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ABSTRACT By enabling very high bandwidth for radio communications, the millimeter-wave (mmWave),
which can easily be integrated with massive-multiple-input-multiple-output (massive-MIMO) due to small
antenna size, has been attracting growing attention as a candidate for the fifth-generation (5G) and
5G-beyond wireless communications networks. On the other hand, the communication over the orthog-
onal states/modes of orbital angular momentum (OAM) is a subset of the solutions offered by massive-
MIMO communications. Traditional massive-MIMO-based mmWave communications did not concern the
potential spectrum-efficiency-gain (SE-gain) offered by the orthogonal states of OAM. However, the highly
expected maximum SE-gain for OAM and massive-MIMO communications is the product of SE-gains
offered by OAM and multiplexing-MIMO. In this paper, we propose the OAM-embedded-MIMO (OEM)
communication framework to obtain the multiplicative SE-gain for joint OAM and massive-MIMO-based
mmWave wireless communications.We design the parabolic antenna for each uniform circular array antenna
to converge OAM signals. Then, we develop the mode-decomposition and multiplexing-detection scheme to
obtain the transmit signal on each OAM-mode of each transmit antenna. Also, we develop the OEM-water-
filling power allocation policy to achieve the maximum multiplicative SE-gain for OEM communications.
The extensive simulations obtained validate and evaluate our developed a parabolic antenna-based converg-
ing method, a mode-decomposition and multiplexing-detection scheme, and an OEM-water-filling policy,
showing that our proposed OEM mmWave communications can significantly increase the SE as compared
with the traditional massive-MIMO-based mmWave communications.

INDEX TERMS Millimeter-wave, massive multiple-input-multiple-output (MIMO), orbital angular
momentum (OAM), OAM-embedded-MIMO (OEM), multiplicative spectrum-efficiency, parabolic antenna,
mode-decomposition, multiplexing-detection, OEM-water-filling power allocation.

I. INTRODUCTION
The millimeter-wave (mmWave) communications with fre-
quencies between 30 and 300 GHz has been treated as
a powerful technique for the fifth-generation (5G) and
5G-beyond wireless communications networks [1]. Due
to the high available bandwidth and small wavelength,
the mmWave communications can potentially achieve high
capacity as compared with the traditional radio wireless
communications [2]. The massive-multiple-input-multiple-
output (massive-MIMO) can be easily implemented in

mmWave communications because the size of mmWave
antenna can be made to be very small [3], [4].

However, although the mmWave communications can
increase the capacity, it resorts to high bandwidth
which cannot increase the spectrum-efficiency (SE) for
wireless communications. In fact, as the traditional plane-
electromagnetic (PE) wave based wireless communica-
tions are becoming more and more mature, it is now
very hard to significantly increase the SE of traditional
PE wave (which has linear momentum) based wireless
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communications tomeet the rapidly increasing of SE required
by the extremely high-data traffics and tremendous amount
of users [5]. The released International Mobile Telecommu-
nications 2020 (IMT-2020) shows that the SE-gain for the 5G
wireless networks is only 3-fold as compared with the fourth-
generation (4G) wireless networks [6].

Fortunately, the electromagnetic wave not only has the
characteristic of linear momentum which has been stud-
ied over a century, but also possesses the angular momen-
tum which has attracted much attention during the past
decade [7]–[12]. The orbital angular momentum (OAM),
which is another important property of electromagnetic
wave [7]–[9], has not been well studied yet. The electro-
magnetic wave carrying OAM has the helical phase fronts
structure of the exponential function with the product of the
OAM states/modes, azimuthal angle, and imaginary j. The
OAM-based vortex wave has different topological charges,
which are independent and orthogonal to each other, bridg-
ing a new way to significantly increase the SE of wireless
communications using different OAM-modes [12]–[18].

Although the OAM-based vortex radio transmission can
increase the SE of wireless communications, some academic
researchers have shown that the communication over the
orthogonal states of OAM is a subset of the solutions offered
by multiple-input-multiple-output (MIMO) communications,
thus offering no SE-gain as compared with the traditional
multiplexing-MIMO communications [10], [11], [19]. How-
ever, noticing that the array-elements of one OAM-generation
plate are fed with the same input signal [10], the OAM
signal can be generated within one antenna which has
several array-elements but only one RF-chain [20]. Thus,
the OAM communications can be implemented within one
array-elements-based antenna, where the distances among
array-elements are not strictly required. On the other hand,
in order to achieve the maximum SE for massive-MIMO
communications, it is required that the distances among
antennas in massive-MIMO system are larger than half of
the carrier wavelength to achieve the optimal multiplexing
of massive-MIMO communications. According to different
displacement requirements for optimal OAM and massive-
MIMO communications, it is clear that OAM and massive-
MIMO cannot be entirely equally treated. Although now
many research works regarding OAM transmission only con-
sider the line-of-sight scenario, the OAM transmission can
be used for multipath scenario when the phase change can
be estimated. There exist some works considering the OAM
transmission in multipath environment [21], [22]. Moreover,
OAM and massive-MIMO are not conflicting with each
other [23]. Thus, a question raised is that can we obtain the
SE-gain of OAM while earning the SE-gain offered by the
traditional multiplexing massive-MIMO communications?

