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ABSTRACT In this paper, we investigate the dual hesitant bipolar fuzzy multiple attribute decision making
problems in which there exists a prioritization relationship over attributes. Then, motivated by the idea of
Hamacher operations and prioritized aggregation operators, we have developed some Hamacher prioritized
aggregation operators for aggregating dual hesitant bipolar fuzzy information: dual hesitant bipolar fuzzy
Hamacher prioritized average operator, dual hesitant bipolar fuzzy Hamacher prioritized geometric operator,
dual hesitant bipolar fuzzy Hamacher prioritized weighted average operator, dual hesitant bipolar fuzzy
Hamacher prioritized weighted geometric operator. Then, we have utilized these operators to develop
some approaches to solve the dual hesitant bipolar fuzzy multiple attribute decision making problems.
Finally, a real-world example is then analyzed to illustrate the relevance and effectiveness of the proposed
methodology.

INDEX TERMS Multiple attribute decision making (MADM), Bipolar fuzzy set, Dual hesitant bipolar
fuzzy set, Dual hesitant bipolar fuzzy Hamacher prioritized weighted average (DHBFHPWA) operator, dual
hesitant bipolar fuzzy Hamacher prioritized weighted geometric (DHBFHPWG) operator.

I. INTRODUCTION
Atanassov [1], [2] introduced the concept of intuitionistic
fuzzy set(IFS) characterized by a membership function and
a non-membership function, which is a generalization of the
concept of fuzzy set [3] whose basic component is only
a membership function. Xu [4] developed the intuitionistic
fuzzy arithmetic aggregation operators. Xu [5] developed
some intuitionistic fuzzy geometric aggregation operators.
The intuitionistic fuzzy set has received more and more atten-
tion since its appearance [6]–[25]. More recently, the bipolar
fuzzy set (BFS) [26], [27] has emerged lately as an alterna-
tive tool to depict uncertainty in MADM problems. A pair
of numbers, namely, the positive membership degree and
the negative membership degree, is employed to define an
object in a BFS. But different from the IFS, the range of
membership degree of the bipolar fuzzy set is [−1, 1]. BFSs
have been applied in many research areas including but not

limited to bipolar logical reasoning and set theory [28], [29],
traditional Chinese medicine theory [30], [31], bipolar cogni-
tive mapping [32], [33], computational psychiatry [34], [35],
decision analysis and organizational modeling [36], [37],
photonics [38], quantum computing [39], [40], biosys-
tem regulation [30], [41], [42], quantum cellular combina-
torics [39], physics and philosophy [43] and graph the-
ory [44]–[48]. Recently, Gul [49] defined some bipolar fuzzy
aggregations operators, such as, bipolar fuzzy averaging
weighted aggregation operators and bipolar fuzzy geometric
aggregations operators. Wei et al. [50] proposed some hesi-
tant bipolar fuzzy aggregation operators in multiple attribute
decisionmaking. Lu et al. [51] proposed some bipolar 2-tuple
linguistic aggregation operators in multiple attribute decision
making.

Xu & Wei [52] defined the dual hesitant bipolar fuzzy
sets(DHBFSs) and developed some dual hesitant bipolar

11508
2169-3536 
 2017 IEEE. Translations and content mining are permitted for academic research only.

Personal use is also permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

VOLUME 6, 2018

https://orcid.org/0000-0001-9074-2005


H. Gao et al.: Dual Hesitant Bipolar Fuzzy Hamacher Prioritized Aggregation Operators

fuzzy aggregation operators for multiple attribute decision
making. We note that almost all the dual hesitant bipo-
lar fuzzy aggregation operators [52] used in the litera-
ture employed the algebraic product or sum of DHBFSs.
Constructed on the basis of general t-norm and t-conorm,
Hamacher product and Hamacher sum [53] could be applied,
respectively, to surrogate the algebraic product and algebraic
sum. For studies onHamacher aggregation operators and their
applications, the reader is referred to [54]–[56]. In this study,
we consider how to extend Hamacher operators and prior-
itized aggregation operators to aggregate the dual hesitant
bipolar fuzzy information. In order to do so, the remainder
of this paper is organized as follows. In the next section,
we briefly review the basic concepts of the DHBFSs and
the fundamental operational laws of DHBFNs. In Section 3,
we develop dual hesitant bipolar fuzzy Hamacher priori-
tized aggregation operators. In Section 4, models are devel-
oped that apply the proposed aggregation operators to solve
MADM problems. An illustrative example is analyzed in
Section 5. Some remarks are given in Section 6 to conclude
the paper.

II. PRELIMINARIES
A. THE BIPOLAR FUZZY SET
In this section, we present a short overview of BFSs [26], [27].
Definition 1 [26], [27]: Let X be a fix set. A BFS is an

object having the form

B =
{〈
x,
(
µ+B (x) , ν

−

B (x)
)〉
|x ∈ X

}
(1)

where the positive membership degree function µ+B (x):
X → [0, 1] denotes the satisfaction degree of an element x
to the property corresponding to a BFS B and the negative
membership degree function ν−B (x): X → [−1, 0] denotes
satisfaction degree of an element x to some implicit counter
property corresponding to a BFS B, respectively, and, for
every x ∈ X .
Definition 2 [49]: Some basic operations on BFNs are

expressed as follows:

(1) b̃1 ⊕ b̃2 =
(
µ+1 + µ

+

2 − µ
+

1 µ
+

2 ,−
∣∣ν−1 ∣∣ ∣∣ν−2 ∣∣);

(2) b̃1 ⊗ b̃2 =
(
µ+1 µ

+

2 , ν
−

1 + ν
−

2 − ν
−

1 ν
−

2

)
;

(3) λb̃ =
(
1−

(
1− µ+

)λ
,−

∣∣ν−∣∣λ), λ > 0;

(4)
(
b̃
)λ
=

((
µ+
)λ
,−1+

∣∣1+ ν−∣∣λ), λ > 0;

(5) b̃c =
(
1− µ+,

∣∣ν−∣∣− 1
)
;

(6) b̃1 ⊆ b̃2, if and only if µ
+

1 ≤ µ
+

2 and ν−1 ≥ ν
−

2 ;
(7) b̃1 ∪ b̃2 =

(
max

{
µ+1 , µ

+

2

}
,min

{
ν−1 , ν

−

2

})
;

(8) b̃1 ∩ b̃2 =
(
min

{
µ+1 , µ

+

2

}
,max

{
ν−1 , ν

−

2

})
.

Based on the Definition 2, we can introduce theTheorem 1
easily.
Theorem 1 [49]: Let b̃1 =

(
µ+1 , ν

−

1

)
and b̃2 =

(
µ+2 , ν

−

2

)
be two BFNs, λ, λ1, λ2 > 0, then

(1) b̃1 ⊕ b̃2 = b̃2 ⊕ b̃1;
(2) b̃1 ⊗ b̃2 = b̃2 ⊗ b̃1;
(3) λ

(
b̃1 ⊕ b̃2

)
= λb̃1 ⊕ λb̃2;

(4)
(
b̃1 ⊗ b̃2

)λ
=

(
b̃1
)λ
⊗

(
b̃2
)λ

;

(5) λ1b̃1 ⊕ λ2b̃1 = (λ1 + λ2) b̃1;

(6)
(
b̃1
)λ1
⊗

(
b̃1
)λ2
=

(
b̃1
)(λ1+λ2)

;

(7)
((
b̃1
)λ1)λ2

=

(
b̃1
)λ1λ2

.

