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ABSTRACT This paper presents the procedure for evaluating the electromagnetic field induced by the wake
of an undersea-moving slender body. The slender body is considered equivalent to a pair of Havelock point
sources that can generate wake flow fields. The electric current generated in the seawater is calculated by
means of the moving conductive seawater that cuts the earth’s magnetic field. The electromagnetic fields in
the air and in the seawater are then determined by solving the Maxwell equations with appropriate boundary
conditions. The induced electromagnetic fields include two parts: One is the attenuating oscillation that can
be ascribed to the free surface Kelvin wake, and the other is the bipolar pulse that can be ascribed to the
localized volume wake. Near the sea surface, the magnitude of the former is typically a few hundred pico-

tesla, while that of the latter could be greater by ten times.

INDEX TERMS Electromagnetic fields, moving seawater, undersea body, wake.

I. INTRODUCTION

The movement of conductive seawater in the Earth’s mag-
netic field is just like that of the mental conductor in the mag-
netic field, which produces inductive electromagnetic fields.
This phenomenon was predicted by Faraday in 1832 [1]
and experimentally confirmed by Young et al. in 1920 [2].
Since the 1960s, extensive investigations were conducted
on the electromagnetic fields relating to moving seawater,
including wind waves and swells [3]-[6], internal waves
[71-[9], tidal or oceanic currents [10], [11], tsunami
waves [12], and wakes of ships or submarines [13]-[18].
In addition to the theoretical analyses, instrument develop-
ments and in-site measurements have also been reported [7],
[19]-[21]. These studies show that the magnitude of the
induced magnetic field is typically of the order of a frac-
tion of one nano-Tesla (nT), which may be regarded as
a big value, because, nowadays, the precision of commer-
cial optical pumping magnetometer is typically several pico-
Teslas (pT). While the induced electromagnetic fields provide
useful information for oceanographic research, the noises
they generate are detrimental to marine electromagnetic
prospecting, such as the controllable source electromagnetic
sounding technique [22], [23]. In the years to come, investiga-
tion of electromagnetic fields produced by moving seawater
is expected to become an essential part of marine electromag-
netics and applications.

The free surface Kelvin wake, generated by a ship or a
submarine, can spread over several kilometers and sustain
more than ten minutes. It can be considered a steady signa-
ture for probing the targets. Sensing the magnetic anomaly
fields produced by wakes has been proposed as a poten-
tial method for detecting ships and submarines [13], [14].
Evaluation of the electromagnetic fields, produced by the
wakes, has thus started attracting increased attention. In 1994,
Madurasinghe et al. presented their simulation results, for the
first time, which hold for a surface ship [15], as well as a
moving body submerged in the ocean of infinite depth [16].
The infinite depth ocean model was also employed by Zhu
and Xia [17], Xu et al.[18]. However, their works suffer
from one common drawback: In their works, they considered
only the surface Kelvin wake or far flow field and totally
ignored the volume wake or near flow field. Though the
surface wake can span over several kilometers, its undula-
tions diminish as the submerged depth increases. The vol-
ume wake, on the other hand, is usually much stronger than
the surface wake and changes little as the submerged depth
increases. Therefore, taking the volume wake into account
is necessary for a complete evaluation of the produced elec-
tromagnetic fields, and that is precisely the purpose of this
paper.

The remainder of this paper is organized as follows.
Section II outlines the modeling of wake produced by an

2169-3536 © 2017 IEEE. Translations and content mining are permitted for academic research only.

VOLUME 6, 2018

Personal use is also permitted, but republication/redistribution requires IEEE permission. 2943

See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0001-9512-9410

IEEE Access

Z. Xu et al.: Evaluation of Electromagnetic Fields Induced by Wake of an Undersea-Moving Slender Body

air

seawater

Z

FIGURE 1. lllustration of a slender body of volume V, moving undersea
with speed U at depth z,.

undersea-moving slender body. Section III derives the solu-
tions for the electromagnetic fields induced by the wake.
Section IV presents simulation results and discussions.
Finally, Section V presents the conclusions drawn from
this study.

