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ABSTRACT In this paper, we investigate the dual hesitant bipolar fuzzy multiple attribute decision making
problems in which there exists a prioritization relationship over attributes. Then, motivated by the idea of
Hamacher operations and prioritized aggregation operators, we have developed some Hamacher prioritized
aggregation operators for aggregating dual hesitant bipolar fuzzy information: dual hesitant bipolar fuzzy
Hamacher prioritized average operator, dual hesitant bipolar fuzzy Hamacher prioritized geometric operator,
dual hesitant bipolar fuzzy Hamacher prioritized weighted average operator, dual hesitant bipolar fuzzy
Hamacher prioritized weighted geometric operator. Then, we have utilized these operators to develop
some approaches to solve the dual hesitant bipolar fuzzy multiple attribute decision making problems.
Finally, a real-world example is then analyzed to illustrate the relevance and effectiveness of the proposed
methodology.

INDEX TERMS Multiple attribute decision making (MADM), Bipolar fuzzy set, Dual hesitant bipolar
fuzzy set, Dual hesitant bipolar fuzzy Hamacher prioritized weighted average (DHBFHPWA) operator, dual

hesitant bipolar fuzzy Hamacher prioritized weighted geometric (DHBFHPWG) operator.

I. INTRODUCTION

Atanassov [1], [2] introduced the concept of intuitionistic
fuzzy set(IFS) characterized by a membership function and
a non-membership function, which is a generalization of the
concept of fuzzy set [3] whose basic component is only
a membership function. Xu [4] developed the intuitionistic
fuzzy arithmetic aggregation operators. Xu [5] developed
some intuitionistic fuzzy geometric aggregation operators.
The intuitionistic fuzzy set has received more and more atten-
tion since its appearance [6]-[25]. More recently, the bipolar
fuzzy set (BFS) [26], [27] has emerged lately as an alterna-
tive tool to depict uncertainty in MADM problems. A pair
of numbers, namely, the positive membership degree and
the negative membership degree, is employed to define an
object in a BFS. But different from the IFS, the range of
membership degree of the bipolar fuzzy set is [—1, 1]. BFSs
have been applied in many research areas including but not

limited to bipolar logical reasoning and set theory [28], [29],
traditional Chinese medicine theory [30], [31], bipolar cogni-
tive mapping [32], [33], computational psychiatry [34], [35],
decision analysis and organizational modeling [36], [37],
photonics [38], quantum computing [39], [40], biosys-
tem regulation [30], [41], [42], quantum cellular combina-
torics [39], physics and philosophy [43] and graph the-
ory [44]-[48]. Recently, Gul [49] defined some bipolar fuzzy
aggregations operators, such as, bipolar fuzzy averaging
weighted aggregation operators and bipolar fuzzy geometric
aggregations operators. Wei et al. [50] proposed some hesi-
tant bipolar fuzzy aggregation operators in multiple attribute
decision making. Lu et al. [51] proposed some bipolar 2-tuple
linguistic aggregation operators in multiple attribute decision
making.

Xu & Wei [52] defined the dual hesitant bipolar fuzzy
sets(DHBFSs) and developed some dual hesitant bipolar
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fuzzy aggregation operators for multiple attribute decision
making. We note that almost all the dual hesitant bipo-
lar fuzzy aggregation operators [52] used in the litera-
ture employed the algebraic product or sum of DHBFSs.
Constructed on the basis of general t-norm and t-conorm,
Hamacher product and Hamacher sum [53] could be applied,
respectively, to surrogate the algebraic product and algebraic
sum. For studies on Hamacher aggregation operators and their
applications, the reader is referred to [54]-[56]. In this study,
we consider how to extend Hamacher operators and prior-
itized aggregation operators to aggregate the dual hesitant
bipolar fuzzy information. In order to do so, the remainder
of this paper is organized as follows. In the next section,
we briefly review the basic concepts of the DHBFSs and
the fundamental operational laws of DHBFNSs. In Section 3,
we develop dual hesitant bipolar fuzzy Hamacher priori-
tized aggregation operators. In Section 4, models are devel-
oped that apply the proposed aggregation operators to solve
MADM problems. An illustrative example is analyzed in
Section 5. Some remarks are given in Section 6 to conclude
the paper.

Il. PRELIMINARIES

A. THE BIPOLAR FUZZY SET

In this section, we present a short overview of BFSs [26], [27].
Definition 1 [26], [27]: Let X be a fix set. A BFS is an

object having the form

B={(x, (ug @), vz (0)))Ix e X} ()

where the positive membership degree function M; (x):
X — [0, 1] denotes the satisfaction degree of an element x
to the property corresponding to a BFS B and the negative
membership degree function v; (x): X — [—1, 0] denotes
satisfaction degree of an element x to some implicit counter
property corresponding to a BFS B, respectively, and, for
every x € X.

Definition 2 [49]: Some basic operations on BFNs are
expressed as follows:

() br@by = (uf +py —ufug, = |7 ]):
2) b1 ®by = (i py, vy +vy —vivy);

A
3) kb:(—(l— ),—|v|),k>0;

>

@ (B) = (" =1+ 1+ ") 2> 0

5) b= (1 -

(6) 51 - 52, if and only if “1 < p{ and v > v,

(7) by Uby = (max {u] ,uz 3} min{v;, vy })s

®) biNby = (mm {/’“1 o } max {\);, v;})

Based on the Definition 2, we can introduce the Theorem 1
easily.

Theorem 1 [49]: Let by = (u,v;) and by = (g, v;)
be two BFNs, A, A1, Ap > 0, then

(1) bl @bz —bz@bl,

(2) b1 ® by = by ® by;

3) A (bl @ bz) = Aby @ Aby;

L
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“4) (131 ® 1;2)A = <l~71>k ® <l~72>k;
(5) by ® haby = (A +22) by;

(6) (51>k1 ® (1;1)“ = (51)(M+m;
™ <(51)A‘)M = (0)"™".

B. DUAL HESITANT BIPOLAR FUZZY SET (DHBFS)
In the following, motivated by the bipolar fuzzy
set (BFS) [26], [27] and dual hesitant fuzzy set
(DHES) [57], [58], Xu & Wei [52] proposed the dual hesitant
bipolar fuzzy sets (DHBFSs).

Definition 3 [52]: Let X be a fixed set, then a dual hesitant
bipolar fuzzy set (DHBFS) on X is described as:

D= ([x,ut @), v” @)Ix €X) 2)

where the positive membership degree function /Lg (x):
X — [0, 1] denotes some possible satisfaction degree of
an element x to the property corresponding to a DHBFS
D and the negative membership degree function vy (x):
X — [—1, 0] denotes some possible satisfaction degree of an
element x to some implicit counter property corresponding
to a DHBFS D, respectively, and, for every x € X, with the
conditions:

0<yt <1,

—-1=<n <0

where y* € ut(x),n7 € v (x), Y™ e ut(x) =

UV+€M+(X) max{ +} min eEv (x) = Un—ev—(x) min{n_}
for all x € X. For convenience, the pair d (x) =
(/ﬁ' x),v™ (x)) is called a dual hesitant bipolar fuzzy
number (DHBFN) denoted by d = (u™,v™), with the
conditions: y* € ut(x), n= € v (x), y™ €
pt () = Uprgprmax{yTh 7™ e v (x) =
Upermmax{n~},0 <yt < 1,-1 <y~ <0,0 <
ymax <1,-1< nmm < 0.

To compare the DHBFN, Xu & Wei [52] gave the following
comparison laws:

Definition 4 [52]: Letd; =
DHBFNs,

I
() = ( +—+ZV+EM+ s

o n‘)
n—ev
the score function of d = (u*,v™), and

1 1 1
_ Z +_ -
a(d) = 2 (#yd+ yrewt Y T = L ! )

the accuracy function of d = (™, v™), where #1. and #v~
are the numbers of the elements in u™ and v~ respectively,
then
e Ifs(dy) > s(d>), then d; is superior to d», denoted by
d| > do;
o Ifs(dy) = s(d>), then
(1) If a(d)) = a(dy), then d; is equivalent to d,
denoted by d; ~ db;
(2) If a(dy) > a(dy), then d; is superior to dy,
denoted by d; > d>.