B. DUAL HESITANT BIPOLAR FUZZY SET (DHBFS)
In the following, motivated by the bipolar fuzzy
set (BFS) [26], [27] and dual hesitant fuzzy set
(DHFS) [57], [58], Xu &Wei [52] proposed the dual hesitant
bipolar fuzzy sets (DHBFSs).
Definition 3 [52]: Let X be a fixed set, then a dual hesitant

bipolar fuzzy set (DHBFS) on X is described as:

D =
(〈
x, µ+ (x) , ν− (x)

〉
|x ∈ X

)
(2)

where the positive membership degree function µ+B (x):
X → [0, 1] denotes some possible satisfaction degree of
an element x to the property corresponding to a DHBFS
D and the negative membership degree function ν−B (x):
X → [−1, 0] denotes some possible satisfaction degree of an
element x to some implicit counter property corresponding
to a DHBFS D, respectively, and, for every x ∈ X , with the
conditions:

0 ≤ γ+ ≤ 1, −1 ≤ η− ≤ 0

where γ+ ∈ µ+ (x), η− ∈ ν− (x), γmax
∈ µ+ (x) =

∪γ+∈µ+(x)max
{
γ+
}
, ηmin

∈ ν− (x) = ∪η−∈ν−(x)min
{
η−
}

for all x ∈ X . For convenience, the pair d (x) =(
µ+ (x) , ν− (x)

)
is called a dual hesitant bipolar fuzzy

number (DHBFN) denoted by d =
(
µ+, ν−

)
, with the

conditions: γ+ ∈ µ+ (x), η− ∈ ν− (x), γmax
∈

µ+ (x) = ∪γ+∈µ+(x)max
{
γ+
}
, ηmax

∈ ν− (x) =
∪η−∈ν−(x)max

{
η−
}
, 0 ≤ γ+ ≤ 1, −1 ≤ η− ≤ 0, 0 ≤

γmax
≤ 1, −1 ≤ ηmin

≤ 0.
To compare theDHBFN,Xu&Wei [52] gave the following

comparison laws:
Definition 4 [52]: Let di =

(
µ+i , ν

−

i

)
(i = 1, 2) be any two

DHBFNs,

s (d) =
1
2

(
1+

1
#µ+

∑
γ+∈µ+

γ+ +
1

#ν−
∑

η−∈ν−
η−
)

the score function of d =
(
µ+, ν−

)
, and

a (d) =
1
2

(
1

#µ+
∑

γ+∈µ+
γ+ −

1
#ν−

∑
η−∈ν−

η−
)

the accuracy function of d =
(
µ+, ν−

)
, where #µ+ and #ν−

are the numbers of the elements in µ+ and ν− respectively,
then
• If s (d1) > s (d2), then d1 is superior to d2, denoted by
d1 � d2;

• If s (d1) = s (d2), then
(1) If a (d1) = a (d2), then d1 is equivalent to d2,

denoted by d1 ∼ d2;
(2) If a (d1) > a (d2), then d1 is superior to d2,

denoted by d1 � d2.
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Then, Xu & Wei [52] defined some new operations on the
DHBFN d , d1 and d2:
(1) dλ = ∪η+∈µ+,η−∈ν−

{{(
η+
)λ}
,
{
−1+

∣∣1+ η−∣∣λ}},
λ > 0;

(2) λd = ∪η+∈µ+,η−∈ν−
{{
1−

(
1− µ+

)λ}
,
{
−
∣∣η−∣∣λ}},

λ > 0;
(3) d1 ⊕ d2 = ∪γ+1 ∈µ

+

1 ,γ
+

2 ∈µ
+

2 ,η
−

1 ∈ν
−

1 ,η
−

2 ∈ν
−

2

{{
γ+1 + γ

+

2 −

γ+1 γ
+

2

}
,
{
−
∣∣η−1 ∣∣∣∣η−2 ∣∣}};

(4) d1 ⊗ d2 = ∪γ+1 ∈µ
+

1 ,γ
+

2 ∈µ
+

2 ,η
−

1 ∈ν
−

1 ,η
−

2 ∈ν
−

2

{{
γ+1 γ

+

2

}
,{

η−1 + η
−

2 − η
−

1 η
−

2

}}
.

C. HAMACHER OPERATIONS OF DUAL
HESITANT BIPOLAR FUZZY SETS
Let di =

(
µ+i , ν

−

i

)
(i = 1, 2) be any two DHBFNs,

and d =
(
µ+, ν−

)
denote DHBFN. On the basis

of general t-norm and t-conorm, Hamacher product and
Hamacher sum [53], we define the following basic Hamacher
operators of DHBFNs with γ > 0.

(1) λd = ∪γ+∈µ+,η−∈ν−

×


{

(1+(γ−1)γ+)
λ
−(1−γ+)

λ

(1+(γ−1)γ+)
λ
+(γ−1)(1−γ+)

λ

}
,{

−γ |η−|
λ

(1+(γ−1)(1+η−))
λ
+(γ−1)|η−|λ

}
, λ > 0;

(2) dλ = ∪γ+∈µ+,η−∈ν−

×


{

γ (γ+)
λ

(1+(γ−1)(1−γ+))
λ
+(γ−1)(γ+)

λ

}
,{

−
(1+(γ−1)|η−|)

λ
−(1+η−)

λ

(1+(γ−1)|η−|)
λ
+(γ−1)(1+η−)

λ

}
, λ > 0;

(3) d1 ⊕ d2 = ∪γ+1 ∈µ
+

1 ,γ
+

2 ∈µ
+

2 ,η
−

1 ∈ν
−

1 ,η
−

2 ∈ν
−

2

×


{
γ+1 +γ

+

2 −γ
+

1 γ
+

2 −(1−γ )γ
+

1 γ
+

2
1−(1−γ )γ+1 γ

+

2

}
,{

−η−1 η
−

2
γ+(1−γ )

(
η−1 +η

−

2 −η
−

1 η
−

2

)}
;

(4) d1 ⊗ d2 = ∪γ+1 ∈µ
+

1 ,γ
+

2 ∈µ
+

2 ,η
−

1 ∈ν
−

1 ,η
−

2 ∈ν
−

2

×


{

γ−1 γ
−

2
γ+(1−γ )

(
γ−1 +γ

−

2 −γ
−

1 γ
−

2

)},{
η−1 +η

−

2 −η
−

1 η
−

2 −(1−γ )η
−

1 η
−

2
1−(1−γ )η−1 η

−

2

}
.