Il. WAKE OF AN UNDERSEA MOVING SLENDER BODY

It is assumed that a slender body is moving under the sea
surface with speed U, at depth zq (see Figure 1). Its x axis is
pointing towards its rear, z axis towards its bottom, and y axis
is so selected that xyz forms a right-hand system. The seawa-
ter is taken to be incompressible; besides, the jet-flow by the
propeller is not considered at the moment. For incompressible
seawater, the velocity field v of the wake can be expressed by
potential ¢ as v = —Ve¢. The potential function ¢ should
satisfy four equations and boundary conditions [18]: (i) the
Laplace equation, (ii) the normal component of the velocity
vanishes on the body surface, (iii) the kinematics equation at
the air-seawater interface, and (iv) the kinetics equation at the
air-seawater interface. The kinematics and kinetics equations
are nonlinear, which render obtaining a completely analytical
solution for ¢ impossible. However, they can be linearized,
if the surface undulations of the wake are weak. Once lin-
earized, it can be shown by the hydrodynamics theory [24]
that the water flow or the wake produced by a slender body
can be equivalent to that produced by a pair of Havelock point
sources, separated by L and having strength UV /L, where
V is the volume of the body. A point source of unit strength
that satisfies the following equation and boundary condition
is called the unit Havelock point source:

V2G = —8(x)8(y)8(z — z0)
[koG; — Gxx — VGx]zzo =0

where kg = g/U? with g = 9.81 m/s> the acceleration of
gravity, y is the viscosity that will be taken to be zero later,
G, = 0G/0z, and so forth. Therefore, the potential ¢ due to
a pair of Havelock point sources, is

ey

uv
o(x,y,z, )= I [G(x+ Ut,y,z) — Gx — L+ Ut,y,2)]
@)

Using Fourier transform of (1) and changing the spec-
tral integrals from Cartesian coordinate system into polar
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coordinate system, it is not difficult to show that the solution
to (1) is

/2 oo
1 ~ )
G(x,y,7) = —Re / / G (k,0,z2) &*dkdo (3)
(2m)?
—/2 0
G (k,8,z7) = e kw20l _ o=hGHz0)
_ 2kp. e—k(Z+ZO) )
k — (kp +jy sec0)
with
kp = ko sec’ 0 %)
Q(x,y,0) = xcosf 4+ ysinf. (6)

Substituting (4) into (3), the integral, with respect to k, may
be carried out in closed-form expressions, and the Green
function G may be written in four parts [25], [26]. The first
part is obviously the direct contribution by the source, which
is expressed as

/2 oo

1 .
Gy = ——Re / / e Kl k2 grap
(2n)?
—7/2 0

R = \/x2 + 2 4 (z — 20)*. @)

1
= 4xR,
The second part is the contribution from an imaginary sink
above the surface, which is expressed as

1
—, Rz=\/x2+y2+(z+zo)2. ®)
2

Gy = —

The third part is the contribution by the polar point at
k = k, + jysecO, which is a surface characteristic
mode or the free surface Kelvin wake. Referring to Fig-
ure 2 for the integral routine, and using the residual theorem,
we have

/2
Gz = Lim / kye G0y (@) ap 9)
g —/2
with
u(sz)z{l’ 2>0 (10)
0, <0

where y — 0has been used. The step function u(£2) indicates
that the Kelvin wake exists only on the rear side of the moving
body. The last part, the contribution of the third term of (4)
after excluding the polar point contribution, may be written
as

/2
Gy = ——R O(x,y, z, 0)do 11
4 (271)26/ (x,y,2,0) (11)
—/2
with
[o)0]
. 2Ky k(et20) k2
@:/(lij)dn TP okt o (12)
) k—kp k=1
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FIGURE 3. Free surface Kelvin wake pattern for zy = 10 m. The included
angle between the two arms is nearly 39 degrees.

where k = (1 + j)n applies for @ > Oand k = (1 —j)n
for @ < 0. The integral of (12) may be further expressed
by exponential integral function. Using the above formulae,
the velocity field of the whole wake can be resolved by

v = —Vy, and particularly, the surface wake elevation by
U dp
Ex,y)=— —| . (13)
g 0x|,—¢

Two typical free surafce Kelvin wake patterns (elevation in
meter) are shown in Figure 3 and Figure 4 for depth (z9) 10 m
and 50 m, respectively. A profile of the wake pattern in the xz-
plane of Figure 4 is shown in Figure 5.

