estimate a pseudorange, which can have a high precision in
large areas.

A. DUAL-TONE RANGING
For high-speed FH signals, the initial carrier phases at differ-
ent hops are different; however, they are the same in the same
hop. Therefore, they can be eliminated by a phase difference.
The phase difference between the two tones can be expressed
as:

1αpk = −α2 + α1 = 2π (f2 − f1)
(
dpk/c+1tk

)
(mod 2π)

= 2π1f d ′pk/c (mod 2π) (9)

where1f = f2− f1, d ′pk represents the pseudorange between
the GS p and the aircraft k , which is the same as the pseudo-
range in the GPS.

Then, the pseudorange can be obtained by (10):

d ′pk = c1αpk/(2π1f )+ nc/1f (10)

where n is an integer and n > 0, and c/1f is the UMR.
When d ′pk is larger than UMR, there is ambiguity about d ′pk .
Therefore, to minimize ambiguity, the UMR should be made
as large as possible. 1f determines the UMR. The smaller
the 1f , the larger the UMR; however, the accuracy of the
range decreases as the 1f decreases [23]. Due to the wide
coverage of the APNT system for aviation and the FAA
requirements for the APNT system, it requires high-ranging
accuracy along with large UMR when the methods similar to
DTR are applied to the APNT system. Therefore, the DTR
method cannot be directly applied to the APNT system.

B. TIME-FREQUENCY MATRIX RANGING
To improve the UMR, an intuitive approach is to employ a
multi-tone within one hop. However, mutual interferences
arise among the multiple tones, and these interferences
increase as the frequency interval among the multiple tones
decrease [28]. The instantaneous bandwidth of the high-speed
FH signal is narrow. If the number of tones of the multi-tone
signal is increased, the frequency interval among the multiple
tones cannot be kept large.

The TFMR proposed by us is shown in Fig. 2. The
basic idea in our TFMR is to combine different dual

FIGURE 2. The proposed TFM.

tones in different hops and different times to form a TFM.
The TFMR transmits dual-tone signals per hop, which min-
imizes the impact of the narrow instantaneous bandwidth
of high-speed FH signals used for ranging. At the same
time, the multi-hop signal is combined so that the UMR is
improved.

The TFM can be formalized as follows:

TFM =


f11
f21
...

fM1

f12
f22
...

fM2


M×2

(11)

where M is the number of rows of the TFM. The frequency
of the first tone is the same for all hops, and fi2 > fj2 if i > j.
From (8), we can obtain the phase αij at each measurement
frequency. Then these phases can constitute the following
time-phase matrix (TPM):

TPM =


α11
α21
...

αM1

α12
α22
...

αM2


M×2

(12)

From (9), we can obtain the Time-Frequency Differential
Vector (TFDV) and the corresponding Time-Phase Differen-
tial Vector (TPDV) as follows:

TFDV = [1f1, · · · ,1fi,1fi+1, · · · ,1fM ],1fi < 1fi+1
(13)

TPDV = [1α1, · · · ,1αi,1αi+1, · · · ,1αM ] (14)

If we consider each element in TFDV as a measurement
frequency, then TFDV contains a series of measurement
frequencies, and TPDV can be seen as the phase obtained
at this series of measurement frequencies. Therefore, the
TFMR can be equivalent to the multi-frequency phase mea-
surement problem [24]. We can obtain a relationship between
TFDV and TPDV as shown in (15). By making multiple
measurements with different frequencies, we can reconstruct
the value of d ′pk as follows:

1αi = 2π1fid ′pk/c (mod 2π) (15)
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Let 1f ′i = 1fi+1 − 1fi(1 < i < M − 1), then
[1f ′1, · · · ,1f

′

M−1] can be viewed as the interval of measure-
ment frequency. Reference [18] pointed out that the UMR is
inversely proportional to the greatest common divisor (GCD)
fgcd of the measurement frequency interval, as shown in (16).
Therefore, the TFM can be designed to improve the UMR as
follows:

UMR = c/fgcd (16)

C. MEASUREMENT BANDWIDTH AND
SOLUTION BANDWIDTH
We define the TFMR measurement bandwidth Bm as the
difference between the highest frequency and the lowest fre-
quency components in the TFM:

Bm = max
(
fij
)
−min

(
fij
)
, 1 ≤ i ≤ M , 1 ≤ j ≤ 2 (17)

The TFMR method employs 1fi as the measurement fre-
quency to estimate the pseudorange. Therefore, we define the
solution bandwidth Bs of the TFMR as follows:

Bs = max (1fi)−min (1fi) , 1 ≤ i ≤ M (18)

The above definition implies that Bm > Bs. Let the instan-
taneous bandwidth of the FH signal be Bi, then Bi = Bm+f11.
Therefore, Bi limits Bm and Bs.