III. DUAL HESITANT BIPOLAR FUZZY HAMACHER
PRIORITIZED AGGREGATION OPERATORS
A. DUAL HESITANT BIPOLAR FUZZY HAMACHER
PRIORITIZED ARITHMETIC AGGREGATION
OPERATORS
The prioritized average (PA) operator was originally intro-
duced by Yager [59], which was defined as follows:
Definition 5 [59]: Let G = {G1,G2, · · · ,Gn} be a

collection of attribute and that there is a prioritization
between the attribute expressed by the linear ordering G1 �

G2 � G3 · · · � Gn, indicate attribute Gj has a higher

priority than Gk , if j < k . The value Gj (x) is the perfor-
mance of any alternative x under attribute Gj, and satisfies
Gj (x) ∈ [0, 1]. If

PA
(
Gj (x)

)
=

n∑
j=1

wjGj (x) (3)

where

wj =
Tj
n∑
j=1

Tj

, Tj =
j−1∏
k=1

Gk (x) (j = 2, · · · , n) , T1 = 1.

Then PA is called the prioritized average (PA) operator.
The prioritized average [59] operators, however, have usu-

ally been used in situations where the input arguments are the
exact values. We shall extend the PA operators to accommo-
date the situations where the input arguments are DHBFNs.
In this Section, we shall investigate the PA operator under
dual hesitant bipolar fuzzy environments. Based on Defini-
tion 5, we give the definition of the dual hesitant bipolar
fuzzy Hamacher prioritized average (DHBFHPA) operator as
follows:

Let d̃j =
(
µ+j , ν

−

j

)
(j = 1, 2, · · · , n) be a collec-

tion of DHBFNs. We next establish dual hesitant bipo-
lar fuzzy Hamacher prioritized arithmetic aggregation
operators.
Definition 6: The dual hesitant bipolar fuzzy Hamacher

prioritized average (DHBFHPA) operator is

DHBFHPA
(
d̃1, d̃2, · · · , d̃n

)
=

T1
n∑
j=1

Tj

d̃1 ⊕
T2
n∑
j=1

Tj

d̃2 ⊕ · · · ⊕
Tn
n∑
j=1

Tj

d̃n

=
n
⊕
j=1

 Tjd̃j
n∑
j=1

Tj

 (4)

where Tj =
j−1∏
k=1

s
(
d̃j
)
(j = 2, · · · , n), T1 = 1 and s

(
d̃j
)
is

the score values of d̃j (j = 1, 2, · · · , n).
Theorem 2 can be shown by its definition andmathematical

induction.
Theorem 2: The DHBFHPA operator returns a DHBFN

with (5), as shown at the top of the next page.
We subsequently discuss two special cases of the

DHBFHPA operator.
• If γ = 1, the DHBFHPA operator is equiv-
alent to the dual hesitant bipolar fuzzy prioritized
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DHBFHPA
(
d̃1, d̃2, · · · , d̃n

)
=

T1
n∑
j=1

Tj

d̃1 ⊕
T2
n∑
j=1

Tj

d̃2 ⊕ · · · ⊕
Tn
n∑
j=1

Tj

d̃n

=
n
⊕
j=1

 Tjd̃j
n∑
j=1

Tj

 = ∪γ+j ∈µ+j ,η−j ∈ν−j





n∏
j=1

(
1+ (γ − 1) γ+j

)Tj/ n∑
j=1

Tj
−

n∏
j=1

(
1− γ+j

)Tj/ n∑
j=1

Tj

n∏
j=1

(
1+ (γ − 1) γ+j

)Tj/ n∑
j=1

Tj
+ (γ − 1)

n∏
j=1

(
1− γ+j

)Tj/ n∑
j=1

Tj


,


−γ

n∏
j=1

∣∣∣η−j ∣∣∣Tj
/

n∑
j=1

Tj

n∏
j=1

(
1+ (γ − 1)

(
1+ η−j

))Tj/ n∑
j=1

Tj
+ (γ − 1)

n∏
j=1

∣∣∣η−j ∣∣∣Tj
/

n∑
j=1

Tj





(5)

average (DHBFPA) operator:

DHBFPA
(
d̃1, d̃2, · · · , d̃n

)
=

T1
n∑
j=1

Tj

d̃1 ⊕
T2
n∑
j=1

Tj

d̃2 ⊕ · · · ⊕
Tn
n∑
j=1

Tj

d̃n

=
n
⊕
j=1

 Tjd̃j
n∑
j=1

Tj



= ∪γ+j ∈µ
+

j ,η
−

j ∈ν
−

j



1−
n∏
j=1

(
1− γ+j

)Tj/ n∑
j=1

Tj

,−
n∏
j=1

∣∣∣η−j ∣∣∣Tj
/

n∑
j=1

Tj




(6)

• If γ = 2, the DHBFHPA operator coincides with
the dual hesitant bipolar fuzzy Einstein prioritized
average (DHBFEPA) operator (7), as shown at the top
of the next page.

If we consider the weights of d̃j (j = 1, 2, · · · , n),
where ω = (ω1, ω2, · · · , ωn)

T is the weight vector of

d̃j (j = 1, 2, · · · , n) with ωj > 0,
n∑
j=1
ωj = 1. Then, based

on Definition 5, we give the definition of the dual hesi-
tant bipolar fuzzy Hamacher prioritized weighted average
(DHBFHPWA) operator as follows:
Definition 7: The dual hesitant bipolar fuzzy

Hamacher prioritized weighted average (DHBFHPWA)

operator is

DHBFHPWAω
(
d̃1, d̃2, · · · , d̃n

)
=

ω1T1
n∑
j=1
ωjTj

d̃1 ⊕
ω2T2
n∑
j=1
ωjTj

d̃2 ⊕ · · · ⊕
ωnTn
n∑
j=1
ωjTj

d̃n

=
n
⊕
j=1

 ωjTjd̃j
n∑
j=1
ωjTj

 (8)

where Tj =

j−1∏
k=1

s
(
d̃j
)
(j = 2, · · · , n), T1 = 1

and s
(
d̃j
)

is the score values of d̃j (j = 1, 2, · · · , n),

ω = (ω1, ω2, · · · , ωn)
T is the weight vector of

d̃j (j = 1, 2, · · · , n) with ωj > 0,
n∑
j=1
ωj = 1.

Theorem 3 can be shown by its definition andmathematical
induction.
Theorem 3: The DHBFHPWA operator returns a DHBFN

with (9), as shown at the top of the next page.
We subsequently discuss two special cases of the

DHBFHPA operator.
• If γ = 1, the DHBFHPWA operator is equivalent to the
dual hesitant bipolar fuzzy prioritized weighted average
(DHBFPWA) operator (10), as shown at the top of the
next page.