Ill. ELECTROMAGNETIC FIELDS INDUCED BY WAKE

We can first consider the electromagnetic field due to a unit
strength Havelock point source with the Green function (3),
and then obtain the total field induced by a pair of Have-
lock point sources by noting (2). The electric current density
induced in the seawater can be fairly approximated by using

Jx,y,z,1)
=01 [-VGx + Ut, y, z) x Fol
/2 oo
= —tm [ [ [Rerteal - e kero] Mo
—7/2 0

(14)
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FIGURE 4. Free surface Kelvin wake pattern for zy = 50 m. The included
angle of the V-shape area is also nearly 39 degrees.
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FIGURE 5. Free surface Kelvin wake profile in the xz-plane of Figure 4 for
Zg = 50 m.

with

15)

— K" 0<z<z
K, z> 2z

where o7 is the conductivity of the seawater, Fo the Earth
magnetic field, K* the complex conjugate of K, and

r=1+ 2y (16)
k—k
Q(x,y,1,0) = (x + Ut)cos O + ysinf (17)
o A
= Fo x (h+j2 18
Gapfox i+ (18)
h = %cos + Psin6 (19)

The induced electromagnetic fields can be acquired via the
magnetic vector potential, which, in the seawater, satisfies

9 92
<V2—Mom — —[L0E] > Ai(x,y,z,)=—poJ(x,y,2, 1)

at 012
(20)
A special solution to this equation is
/2 oo
AP(r, 1)=ioIm / / [Kfi () - KD (2) | kdkao
—7/2 0
(21)
where the authors have defined
w = kU cos 6 (22)
B} = o’ nosi — jopooi,  i=0,1 (23)
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ai=/k2—p% i=0,1 (24)

e klz—z0l _ ,—a1lz—z0l

fild) = I (25)

e kzt20) _ p—ai1(z420)
B
The second terms in (25) and (26) are intentionally added,

so that the solution (21) remains applicable even when
Ucosf — 0, 1i.e.,

H@) = (26)

. |z — zol
1 = —— 27
U colsrg—> Of1 @ 2k @7
. Z+ 20
1 = — 28
U colsrgﬁofz @ 2k 28)

The general solutions in the air and seawater may be writ-
ten, respectively, as:

/2 oo
Ao(r, 1) = polm / / Pf1(0)e™%*kdkdd  (29)
—m/2 0
/2 oo
AS(r, 1) = polm / / Qf1(0)e 12 kdkd®  (30)
—7/2 0
where P and Q are two constant vectors to be determined,
which may be written as the tangential and normal compo-
nents:
P(k,0) = Pi(k,0) + P.(k,0)Z (31)
Q(k, 0) = Qu(k, 0) + O (k, 0)z (32)
in which P,(k, 0) = z-P(k, 0),P;(k, 0) = P(k, 6)—P,(k, 0)Z,
and so forth.

The electric field and magnetic field are obtained from the
vector potentials, which, in the spectral domain, are

. -~ VV-.A
E = —jwA + - (33)
joue*
B=VxA (34)
where ¢* = & — jo/w. The boundary conditions at inter-
face z = 0 are the tangential continuity of both the elec-

tric and magnetic fields, which amount to the continuities
of the following four quantities for the vector potential:
A, AZ, aA,/az, and V - A/sf with ¢f = &*/g9. Hence,
we have:

Pt = (K;k - FK:) + Qt (35)
aoXP, = Y(K'+TK,) — o1 XQ; (36)
P, = (K —TK)+0Q; (37)

X (jkh - Pi+aoP)X = (kh-Q, — a1 Q)X
+jkh - (K¥ —TK)X +(K+TK,)Y
(38)
with

—kzo __ 0120

X =fi0="—F— (39)
1
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of1 ke k0 — e~ 1%0

9z z=0 /312

From the above four equations, the coefficients are found to
be:

Y =

(40)

Y(K; + 'K, + o X (K} — TK))

P, = (41)
(o1 + ap)X
YK} +I'K;) — aoX (Kf — T'K
Qt= ( [+ l) (o4} ( t t) (42)
(o1 + )X
b JKX (1= - P+ Y (K 4+TK)+a1 X (K —TKy)
T (eFap + )X
(43)
0, — JKX (A —e5h - P+ Y (KX 4+TK,)—e*aoX (K —TK,)
z — .