In this paper, we solve the above-mentioned problem
and give the answer YES. Some academic researchers
have studied how to combine OAM and MIMO [23]–[25].
Oldoni et al. [23] proposed space-division demultiplexing in
the OAM-based MIMO radio system and compared the

capacities between the conventional MIMO system and
OAM-based MIMO system. Zhang et al. [24] proposed plane
spiral OAM-based MIMO system and compared with con-
ventional MIMO. In addition, Murata et al. [25] proposed
an analog eigenmode transmission technique based on the
theory of OAM for short range communications. We build
up the OAM embedded massive-MIMO (OEM) communica-
tion model, where the MIMO communications are performed
among different uniform circular array (UCA) antennas and
the OAM communications are performed among the array-
elements corresponding to each UCA. Based on the OEM
communication model, we design the parabolic antenna to
converge the OAM signal. Then, we develop the mode-
decomposition and multiplexing-detection scheme to obtain
the signal corresponding to each OAM-mode of each trans-
mit UCA antenna. We also develop the OEM-water-filling
power allocation policy to obtain the maximum average mul-
tiplicative SE-gain for joint OAM and multiplexing massive-
MIMO communications. We conduct extensive simulations
to validate and evaluate our developed schemes, showing that
our developed convergent OEM communications can signif-
icantly increase the average SE as compared with traditional
multiplexing massive-MIMO communications.

The rest of this paper is organized as follows. Section II
gives the OEM communication model. Section III designs the
parabolic antenna to converge the OAM wave, proposes the
mode-decomposition and multiplexing-detection scheme to
obtain the signal on each OAM-mode of each transmit UCA
antenna, develops the OEM-water-filling power allocation
policy to maximize the average SE of OEM communications,
and answers the question when the SE of OEM communi-
cation is larger than the SE of traditional massive-MIMO
communication. Section IV evaluates our developed schemes
and compares the SEs of OEM and traditional multiplexing
massive-MIMO communications. The paper concludes with
Section V.

II. OAM-EMBEDDED-MIMO COMMUNICATION MODEL
The OEM communication model is shown in Fig. 1, where
N and M UCAs [26] are equidistantly around perimeter of
the OEM transmit circle and the OEM receive circle, respec-
tively. We denote by r1 the radius of OEM transmit circle
and OEM receive circle, r2 the radius of UCAs [27], ϕ the
included angle between the normal line of the OEM transmit
circle and the line from the center of the OEM transmit circle
to the center of the OEM receive circle, and θ the included
angle between x-axis and the projection of the line from the
center of the OEM transmit circle to the center of the OEM
receive circle on the plane spanned by x-axis and y-axis. Each
UCA at the transmitter is equipped with U array-elements,
which are fedwith the same input signal, but with a successive
delay from array-element to array-element such that after
a full turn the phase has been incremented by an integer
multiple u of 2π with 1 ≤ u ≤ U . Each UCA at the receiver
is equipped with V array-elements with index from v = 1 to
v = V . The OAM modes from U/2 to U − 1 are equivalent
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FIGURE 1. The OAM-embedded-MIMO communication model.

to the OAM modes from −U/2 to −1. Thus, to easily write
in the following equations, the OAM mode can be expressed
as 0 ≤ l ≤ U − 1. Each UCA at the transmitter is equipped
with U array-elements with index from u = 1 to u = U . All
array-elements within one transmit or receive UCA antenna
share the same RF-chain. Thus, equippedwithmultiple array-
elements, one transmit or receive UCA antenna is actually
a single-antenna [20]. The N UCAs at the transmitter and
the M UCAs at the receiver can be treated as N transmit
and M receive antennas, forming a N -transmit-M -receive
MIMO communication model. All UCAs are embedded in
the MIMO, which is the OEM communication model. The
OAM signal can be generated within one antenna which has
several array-elements but only one RF-chain [20]. Thus,
the OAM communications can be implemented within one
array-elements-based antenna, where the distances among
array-elements are not strictly required. Each UCA is one
antenna in massive-MIMO system.