D. TFM DESIGN
Two aspects need to be taken into account for the
TFM design: ranging accuracy and UMR. The tones of a
dual-tone signal show mutual interference. To obtain high
accuracy, we must select the appropriate frequency interval
of the dual-tone signal (1f ). In addition, to make full use of
the signal bandwidth, Bs needs to have the highest possible
value.

Let Tr denote the resident time of the FH signal. When
two tones of the dual-tone signal are orthogonal, their
mutual interference is minimum. In other words, 1f is
preferably an integer multiple of 1/Tr . We define 1/Tr as
the minimum frequency interval (MFI). Then, MFI is the
minimum value that can be achieved by the GCD of the
frequency interval in TFDV. Thus, MFI limits the UMR
(as seen in (16)).With the increase of the hopping speed of the
FH signal, Tr decreases so that the UMR also decreases.
As 1f increases, the interference between the two tones
gradually reduces [28]. We observe the effect of the change
of 1f on the phase difference estimation by simulation(see
Fig. 3). In the simulation, the sampling time is 100 µs. The
root mean square error (RMSE) of the phase difference esti-
mation is small and similar when1f exceedsMFI. Therefore,
to improve the UMR, we can adopt a compromise scheme,
that is, when1f exceeds MFI,1f need not necessarily be an
integer multiple of MFI.

We provide a TFM generation algorithm to generate
a feasible TFM. Given fgcd , Bi, f11, and M , the TFM
generation algorithm can be given in the following
steps:

FIGURE 3. The impact of 1f on phase difference estimation.

1: Determining f12 and fM2, where f12 = f11 + n × MFI ,
fM2 = Bi, which make Bs as large as possible; n is an
integer(usually equal to 1).

2: Randomly generate two small primes p1 and p2 such that
f22 = f12 + fgcd × p1, f32 = f22 + fgcd × p2.

3: Randomly generate the second tone frequency fi2(i =
4, ...,M − 1) of all other hops within f32 − fgcd and
fM2 − fgcd .

E. TFM EXAMPLE
To support the area navigation, APNT needs to have a range
of hundreds of kilometers. From (16), if fgcd is 1 kHz, then
the UMR is 300 km, which meets the requirement of APNT.
Therefore, as an example, we design TFM to make the
GCD of TFDV equal to 1 kHz. The hopping speed of the
FH signal is 16000 hops/s, and the instantaneous bandwidth
Bi = 100 kHz. The duration of each hop of the FH signal
is called the hop cycle; the duration includes the frequency
switching time and the frequency resident time. If we assume
that the frequency switching time occupies 20% of the hop
cycle, then the frequency resident time Tr = 0.05 ms, and
the MFI is 20 kHz. In TFM, if f11 = 10 kHz, f12 = 30 kHz,
M = 5, then f52 = 100 kHz. The frequencies of other hops
in the TFM are generated randomly as described above. For
example, if TFM = [10, 30; 10, 41; 10, 60; 10, 84; 10,
100] kHz, then TFDV = [20, 31, 50, 74, 90] kHz, and the
frequency interval of TFDV is [11, 19, 24, 16]kHz. The GCD
of the frequency interval of TFDV fgcd is 1kHz, and the UMR
is 300 km. It can also be noted from the above examples that
the average frequency interval of the TFDV is less than that of
the MFI. However, from the TFM, we can see that the 1f at
each hop is larger than that of the MFI, which reduces mutual
interference between the different tones. When M increases,
this situation will become more obvious.

IV. PSEUDORANGE ESTIMATION
To obtain the pseudorange, the dual-tone phase difference
must be estimated; this requires signal frequency information.
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The Doppler shift and CFO make it impossible to obtain
accurate frequency information. From Section III, we know
that the interval of the dual-tone signal remains almost con-
stant during the ranging process. Using this prior knowledge,
we propose a frequency-estimation method in this section.
After obtaining the dual-tone phase difference, we trans-
form the pseudorange estimation into a single-tone frequency
estimation problem. Then, we use the efficient algorithm
of the single- tone frequency estimation to estimate the
pseudorange.