(/,Ll )V, )(1_1 2) be any two
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Then, Xu & Wei [52] defined some new operations on the
DHBFN d, d; and d5:

) & = Uprepr e {{() ) A=1+ 1407 [},
A>0; N 5
2) AMd = Un*'ew',n—ev—{{l_(l_“—i_) }’{_’n_| }}’

A > 0;

Q) d &dy = Uyﬁeuiy;eu;,n;eu;,n;eu;{{V1+ +v, -
vy b A=l [y 1

@ d ®d = Uyﬁeuf,y;eu;,n;eu;,n;eu;{{7’1+V2+}’
{ny +ny —nyny

C. HAMACHER OPERATIONS OF DUAL

HESITANT BIPOLAR FUZZY SETS

Let i = (u;,v;7)(i=1,2) be any two DHBFNS,
and d = (/[", v_) denote DHBFN. On the basis
of general t-norm and t-conorm, Hamacher product and
Hamacher sum [53], we define the following basic Hamacher
operators of DHBFNs with y > 0.

(D) Ad = Uy +eu+ n—ev—

(I+(=Dy )+ —D(1—y+)"
|
(+Ga=)(477)) +=D|n—|"

(4@ —DyH) =(1—yH)* }

} , A>0;

() d* =Uy eyt cnm

y(rH }

(+G-DA=—y )N +@-DH [
(4@ =D~ =(+n)*

(+@=D [~ ) +@ =D (1+77)"

} , A>0;

3)di®dd, =U

ot et e -
Y1 €My Yy €My SN €V LT EVy

i R A S e R S 2
1-(1=-y)y 'ty ’

X PR 9
M
y+(1=y)(ny +n; —nyn3)

4 d1®dry=U +

virent vy eny ny evy ny vy

VY
o y+A=n+r —vivs) |’
ny 0, =y 0y, —(1=y)nny }

1=(1=y)ny ny

Ill. DUAL HESITANT BIPOLAR FUZZY HAMACHER

PRIORITIZED AGGREGATION OPERATORS

A. DUAL HESITANT BIPOLAR FUZZY HAMACHER

PRIORITIZED ARITHMETIC AGGREGATION

OPERATORS

The prioritized average (PA) operator was originally intro-

duced by Yager [59], which was defined as follows:
Definition 5 [59]: Let G = {Gi,G2,---,Gy} be a

collection of attribute and that there is a prioritization

between the attribute expressed by the linear ordering G1 >

G, > G3--- > Gy, indicate attribute G; has a higher
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priority than Gy, if j < k. The value G;j (x) is the perfor-
mance of any alternative x under attribute G;, and satisfies
Gj(x) € [0, 1] If

PA (G} (x)) = > wiGj (x) 3
j=1
where
T; —
wj = n] R 'Z}ZHGk(X) (].=2,"'7n), T1=1
T ke

=1

~.

Then PA is called the prioritized average (PA) operator.

The prioritized average [59] operators, however, have usu-
ally been used in situations where the input arguments are the
exact values. We shall extend the PA operators to accommo-
date the situations where the input arguments are DHBFNs.
In this Section, we shall investigate the PA operator under
dual hesitant bipolar fuzzy environments. Based on Defini-
tion 5, we give the definition of the dual hesitant bipolar
fuzzy Hamacher prioritized average (DHBFHPA) operator as
follows:

Let 3]- = (u;r, vj_) G=1,2,---,n) be a collec-
tion of DHBFNs. We next establish dual hesitant bipo-
lar fuzzy Hamacher prioritized arithmetic aggregation
operators.

Definition 6: The dual hesitant bipolar fuzzy Hamacher
prioritized average (DHBFHPA) operator is

DHBFHPA (Ezl o, ,Ein)

T, ~ T, -~ T, -
=1 ho-he & d
T; > T 2T
j=1 Jj=1 J=1
n T:d;
= .69 nj ’ @
DY
j=1
=1 -
where 7 = [] 5 (&) G =2+ ., Ty = 1 and s () is
k=1
the score values of d; j = 1,2, --- ,n).

Theorem 2 can be shown by its definition and mathematical
induction.

Theorem 2: The DHBFHPA operator returns a DHBFN
with (5), as shown at the top of the next page.

We subsequently discuss two special cases of the
DHBFHPA operator.

« If y = 1, the DHBFHPA operator is equiv-

alent to the dual hesitant bipolar fuzzy prioritized

VOLUME 6, 2018
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DHBFHPA (511, ds, - -- ,Eln)

T - T - T, -
= nl d ® n2 hHd- D n" d,
T > T > T
j=1 j=1 j=1
n T_//in n Tj/_in
(1+o=vy) /A =T (1=y7) /5
j=1 ' =1
. N Tj/_irf " NI/ ET
(s LT e
= @1 n] | = Uﬁeuf,nj’evj’ = n = o)
= s w o G/
J=1 —y || 7~
j=1
n /31 n D/in
(1+(y—1)(1+n,-’)) o+ =DII ) A
j=1 j=1

average (DHBFPA) operator:

DHBFPA (511,212, . ,Zz,,)

T -~ T -~ W~
=—d®—h® O —d,
T YT > T
=1 =1 =
I
n
Py
j=1
n n/yT
+ =
1-1‘[(1—7/].) =S
=U

n
n/zn
j=1

j=1
n
- 1_[ ”7/'_
j=1

(6)

o« If y = 2, the DHBFHPA operator coincides with
the dual hesitant bipolar fuzzy Einstein prioritized
average (DHBFEPA) operator (7), as shown at the top
of the next page.

If we consider the weights of le(j =1,2,---,n),

where w = (w1, wo, - ,a)n)T is the weight vector of

~ n

di(j=1,2,---,n) withw; > 0, Y w; = 1. Then, based
j=1

on Definition 5, we give the definition of the dual hesi-
tant bipolar fuzzy Hamacher prioritized weighted average
(DHBFHPWA) operator as follows:

Definition 7: The dual hesitant bipolar fuzzy
Hamacher prioritized weighted average (DHBFHPWA)

VOLUME 6, 2018

operator is

DHBFHPWA,, (Ell, dy, - ,Eln)

1Ty -~ Ty -~ o, T, ~
=n11d1€9n dzEB--~€Bn""dn
> ojT; > ojT; > ojT;
=1 =1 =1
n w;T:d;
— .@1 n] J¥7 (8)
A X oT;
=
Jj—1 -
where 7; = Hs(dj>(j=2,~-',n), n = 1

and s (ZZJ) is the score values of [lj G=1,2,---,n),
(w1, wa, -+, w,,)T is the weight vector of
~ n
diG=1,2,--- ,n)withw; >0, Y wj=1.
j=1

Theorem 3 can be shown by its definition and mathematical
induction.

Theorem 3: The DHBFHPWA operator returns a DHBFN
with (9), as shown at the top of the next page.

We subsequently discuss two special cases of the
DHBFHPA operator.

o If y = 1, the DHBFHPWA operator is equivalent to the
dual hesitant bipolar fuzzy prioritized weighted average
(DHBFPWA) operator (10), as shown at the top of the
next page.

o If y = 2, the DHBFHPWA operator coincides with the
dual hesitant bipolar fuzzy Einstein prioritized weighted
average (DHBFEPWA) operator (11), as shown in
Section III-B.

w =
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DHBFEPA (Ezl, dy, - -- ,Ezn)

T - T - T,
=B
X7 1T 2T
j=1 j=1 j=1
n | Ty
=8 e | T e ey
TLET

~.
Il

DHBFHPWA,, (&1, dy, -, 3,1)

n T; ZTJ’ n T; ZT/
o R
j=1
" n/Yn . /5
(o) 5 i 1))
JF) ‘ @)
n T [ 2T;
_21_[ nj_’ J=1
j=1

w1T1 ~ Ty -~ @,
= di @ n oD n :
> T > oT; > oT;
=1 j=1 j=1
1‘[ H=Dy") / #)” =
j=1 = 1
ijf/Z o) " oy | 3o
~ + =1 + =!
n ijde j <1+(y71)yf ) ! =D H (171/]- ) '
= @ n = va epfr n. €v (9)
j=1 Z T J 77 n ®j ] Z “’/ J
£ -y F[ . ‘
n u)T/Zu) n U)T/Z
M <1+(y 1)(1+n ) H
DHBFPWA,, (211,512, e ,Eln)
w11 ~ Ty ~ wnTy ~
= — d & - dd--- ~d,
> o] > o
j=1 j=1
n ;T; iijj
| )5
n w;Tjd; =
=% = = Uytent nen " 1o
Tl X o el Bt
j=1 - nj "
j=1

B. DUAL HESITANT BIPOLAR FUZZY HAMACHER
PRIORITIZED GEOMETRIC AGGREGATION
OPERATORS

Applying the dual hesitant bipolar fuzzy Hamacher prior-
itized arithmetic aggregation operators and the concept of

11512

geometric mean [60]-[66], we can define dual hesitant
bipolar fuzzy Hamacher prioritized geometric aggregation
operators.