• If γ = 2, the DHBFHPWA operator coincides with the
dual hesitant bipolar fuzzy Einstein prioritized weighted
average (DHBFEPWA) operator (11), as shown in
Section III-B.
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DHBFEPA
(
d̃1, d̃2, · · · , d̃n

)
=

T1
n∑
j=1

Tj

d̃1 ⊕
T2
n∑
j=1

Tj

d̃2 ⊕ · · · ⊕
Tn
n∑
j=1

Tj

d̃n

=
n
⊕
j=1

 Tjd̃j
n∑
j=1

Tj

 = ∪γ+j ∈µ+j ,η−j ∈ν−j





n∏
j=1

(
1+ γ+j

)Tj/ n∑
j=1

Tj
−

n∏
j=1

(
1− γ+j

)Tj/ n∑
j=1

Tj

n∏
j=1

(
1+ γ+j

)Tj/ n∑
j=1

Tj
+

n∏
j=1

(
1− γ+j

)Tj/ n∑
j=1

Tj


,


−2

n∏
j=1

∣∣∣η−j ∣∣∣Tj
/

n∑
j=1

Tj

n∏
j=1

(
2+ η−j

)Tj/ n∑
j=1

Tj
+

n∏
j=1

∣∣∣η−j ∣∣∣Tj
/

n∑
j=1

Tj





(7)

DHBFHPWAω
(
d̃1, d̃2, · · · , d̃n

)
=

ω1T1
n∑
j=1
ωjTj

d̃1 ⊕
ω2T2
n∑
j=1
ωjTj

d̃2 ⊕ · · · ⊕
ωnTn
n∑
j=1
ωjTj

d̃n

=
n
⊕
j=1

 ωjTjd̃j
n∑
j=1
ωjTj

 = ∪γ+j ∈µ+j ,η−j ∈ν−j




n∏
j=1

(
1+(γ−1)γ+j

)ωjTj/ n∑
j=1

ωjTj
−

n∏
j=1

(
1−γ+j

)ωjTj/ n∑
j=1

ωjTj

n∏
j=1

(
1+(γ−1)γ+j

)ωjTj/ n∑
j=1

ωjTj
+(γ−1)

n∏
j=1

(
1−γ+j

)ωjTj/ n∑
j=1

ωjTj

,
−γ

n∏
j=1

∣∣∣η−j ∣∣∣ωjTj
/

n∑
j=1

ωjTj

n∏
j=1

(
1+(γ−1)

(
1+η−j

))ωjTj/ n∑
j=1

ωjTj
+(γ−1)

n∏
j=1

∣∣∣η−j ∣∣∣ωjTj
/

n∑
j=1

ωjTj





(9)

DHBFPWAω
(
d̃1, d̃2, · · · , d̃n

)
=

ω1T1
n∑
j=1
ωjTj

d̃1 ⊕
ω2T2
n∑
j=1
ωjTj

d̃2 ⊕ · · · ⊕
ωnTn
n∑
j=1
ωjTj

d̃n

=
n
⊕
j=1

 ωjTjd̃j
n∑
j=1
ωjTj

 = ∪γ+j ∈µ+j ,η−j ∈ν−j ×


1−
n∏
j=1

(
1− γ+j

)ωjTj/ n∑
j=1
ωjTj

,−
n∏
j=1

∣∣∣η−j ∣∣∣ωjTj
/

n∑
j=1
ωjTj




(10)

B. DUAL HESITANT BIPOLAR FUZZY HAMACHER
PRIORITIZED GEOMETRIC AGGREGATION
OPERATORS
Applying the dual hesitant bipolar fuzzy Hamacher prior-
itized arithmetic aggregation operators and the concept of

geometric mean [60]–[66], we can define dual hesitant
bipolar fuzzy Hamacher prioritized geometric aggregation
operators.
Definition 8: The dual hesitant bipolar fuzzy

Hamacher prioritized geometric (DHBFHPG) operator
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DHBFEPWAω
(
d̃1, d̃2, · · · , d̃n

)
=

ω1T1
n∑
j=1
ωjTj

d̃1 ⊕
ω2T2
n∑
j=1
ωjTj

d̃2 ⊕ · · · ⊕
ωnTn
n∑
j=1
ωjTj

d̃n

=
n
⊕
j=1

 ωjTjd̃j
n∑
j=1
ωjTj

 = ∪γ+j ∈µ+j ,η−j ∈ν−j





n∏
j=1

(
1+ γ+j

)ωjTj/ n∑
j=1
ωjTj
−

n∏
j=1

(
1− γ+j

)ωjTj/ n∑
j=1
ωjTj

n∏
j=1

(
1+ γ+j

)ωjTj/ n∑
j=1
ωjTj
+

n∏
j=1

(
1− γ+j

)ωjTj/ n∑
j=1
ωjTj


,


−2

n∏
j=1

∣∣∣η−j ∣∣∣ωjTj
/

n∑
j=1
ωjTj

n∏
j=1

(
2+ η−j

)ωjTj/ n∑
j=1
ωjTj
+

n∏
j=1

∣∣∣η−j ∣∣∣ωjTj
/

n∑
j=1
ωjTj





(11)

DHBFHPG
(
d̃1, d̃2, · · · , d̃n

)
=

(
d̃1
)T1/ n∑

j=1
Tj
⊗

(
d̃2
)T2/ n∑

j=1
Tj
⊗ · · · ⊗

(
d̃n
)Tn/ n∑

j=1
Tj

=
n
⊗
j=1

(
d̃j
)Tj/ n∑

j=1
Tj
= ∪γ+j ∈µ

+

j ,η
−

j ∈ν
−

j




γ

n∏
j=1

(
γ+j

)Tj/ n∑
j=1

Tj

n∏
j=1

(
1+ (γ − 1)

(
1− γ+j

))Tj/ n∑
j=1

Tj
+ (γ − 1)

n∏
j=1

(
γ+j

)Tj/ n∑
j=1

Tj


,


−

n∏
j=1

(
1+ (γ − 1)

∣∣∣η−j ∣∣∣)Tj
/

n∑
j=1

Tj
−

n∏
j=1

(
1+ η−j

)Tj/ n∑
j=1

Tj

n∏
j=1

(
1+ (γ − 1)

∣∣∣η−j ∣∣∣)Tj
/

n∑
j=1

Tj
+ (γ − 1)

n∏
j=1

(
1+ η−j

)Tj/ n∑
j=1

Tj





(13)

is defined as

DHBFHPG
(
d̃1, d̃2, · · · , d̃n

)

= d̃
T1

/
n∑
j=1

Tj

1 ⊗ d̃
T2

/
n∑
j=1

Tj

2 ⊗ · · · ⊗ d̃
Tn

/
n∑
j=1

Tj

n

=
n
⊗
j=1

d̃
Tj

/
n∑
j=1

Tj

j (12)

where Tj =
j−1∏
k=1

s
(
d̃j
)
(j = 2, · · · , n), T1 = 1 and s

(
d̃j
)
is

the score values of d̃j (j = 1, 2, · · · , n).
By definition and mathematical induction, we can prove

the following theorem.

Theorem 4: The DHBFHPG operator returns a DHBFN,
and (13), as shown at the top of this page. In (13)

Tj =
j−1∏
k=1

s
(
d̃j
)
(j = 2, · · · , n), T1 = 1 and s

(
d̃j
)
is the

score values of d̃j (j = 1, 2, · · · , n).
Next we present two special cases of the DHBFHPG

operator.

• If γ = 1, DHBFHPG operator reduces to the dual
hesitant bipolar fuzzy prioritized geometric (DHBFPG)
operator (14), as shown at the top of the next page.

• If γ = 2, DHBFHPG operator reduces to the dual
hesitant bipolar fuzzy Einstein prioritized geometric
(DHBFEPG) operator (15), as shown at the top of the
next page.