A. FREQUENCY ESTIMATION BASED ON
PRIOR KNOWLEDGE
In the classical multi-tone estimation problem, there is no
relationship among the multiple tones; therefore, the fre-
quency of each tone needs to be independently estimated.
However, the interval of a dual-tone signal is almost constant
in the ranging process. This prior knowledge can be used in
estimating the pseudorange.

Inspired by the above observation, we propose a frequency-
estimation method based on prior knowledge. For conve-
nience, in (7), let fpki = fi+ f ′cp− fck (i = 1, 2). The frequency
of each tone of the baseband signal fpki is obtained by the air-
craft; this frequency contains the Doppler shift and the CFO.
Firstly, estimating fpki by using the high-resolution frequency-
estimationmethod root-MUSIC [29], we obtain the estimated
value f̂pki. The value of fi is exactly known; therefore, based
on fi and f̂pki we can obtain the frequency offset on each
tone. Secondly, by averaging the frequency offset on each
tone, we obtain fO, as shown in (19). The interval of the
dual tone is almost constant; therefore, the frequency shift
of each tone is the same and is equal to fO. Finally, based on
fi and fO, we obtain f ′pki, which is employed to estimate the
phase difference 1αpk , as shown in (20).

fO =
2∑
i=1

(
f̂pki − fi

)/
2 (19)

f ′pki = fO + fi, 1 ≤ i ≤ 2 (20)

B. PHASE DIFFERENCE ESTIMATION
OF DUAL-TONE SIGNAL
We estimate the dual-tone phase difference 1αpk by using
the least squares estimation method. Let us assume that the
received signal is converted by AD by using the sampling fre-
quency fs, Then, we obtain the sample vector rpk containing
N samples as follows:

rpk = Apkxpk (21)

where Apk = [8(f ′pk1/fs)8(f
′

pk2/fs)] with 8(f ) = [1,
exp(j2π f ), · · ·, exp(j2π (N−1)f )]T , and xpk=βpkap[exp(jα1),
exp(jα2)]T . Then, the least squares estimator of xpk is

x̂pk =
(
Apk

)†rpk (22)

The estimator of 1αpk is

1α̂pk = arg
{[
x̂pk
]
1

[
x̂pk
]∗
2

}
(23)

where the operators [·]T , [·]∗, and (·)† denote the transpose,
the complex conjugate, and the generalized inverse. The ith
element of vector a is denoted by [a]i.

C. USING TFM TO ESTIMATE PSEUDORANGE
Reference [30] and [31] shows that the additive white Gaus-
sian complex noise of single-tone signal can be converted
into an equivalent additive white Gaussian noise of phase in
large signal-to-noise ratio (SNR). Therefore, the noise of αi
in (7) can be modeled as a zero-mean Gaussian noise.
As show in Section III, the RMSE of the phase difference
estimation is small and similar when1f exceeds MFI. In the
TFM generated by the TFM generation algorithm, 1fi is
larger than MFI. Therefore, it can be assumed that the tones
of dual-tone signals in TFM are independent of each other.
So, in large SNR, (15) can be modeled as:

1αi = 2π1fid ′pk/c+ ni (mod 2π) (24)

where ni is modeled as a zero-mean Gaussian noise with the
variance σ 2

α .
Then, we present the maximum likelihood (ML) estimator

of pseudorange of the TFMR method. In large SNR, (24) can
be converted into an equivalent form [30], [31]:

exp (j1αi) = exp
(
j2πd ′pk1fi/c

)
+ zi (25)

where zi is complex white Gaussian noise with variance 2σ 2
α .

Then the pseudorange estimation of the TFMR method is
equivalent to a single-tone frequency estimation and we can
regard d ′pk as the frequency of a single tone and 1fi/c as the
discrete sample time.