Definition 8: The dual hesitant bipolar fuzzy
Hamacher prioritized geometric (DHBFHPG) operator

VOLUME 6, 2018
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DHBFEPWA,, (511, dy, - Eln)

)

il (11)

w1 T1 -~ Ty -~ wopTy -~
§ d & — d2@...@n""dn
2. oT; 2. oT; > ofT;
=1 j=1 =1
=1
n | o Tid; j=1
=8| |= Uy*eu'f',nv_f:‘v._
/:1 Z Q)jT‘j J 7 J
j=1
j=1

n
Jj=

1

(~)T1/f71_ j:l(1+(y—1)<1—yj+))' =

o) e

i [>T

n . n (13)
X7 >r//zn

J

:1(1+(y—1)\n,-‘\)' Al p -1

n
T/ YT

=
VS
+
=}
N—
o
™
|

Jj=1

is defined as

DHBFHPG (Zil, dy. - ,Eln)

nfXn D)X T [ LT
:dl j=1 ®d Jj=1 ® ®d Jj=1
. 2T
=®d '~ (12)

j—1 " ~
where T; = Hs(dj)(j=2,...’n),T1 = 1ands<dj> is

the score values of d; (j = 1,2, --- , n).
By definition and mathematical induction, we can prove
the following theorem.

VOLUME 6, 2018

Theorem 4: The DHBFHPG operator returns a DHBFN,
and (13), as shown at the top of this page. In (13)

=t .
Ty = T1s(&)G=2.m T = lands(d) is the
k=1
score valuesof d; G = 1,2, --- , n).

Next we present two special cases of the DHBFHPG
operator.

o If y = 1, DHBFHPG operator reduces to the dual
hesitant bipolar fuzzy prioritized geometric (DHBFPG)
operator (14), as shown at the top of the next page.

o If y = 2, DHBFHPG operator reduces to the dual
hesitant bipolar fuzzy Einstein prioritized geometric
(DHBFEPG) operator (15), as shown at the top of the

next page.
If we consider the weights of Zijgzl,Z,u- ,n,
where o = (w1, w2, - ,a),,)T is the weight vector of

11513
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- dy

DHBFPG (dl, ds, - -

)

~n/ir, /2 r/ir-
=) 7 @) 7 @ ) /-~
i)
n ~ T//i’r/ /_
_ . = _ o
—jg(/) T = Yrent ey T /ST
it
—1+]_[(1+n,) =
j=1
(14)
DHBFEPG (dl dy. - ,EJ)
~T1/iTJ- ﬂTz/_iTj ..Tn/irf
=) /77 @) 77T @@y [ F! .
211 () /7
()
\ " Tj/iT, " Tj/ij
s o)/ [(=y") /7 T (y) 77
=@ (3) /7 =U e | 1 i (1s)
i—1 ]/J lLJJ}J i ) n . . n
j n/Yn . /YT
T = _ ; =
(1 Jor]) ()
o Tj/ifj 1_[ NG Z]TJ
J= + J=

~ n
diGj=1,2,---,n) with w; > 0, > w; = 1. Then, based

on Definition 5, we give the defin]ition of the dual hesitant
bipolar fuzzy Hamacher prioritized weighted geometric
(DHBFHPWG) operator as follows:

Definition 9: The dual hesitant bipolar fuzzy Hamacher
prioritized weighted geometric (DHBFHPWG) operator is

@)

Ty - w2T2/i o;T;
® (d2) j=1 R -

DHBFHPWG,, (511, ds, - --

~ n Ty Z ij/ n - wITI Z ij}
® (d,,) = ® (d,-) = (16)
j=1
=t
where T; = ]_[s(dj)(j:2,...,n), n = 1
k=1
and s (Zi,) is the score values of d;(j=1,2,---,n),

w = (w1, wyp, -~ - ,a)n)T is the weight vector of
- n
dj(j: 1,2,--- ,}’l)Witha)j > 0, Za)jz 1.
j=1
11514

Theorem 5 can be shown by its definition and mathematical
induction. Theorem 5: The DHBFHPWG operator returns a
DHBEN with (17), as shown at the top of the next page.

We subsequently discuss two special cases of the
DHBFHPWG operator.

o If y 1, the DHBFHPWG operator is equivalent

to the dual hesitant bipolar fuzzy prioritized weighted
geometric (DHBFPWG) operator :

a)sz/Z ;Tj

DHBFHPWG,, d 1. da, -

wlTl/Z w;Tj

d2
- \@nTn ij n ‘UJ /Z“’/
® (d,,) A= (
j=1
- Uy*eul 17_ ev
n ijj/_iijj
I (V,-*) =t
j=1
x ) (18)
n oiTy [ 3 oT;
—t+ I (1407) /A

1

J

VOLUME 6, 2018
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DHBFHPWG,, (211, do, -, Eln)

_ (E[l)wlﬂ//é w;Tj ® (&2)!02T2/§:I o;Tj 2. (&

n

n
)wnTn/Z w;Tj
j=1

n
1 w;T;

n . ijj/_
j=1

n
=1

_ é (~I)@fo/]_nZl¢U.ij _y j

n
Jj=

1

(1 +@ -1 ’rzi_))wjri/jzleri _ :

n

3 ij.f/iw./Tj
(14n7) /A

j=1

n

j=1

n ijj/_gn ;T;
(l + r/j_) =1
=1

J

a7
o If y =2, the DHBFHPWG operator coincides with the Step 1: Calculate the values of T;;(i = 1,2,---,m,
dual hesitant bipolar fuzzy Einstein prioritized weighted j=2,---,n)as follows:
geometric (DHBFEPWG) operator (19), as shown at the i1
bottom of the next page. T; = l—[ s (31',\) =12 mj=2 1) (20)
A=1
IV. MODELS FOR MULTIPLE ATTRIBUTE DECISION Th=1 i=12---,m (21)

MAKING WITH DUAL HESITANT BIPOLAR

FUZZY INFORMATION

We next apply the dual hesitant bipolar aggregation oper-
ators developed in the previous section to solve MADM
problems with dual hesitant bipolar fuzzy information. The
following assumptions or notations are used to represent
the MADM problem for potential evaluation of emerging
technology commercialization with dual hesitant bipolar
fuzzy information. Denote a discrete set of alternatives by
A = {A1,A2,--- Ay} and G = {G1,Ga, -+, Gyl
be a collection of attribute and that there is a prioritiza-
tion between the attribute expressed by the linear ordering
Gy > G2 > G3--- > Gy, indicate attribute G; has a
higher priority than Gy, if j < s. If the decision makers
provide several values for the alternative A; under the attribute
G; with anonymity, these values can be considered as a
DHBFNs glij. In the case where two decision makers provide
the same value, then the value emerges only once in gly Let

w = (wy,ws, -+ ,w,) be the weight vector of attributes,
n

where w; > 0,/ = 1,2,---,n,) w; = 1. Suppose
i=1

that D = [Zi,j} = { u;jr, vi;-} is the dual hesitant
mxn mxn
bipolar fuzzy decision matrix, where ,u;? and "17 indicate,

respectively, the positive degree and negative degree assessed
by the decision maker that the alternative A; satisfies the
attribute G;, u; € [0,1],v; € [-1,0],i = 1,2, ,m,
j=12,--,n

The process of utilizing the DHBFHPWA
(or DHBFHPWG) operator to solve a MADM problem is
presented below.
VOLUME 6, 2018

i

Step 1: Applying the DHBFHPWA operator to process
the information in matrix D, derive the overall values
di(i=1,2,---,m) of the alternative A;. The equation (22),
as shown at the bottom of the next page.

If the DHBFHPWG operator is
we have (23), as shown in Section V.

Step 2: Calculate the scores S c~z’,- (i=1,2,---,m).

Step 3: Rank all the alternatives A; (i =1,2,---,m) in
terms of s(d;) (i=1,2,---,m). If there is no difference
between two scores s(;l,-) and s(glj), then calculate the accuracy
degrees a(gl,-) and a @ to rank the alternatives A; and A;.