If we consider the weights of d̃j (j = 1, 2, · · · , n),
where ω = (ω1, ω2, · · · , ωn)

T is the weight vector of
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DHBFPG
(
d̃1, d̃2, · · · , d̃n

)
= (d̃1)

T1

/
n∑
j=1

Tj
⊗ (d̃2)

T2

/
n∑
j=1

Tj
⊗ · · · ⊗ (d̃n)

Tn

/
n∑
j=1

Tj

=
n
⊗
j=1

(
d̃j
)Tj/ n∑

j=1
Tj
= ∪γ+j ∈µ

+

j ,η
−

j ∈ν
−

j




n∏
j=1

(
γ+j

)Tj/ n∑
j=1

Tj

,−1+
n∏
j=1

(
1+ η−j

)Tj/ n∑
j=1

Tj




(14)

DHBFEPG
(
d̃1, d̃2, · · · , d̃n

)
= (d̃1)

T1

/
n∑
j=1

Tj
⊗ (d̃2)

T2

/
n∑
j=1

Tj
⊗ · · · ⊗ (d̃n)

Tn

/
n∑
j=1

Tj

=
n
⊗
j=1

(
d̃j
)Tj/ n∑

j=1
Tj
= ∪γ+j ∈µ

+

j ,η
−

j ∈ν
−

j




2

n∏
j=1

(
γ+j

)Tj/ n∑
j=1

Tj

n∏
j=1

(
2− γ+j

)Tj/ n∑
j=1

Tj
+

n∏
j=1

(
γ+j

)Tj/ n∑
j=1

Tj


,


−

n∏
j=1

(
1+

∣∣∣η−j ∣∣∣)Tj
/

n∑
j=1

Tj
−

n∏
j=1

(
1+ η−j

)Tj/ n∑
j=1

Tj

n∏
j=1

(
1+

∣∣∣η−j ∣∣∣)Tj
/

n∑
j=1

Tj
+

n∏
j=1

(
1+ η−j

)Tj/ n∑
j=1

Tj





(15)

d̃j (j = 1, 2, · · · , n) with ωj > 0,
n∑
j=1
ωj = 1. Then, based

on Definition 5, we give the definition of the dual hesitant
bipolar fuzzy Hamacher prioritized weighted geometric
(DHBFHPWG) operator as follows:
Definition 9: The dual hesitant bipolar fuzzy Hamacher

prioritized weighted geometric (DHBFHPWG) operator is

DHBFHPWGω
(
d̃1, d̃2, · · · , d̃n

)

=

(
d̃1
)ω1T1/ n∑

j=1
ωjTj
⊗

(
d̃2
)ω2T2/ n∑

j=1
ωjTj
⊗ · · ·

⊗

(
d̃n
)ωnTn/ n∑

j=1
ωjTj
=

n
⊗
j=1

(
d̃j
)ωjTj/ n∑

j=1
ωjTj

(16)

where Tj =

j−1∏
k=1

s
(
d̃j
)
(j = 2, · · · , n), T1 = 1

and s
(
d̃j
)

is the score values of d̃j (j = 1, 2, · · · , n),

ω = (ω1, ω2, · · · , ωn)
T is the weight vector of

d̃j (j = 1, 2, · · · , n) with ωj > 0,
n∑
j=1
ωj = 1.

Theorem 5 can be shown by its definition andmathematical
induction. Theorem 5: The DHBFHPWG operator returns a
DHBFN with (17), as shown at the top of the next page.

We subsequently discuss two special cases of the
DHBFHPWG operator.

• If γ = 1, the DHBFHPWG operator is equivalent
to the dual hesitant bipolar fuzzy prioritized weighted
geometric (DHBFPWG) operator :

DHBFHPWGω
(
d̃1, d̃2, · · · , d̃n

)
=

(
d̃1
)ω1T1/ n∑

j=1
ωjTj
⊗

(
d̃2
)ω2T2/ n∑

j=1
ωjTj
⊗ · · ·

⊗

(
d̃n
)ωnTn/ n∑

j=1
ωjTj
=

n
⊗
j=1

(
d̃j
)ωjTj/ n∑

j=1
ωjTj

= ∪γ+j ∈µ
+

j ,η
−

j ∈ν
−

j

×




n∏
j=1

(
γ+j

)ωjTj/ n∑
j=1
ωjTj

,−1+
n∏
j=1

(
1+ η−j

)ωjTj/ n∑
j=1
ωjTj




(18)
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DHBFHPWGω
(
d̃1, d̃2, · · · , d̃n

)
=

(
d̃1
)ω1T1/ n∑

j=1
ωjTj
⊗

(
d̃2
)ω2T2/ n∑

j=1
ωjTj
⊗ · · · ⊗

(
d̃n
)ωnTn/ n∑

j=1
ωjTj

=
n
⊗
j=1

(
d̃j
)ωjTj/ n∑

j=1
ωjTj
= ∪γ+j ∈µ

+

j ,η
−

j ∈ν
−

j




γ

n∏
j=1

(
γ+j

)ωjTj/ n∑
j=1
ωjTj

n∏
j=1

(
1+ (γ − 1)

(
1− γ+j

))ωjTj/ n∑
j=1
ωjTj
+ (γ − 1)

n∏
j=1

(
γ+j

)ωjTj/ n∑
j=1
ωjTj


,


−

n∏
j=1

(
1+ (γ − 1)

∣∣∣η−j ∣∣∣)ωjTj
/

n∑
j=1
ωjTj
−

n∏
j=1

(
1+ η−j

)ωjTj/ n∑
j=1
ωjTj

n∏
j=1

(
1+ (γ − 1)

∣∣∣η−j ∣∣∣)ωjTj
/

n∑
j=1
ωjTj
+ (γ − 1)

n∏
j=1

(
1+ η−j

)ωjTj/ n∑
j=1
ωjTj




(17)

• If γ = 2, the DHBFHPWG operator coincides with the
dual hesitant bipolar fuzzy Einstein prioritized weighted
geometric (DHBFEPWG) operator (19), as shown at the
bottom of the next page.

IV. MODELS FOR MULTIPLE ATTRIBUTE DECISION
MAKING WITH DUAL HESITANT BIPOLAR
FUZZY INFORMATION
We next apply the dual hesitant bipolar aggregation oper-
ators developed in the previous section to solve MADM
problems with dual hesitant bipolar fuzzy information. The
following assumptions or notations are used to represent
the MADM problem for potential evaluation of emerging
technology commercialization with dual hesitant bipolar
fuzzy information. Denote a discrete set of alternatives by
A = {A1,A2, · · · ,Am} and G = {G1,G2, · · · ,Gn}
be a collection of attribute and that there is a prioritiza-
tion between the attribute expressed by the linear ordering
G1 � G2 � G3 · · · � Gn, indicate attribute Gj has a
higher priority than Gs, if j < s. If the decision makers
provide several values for the alternativeAi under the attribute
Gj with anonymity, these values can be considered as a
DHBFNs d̃ij. In the case where two decision makers provide
the same value, then the value emerges only once in d̃ij. Let
w = (w1,w2, · · · ,wn) be the weight vector of attributes,

where wj ≥ 0, j = 1, 2, · · · , n,
n∑
j=1

wj = 1. Suppose

that D̃ =
{
d̃ij
}
m×n
=

{
µ+ij , ν

−

ij

}
m×n

is the dual hesitant

bipolar fuzzy decision matrix, where µ+ij and ν−ij indicate,
respectively, the positive degree and negative degree assessed
by the decision maker that the alternative Ai satisfies the
attribute Gj, µ

+

ij ∈ [0, 1], ν−ij ∈ [−1, 0], i = 1, 2, · · · ,m,
j = 1, 2, · · · , n.
The process of utilizing the DHBFHPWA

(or DHBFHPWG) operator to solve a MADM problem is
presented below.