(efap + o)X
(44)

Finally, by substituting (41)-(44) into (33)-(34), the elec-
tromagnetic field can be calculated for any given situation.
Specifically, in the air, the electric field and magnetic fields
are

/2 oo
Eo(r, 1) = Im / / XK dkdl  (45)
—7/2 0
72 oo
Bo(r, 1) = Im / / WX hdkdd  (46)
/2 0
with
®0 = —jouoP + O Gkh B, 4 agP)  (47)
Jweo
Wy = uo(ikh + ap?) x P. (48)

In the seawater, the special or primary and the general or sec-
ondary solutions of the electromagnetic fields are as
follows:

/2 oo
El(r,1) = Im f / [Hiwno(Kfi —KTf2)+11] & kdkd6
—7/2 0
(49)

/2 oo
B!(r.1) = Im / f o [(jkiz) x (Rfi — KT'f)
—7/2 0
+2 x (Kfi, — KFsz)] ko (50)
/2 oo
Ej(r,7) = Im / / & Xe 2 2 kdkd o (51)
—7/2 0

/2 oo
Bi(r,7) = Im / / W Xe 12 k6. (52)
—/2 0
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In the above,
m =l - (Rfy KT +2 - (Rfiz ~KIfso)|
o1+jwer

+2|jkh - (Rfi; — KTfo) + 2+ (Rfice — KTfaco) ||

(53)
o ke~ klz—20l _ ale—al\Z—ZOI
fiz = 8i = —sgn(z — 20) 3 (54
Z ﬁl
fs ke~ KkG@tzo) _ ale—al(zﬂo)
== - (55)
1
9 ) k2e—k|z—z()\ _ a26—0l1|1—20|
fiz = a% = 7 : (56)
1
afz kze*k(Z+ZO) _ aZe*Dtl(ZJrZo)
f2zz = B_ZZ = /32 1 (57)
1
ikh —
®) = —jouoQ + fy e Z (jkh - Q; — 10) (58)
v = ,u()(]'k/; —a12) X Q. (59)

It should be pointed out that the foregoing expressions are not
singular when U cos8 — 0. Further, the induced magnetic
field, actually measured by using a high precision scalar mag-
netometer is the component of the magnetic field projected
along the Earth’s magnetic direction, i.e.,

F
S(r, 1) = —2

IFo| -B(r, 1) (60)

IV. SIMULATION RESULTS
In this Section, all the integrals (45)-(46) and (49)-(52), which
take the same form, are evaluated numerically:

/2 00
M(r, 1) = / d@/N(k,e,z)e/"Qdk. 61)
—/2 0

The electric field or magnetic field is extracted by taking
the imaginary part of M(r,t), after inserting appropriate
N(k, 6, z). Equation (16) shows that the integrand N(k, 6, z)
has a single polar pointat k = k, = kg sec’ 6. So, the integral
routine for k can be taken to be the same as in Figure 2, and
the integral with respect to k can be written as

oo

/ N(k, 6, 2)e* i

0 ~

= (27) lim [(k — k,)N(k. 6., z)efm]
—Kp

+(14)) / dn [N(k,@,z)ejké]k:(lﬂ)n (62)

for Q@ = (x 4+ Ut)cosO +ysinf > 0, and

e @]

fN(k,e,z)d"Qdk - (l—j)/dn [N(k,@,z)e/m]
0 0

k=(1-)n

(63)
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FIGURE 6. Electric field's y-component at 30m above the sea surface,
ascribed to the free surface Kelvin wake.

for < 0. As aresult, M(r,t) = Mj(r,t) + Mpy(r, t) is
written with

Mi(r, 1)
/2
— (j27) / d6 u() lim [(k —k,,)N(k,G,z)efkfz] (64)
/2 ’
Mj(r, 1)
/2 co
~ . ) 149,
= / do { u()(1 +J)/d’l [N(k’G’Z)e] ]k=(1+j)77
22 0
- . 739
+[1 u(Q)](l J)O/dﬁ[N(k’e’Z)e/ ]k=(1*j)77
(65)

in which the step function u(fZ) is defined the same way
as (10). M(r, ¢) is obviously the contribution from the free
surface Kelvin wake, and M»(r, ¢) from the localized volume
wake near the moving body.