Step 4: Select the best alternative(s).

chosen instead,

V. NUMERICAL EXAMPLE
In order to strengthen academic education, promote the build-
ing of teaching body, the school of management in a Chinese
university wants to introduce oversea outstanding teachers
(adapted from [67]). This introduction has been raised great
attention from the school, university president, dean of man-
agement school and human resource officer sets up the panel
of decision makers which will take the whole responsibil-
ity for this introduction. They made strict evaluation for
5 candidates A; (i = 1, 2, 3, 4, 5) according to the following
four attributes: @ Gy is the morality; @ G, is the research
capability; @ Gj is the teaching skill; @ Gy is the education
background. University president have the absolute priority
for decision making, dean of the management school comes
next. Besides, this introduction will be in strict accordance
with the principle of combine ability with political integrity.
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TABLE 1. Dual hesitant bipolar fuzzy decision matrix.

G, G, G; Gy
A; 1103,045,{-0.6]]  {104,0.5},{-03,04)] {{0.2,0.3},{-0.7)} (10.4,05},1-0.5}}
A, {{0.6},{-0.4}} (10.2,0.4,0.5},{-0.41})  {{0.2},{-0.6,-0.7,-0.8}} (10.5),{-0.4,-0.5)}
A;  {{0507},{-02}}  {{02},{-0.7,-0.8}} (10.2,0.3,0.41,{-0.6} 1 (0.5,0.6,0.7},{-0.3}}
Ay {{0.7},{-0.3})} {{0.6,0.7,0.8},{-0.2}}  {{0.1,0.2},{-0.3}} {{0.1},{-0.6,-0.7,-0.8} }
As  {{0.60.7},{-02}}  {{02,03,04},{-0.5}}  {{0.4,0.5},{-0.2}} (10.2,0.3,0.41,{-0.5)}

The prioritization relationship for the criteria is as below,
G1 > G2 > Gz > Gy. The five possible candidates A;
(i=1,2,3,4,5) are to be evaluated using the DHBFNs by

the three decision makers under the above four attributes,
and construct, respectively, the dual hesitant bipolar fuzzy
decision matrix are shown in Table 1.

DHBFEPWG,, (211, ds, - --

B w]Tl/ia)jTj wr Ty iwj _\@nTn iij]
= (d]) e |(d e ® (dn) -
nogo wjﬂ/;wjﬂ
201 (v") /7
j=
ﬁ(z o /iwjn i wjn/iwm
. )R b ) R
B é) (&)ij] jglw.zT./ U i j i\ )
- =1 J - )/./+€/,L/ ,77;6\) n n
- n oiTy [ 3 oT; n oTy [ 3 o]
() /7 =T () /7
Jj=1 J=1
n 3 ij.f/in n 3 ij.f/i o;T;
() 77 T (1) /7
Jj=1 ’ j=1
di = (Mz ) V; ) DHBFHPWA,, (6?,'],3,‘2, s ,C?in)
w1 Ty ~ wrTpp ~ wn T ~
_ nl il dﬂ@ ,,2 2 di2€9"‘€9 nn in din
jtij jtij J4
> T, > T, > T,
j=1 j=1 j=1
n w/lJ/ZwI'J n +w/l/ ijt/
H<1+(V—1)V] H( V,)
j=1 j=1
n wjt//zlel/ n +‘”Jt//2‘”/u
N wra jgl(u(y—l)y,,) - +(V_1)]=( -7;)
- ./'ial n o Uy;e“u M €V Z
ijTij n ojTjj w;Tjj
J=1 -y 1_[ ny
J=1
n @j u/gwj ij n “’/TIJ/;“’J'TU
MO+e-0(+m)) 77 +o-nll|yl /7
J=1 J=1
(22)
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The information about the attribute weights is known as
follows: w = (0.20, 0.10, 0.30, 0.40).

In the following, we utilize the approach developed to
select the desirable candidate with dual hesitant bipolar fuzzy
information.

Step 1: Utilize (19)-(20) to calculate the values of Tj
(i=12,---,m,j=2,---,n) as follows:

1.000 0.350 0.193 0.053
1.000 0.600 0.290 0.072
T;=| 1000 0.700 0.158 0.055
1.000 0.700 0.525 0.223
1.000 0.725 0.290 0.181

Step 2: We utilize the decision information given in
matrix D, and the DHBFHPWA operator to obtain the overall
preference values [ii of the candidate A; (i = 1, 2, 3,4, 5). Let
y = 3, we have d;—ds, as shown at the top of the next page.

Step 2: Calculate the scores s (511-> (i=1,2,3,4,5) of the

overall DHBFNs ;15 (i=1,2,3,4,5):
s (31) — 05127, s (&’2) — 05946, s ([13) — 0.6369
s (514) —0.5434, s (515) — 0.6540

Step 3: Rank all the candidates A; (i=1,2,3,4,5) in
accordance with the scores s EI,- (i=1,2,3,4,5) of the
overall DHBFNs: As >~ A3 > Ay > A4 > Aj, and thus
the most desirable candidate is As.

Based on the DHBFHPWG operator, then, in order to
select the most desirable candidates, we can develop another
approach developed to select the best candidates with dual
hesitant bipolar fuzzy information, which can be described
as following:

Step I': See Step 1.

Step 2': Aggregate all the dual hesitant bipolar fuzzy num-
bers in the Table 1 by using the DHBFHPWG operator to
derive the overall DHBFNs [i,- (i=1,2,---,5) of the can-
didate A;. Take candidate A; for an example (Let y = 3),
we have d 1—515, as shown at the top of the Conclusion Section.

Step 2': Calculate the scores s (Eil) (i=1,2,3,4,5) of the
overall DHBFNs c~1,~ (i=1,2,3,4,5) of the candidate A;:

p (&1) = 03777, s (&2) = 04753, s (5@) = 0.5246

s (214) — 05200, s (215) — 0.5851

Step 3': Rank all the candidates A; (i = 1,2, 3,4,5) in
accordance with the scores s ([ii> (i=1,2,3,4,5) of the

overal DHBFNs d; (i=1,2,---,5): As > A3z >
A4 > Ay = A; and thus the most desirable candidate is As.

TABLE 2. Order of different methods.

Ordering
DHBFWA[52] As>As> Ay > Ay > A,
DHBFWG[52] As>A3>Ay> A > A
DHBFHPWA As> A3 > Ay > Ay > A
DHBFHPWG As>A3> A > Ay > A

From the above analysis, it is easily seen that although the
overall rating values of the alternatives are slightly different
by using two operators respectively. However, the most desir-
able candidate is As.

In what follows, we compare with the dual hesi-
tant bipolar fuzzy weighted average (DHBFWA) operator

di = (4", v;") = DHBFHWG,, (21,-1,51,-2, - ,51,-,1)

n
nog ijij/_ijsz
= ® <dl]> =1

j=1

~ ] le/_Zn: ijlj - wZle i ijij ~ wnT,-j i ijij
(dil) J=1 ® (diZ) Jj=1 R---® (din) J=1

n

1

N a)jTl'j ﬁ:ijij n 4 ijl‘j/Zn: a)jle
(+o-0(1-%)) /7 +o-0ll(y) /7

= nyeu;,r;;ev; / n n (23)
n ijij Z w/T’J n @/TU Z ijl/
1_[<1+(y—1)(mj~) = —H<1+n,~]> =
J=1 J=1

n wiTij [ 3 wiTy n wiTyj [ Y Ty
M(t+o-olg)) 77 +o-vIl(1+m) /7
j=1 j=1
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d; = DHBFHPWA,, (311, di2, di3, 5114)

1Ty ~ Ty ~ 3Tz ~ waT1a ~
= ,, din ® diz ® dis
o;Tj > Ty > Ty > oiTy;
j=1 j=1 j=1 j=1
wlle/.Z ijlj a)lT]j/., a)jle
[1 (1 + (- 1)7/1’}> = =Tl (1 - ij) =
j=1 j=1
4 4 wlle/.ijle 4 . w1 Ty _ijTU
(1+o-byf) 1A T re-nI(1-n) /7
=U+_+ {4 =l j=1
Vij S €V u
4 ol [ ) oy
-y 1—1 ‘771]' =
j=1