However, the interval between the 1fi may be uni-
form or non-uniform. When the interval between 1fi is uni-
form, the pseudorange estimation of the TFMR method is
equivalent to the single-tone estimation with uniform sam-
pling. Then, the ML estimator for the pseudorange d ′pk is

d̂ ′pk=arg max
d

{∣∣∣∣∣
M−1∑
i=0

exp
(
j1α̂i

)
exp (−j2π1fid/c)

∣∣∣∣∣
}

(26)

where 1α̂i is the estimated value of the phase difference in
TPDV. When the interval between 1fi is non-uniform, it is
equivalent to the single-tone estimation with non-uniform
sampling [32]. Let the minimum frequency resolution be fmin,
and the minimum value of1fi be n× fmin. Bs is L times fmin,
where k , n and L are integers. Then, the maximum likelihood
estimator for the pseudorange d ′pk is

d̂ ′pk=arg max
d

{∣∣∣∣∣
L−1∑
k=0

exp
(
j1α̂k

)
exp

(
−j2π (k+n) fmind

/
c
)∣∣∣∣∣
}

(27)

In (27), if we insert a number of measurement frequencies
to transform the single-tone estimation with non-uniform
sampling problem into a uniform sampling problem, then,
L > M . The estimated value of the phase difference for
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the inserted measurement frequency should be made zero.
We have solved (26) and (27) by using the FFT-based dichoto-
mous search method proposed in [33] because it provides an
efficient solution.

V. CRAMER-RAO LOWER BOUND
In this section, we derive the CRLB for TFMR based on the
models described in (7) and (25). In order to estimate the
pseudorange, we first obtain the phase difference by the least
squares estimator in (23), then we use the estimation of the
phase difference to estimate the pseudorange by ML estima-
tor in (26) and (27). Although we use the least squares estima-
tor to estimate phase difference, the least squares estimator is
equivalent to ML estimator when the noise is Gaussian [30].
So, we first derive CRLB for the phase difference and then
derive CRLB for the pseudorange.

A. CRLB FOR THE PHASE DIFFERENCE
The tones of dual-tone signals in TFM can be regarded
as independent of each other. Therefore, we convert the
dual-tone signal parameter estimation problem into two
single-tone parameter estimation problems. According to (7),
the independent single-tone signal can be modeled as:

rpki (t) = βpkap exp
(
j
(
2π fpkit + αi

))
+ wpk (t) (28)

For the first tone of dual-tone signal, rpk1(t) (i = 1) is
converted by AD with sampling frequency fs and the sample
vector is R = [rpk1,0, rpk1,1, · · · , rpk1,N−1] with N samples.
Then, the joint probability density function (pdf) of the ele-
ments of the sample vector R when the unknown parameter
vector is 0 = [ω1, ap, α1, βre, βim]T is given by

f (R;0) =
(

1
σ 2π

)N
× exp

[
−

1
σ 2

N−1∑
n=0

(Xn−µn)2+(Yn−vn)2
]

(29)

where Xn = Re
(
rpk1,n

)
, Yn = Im

(
rpk1,n

)
, βre = Re

(
βpk

)
,

βim = Im
(
βpk

)
, ω1 = 2π fpk1, σ 2 is the variance of the

complex Gaussian random process wpk (t). un and vn is:

un = ap (βre cos (ω1nT+α1)−βim sin (ω1nT + α1)) (30)

vn = ap (βre sin (ω1nT+α1)+βim cos (ω1nT + α1)) (31)

where T is 1/fs.
Since the unknown parameter βpk is a zero-mean com-

plex Gaussian random variable with the variance σ 2
pk , then

βre and βim are zero-mean Gaussian random variable with
the variance σ 2

pk/2. Therefore, the parameter vector 0 con-
sists of both random and non-random parameters and hybrid
CRLB (HCRLB) can be derived [34]:

HCRLB =
[
CRLB01 0

0 BCRLB02

]
(32)

where 01 = [ω1, ap, α1]T and 02 = [βre, βim]T repre-
sent non-random and random parameters of 0 respectively.

BCRLB02 is Bayesian CRLB of random parameters in 02.
We only care about CRLB01 and the Fisher Information
Matrix (FIM) is

JD = E02
[
J01
]

= E02

2
(
β2re + β

2
im

)
σ 2

 a2pT 2Q 0 a2pTP
0 N 0

a2pTP 0 a2pN


=

2
√
2σpk
σ 2

 a2pT 2Q 0 a2pTP
0 N 0

a2pTP 0 a2pN

 (33)

where J01 denotes FIM with unknown parameters 01, E02 is
the expectation with respect to 02, P and Q are as follow:

P =
N−1∑
n=0

n =
N (N − 1)

2
(34)

Q =
N−1∑
n=0

n2 =
N (N − 1) (2N − 1)

6
(35)

Then the CRLB of α1 is

CRLBα1 =
[
J−1D

]
33
=

√
2σ 2 (2N − 1)

4σpka2pN (N + 1)
(36)

The CRLB of α2 is the same as the CRLB of α1. Then the
CRLB of 1αpk with unknown ω1, ω2 (ω2 = 2π fpk2) and
ap is