Step 1: Calculate the values of Tij(i = 1, 2, · · · ,m,
j = 2, · · · , n) as follows:

Tij =
j−1∏
λ=1

s
(
d̃iλ
)

(i = 1, 2, · · · ,m, j = 2, · · · , n) (20)

Ti1 = 1, i = 1, 2, · · · ,m (21)

Step 1: Applying the DHBFHPWA operator to process
the information in matrix D̃, derive the overall values
d̃i (i = 1, 2, · · · ,m) of the alternative Ai. The equation (22),
as shown at the bottom of the next page.

If the DHBFHPWG operator is chosen instead,
we have (23), as shown in Section V.
Step 2: Calculate the scores S

(
d̃i
)
(i = 1, 2, · · · ,m).

Step 3: Rank all the alternatives Ai (i = 1, 2, · · · ,m) in
terms of s(d̃i) (i = 1, 2, · · · ,m). If there is no difference
between two scores s(d̃i) and s(d̃j), then calculate the accuracy

degrees a(d̃i) and a
(
d̃j
)
to rank the alternatives Ai and Aj.

Step 4: Select the best alternative(s).

V. NUMERICAL EXAMPLE
In order to strengthen academic education, promote the build-
ing of teaching body, the school of management in a Chinese
university wants to introduce oversea outstanding teachers
(adapted from [67]). This introduction has been raised great
attention from the school, university president, dean of man-
agement school and human resource officer sets up the panel
of decision makers which will take the whole responsibil-
ity for this introduction. They made strict evaluation for
5 candidates Ai (i = 1, 2, 3, 4, 5) according to the following
four attributes: ¬ G1 is the morality;  G2 is the research
capability; ® G3 is the teaching skill; ¯ G4 is the education
background. University president have the absolute priority
for decision making, dean of the management school comes
next. Besides, this introduction will be in strict accordance
with the principle of combine ability with political integrity.
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TABLE 1. Dual hesitant bipolar fuzzy decision matrix.

The prioritization relationship for the criteria is as below,
G1 � G2 � G3 � G4. The five possible candidates Ai
(i = 1, 2, 3, 4, 5) are to be evaluated using the DHBFNs by

the three decision makers under the above four attributes,
and construct, respectively, the dual hesitant bipolar fuzzy
decision matrix are shown in Table 1.

DHBFEPWGω
(
d̃1, d̃2, · · · , d̃n

)
=

(
d̃1
)ω1T1/ n∑

j=1
ωjTj
⊗

(
d̃2
)ω2T2/ n∑

j=1
ωjTj
⊗ · · · ⊗

(
d̃n
)ωnTn/ n∑

j=1
ωjTj

=
n
⊗
j=1

(
d̃j
)ωjTj/ n∑

j=1
ωjTj
= ∪γ+j ∈µ

+

j ,η
−

j ∈ν
−

j




2

n∏
j=1

(
γ+j

)ωjTj/ n∑
j=1
ωjTj

n∏
j=1

(
2− γ+j

)ωjTj/ n∑
j=1
ωjTj
+

n∏
j=1

(
γ+j

)ωjTj/ n∑
j=1
ωjTj


,


−

n∏
j=1

(
1+

∣∣∣η−j ∣∣∣)ωjTj
/

n∑
j=1
ωjTj
−

n∏
j=1

(
1+ η−j

)ωjTj/ n∑
j=1
ωjTj

n∏
j=1

(
1+

∣∣∣η−j ∣∣∣)ωjTj
/

n∑
j=1
ωjTj
+

n∏
j=1

(
1+ η−j

)ωjTj/ n∑
j=1
ωjTj





(19)

d̃i =
(
µ+i , ν

−

i

)
= DHBFHPWAω

(
d̃i1, d̃i2, · · · , d̃in

)
=

ω1Ti1
n∑
j=1
ωjTij

d̃i1 ⊕
ω2Ti2
n∑
j=1
ωjTij

d̃i2 ⊕ · · · ⊕
ωnTin
n∑
j=1
ωjTij

d̃in

=
n
⊕
j=1

 ωjTijd̃ij
n∑
j=1
ωjTij

 = ∪γ+ij ∈µ+ij ,η−ij ∈ν−ij





n∏
j=1

(
1+ (γ − 1) γ+ij

)ωjTij/ n∑
j=1
ωjTij
−

n∏
j=1

(
1− γ+ij

)ωjTij/ n∑
j=1
ωjTij

n∏
j=1

(
1+ (γ − 1) γ+ij

)ωjTij/ n∑
j=1
ωjTij
+ (γ − 1)

n∏
j=1

(
1− γ+ij

)ωjTij/ n∑
j=1
ωjTij


,


−γ

n∏
j=1

∣∣∣η−ij ∣∣∣ωjTij
/

n∑
j=1
ωjTij

n∏
j=1

(
1+ (γ − 1)

(
1+ η−ij

))ωjTij/ n∑
j=1
ωjTij
+ (γ − 1)

n∏
j=1

∣∣∣η−ij ∣∣∣ωjTij
/

n∑
j=1
ωjTij




(22)
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The information about the attribute weights is known as
follows: ω = (0.20, 0.10, 0.30, 0.40).

In the following, we utilize the approach developed to
select the desirable candidate with dual hesitant bipolar fuzzy
information.
Step 1: Utilize (19)-(20) to calculate the values of Tij

(i = 1, 2, · · · ,m, j = 2, · · · , n) as follows:

Tij =


1.000 0.350 0.193 0.053
1.000 0.600 0.290 0.072
1.000 0.700 0.158 0.055
1.000 0.700 0.525 0.223
1.000 0.725 0.290 0.181


Step 2: We utilize the decision information given in

matrix D̃, and the DHBFHPWA operator to obtain the overall
preference values d̃i of the candidate Ai (i = 1, 2, 3, 4, 5). Let
γ = 3, we have d̃1–d̃5, as shown at the top of the next page.
Step 2: Calculate the scores s

(
d̃i
)
(i = 1, 2, 3, 4, 5) of the

overall DHBFNs d̃i (i = 1, 2, 3, 4, 5):

s
(
d̃1
)
= 0.5127, s

(
d̃2
)
= 0.5946, s

(
d̃3
)
= 0.6369

s
(
d̃4
)
= 0.5434, s

(
d̃5
)
= 0.6540

Step 3: Rank all the candidates Ai (i = 1, 2, 3, 4, 5) in
accordance with the scores s

(
d̃i
)
(i = 1, 2, 3, 4, 5) of the

overall DHBFNs: A5 � A3 � A2 � A4 � A1, and thus
the most desirable candidate is A5.