4 B wlle/éijlj wlle/i:lele
MO+o-v(t+m) /- -

4
+=DII ‘nl‘j
j=1 j=1

- {{0.3,0.4), {—0.5}}, {{0.4, 0.5}, {—0.3, —0.4}},
= DHBFHPWAG | 1{020.3), {~0.5)}. {{0.4. 0.5}, {~0.5)}

= {{0.2994, 0.3066, 0.3177, 0.3249, 0.3113, 0.3185, 0.3296, 0.3367, 0.3636, 0.3706,
0.3815, 0.3885, 0.3752, 0.3823, 0.3931, 0.4000}, {—0.3213, —0.3279}}
d, = DHBFHPWA,, (321, o, do3, 324)
B {{0.6) , {—0.4}}, {{0.2,0.4, 0.5}, {—0.4)},
= DHBFHPWA,, { {{0.2}), {—=0.6, —0.7, —0.8}}, {{0.5} , {—0.4, —0.5}} }
_11{0.4475,0.4772,0.4927} ,
1 {—-0.2764, —0.2794, —0.2821, —0.2851, —0.2868, —0.2899}
dy = DHBFHPWA,, (331, dx, ds3, 334)

B {{0.5, 0.7}, {~0.2}}, {{0.2}}, {07, —0.8}}.
= DHBFHPWA,, { 0.2, 0.3, 0.4}, {=0.6)}, {{0.5, 0.6, 0.7}, {=0.3}} }

= {{0.4007, 0.4082, 0.4169, 0.4141, 0.4214, 0.4301, 0.4275, 0.4348, 0.4434,
0.5401, 0.5467, 0.5543, 0.5519, 0.5583, 0.5659, 0.5637, 0.5701, 0.5775},
{—0.2149, —0.2183}}

ds = DHBFHPWA,, (341, daa, ds3, 5144)
3 {{0.7}, {—0.3}} , {{0.6, 0.7, 0.8}, {—0.2}} ,

= DHBFHPWA,, { {{0.1, 0.2}, {—0.3}}, {{0.1}, {0.6, —0.7, —0.8}}
] {0.4266, 0.4557, 0.4445,0.4731, 0.4673, 0.4954} ,
] {—=0.2229, —0.2264, —0.2294}

ds = DHBFHPWA,, (351, dsz, ds3, 5154)

0.6,0.7}, {=0.2}}, {{0.2, 0.3, 0.4}}, {—0.5},
= DHBFHPWA,, { EOA, o.si, %—0.23, go.z, 0.3, 0.4;} {{—0.5}§ }
— {{0.4355,0.4512, 0.4670, 0.4558, 0.4712, 0.4867, 0.4512, 0.4667, 0.4823,
0.4712, 0.4864, 0.5017, 0.4670, 0.4823, 0.4976, 0.4867, 0.5017, 0.5168,
0.4952,0.5101, 0.5250, 0.5144, 0.5290, 0.5436, 0.5101, 0.5247, 0.5394,
0.5290, 0.5433, 0.5577, 0.5250, 0.5394, 0.5539, 0.5436, 0.5577, 0.5718} , {—0.1974}}

and dual hesitant bipolar fuzzy weighted geometric
(DHBFWG) operator [52]. The result is shown in Table 2.
From the above analysis, it can be seen that four
operators have the same best emerging technology
enterprise As; and two methods’ ranking results are

11518

slightly different. But, the our proposed operators con-
sider the prioritization relationship over attributes, but
DHBFWA and DHBFWG operator [52] fail to do so.
This verifies the method we proposed is reasonable and
effective.
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d) = DHBFHPWG,, (5111, di2, di3, 314)

n n
(1)1T1| Z a)jTl_/ w2T|2 Z ijU

= )BT o B ) R )

= U 4+, + p—cp
Y1) SR V) n n ’

n
Ty [ 3 ol 1Ty [ 3 wTy

I1 (1 +@ =D ‘Tlf,‘) = =11 (1 + ;71*/) =i

J=1 J=1

Ty [ 3 oy

(14n5) /5
1

n
o1y [ 3 oy 4

}j (1+w-nly|) 75 +e-n

{{0.3, 0.4}, {—0.5}}, {{0.4, 0.5}}, {—0.3, —0.4}},
{{0.2,0.3}, {—0.5)}, {{0.4, 0.5}, {—0.5}}

— {{0.2951, 0.3002, 0.3168, 0.3222, 0.3036, 0.3088, 0.3258, 0.3312, 0.3558, 0.3616,
0.3806, 0.3867, 0.3655, 0.3714, 0.3907, 0.3969} , {—0.5847, —0.5937}}
d> = DHBFHPWG,, (5121 oo, s, 2124)

{{0.6}, {—0.4}}, {{0.2, 0.4, 0.5}, {—0.4}},
{{0.2}, {-0.6, —0.7, —0.8}}, {{0.5}, {—0.4, —0.5}}

J

= DHBFHPWG,, {

= DHBFHPWG,, {

_ ] {0.4032, 0.4449, 0.4610} ,
1 {—0.4497, —0.4574, —0.4795, —0.4870, —0.5170, —0.5242}

;13 = DHBFHPWG,, (;131 s ;132, ;133, ;134)

{{0.5, 0.7}, {—0.2}}, {{0.2}}, {—0.7, —0.8}}, }

{{0.2,0.3, 0.4}, {—0.6)}, {{0.5, 0.6, 0.7}, {—0.3}}

= {{0.3745,0.3798, 0.3848, 0.3938, 0.3993, 0.4045, 0.4091, 0.4147, 0.4201,
0.4745, 0.4806, 0.4864, 0.4967, 0.5030, 0.5089, 0.5142, 0.5206, 0.5266} ,
{—0.3824, —0.4185) }

4, = DHBFHPWG,, (2141, dio. das, 2144)

{{0.7}, {=0.3}}, {{0.6, 0.7, 0.8}, {—0.2}},
{{0.1,0.2}, {=0.3}}, {{0.1}, {0.6, —0.7, —0.8}}

= DHBFHPWG,, {

— DHBFHPWG,, {

_ ] 1{0.3047,0.3654,0.3138, 0.3757, 0.3228, 0.3860} ,
1 {-0.3429, —0.3667, —0.3972}

d5 = DHBFHPWG,, (ds1. ds2. ds3. dss

{{0.6, 0.7}, {—0.2}}, {{0.2, 0.3, 0.4}}, {—0.5},
{{0.4, 0.5}, {—0.2)}, {{0.2, 0.3, 0.4}, {—0.5}}
— {{0.3976, 0.4219, 0.4412, 0.4166, 0.4416, 0.4614, 0.4219, 0.4470, 0.4670,

0.4416,0.4674, 0.4879, 0.4412, 0.4670, 0.4875, 0.4614, 0.4879, 0.5088,
0.4355,0.4611, 0.4814, 0.4556, 0.4818, 0.5026, 0.4611, 0.4875, 0.5084,
0.4818, 0.5088, 0.5302, 0.4814, 0.5084, 0.5298, 0.5026, 0.5302, 0.5519} , {—0.3039}}

= DHBFHPWG,, {

VI. CONCLUSION there exists a prioritization relationship over attributes. Then,
In this paper, we investigate the dual hesitant bipolar fuzzy motivated by the idea of Hamacher operations and pri-
multiple attribute decision making problems with in which oritized aggregation operators, we have developed some

VOLUME 6, 2018 11519
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Hamacher prioritized aggregation operators for aggregating
dual hesitant bipolar fuzzy information: dual hesitant bipolar
fuzzy Hamacher prioritized average (DHBFHPA) operator,
dual hesitant bipolar fuzzy Hamacher prioritized geometric
(DHBFHPG) operator, dual hesitant bipolar fuzzy Hamacher
prioritized weighted average (DHBFHPWA) operator,
dual hesitant bipolar fuzzy Hamacher prioritized weighted
geometric (DHBFHPWG) operator. Then, we have uti-
lized these operators to develop some approaches to solve
the dual hesitant bipolar fuzzy multiple attribute decision
making problems. Finally, a practical example is given to ver-
ify the developed approach and to demonstrate its practicality
and effectiveness.

Several directions for future research may be promis-
ing. First, the aggregation operator proposed in this
paper can be introduced into other fuzzy and uncertain
environments [68]-[76]. Second, applications of the pro-
posed MADM method can be explored to tackle practi-
cal problems in other areas, such as selecting information
systems, evaluating the financial risks or software qual-
ity [77]-[92]. The common feature of these practical prob-
lems is that multiple attributes involved are interdependent
and have different priority levels. Third, the complexity of the
proposed method can be improved with the help of computer
technology. In the future, we will devote ourselves to reducing
the complexity of the method as well as increasing accuracy.