The following simulation parameters are taken: L = 100m,
V = 47 x 10*'m?, zp = 50m, U = 10m/s, oy = 5S/m,
and ¢1 = 80gp. The Earth’s magnetic field is taken to be
|Fo| = 5 x 10* nT, and Fy/ [Fo| = (%, 0, ¢T§) or (0, —é, 5 V3
for the body moving toward the north or toward the west,
respectively.

First, the part ascribed to the surface Kelvin wake, i.e. the
results given by (64), is considered. The distribution of the
produced electric field along the centerline at 30 m above
the sea surface is plotted in Figure 6, which shows that the
maximum magnitude is about 0.02 uV/m. The produced
magnetic anomaly field, calculated by (60), at 30 m above
the sea surface is plotted in Figure 7, which shows that
the maximum magnitude is about 13 pT. The spectrum of
Figure 7(a) is shown in Figure 8. It can be seen that, because
the fundamental spatial frequency of the oscillating magnetic
anomaly field is k = kg = g/U?> = 0.0981, the time
frequency is w = koU or f = koU/2n = 0.156 Hz.
This implies that a stationary scalar magnetometer in the air
will record a dying oscillating magnetic anomaly field, with
oscillating frequency at 0.156 Hz. It should be noted that the
oscillation is a direct reflection of the Kelvin wake of water
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FIGURE 7. Magnetic anomaly fields at 30m above the sea surface,
ascribed to the free surface Kelvin wake for the body moving (a) toward
the north, and (b) toward the west.
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FIGURE 8. Spectrum of the magnetic anomaly fields shown in Figure 7(a),
where 0 dB = 1 nT/+/Hz.

wave, and not of the electromagnetic wave. The wavelength
of the water wave is A,, = 27w /kg &~ 64m, while that of the
electromagnetic wave is

Aem =215 = Sa,. (66)
w U
where ¢ ~ 3 x 10® m/s is the speed of light in free space.

In the seawater, the electric field’s y-component and the
magnetic anomaly field produced at 30 m below the sea
surface are shown in Figure 9 and Figure 10. By comparing
them with Figure 6 and Figure 7, it is seen that the fields
produced in the seawater are much stronger because of partial
contribution directly by the electric currents in the medium.

The distribution pattern of magnetic anomaly field near
the sea surface is that of a two-dimensional (2D) magnetic
wake, as shown in Figure 11. It is seen that the maximum
magnitude is about 0.3 nT, and the same can be regarded as
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FIGURE 9. Electric field's y-component at 30m below the sea surface,
ascribed to the free surface Kelvin wake.
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FIGURE 10. Magnetic anomaly fields at 30m below the sea surface,
ascribed to the free surface Kelvin wake for the body moving (a) toward
the north, and (b) toward the west.
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FIGURE 11. Magnetic anomaly pattern over the sea surface, ascribed to
the free surface Kelvin wake.

a big value, considering the precision of commercial optical
pumping atomic magnetometer, which is typically a few pT.

Next, the part that is largely ascribed to the volume wake,
i.e., the results given by (65), is considered. As before,
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FIGURE 12. Electric field’s y-component at 30m above the sea surface,
ascribed to the volume wake.
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FIGURE 13. Magnetic anomaly fields at 30m above the sea surface,
ascribed to the volume wake for the body moving (a) toward the north,
and (b) toward the west.

the electromagnetic fields at 30 m above the sea surface and
30 m below the sea surface are calculated. The results cor-
responding to Figure 6 through Figure 11 are shown in Fig-
ure 12 through Figure 17. In the air, the electric field ascribed
to the volume wake is much weaker than that ascribed to
the surface Kelvin wake; however, the magnetic anomaly
field ascribed to the volume wake is much stronger than
that ascribed to the surface Kelvin wake. By comparing Fig-
ure 7 with Figure 13, and Figure 8 with Figure 14, it can
be seen that the former is an attenuating oscillation or a
narrowband signal, while the latter is a bipolar pulse or a
wideband signal. The 2D magnetic anomaly pattern ascribed
to the volume wake, shown in Figure 17, is highly localized,
unlike the one shown in Figure 11, but the magnitude is
greater by several times.