Based on the DHBFHPWG operator, then, in order to
select the most desirable candidates, we can develop another
approach developed to select the best candidates with dual
hesitant bipolar fuzzy information, which can be described
as following:

Step 1′: See Step 1.
Step 2′: Aggregate all the dual hesitant bipolar fuzzy num-

bers in the Table 1 by using the DHBFHPWG operator to
derive the overall DHBFNs d̃i (i = 1, 2, · · · , 5) of the can-
didate Ai. Take candidate A1 for an example (Let γ = 3),
we have d̃1–d̃5, as shown at the top of the Conclusion Section.
Step 2′:Calculate the scores s

(
d̃i
)
(i = 1, 2, 3, 4, 5) of the

overall DHBFNs d̃i (i = 1, 2, 3, 4, 5) of the candidate Ai:

s
(
d̃1
)
= 0.3777, s

(
d̃2
)
= 0.4753, s

(
d̃3
)
= 0.5246

s
(
d̃4
)
= 0.5200, s

(
d̃5
)
= 0.5851

Step 3′: Rank all the candidates Ai (i = 1, 2, 3, 4, 5) in
accordance with the scores s

(
d̃i
)
(i = 1, 2, 3, 4, 5) of the

overall DHBFNs d̃i (i = 1, 2, · · · , 5): A5 � A3 �

A4 � A2 � A1 and thus the most desirable candidate is A5.

TABLE 2. Order of different methods.

From the above analysis, it is easily seen that although the
overall rating values of the alternatives are slightly different
by using two operators respectively. However, the most desir-
able candidate is A5.

In what follows, we compare with the dual hesi-
tant bipolar fuzzy weighted average (DHBFWA) operator

d̃i =
(
µ+i , ν

−

i

)
= DHBFHWGω

(
d̃i1, d̃i2, · · · , d̃in

)
=

(
d̃i1
)ω1Tij/ n∑

j=1
ωjTij
⊗

(
d̃i2
)ω2Tij/ n∑

j=1
ωjTij
⊗ · · · ⊗

(
d̃in
)ωnTij/ n∑

j=1
ωjTij

=
n
⊗
j=1

(
d̃ij
)ωjTij/ n∑

j=1
ωjTij

= ∪γ+ij ∈µ
+

ij ,η
−

ij ∈ν
−

ij




γ

n∏
j=1

(
γ+ij

)ωjTij/ n∑
j=1
ωjTij

n∏
j=1

(
1+ (γ − 1)

(
1− γ+ij

))ωjTij/ n∑
j=1
ωjTij
+ (γ − 1)

n∏
j=1

(
γ+ij

)ωjTij/ n∑
j=1
ωjTij


,


−

n∏
j=1

(
1+ (γ − 1)

∣∣∣η−ij ∣∣∣)ωjTij
/

n∑
j=1
ωjTij
−

n∏
j=1

(
1+ η−ij

)ωjTij/ n∑
j=1
ωjTij

n∏
j=1

(
1+ (γ − 1)

∣∣∣η−ij ∣∣∣)ωjTij
/

n∑
j=1
ωjTij
+ (γ − 1)

n∏
j=1

(
1+ η−ij

)ωjTij/ n∑
j=1
ωjTij





(23)
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d̃1 = DHBFHPWAω
(
d̃11, d̃12, d̃13, d̃14

)
=

ω1T11
n∑
j=1
ωjT1j

d̃11 ⊕
ω2T12
n∑
j=1
ωjT1j

d̃12 ⊕
ω3T13
n∑
j=1
ωjT1j

d̃13 ⊕
ω4T14
n∑
j=1
ωjT1j

d̃14

= ∪γ+1j ∈µ
+

1j,η
−

1j∈ν
−

1j





4∏
j=1

(
1+ (γ − 1) γ+1j

)ω1T1j/ n∑
j=1
ωjT1j
−

4∏
j=1

(
1− γ+1j

)ω1T1j/ n∑
j=1
ωjT1j

4∏
j=1

(
1+ (γ − 1) γ+1j

)ω1T1j/ n∑
j=1
ωjT1j
+ (γ − 1)

4∏
j=1

(
1− γ+1j

)ω1T1j/ n∑
j=1
ωjT1j


,


−γ

4∏
j=1

∣∣∣η−1j∣∣∣ω1T1j
/

n∑
j=1
ωjT1j

4∏
j=1

(
1+ (γ − 1)

(
1+ η−1j

))ω1T1j/ n∑
j=1
ωjT1j
+ (γ − 1)

4∏
j=1

∣∣∣η−1j∣∣∣ω1T1j
/

n∑
j=1
ωjT1j




= DHBFHPWAω

{
{{0.3, 0.4}, {−0.5}}, {{0.4, 0.5}}, {−0.3,−0.4}},
{{0.2, 0.3}, {−0.5)}, {{0.4, 0.5}, {−0.5}}

}
= {{0.2994, 0.3066, 0.3177, 0.3249, 0.3113, 0.3185, 0.3296, 0.3367, 0.3636, 0.3706,

0.3815, 0.3885, 0.3752, 0.3823, 0.3931, 0.4000} , {−0.3213,−0.3279}}

d̃2 = DHBFHPWAω
(
d̃21, d̃22, d̃23, d̃24

)
= DHBFHPWAω

{
{{0.6} , {−0.4}} , {{0.2, 0.4, 0.5} , {−0.4}} ,
{{0.2} , {−0.6,−0.7,−0.8}} , {{0.5} , {−0.4,−0.5}}

}
=

{
{0.4475, 0.4772, 0.4927} ,
{−0.2764,−0.2794,−0.2821,−0.2851,−0.2868,−0.2899}

}
d̃3 = DHBFHPWAω

(
d̃31, d̃32, d̃33, d̃34

)
= DHBFHPWAω

{
{{0.5, 0.7}, {−0.2}}, {{0.2}}, {−0.7,−0.8}},
{{0.2, 0.3, 0.4}, {−0.6)}, {{0.5, 0.6, 0.7}, {−0.3}}

}
= {{0.4007, 0.4082, 0.4169, 0.4141, 0.4214, 0.4301, 0.4275, 0.4348, 0.4434,

0.5401, 0.5467, 0.5543, 0.5519, 0.5583, 0.5659, 0.5637, 0.5701, 0.5775} ,
{−0.2149,−0.2183}}

d̃4 = DHBFHPWAω
(
d̃41, d̃42, d̃43, d̃44

)
= DHBFHPWAω

{
{{0.7} , {−0.3}} , {{0.6, 0.7, 0.8} , {−0.2}} ,
{{0.1, 0.2} , {−0.3}} , {{0.1} , {0.6,−0.7,−0.8}}

}
=

{
{0.4266, 0.4557, 0.4445, 0.4731, 0.4673, 0.4954} ,
{−0.2229,−0.2264,−0.2294}

}
d̃5 = DHBFHPWAω

(
d̃51, d̃52, d̃53, d̃54

)
= DHBFHPWAω

{
{{0.6, 0.7}, {−0.2}}, {{0.2, 0.3, 0.4}}, {−0.5},
{{0.4, 0.5}, {−0.2)}, {{0.2, 0.3, 0.4}, {−0.5}}

}
= {{0.4355, 0.4512, 0.4670, 0.4558, 0.4712, 0.4867, 0.4512, 0.4667, 0.4823,

0.4712, 0.4864, 0.5017, 0.4670, 0.4823, 0.4976, 0.4867, 0.5017, 0.5168,
0.4952, 0.5101, 0.5250, 0.5144, 0.5290, 0.5436, 0.5101, 0.5247, 0.5394,
0.5290, 0.5433, 0.5577, 0.5250, 0.5394, 0.5539, 0.5436, 0.5577, 0.5718} , {−0.1974}}

and dual hesitant bipolar fuzzy weighted geometric
(DHBFWG) operator [52]. The result is shown in Table 2.