REFERENCES

[1]1 K. T. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets Syst., vol. 20,
pp. 87-96, Aug. 1986.

[2] K. Atanassov, ‘“More on intuitionistic fuzzy sets,” Fuzzy Sets Syst., vol. 33,
pp. 3746, Oct. 1989.

[3]1 L. A.Zadeh, “Fuzzy sets,” Inf. Control, vol. 8, no. 2, pp. 338-356, 1965.

[4] Z. Xu, “Intuitionistic fuzzy aggregation operators,” IEEE Trans. Fuzzy
Syst., vol. 15, no. 6, pp. 1179-1187, Dec. 2007.

[5] Z.Xu and R. R. Yager, “Some geometric aggregation operators based on
intuitionistic fuzzy sets,” Int. J. Gen. Syst., vol. 35, no. 4, pp. 417-433,
2006.

[6] Z. Xu and R. R. Yager, “Dynamic intuitionistic fuzzy multi-attribute
decision making,” Int. J. Approx. Reasoning, vol. 48, no. 1, pp. 246-262,
2008.

[7]1 Z. Xu, “Approaches to multiple attribute group decision making based
on intuitionistic fuzzy power aggregation operators,” Knowl.-Based Syst.,
vol. 24, no. 6, pp. 749-760, 2011.

[8] Z.Xu and Q. Chen, “A multi-criteria decision making procedure based on
interval-valued intuitionistic fuzzy bonferroni means,” J. Syst. Sci. Syst.
Eng., vol. 20, no. 2, pp. 217-228, 2011.

[9] Z.Xuand M. M. Xia, “Induced generalized intuitionistic fuzzy operators,”
Knowl.-Based Syst., vol. 24, no. 2, pp. 197-209, 2011.

[10] G. Wei, “Approaches to interval intuitionistic trapezoidal fuzzy multiple
attribute decision making with incomplete weight information,” Int. J.
Fuzzy Syst., vol. 17, no. 3, pp. 484-489, 2015.

[11] G. Wei, “Some induced geometric aggregation operators with intuitionistic
fuzzy information and their application to group decision making,” Appl.
Soft Comput., vol. 10, no. 2, pp. 423-431, 2010.

[12] G. Wei, H.-J. Wang, and R. Lin, “Application of correlation coefficient
to interval-valued intuitionistic fuzzy multiple attribute decision-making
with incomplete weight information,” Knowl. Inf. Syst., vol. 26, no. 2,
pp. 337-349, 2011.

11520

(13]

[14]

[15]

[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

[25]

[26]

[27]
(28]

(29]

(30]

(31]

(32]

(33]

(34]

G. Wei, “Gray relational analysis method for intuitionistic fuzzy mul-
tiple attribute decision making,” Expert Syst. Appl., vol. 38, no. 9,
pp. 11671-11677, 2011.

F. Jin, L. Pei, H. Chen, and L. Zhou, “Interval-valued intuitionistic
fuzzy continuous weighted entropy and its application to multi-criteria
fuzzy group decision making,” Knowl.-Based Syst., vol. 59, pp. 132-141,
Mar. 2014.

R. Verma and B. D. Sharma, “A new measure of inaccuracy with its
application to multi-criteria decision making under intuitionistic fuzzy
environment,” J. Intell. Fuzzy Syst., vol. 27, no. 4, pp. 1811-1824,
2014.

T.-Y. Chen, “The inclusion-based TOPSIS method with interval-valued
intuitionistic fuzzy sets for multiple criteria group decision making,” Appl.
Soft Comput., vol. 26, pp. 57-73, Jan. 2015.

G. Wei, “GRA method for multiple attribute decision making with incom-
plete weight information in intuitionistic fuzzy setting,” Knowl.-Based
Syst., vol. 23, no. 3, pp. 243-247, 2010.

X. Qi, C. Liang, and J. Zhang, “Generalized cross-entropy based group
decision making with unknown expert and attribute weights under interval-
valued intuitionistic fuzzy environment,” Comput. Ind. Eng., vol. 79,
pp. 52-64, Jan. 2015.

G. Wei and X. Zhao, “Some induced correlated aggregating operators with
intuitionistic fuzzy information and their application to multiple attribute
group decision making,” Expert Syst. Appl., vol. 39, no. 2, pp. 2026-2034,
2012.

G. Wei, “Maximizing deviation method for multiple attribute decision
making in intuitionistic fuzzy setting,” Knowl.-Based Syst., vol. 21, no. 8,
pp. 833-836, 2008.

G. Wei, X. Zhao, and R. Lin, “Some induced aggregating operators
with fuzzy number intuitionistic fuzzy information and their applications
to group decision making,” Int. J. Comput. Intell. Syst., vol. 3, no. 1,
pp. 84-95, 2010.

G. Wei and J. M. Merigé, “ethods for strategic decision-making problems
with immediate probabilities in intuitionistic fuzzy setting,” Sci. Iranica,
vol. 19, no. 6, pp. 1936-1946, 2012.

X. Zhao and G. Wei, “Some intuitionistic fuzzy Einstein hybrid aggrega-
tion operators and their application to multiple attribute decision making,”
Knowl.-Based Syst., vol. 37, pp. 472-479, Jan. 2013.

G. Wei, H. J. Wang, R. Lin, and X. Zhao, “Grey relational analysis method
For intuitionistic fuzzy multiple attribute decision making with preference
information on alternatives,” Int. J. Comput. Intell. Syst., vol. 4, no. 2,
pp. 164-173, 2011.

G. Wei and X. Zhao, “Minimum deviation models for multiple attribute
decision making in intuitionistic fuzzy setting,” Int. J. Comput. Intell. Syst.,
vol. 4, no. 2, pp. 174-183, 2011.

W.-R. Zhang, “Bipolar fuzzy sets and relations: A computational frame-
work for cognitive modeling and multiagent decision analysis,” in Proc.
IEEE Conf., Dec. 1994, pp. 305-309.

W.-R. Zhang, “(Yin) (Yang) bipolar fuzzy sets,” in Proc. FUZZY-IEEE,
May 1998, pp. 835-840.

W.-R. Zhang and L. Zhang, “Bipolar logic and bipolar fuzzy logic,” Inf.
Sci., vol. 165, nos. 3—4, pp. 265-287, 2004.

Y. Han, P. Shi, and S. Chen, “Bipolar-valued rough fuzzy set and its
applications to decision information system,” IEEE Trans. Fuzzy Syst.,
vol. 23, no. 6, pp. 2358-2370, Jun. 2015.

W.-R. Zhang, H. J. Zhang, Y. Shi, and S. S. Chen, “Bipolar linear algebra
and YinYang-N-element cellular networks for equilibrium-based biosys-
tem simulation and regulation,” J. Biol. Syst., vol. 17, no. 4, pp. 547-576,
2009.

M. Lu and J. R. Busemeyer, “Do traditional Chinese theories of Yi Jing
(“Yin-Yang’ and Chinese medicine) go beyond Western concepts of mind
and matter,” Mind Matter, vol. 12, no. 1, pp. 37-59, 2014.

W.-R. Zhang, “Equilibrium relations and bipolar cognitive mapping for
online analytical processing with applications in international relations and
strategic decision support,” IEEE Trans. Syst., Man, Cybern. B, Cybern.,
vol. 33, no. 2, pp. 295-307, Apr. 2003.

W.-R. Zhang, “Equilibrium energy and stability measures for bipo-
lar decision and global regulation,” Int. J. Fuzzy Syst., vol. 5, no. 2,
pp. 114-122, 2003.

W.-R. Zhang, A. K. Pandurangi, and K. E. Peace, “YinYang dynamic
neurobiological modeling and diagnostic analysis of major depressive
and bipolar disorders,” IEEE Trans. Biomed. Eng., vol. 54, no. 10,
pp. 1729-1739, Oct. 2007.

VOLUME 6, 2018



H. Gao et al.: Dual Hesitant Bipolar Fuzzy Hamacher Prioritized Aggregation Operators

IEEE Access

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]
[45]
[46]
[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

W.-R. Zhang, A. K. Pandurangi, Y. Q. Zhang, and Z. Zhao, “Mental-
Squares: A generic bipolar Support Vector Machine for psychiatric dis-
order classification, diagnostic analysis and neurobiological data mining,”
Int. J. Data Mining Bioinform., vol. 5, no. 5, pp. 532-572, 2011.