For each UCA antenna, we design the array and signal
feeding to guarantee that the UCA antenna can generate
OAM modes and form vortex waves to transmit signal. The
geometry of each array-element is shown in Fig. 2, where
WI represents the width of array-elements, LE denotes the
length of array-elements, and LF is the length of the feed
source away from the bottom of array-element, respectively.
The array-element, which is identified in yellow color, is put
on the substrate which is identified in blue color. Each array-
element is excited by coaxial feedmethod. All patch elements
are fed by the signals with the same amplitude and different
phases. The phase difference of adjacent array elements is
2π l/N , where l is the index of OAM-mode. For simultaneous
multiple OAM-modes transmission, the signals are linearly

FIGURE 2. The geometry of each array-element.

added and then feed to array-elements accordingly. In addi-
tion,U array-elements are equidistantly around the perimeter
of each transmit UCA antenna. We set the distance between
the centers of two adjacent array-elements as one carrier
wavelength.We denote byWI thewidth of array-elements, LE
the length of array-elements, and εr the relative permittivity
of substrates, respectively. Then, we can calculate the width
of array-elements as follows [28]–[30]:

WI =
λ

2

(
εr + 1

2

)− 1
2

. (1)

where λ denotes the carrier wavelength. Then, we can calcu-
late the effective permittivity, denoted by εe, for substrates as
follows:

εe =
εr + 1

2
+
εr − 1

2

(
1+ 12

TH
WI

)− 1
2

(2)

where TH is the thickness of substrates and often be set as
fixed value. Then, the length of wave guide, denoted by λe
can be obtained from

λe =
λ
√
εe

(3)

and LE can be derived as follows:

LE =
λe

2
− 21LE (4)

where 1LE is the equivalent length of radiation gap and can
be calculated as follows:

1LE = 0.412TH
(εe + 0.3)(WI/TH + 0.264)
(εe − 0.258)(WI/TH + 0.8)

. (5)

The feed source is located LF long away from the bottom
of each array-element and WI/2 long away from left-side of
the array-element. We denote by Zw the wall admittance of
array-element, which can be calculated as follows [28]:

Zw =
1

0.00836WI
λ
+ j0.016681LEWI εe

THλ

. (6)
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We denote by Z0 the characteristic impedance of each array-
element. Then, the input admittance at the feed source,
denoted by Y1, can be obtained as follows:

Y1 =
1
Z0

(
Z0 cosψLF + jZw sinψLF
Zw cosψLF + jZ0 sinψLF

+
Z0 cosψ(LE − LF )+ jZw sinψ(LE − LF )
Zw cosψ(LE − LF )+ jZ0 sinψ(LE − LF )

)
(7)

where ψ is a constant representing the phase of medium.
Then, the input impedance, denoted by Zin, for each array-
element can be obtained as follows:

Zin =
1
Y1
+ j

377
√
εr

tan
(
2πTH
λ

)
. (8)

As a result, when the input impedance for each array-element
is equal to 50 �, we can obtain LF as follows:

LF =
LE
2

(
1−

1
√
ξre

)
(9)

where

ξre =
εr + 1

2
+
εr − 1

2

(
1+ 12

TH
LE

)− 1
2

. (10)

III. ACHIEVING MAXIMUM MULTIPLICATIVE SPECTRUM
EFFICIENCY FOR OEM COMMUNICATIONS
In the section, we mainly propose the mode-decomposition
and multiplexing-detection scheme as well as the optimal
power allocation policy to maximize the multiplicative SE
for convergent OEM communications. First, we design the
parabolic antenna based convergingmethod for OAMwave to
enable the efficient high-order OAM-mode. Second, we pro-
pose the mode-decomposition and multiplexing-detection
scheme to resolve the transmit signal on each OAM-mode
of each transmit antenna. Third, we develop the OEM-water-
filling power allocation policy to maximize the multiplicative
SE for OEMcommunications. At last, we answer the question
when we need to use the OEM communications.

A. PARABOLIC ANTENNA BASED OAM WAVE
CONVERGING
Since one UCA consisting of U array-elements can generate
U OAM modes, according to the principle of OAM com-
munications [10], [31], [32], we give the signal at the uth
(1 ≤ u ≤ U ) array-element on the nth (1 ≤ n ≤ N ) transmit
UCA antenna for the total U OAM modes, denoted by xn,u,
as follows:

xn,u =
U−1∑
l=0

1
√
U
sn,lejφul =

U−1∑
l=0

1
√
U
sn,lej

2π (u−1)
U l (11)

where 0 ≤ l ≤ U − 1 is the OAM-mode number, φu is the
azimuthal angle (defined as the angular position on a plane
perpendicular to the axis of propagation) corresponding to the
uth array-element, and sn,l is the signal on the lth OAM-mode
of the nth transmit UCA antenna. The emitted signal, denoted
by x̃n,l , of the lth mode from the nth transmit UCA antenna

can be treated as a continuous signal and can be expressed as
follows:

x̃n,l = sn,lejφl (12)

where 0 ≤ φ < 2π is the continuous phase parameter.
For the nth transmit UCA antenna and themth receiveUCA