CRLB1αpk =CRLBα1+CRLBα2=

√
2σ 2 (2N − 1)

2σpka2pN (N + 1)
(37)

Although the frequencies of the dual-tone signal are
unknown, the frequency difference between the two tones of
dual-tone signal in each row of TFM is known. This prior
knowledge is used to esimate the frequencies of dual-tone
signal in (19) and (20). Part of the frequency information is
used to estimate the phase difference. Therefore, when we
derive CRLB for the phase difference, it is not appropriate
to regard ω1 and ω2 as unknown parameters. Then, when
we estimate α1, the unknown parameter vector is 0′ =
[ap, α1, βre, βim]T and the joint pdf of the elements of the
sample vector R is the same in (29). The FIM of non-random
parameters in 0′ is

J ′D = E0′2

[
J0′1

]
= E02

[
2
(
β2re + β

2
im

)
σ 2

[
N 0
0 a2pN

]]

=
2
√
2σpk
σ 2

[
N 0
0 a2pN

]
(38)

Then the CRLB of α1 with known ω1 is

CRLB′α1 =
[
J−1
0′1

]
22
=

√
2σ 2

4σpka2pN
(39)
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The CRLB of 1αpk with known ω1, ω2 and unknown ap
is

CRLB′1αpk =

√
2σ 2

2σpka2pN
(40)

B. CRLB FOR THE PSEUDORANGE
In (20), when ω1 and ω2 are unknown, σ 2

α ≥ CRLB1α and
when ω1 and ω2 are known, σ 2

α ≥ CRLB′1α . Therefore,
in order to derive CRLB for the pseudorange, we can regard
CRLB1α and CRLB′1α as σ 2

α in different situations.
Let the observation of TPDV is 18 = [1α1, · · · ,1αM ],

1F = [1f1, · · · ,1fM ] and � = exp (j18), then the joint
pdf of� at1F with the unknown parameter vector B = [d ′pk ]
is

f (�; B) =
(

1
2πσ 2

α

)M
× exp

[
−

1
2σ 2
α

M∑
i=1

(ai−ui)2+(bi−vi)2
]

(41)

where ai = Re (j1αi), bi = Im (j1αi), ui = cos
(
2π 1fic d

′
pk

)
,

vi = sin
(
2π 1fic d

′
pk

)
.

The CRLB of d ′pk is

CRLB=−1

/
E

[
∂2f (�;B)

∂d ′pk
2

]
=σ 2

αc
2

/
M∑
i=1

4π21f 2i (42)

Then, according to (37) and (40), the CRLB of d ′pk without
and with frequency knowledge of dual-tone signal are

CRLBd ≥

√
2c2σ 2 (2N − 1)

8π2σpka2pN (N + 1)

/
M∑
i=1

1f 2i (43)

CRLB′d ≥

√
2c2σ 2

8π2σpka2pN

/
M∑
i=1

1f 2i (44)

VI. SIMULATION RESULTS
In the simulation, let us first consider the ideal situationwhere
there is no CFO and Doppler shift, that is, the frequency of
received signal is exactly known. Subsequently, the CFO and
the Doppler shift are considered, which means the frequency
of the received signal is unknown and must be estimated.
And, we analyzed the impact of the bandwidth, TFM rows,
and the sampling frequency on the ranging performance.
Furthermore, the robustness of TFMR is analyzed. To analyze
the ranging performance of the TFMR, we did not take into
account the time difference between the GS and the aircraft,
that is,1tk = 0. Therefore, we do not distinguish between the
pseudorange and the distance in the simulation. The central
frequency of the FH signal carrier is in the range of 1 GHz
to 1.5 GHz in the simulation, and the amplitude of the dual-
tone signal ap = 1. Moreover, the average channel power of
the flat-fading channel is always assumed to be 1, therefore
σ 2
pk = 1.

TABLE 1. Parameters of the FH signal.

A. SIGNAL WITHOUT CFO AND DOPPLER SHIFT TO
EVALUATE RANGING PERFORMANCE
When there is no CFO and Doppler shift with received signal,
the frequency of the received signal is accurately known.
We compare the ranging accuracy and UMR between the
DTR and the TFMR. When the DTR is used for FH sig-
nals, the same dual tone is transmitted at each hop, and the
estimated distance of M hops are averaged. In the DTR,
the frequency of the first tone f1 is 10 kHz, and the frequency
differences between the two tones are 100 kHz and 1 kHz,
which correspond to the UMRs of 3 km and 300 km, respec-
tively. The distance bewteen the GS and the aircraft is 1.3 km.