Finally, the attenuating characteristics of the magnetic
anomaly fields are examined in the elevation direction.
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FIGURE 15. Electric field's y-component at 30m below the sea surface,
ascribed to the volume wake.
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FIGURE 16. Magnetic anomaly fields at 30m below the sea surface,
ascribed to the volume wake for the bodies moving toward (a) north and
(b) west.

The fields along a vertical line that passes through the point
(x,y) = (140, 0) m are computed and the results are shown
in Figure 18. For the part ascribed to the surface Kelvin
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FIGURE 17. Magnetic anomaly pattern over the sea surface, ascribed to
the volume wake.
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FIGURE 18. Magnetic anomaly fields along a vertical line passing through
the point (x, y) = (140, 0) m. (a) The part ascribed to surface Kelvin wake,
and (b) the part ascribed to volume wake.

wake, the magnetic anomaly field has the maximum magni-
tude of 0.3 nT near the sea surface, which attenuates non-
symmetrically in the air and seawater. The attenuation in
the seawater region is slower because of partial contribution
directly by the electric currents. For the part ascribed to the
volume wake, the maximum magnitude is attained near 50 m
below the sea surface, where the two Havelock point sources
are situated. A sharp change is noticed at the depth (50 m),
which may be accounted for by the reversal of the vertical
component of the wake seawater flow at the depth.

V. CONCLUDING REMARKS

Evaluation of electromagnetic fields produced by the wake
of underwater moving bodies holds great potential value for
both civil and military applications. Moving seawater can
induce weak electric currents in the medium by cutting the
Earth’s magnetic field, which may produce detectable elec-
tromagnetic fields near or under the sea surface.

To find the electric currents in the seawater, the velocity
field of the wake has to be modelled first. After linearizing
the nonlinear kinematics and kinetics equations at the air-
seawater interface, a slender body moving under the sea
surface is considered, treating it as a pair of Havelock point
sources. The wake of the moving body includes two distinct
parts: the surface Kelvin wake and the volume wake. The sur-
face Kelvin wake is an attenuating oscillation that is restricted
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mainly to a V-shape area of 39 degrees, and it can spread over
several kilometers and sustain more than ten minutes. The
volume wake is largely localized near the body and moves
along with the body.

The electromagnetic fields produced by the wake are also
composed of two distinct parts. The part ascribed to the
surface Kelvin wake is an attenuating oscillation and exists
only on the rear side of body, which is a direct reflection of
the surface wake itself. However, it should not be interpreted
that the electric currents carried by the surface Kelvin wake
produce only this part of electromagnetic fields, because the
partial fields do not meet the boundary conditions. In fact,
the electric currents carried by the surface Kelvin wake also
produce highly damping fields on both the front and rear
sides of body. The part of electromagnetic fields, ascribed
to the volume wake, is largely localized to the body and
moves along with the body, just like the wake itself. Again,
it should not be interpreted that the electric currents carried
by the volume wake produce all this part of electromagnetic
fields, because the partial electromagnetic fields do not meet
boundary conditions, either. In fact, this part includes the
monotonically damping ingredients produced by the electric
currents carried by the surface Kelvin wake.

The part of electromagnetic fields that is ascribed to the
surface Kelvin wake is an attenuating oscillation, which can
be seen as a steady narrowband signal, while the part ascribed
to the volume wake is a bipolar pulse, which can be seen as
a wideband signal. Therefore, separating these two parts of
signals seems to be feasible, which provides an additional
feature for probing the body.

Finally, it is to be noted that the authors employ a non-
stratified, infinite depth ocean model for the present study.
But, in future, for feasibility studies of practical applications,
stratified and finite depth configuration should be considered.
Moreover, the present work employs a slender body, which
is treated as a pair of Havelock point sources. But, for a
more accurate evaluation or for non-slender bodies, a fully
numerical method will have to be developed to solve both the
velocity fields and electromagnetic fields.
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