G. Fink and M. Yolles, ““Collective emotion regulation in an organization—
A plural agency with cognition and affect,” J. Org. Change Manage.,
vol. 28, no. 5, pp. 832-871, 2015.

P.P.Li, ““The global implications of the indigenous epistemological system
from the east: How to apply yin-yang balancing to paradox management,”
Cross Cultural Strategic Manage., vol. 23, no. 1, pp. 42-47, 2016.

W.-R. Zhang and F. Marchetti, “A logical exposition of dirac 3-polarizer
experiment and its potential impact on computational biology,” in Proc.
ACM Conf. Bioinform., Comput. Biol., Health Informat. (ACM BCB),
2015, pp. 517-518.

W.-R. Zhang, “Bipolar quantum logic gates and quantum cellular
combinatorics—A logical extension to quantum entanglement,” J. Quan-
tum Inf. Sci., vol. 3, no. 2, pp. 93-105, 2013.

W.-R. Zhang and K. E. Peace, “Causality is logically definable—Toward
an equilibrium-based computing paradigm of quantum agent and quantum
intelligence,” J. Quantum Inf. Sci., vol. 4, pp. 227-268, Dec. 2014.

W.-R. Zhang and S.-S. Chen, “Equilibrium and non-equilibrium modeling
of YinYang WuXing for diagnostic decision analysis in traditional Chinese
medicine,” Int. J. Inf. Technol. Decision Making, vol. 8, no. 3, pp. 529-548,
2009.

W.-R. Zhang, YinYang Bipolar Relativity: A Unifying Theory of Nature,
Agents and Causality with Applications in Quantum Computing, Cognitive
Informatics and Life Sciences. New York, NY, USA: IGI Global, 2011.
W.-R. Zhang, “G-CPT symmetry of quantum emergence and
submergence-an information conservational multiagent cellular automata
unification of CPT symmetry and cp violation for equilibrium-based
many world causal analysis of quantum coherence and decoherence,”
J. Quantum Inf. Sci., vol. 6, no. 2, pp. 62-97, 2016.

M. Akram, “Bipolar fuzzy graphs,” Inf. Sci., vol.
pp. 5548-5564, 2011.

H.-L. Yang, S.-G. Li, W.-H. Yang, and Y. Lu, “Notes on ‘Bipolar fuzzy
graphs,” Inf. Sci., vol. 242, pp. 113-121, Sep. 2013.

S. Samanta and M. Pal, “Bipolar fuzzy hypergraphs,” Int. J. Fuzzy Logic
Syst., vol. 2, no. 1, pp. 17-28, 2012.

S. Samanta and M. Pal, “Irregular bipolar fuzzy graphs,” Int. J. Appl. Fuzzy
Sets, vol. 2, pp. 91-102, Jan. 2012.

S. Samanta and M. Pal, “Some more results on bipolar fuzzy sets
and bipolar fuzzy intersection graphs,” J. Fuzzy Math., vol. 22, no. 2,
pp. 253-262, 2014.

Z. Gul, “Some bipolar fuzzy aggregations operators and their applica-
tions in multicriteria group decision making,” M.S. thesis, Hazara Univ.,
Masnehra, Pakistan, 2015.

G. Wei, F. E. Alsaadi, T. Hayat, and A. Alsaedi, “Hesitant bipolar fuzzy
aggregation operators in multiple attribute decision making,” J. Intell.
Fuzzy Syst., vol. 33, no. 2, pp. 1119-1128, 2017.

M. Lu, G. Wei, F. E. Alsaadi, T. Hayat, and A. Alsaedi, “Bipolar 2-tuple
linguistic aggregation operators in multiple attribute decision making,”
J. Intell. Fuzzy Syst., vol. 33, no. 2, pp. 1197-1207, 2017.

X. R. Xu and G. Wei, “Dual hesitant bipolar fuzzy aggregation operators
in multiple attribute decision making,” Int. J. Knowl.-Based Intell. Eng.
Syst., vol. 21, no. 3, pp. 155-164, 2017.

H. Hamachar, “Uber logische verknunpfungenn unssharfer Aussagen und
deren Zugenhorige Bewertungsfunktione Trappl, Klir, Riccardi (Eds.),”
Progr. Cybern. Syst. Res., vol. 3, pp. 276-288, 1978.

L. Y. Zhou, X. Zhao, and G. Wei, ‘“Hesitant fuzzy hamacher aggregation
operators and their application to multiple attribute decision making,”
J. Intell. Fuzzy Syst., vol. 26, no. 6, pp. 2689-2699, 2014.

P. Liu, “Some hamacher aggregation operators based on the interval-
valued intuitionistic fuzzy numbers and their application to group decision
making,” IEEE Trans. Fuzzy Syst., vol. 22, no. 1, pp. 83-97, Feb. 2014.
C. Tan, W. Yi, and X. Chen, “Hesitant fuzzy Hamacher aggregation
operators for multicriteria decision making,” Appl. Soft Comput., vol. 26,
pp- 325-349, Jan. 2015.

B. Zhu, Z. Xu, and M. Xia, “Dual hesitant fuzzy sets,” J. Appl.
Math., vol. 2012, Feb. 2012, Art. no. 879629. [Online]. Available:
http://www.hindawi.com/journals/jam/2012/879629/

H. J. Wang, X. Zhao, and G. Wei, “Dual hesitant fuzzy aggregation
operators in multiple attribute decision making,” J. Intell. Fuzzy Syst.,
vol. 26, no. 5, pp. 2281-2290, 2014.

181, no. 24,

VOLUME 6, 2018

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

(71]

[72]

(73]

[74]

(751

[76]

(77

(78]

(791

(80]

(81]

(82]

R. R. Yager, “Prioritized aggregation operators,” Int. J. Approx. Reason-
ing, vol. 48, pp. 263-274, Apr. 2008.

F. Chiclana, F. Herrera, and E. Herrera-Viedma, “The ordered weighted
geometric operator: Properties and application in MCDM problems,” in
Proc. 8th Int. Conf Inf. Process. Manage. Uncertainty Knowl.-Based Syst.,
2000, pp. 985-991.

Z.Xu and Q. L. Da, “An overview of operators for aggregating informa-
tion,” Int. J. Intell. Syst., vol. 18, no. 9, pp. 953-969, 2003.

G. Wei, F. E. Alsaadi, T. Hayat, and A. Alsaedi, ‘“‘Hesitant fuzzy linguistic
arithmetic aggregation operators in multiple attribute decision making,”
Iranian J. Fuzzy Syst., vol. 13, no. 4, pp. 1-16, 2016.

R. Lin, X. Zhao, H. Wang, and G. Wei, ‘‘Hesitant fuzzy linguistic aggrega-
tion operators and their application to multiple attribute decision making,”
J. Intell. Fuzzy Syst., vol. 27, no. 1, pp. 49-63, 2014.

R. Lin, X. Zhao, and G. Wei, “Models for Selecting an ERP System with
Hesitant Fuzzy Linguistic Information,” J. Intell. Fuzzy Syst., vol.26,no. 5,
pp. 2155-2165, 2014.

X. Zhao, R. Lin, and G. Wei, “Hesitant triangular fuzzy information
aggregation based on einstein operations and their application to mul-
tiple attribute decision making,” Expert Syst. Appl., vol. 41, no. 4,
pp. 1086-1094, 2014.

G. Wei, “Picture fuzzy aggregation operators and their application to
multiple attribute decision making,” J. Intell. Fuzzy Syst., vol. 33, no. 2,
pp. 713-724,2017.

G. Wei and M. Lu, “Dual hesitant Pythagorean fuzzy Hamacher aggrega-
tion operators in multiple attribute decision making,” Arch. Control Sci.,
vol. 27, no. 3, pp. 365-395, 2017.

G. Wei, “Picture 2-tuple linguistic Bonferroni mean operators and their
application to multiple attribute decision making,” Int. J. Fuzzy Syst.,
vol. 19, no. 4, pp. 997-1010, 2017.

S.-P. Wan and J.-Y. Dong, ‘““Power geometric operators of trapezoidal intu-
itionistic fuzzy numbers and application to multi-attribute group decision
making,” Appl. Soft Comput., vol. 29, pp. 153-168, Apr. 2015.

H. Garg, “Generalized intuitionistic fuzzy multiplicative interactive geo-
metric operators and their application to multiple criteria decision mak-
ing,” Int. J. Mach. Learn., vol. 7, no. 6, pp. 1075-1092, 2016.