The default parameters of the FH signal are shown
in Table 1. We simulated low-speed and high-speed FH sig-
nals in which the frequency switching time was taken as 20%
of the hop cycle. The distance between the GS and aircraft
is 200 km. Reference [35] pointed out that the instantaneous
bandwidth of the FH signal is between several kHz and
several MHz; therefore, we set the instantaneous bandwidth
to 110 kHz. We analyzed the average performance of the
TFMR under different TFMs, which were randomly gen-
erated based on Section III. When the hopping speed was
800 hops/s, f12 = 15 kHz; when the hopping speed was
16000 hops/s, f12 = 30 kHz.
The number of Monte Carlo trials is 104 for each SNR.

As shown in Fig. 4(a), when the hopping speed of the FH
signal is 800 hops/s and the UMR of the TFMR and DTR is
300 km, the RMSE of the distance estimation of the TFMR
is much less than that of the DTR. For example, when the
SNR is 20 dB, the RMSE of distance estimation of the TFMR
is approximately 4.16 m, whereas that of the DTR reached
430.9 m. When the interval of the dual-tone is 100 kHz, and
the UMR is 3 km in the DTR, the range performances of
the TFMR and DTR are almost the same. When the hopping
speed is 16,000 hops/s, the situation is similar to what can be
seen in Fig. 4(b). However, Fig. 4 shows that the RMSE of the
TFMR distance estimation has a threshold effect, and the sub-
sequent simulations show that adjusting the TFMR parame-
ters can reduce the threshold levels. In addition, the square
root of the CRLB of the pseudorange estimation is used as
benchmark in Fig. 4. Although the RMSE of the TFMR
distance estimation is close to

(
CRLB′d

)1/2, there is perfor-
mance gap between them. As pointed out by [23], the deep
fading channel can fail the range estimation and causes large
errors.
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FIGURE 4. RMSE of distance estimation when the received signal without
CFO and Doppler shift: (a) parameter 1, (b) parameter 2.

B. SIGNAL WITH CFO AND DOPPLER SHIFT TO EVALUATE
RANGING PERFORMANCE
The range measurement becomes limited as the hopping
speed of the FH signal increases. Therefore, when there is
CFO and Doppler shift with received signal, we analyzed the
FH signal with the hopping speed of 16000 hops/s. We con-
sidered the Doppler shift and the CFO, which adversely
impact the ranging. When the maximum relative speed of the
aircraft and the GS were approximately 440 m/s, the max-
imum Doppler shift was approximately 2200 Hz according
to the central frequency of the carrier. We can use high-
performance devices here, such as OCXO crystals because
they have a frequency accuracy of up to 1× 10−8 [20]. As a
result, when the carrier frequencywas 1.5GHz, themaximum

FIGURE 5. RMSE of distance estimation with different
frequency-estimation methods.

FIGURE 6. RMSE of distance estimation with Bi increasing and f12
unchanging (Bm=Bi -f11, Bs= Bi -f12; therefore, Bm and Bi are increasing).

CFO between the GS and the aircraft was approximately
30 Hz. Therefore, in the simulation, we allowed the fre-
quency offset caused by the Doppler shift and the CFO to
be uniformly distributed in the range of [-3, 3] kHz. TFM
was randomly generated based on Section III. By default f12
is 30 kHz.

1) PERFORMANCE ANALYSIS OF PRIOR-KNOWLEDGE-
BASED FREQUENCY ESTIMATION
As shown in Fig. 5, when the TFMR adopts the prior-
knowledge-based frequency-estimation method, the thresh-
old level of the threshold effect increases more than that
of the case in which the frequency is known. However,
the RMSE of distance estimation is almost the same from the
middle to the high SNR. When the frequency of the dual-
tone is independently estimated, the threshold is increased
further and also the RMSE of distance estimation from the
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FIGURE 7. RMSE of distance estimation with Bs kept invariant and Bi and
Bm increased: (a) RMSE vs. Bi , (b) RMSE vs. SNR.

middle to the high SNR is greatly increased. For example,
when SNR is 20 dB, the RMSE of the distance estima-
tion is approximately 2.3 times as much as the RMSE of
the former. In addition, when the frequency of the dual-
tone is independently estimated, no frequency information
has been used, then the CRLB of distance estimation is
(CRLBd )1/2. While the prior-knowledge-based frequency-
estimation method is used, some prior knowledge about the
frequency of the dual-tone signal are used, then the CRLB
of distance estimation is

(
CRLB′d

)1/2. The performance
gap between the (CRLBd )1/2 and the RMSE of distance
estimation with independently frequency estimation is larger
than the performance gap between the

(
CRLB′d

)1/2 and the
RMSE of distance estimation with the prior-knowledge-
based frequency-estimation. This is because the CFO and
Doppler shift can not be correctly estimated when the fre-
quency is independently estimated.