From the above analysis, it can be seen that four
operators have the same best emerging technology
enterprise A5 and two methods’ ranking results are

slightly different. But, the our proposed operators con-
sider the prioritization relationship over attributes, but
DHBFWA and DHBFWG operator [52] fail to do so.
This verifies the method we proposed is reasonable and
effective.
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d̃1 = DHBFHPWGω
(
d̃11, d̃12, d̃13, d̃14

)
=

(
d̃11
)ω1T11/ n∑

j=1
ωjT1j
⊗

(
d̃12
)ω2T12/ n∑

j=1
ωjT1j
⊗

(
d̃13
)ω1T13/ n∑

j=1
ωjT1j
⊗

(
d̃14
)ω1T14/ n∑

j=1
ωjT1j

= ∪γ+1j ∈µ
+

1j,η
−

1j∈ν
−

1j




γ

4∏
j=1

(
γ+1j

)ω1T1j/ n∑
j=1
ωjT1j

4∏
j=1

(
1+ (γ − 1)

(
1− γ+1j

))ω1T1j/ n∑
j=1
ωjT1j
+ (γ − 1)

4∏
j=1

(
γ+1j

)ω1T1j/ n∑
j=1
ωjT1j


,


−

4∏
j=1

(
1+ (γ − 1)

∣∣∣η−1j∣∣∣)ω1T1j
/

n∑
j=1
ωjT1j
−

4∏
j=1

(
1+ η−1j

)ω1T1j/ n∑
j=1
ωjT1j

4∏
j=1

(
1+ (γ − 1)

∣∣∣η−1j∣∣∣)ω1T1j
/

n∑
j=1
ωjT1j
+ (γ − 1)

4∏
j=1

(
1+ η−1j

)ω1T1j/ n∑
j=1
ωjT1j




= DHBFHPWGω

{
{{0.3, 0.4}, {−0.5}}, {{0.4, 0.5}}, {−0.3,−0.4}},
{{0.2, 0.3}, {−0.5)}, {{0.4, 0.5}, {−0.5}}

}
= {{0.2951, 0.3002, 0.3168, 0.3222, 0.3036, 0.3088, 0.3258, 0.3312, 0.3558, 0.3616,

0.3806, 0.3867, 0.3655, 0.3714, 0.3907, 0.3969} , {−0.5847,−0.5937}}

d̃2 = DHBFHPWGω
(
d̃21, d̃22, d̃23, d̃24

)
= DHBFHPWGω

{
{{0.6} , {−0.4}} , {{0.2, 0.4, 0.5} , {−0.4}} ,
{{0.2} , {−0.6,−0.7,−0.8}} , {{0.5} , {−0.4,−0.5}}

}
=

{
{0.4032, 0.4449, 0.4610} ,
{−0.4497,−0.4574,−0.4795,−0.4870,−0.5170,−0.5242}

}
d̃3 = DHBFHPWGω

(
d̃31, d̃32, d̃33, d̃34

)
= DHBFHPWGω

{
{{0.5, 0.7}, {−0.2}}, {{0.2}}, {−0.7,−0.8}},
{{0.2, 0.3, 0.4}, {−0.6)}, {{0.5, 0.6, 0.7}, {−0.3}}

}
= {{0.3745, 0.3798, 0.3848, 0.3938, 0.3993, 0.4045, 0.4091, 0.4147, 0.4201,

0.4745, 0.4806, 0.4864, 0.4967, 0.5030, 0.5089, 0.5142, 0.5206, 0.5266} ,
{−0.3824,−0.4185}

}
d̃4 = DHBFHPWGω

(
d̃41, d̃42, d̃43, d̃44

)
= DHBFHPWGω

{
{{0.7} , {−0.3}} , {{0.6, 0.7, 0.8} , {−0.2}} ,
{{0.1, 0.2} , {−0.3}} , {{0.1} , {0.6,−0.7,−0.8}}

}
=

{
{0.3047, 0.3654, 0.3138, 0.3757, 0.3228, 0.3860} ,
{−0.3429,−0.3667,−0.3972}

}
d̃5 = DHBFHPWGω

(
d̃51, d̃52, d̃53, d̃54

)
= DHBFHPWGω

{
{{0.6, 0.7}, {−0.2}}, {{0.2, 0.3, 0.4}}, {−0.5},
{{0.4, 0.5}, {−0.2)}, {{0.2, 0.3, 0.4}, {−0.5}}

}
= {{0.3976, 0.4219, 0.4412, 0.4166, 0.4416, 0.4614, 0.4219, 0.4470, 0.4670,

0.4416, 0.4674, 0.4879, 0.4412, 0.4670, 0.4875, 0.4614, 0.4879, 0.5088,

0.4355, 0.4611, 0.4814, 0.4556, 0.4818, 0.5026, 0.4611, 0.4875, 0.5084,

0.4818, 0.5088, 0.5302, 0.4814, 0.5084, 0.5298, 0.5026, 0.5302, 0.5519} , {−0.3039}}

VI. CONCLUSION
In this paper, we investigate the dual hesitant bipolar fuzzy
multiple attribute decision making problems with in which

there exists a prioritization relationship over attributes. Then,
motivated by the idea of Hamacher operations and pri-
oritized aggregation operators, we have developed some
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Hamacher prioritized aggregation operators for aggregating
dual hesitant bipolar fuzzy information: dual hesitant bipolar
fuzzy Hamacher prioritized average (DHBFHPA) operator,
dual hesitant bipolar fuzzy Hamacher prioritized geometric
(DHBFHPG) operator, dual hesitant bipolar fuzzy Hamacher
prioritized weighted average (DHBFHPWA) operator,
dual hesitant bipolar fuzzy Hamacher prioritized weighted
geometric (DHBFHPWG) operator. Then, we have uti-
lized these operators to develop some approaches to solve
the dual hesitant bipolar fuzzy multiple attribute decision
making problems. Finally, a practical example is given to ver-
ify the developed approach and to demonstrate its practicality
and effectiveness.

Several directions for future research may be promis-
ing. First, the aggregation operator proposed in this
paper can be introduced into other fuzzy and uncertain
environments [68]–[76]. Second, applications of the pro-
posed MADM method can be explored to tackle practi-
cal problems in other areas, such as selecting information
systems, evaluating the financial risks or software qual-
ity [77]–[92]. The common feature of these practical prob-
lems is that multiple attributes involved are interdependent
and have different priority levels. Third, the complexity of the
proposed method can be improved with the help of computer
technology. In the future, wewill devote ourselves to reducing
the complexity of the method as well as increasing accuracy.
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