G. Wei, M. Lu, F. E. Alsaadi, T. Hayat, and A. Alsaedi, “Pythagorean
2-tuple linguistic aggregation operators in multiple attribute decision mak-
ing,” J. Intell. Fuzzy Syst., vol. 33, no. 2, pp. 1129-1142, 2017.

M. Lu, G. Wei, F. E. Alsaadi, T. Hayat, and A. Alsaedi, “Hesitant
pythagorean fuzzy Hamacher aggregation operators and their application
to multiple attribute decision making,” J. Intell. Fuzzy Syst., vol. 33, no. 2,
pp. 1105-1117, 2017.

G. Wei, F. E. Alsaadi, T. Hayat, and A. Alsaedi, “A linear assignment
method for multiple criteria decision analysis with hesitant fuzzy sets based
on fuzzy measure,” Int. J. Fuzzy Syst., vol. 19, no. 3, pp. 607-614, 2007.

G. Wei and M. Lu, “Pythagorean fuzzy maclaurin symmetric mean oper-
ators in multiple attribute decision making,” Int. J. Intell. Syst., to be
published, doi: 10.1002/int.21911.

G. Wei, “Pythagorean fuzzy interaction aggregation operators and their
application to multiple attribute decision making,” J. Intell. Fuzzy Syst.,
vol. 33, no. 4, pp. 2119-2132, 2017.

G. Wei and J. Wang, “A comparative study of robust efficiency analysis
and data envelopment analysis with imprecise data,” Expert Syst. Appl.,
vol. 81, pp. 28-38, Sep. 2017.

G. Wei, “Interval valued hesitant fuzzy uncertain linguistic aggregation
operators in multiple attribute decision making,” Int. J. Mach. Learn.
Cybern., vol. 7, no. 6, pp. 1093-1114, 2016.

G. Wei, “Picture fuzzy cross-entropy for multiple attribute decision mak-
ing problems,” J. Bus. Econ. Manage., vol. 17, no. 4, pp. 491-502, 2016.
G. Wei, “Interval-valued dual hesitant fuzzy uncertain linguistic aggrega-
tion operators in multiple attribute decision making,” J. Intell. Fuzzy Syst.,
vol. 33, no. 3, pp. 1881-1893, 2017.

G. Wei, “Some cosine similarity measures for picture fuzzy sets and their
applications to strategic decision making,” Informatics, vol. 28, no. 3,
pp. 547-564, 2017.

J. M. Merigo and M. Casanovas, “Induced aggregation operators in deci-
sion making with the Dempster-Shafer belief structure,” Int. J. Intell. Syst.,
vol. 24, pp. 934-954, Aug. 2009.

G. W. Wei, “Picture fuzzy Hamacher aggregation operators and their appli-
cation to multiple attribute decision making,” Fund. Informat., vol. 157,
no. 3, pp. 271-320, 2018, doi: 10.3233/FI-2018-1628.

11521


http://dx.doi.org/10.1002/int.21911
http://dx.doi.org/10.3233/FI-2018-1628

IEEE Access

H. Gao et al.: Dual Hesitant Bipolar Fuzzy Hamacher Prioritized Aggregation Operators

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

[92]

Z. Zhang, C. Wang, D. Tian, and K. Li, “Induced generalized
hesitant fuzzy operators and their application to multiple attribute
group decision making,” Comput. Ind. Eng., vol. 67, pp. 116-138,
Jan. 2014.

Z. Zhang and C. Wu, “A decision support model for group decision mak-
ing with hesitant multiplicative preference relations,” Inf. Sci., vol. 282,
pp. 136-166, Oct. 2014.

Z. Zhang, “Deriving the priority weights from incomplete hesitant fuzzy
preference relations based on multiplicative consistency,” Appl. Soft
Comput., vol. 46, pp. 37-59, Sep. 2016.

G. W. Wei, F. E. Alsaadi, and T. Hayat, “Ahmed alsaedi, picture 2-tuple
linguistic aggregation operators in multiple attribute decision making,”
Soft Comput., vol. 22, no. 3, pp. 989-1002, 2018.

S.-M. Yu, H.-Y. Zhang, and J.-Q. Wang, “Hesitant fuzzy Linguistic
Maclaurin symmetric mean operators and their applications to multi-
criteria decision-making problem,” Int. J. Intell. Syst., to be published,
doi: 10.1002/int.21907.

L. Wang, H.-Y. Zhang, and J.-Q. Wang, “Frank Choquet Bonferroni
mean operators of bipolar neutrosophic sets and their application to multi-
criteria decision-making problems,” J. Intell. Fuzzy Syst., to be published,
doi: 10.1007/s40815-017-0373-3.

J-Q. Wang, Y. Yang, and L. Li, “Multi-criteria decision-making
method based on single-valued neutrosophic Linguistic Maclaurin sym-
metric mean operators,” Neural Comput. Appl., to be published,
doi: 10.1007/s00521-016-2747-0.

G. W. Wei and Y. Wei, “Similarity measures of pythagorean fuzzy sets
based on cosine function and their applications,” Int. J. Intell. Syst., vol. 33,
no. 3, pp. 634-652, 2018.

G. Wei and M. Lu, “Pythagorean fuzzy power aggregation operators in
multiple attribute decision making,” Int. J. Intell. Syst., vol. 33, no. 1,
pp. 169-186, 2018.

G. Wei, “Picture uncertain Linguistic Bonferroni mean operators and their
application to multiple attribute decision making,” Kybernetes, vol. 46,
no. 10, pp. 1777-1800, 2017.

11522

HUI GAO received the M.Sc. degree in management sciences and engineer-
ing from the School of Economics and Management, University of Electronic
Science and Technology of China, China. She is currently an Associate
Professor with the School of Business at Sichuan Normal University.

GUIWU WEI received the M.Sc. degree in applied mathematics from
SouthWest Petroleum University, and the Ph.D. degree in business adminis-
tration from the School of Economics and Management, Southwest Jiaotong
University, China, respectively. From 2010 to 2012, he was a Post-Doctoral
Researcher with the School of Economics and Management, Tsinghua Uni-
versity, Beijing, China. He is currently a Professor with the School of
Business, Sichuan Normal University. He has published over 100 papers
in journals, books and conference proceedings including journals, such
as Omega, Decision Support Systems, Expert Systems with Applications,
Applied Soft Computing, Knowledge and Information Systems, Computers
& Industrial Engineering, Knowledge-based Systems, International Jour-
nal of Uncertainty, Fuzziness and Knowledge-Based Systems, International
Journal of Computational Intelligence Systems and Information: An Inter-
national Interdisciplinary Journal. He has published one book. His current
research interests are aggregation operators, decision making and comput-
ing with words. He has participated in several scientific committees and
serves as a Reviewer in a wide range of journals including Computers &
Industrial Engineering, International Journal of Information Technology
and Decision Making, Knowledge-based Systems, Information Sciences,
International Journal of Computational Intelligence Systems and European
Journal of Operational Research.

YUHAN HUANG is currently pursuing the B.Sc. degree with the College of
Mathematics and Software Science, Sichuan Normal University, Chengdu,
610101, China.

VOLUME 6, 2018


http://dx.doi.org/10.1002/int.21907
http://dx.doi.org/10.1007/s40815-017-0373-3
http://dx.doi.org/10.1007/s00521-016-2747-0

	INTRODUCTION
	PRELIMINARIES
	THE BIPOLAR FUZZY SET
	DUAL HESITANT BIPOLAR FUZZY SET (DHBFS)
	HAMACHER OPERATIONS OF DUAL HESITANT BIPOLAR FUZZY SETS

	DUAL HESITANT BIPOLAR FUZZY HAMACHER PRIORITIZED AGGREGATION OPERATORS
	DUAL HESITANT BIPOLAR FUZZY HAMACHER PRIORITIZED ARITHMETIC AGGREGATION OPERATORS
	DUAL HESITANT BIPOLAR FUZZY HAMACHER PRIORITIZED GEOMETRIC AGGREGATION OPERATORS

	MODELS FOR MULTIPLE ATTRIBUTE DECISION MAKING WITH DUAL HESITANT BIPOLAR FUZZY INFORMATION
	NUMERICAL EXAMPLE
	CONCLUSION
	REFERENCES
	Biographies
	HUI GAO
	GUIWU WEI
	YUHAN HUANG