FIGURE 8. RMSE of distance estimation with different number of
TFM rows.

FIGURE 9. RMSE of distance estimation with different sampling
frequencies.

2) IMPACT OF BANDWIDTH, TFM ROWS, AND SAMPLING
FREQUENCY ON RANGING PERFORMANCE
We analyzed the impact of the bandwidth on ranging
performance. In the simulation, when we increased the
instantaneous bandwidth Bi keeping f12 unchanged, the mea-
surement bandwidth Bm and the solution bandwidth Bs con-
stantly increased, and Bs was equal to Bi− f12. The sampling
frequency fs was 1.5 MHz. As shown in Fig. 6, as the band-
width increases, the RMSE of distance estimation decreases.
It can be seen that increasing the Bi of the FH signal can
improve the TFMR ranging performance. However, because
Bm and Bs increase simultaneously, we cannot distinguish the
impact of them on ranging performance.

To analyze the impact of Bm and Bs on ranging perfor-
mance, we increased Bi as well as Bm (Bm = Bi − f11),
but Bs was kept constant, that is, we increased f12 and made
Bs = 80 kHz when Bi was increased. Fig. 7(a), shows that
increasing Bm has little effect on the RMSE of distance
estimation whenBs is kept invariant. Fig. 6 and Fig. 7(a) show
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FIGURE 10. CDF curves of the absolute distance error of distance
estimation: (a) M = 30, (b) M = 50.

that Bs is an important parameter for the TFMR. However, Bi
limits Bs. To improve the ranging performance, we require
both Bi and Bs as large as possible. When SNR is 2 dB,
the threshold level of the threshold effect is reduced when
Bi and f12 are reduced. Fig. 7(b) further confirms this fact.
However, there is no effect on the threshold when f12 is
increased to a certain extent. Fig. 7(b) shows that when f12 =
70 kHz and f12 = 90 kHz, the threshold levels of the threshold
effects for both are equivalent. Although increasing f12 can
reduce the threshold level of the threshold effect, it alsomakes
Bs smaller for the same Bi.

We further analyzed the influence of M (the number of
rows of TFM) on the distance estimation under the same
solution bandwidth. Fig. 8 shows that the RMSE of distance
estimation decreases gradually as M increases. In particu-
lar, when the SNR values are 2 dB and 10 dB, the thresh-
old level of the threshold effect gradually reduces as M
increases. In other words, by increasing the number of TFM

FIGURE 11. RMSE of distance estimation with different frequency
discrepancies.

rows, the threshold level of the threshold effect can be
reduced.

The signal sampling frequency fs is also an important
parameter affecting the TFMR performance. From Fig. 9,
we can see that increasing fs can reduce both the RMSE of
distance estimation and the threshold level of the threshold
effect.

3) ANALYSIS OF ABSOLUTE RANGING ERROR
The cumulative distribution function (CDF) curves of the
absolute distance error with different TFMR parameters are
illustrated in Fig. 10. We used different sampling frequencies
for different instantaneous bandwidths. The corresponding
values were as follows: Bi = 110 kHz, fs = 250 kHz; Bi =
510 kHz, fs = 1.5 MHz; Bi = 1010 kHz, fs = 2.5 MHz; and
Bi = 2010 kHz, fs = 4.5 MHz. Fig. 10(a) shows the case in
whichM = 30.When the Bi is 110 kHz, SNR is 4 dB, and the
ranging accuracy is the worst–it is less than 303.6 m 95% of
the time and less than 427.4m 99%of the time. This meets the
FAA’s requirements for APNT. When Bi is 2010 kHz, SNR is
-8 dB, and the accuracy of ranging is best: 13.19 m (95%)
and 18.4m (99%). Fig. 10(b) shows the case in which
M = 50. It can be seen that when M increases, the same
ranging accuracy can be obtained with a lower SNR. In short,
for ranging accuracy, the TFMR meets the requirements of
the APNT system.

4) ROBUSTNESS ANALYSIS OF TFMR
When high-performance DDS, PLL, and crystal oscillators
are used, baseband signal with accurate frequency can be
produced. The CFO and Doppler shift have almost no effect
on the dual-tone interval. However, there are frequency
discrepancies on the frequency interval of the dual-tone
signal when the devices performance are reduced. So,
we add random frequency discrepancies on 1fi. The fre-
quency discrepancies are uniformly distributed in the range
of [−ζ1fi, ζ1fi], where ζ ∈ {1000ppm, 100ppm, 10ppm}
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FIGURE 12. CDF curves of the absolute distance error of distance
estimation with different frequency discrepancies: (a) SNR = 20 dB,
(b) SNR = 40 dB.(
1ppm = 10−6

)
. In the ranging process of TFMR, the max-

imum frequency discrepancies will appear in the M th row
of TFM. That is, ζ1fM is maximum in all ζ1fi. Therefore,
we use ζ1fM to show the frequency discrepancies in simula-
tion. Other simulation parameters are the same as in Fig. 5.
As 1fM = 100 kHz, ζ1fM ∈ {1 Hz,10 Hz,100 Hz}. And
ζ1fM = 0 Hz denotes there is no frequency discrepancy.
In short, TFMR is still robust when the maximum frequency
discrepancy reaches 10 Hz.

In Fig. 11, when ζ1fM = 1 Hz, the RMSE of distance
estimation is almost equal with the case ζ1fM = 0 Hz.
Frequency discrepancy with 1 Hz has almost no effect
on TFMR. This is further confirmed by Fig. 12 which is
illustrate the CDF curves of the absolute distance error with
different discrepancies in different SNR. The ranging accuary
is less than 44.12 m 95% of the time with ζ1fM = 0 Hz

and 44.14 m 95% of the time with ζ1fM = 1 Hz in SNR =
20 dB. And the situation is the same as SNR = 40 dB. When
ζ1fM = 10 Hz, with the increase of SNR, the influence of
frequency discrepancy on the RMSE of distance estimation
becomes more and more significant. The ranging accuary is
48.43 m (95%) with ζ1fM = 10 Hz and 44.12 m (95%)
with ζ1fM = 0 Hz in SNR = 20 dB. There is a certain gap
between the two case, but the gap is not significant. When
SNR = 40 dB, the ranging accuary becomes 18.33 m (95%)
with ζ1fM = 10 Hz and 4.44 m (95%) with ζ1fM =
0 Hz. The gap between the two case is significant, but the
ranging accuary also is acceptable when ζ1fM = 10 Hz.
When ζ1fM = 100 Hz, the RMSE of distance estimation
is unacceptable as show in Fig. 11.

VII. CONCLUSION
In this paper, we propose a wireless ranging method for
aviation navigation called the TFMR. It has anti-jamming
capability and uses high-speed FH signals. In the aviation
navigation scene, the GS transmits the FH signal. The aircraft
receives the signal and calculates the pseudorange between
the GS and the aircraft; this ranging process is passive and
makes the system capacity unlimited. Simulation results gave
the following results:

1) The TFMR can obtain a ranging performance similar
to the DTR, but it effectively improves the UMR of the
ranging.

2) When the Doppler effect and the CFO are present,
the frequency-estimationmethod based on prior knowl-
edge can effectively improve the ranging performance,
which makes the TFMR robust.

3) The solution bandwidth Bs is an important parame-
ter that affects the TFMR ranging performance, and
increasing Bs can reduce the RMSE of distance esti-
mation of the TFMR.

4) Increasing the number of TFM rows and the signal
sampling frequencies can reduce the RMSE of distance
estimation and reduce the threshold level of the thresh-
old effect.

5) Increasing f12, that is, increasing the interval of the
dual-tone signal of the TFM can reduce the threshold of
the threshold effect. However, this method reduces Bs,
which results in a decrease in the ranging performance
from the middle to the high SNR.

6) TFMR is still robust when the maximum frequency
discrepancy reaches 10 Hz.

In short, the TFMR uses high-speed FH signals with
high anti-jamming ability to realize high-precision ranging
and to improve the UMR of ranging. The proposed TFMR
meets FAA’s requirements for APNT technologies; therefore,
the TFMR can be used as an alternative solution for aviation
navigation systems.
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