antenna, we can derive the received signal, denoted by rmn,v,l ,
for the lth OAM-mode on the vth receive array-element as
follows:

rmn,v,l =
U∑
u=1

hmn,vũxn,l (13)

where hmn,vu denotes the channel amplitude gain correspond-
ing to the lth OAM-mode from the uth transmit array-element
to the vth receive array-element. The expression for hmn,vu is
given as follows:

hmn,vu =
βλe−j

2π
λ

∣∣⇀d mn−
⇀r u+

⇀g v
∣∣

4π
√
U
∣∣⇀d mn −

⇀r u +
⇀g v
∣∣ (14)

where β denotes all relevant constants such as attenuation
and phase rotation caused by antennas and their patterns on
both sides, ⇀r u and

⇀g v are the vectors from the center of
transmit UCA antenna to the uth transmit array-element and
from the center of receive UCA antenna to the vth receive
array-element, respectively, where

⇀
d mn is the vector from the

center of the mth transmit UCA antenna and the center of the
nth receive UCA antenna,

∣∣⇀d mn −
⇀r u +

⇀g v
∣∣ represents the

distance between the uth transmit array-element on the nth
transmit UCA antenna and the vth receive array-element on
the mth receive UCA antenna. Because of

∣∣⇀d mn | � |
⇀r u
∣∣

and
∣∣⇀d mn

∣∣ � ∣∣⇀g v∣∣, we approximate
∣∣⇀d mn −

⇀r u +
⇀g v
∣∣ at

the denominator of Eq. (14) to
∣∣⇀d mn

∣∣ and ∣∣⇀d mn −
⇀r u +

⇀g v
∣∣

at the nominator of Eq. (14) to
∣∣⇀d mn

∣∣− ⇀
d mn

⇀r u /|
⇀
d mn |.

We denote by dmn =
∣∣⇀d mn

∣∣. Thus, we can rewrite hmn,vu as
follows:

hmn,vu ≈
βλ

4π
√
Udmn

exp

[
−j

2π
λ

(
dmn −

⇀
d mn

⇀r u
dmn

)]
. (15)

Based on Eqs. (13) and (15), we can derive the equivalent
channel amplitude gain, denoted by hmn,vu,l , for the lth OAM-
mode corresponding to the uth transmit array-element and the
vth receive array-element as follows:

hmn,vu,l =
U∑
u=1

1
hmn,vu

ej
2π (u−1)

U l

≈
βλ

4π

U∑
u=1

1
√
U
ej

2π (u−1)
U l e

−j 2π
λ
dmnej

2π EdmnEru
λdmn

dmn
(16)

where

Edmn = (dmn sin(ϕ) cos(θ ), dmn sin(ϕ) sin(θ ), dmn cos(ϕ))

(17)
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and

Eru =
(
r2 cos

(
2π (u− 1)

U

)
, r2 sin

(
2π (u− 1)

U

))
. (18)

Thus, hmn,vu,l can be obtained as follows:

hmn,vu,l =
βλe−j

2π
λ
dmn

4π
√
Udmn

×

U∑
u=1

ej
2π (u−1)

U le
j 2π
λ
r2 cos

[
2π (u−1)

U −θ
]
sinϕ

. (19)

When U is relatively large enough, we denote by θ ′ =
2π (u− 1)/U − θ and we have

e−jθ l jl

U

U∑
u=1

ej
2π (u−1)

U le
j 2π
λ
r2 cos

[
2π (u−1)

U −θ
]
sinϕ

≈
jl

2π

∫ 2π

0
ejθ
′lej

2π
λ
r2 sinϕ cos θ ′dθ ′

= Jl

(
2π
λ
r2 sinϕ

)
(20)

where

Jl(α) =
jl

2π

∫ 2π

0
ejlτ ejα cos τdτ (21)

is the l-order Bessel function [33]. Then, based on Eq. (20),
we can rewrite hmn,vu,l as follows:

hmn,vu,l ≈
βλe−j

2π
λ
dmn
√
Uejθ l j−l

4πdmn
Jl

(
2π
λ
r2 sinϕ

)
. (22)

Equation (22) shows that the channel amplitude gains cor-
responding to the lth OAM-mode from the uth array-element
on the nth transmit UCA antenna to the vth array-element on
themth receive UCA antenna are the same for 1 ≤ u ≤ U and
1 ≤ v ≤ V . Thus, the UCA based OAM signal can be treated
as sending from the center of the transmit UCA antenna and
receiving at the center of the receive UCA antenna. Then,
we have the channel amplitude gain, denoted by h′mn,l , for
the lth mode corresponding to the nth transmit UCA antenna
and the mth receive UCA antenna as follows:

h′mn,l =
βλe−j

2π
λ
dmn
√
Uejθ l j−l

4πdmn
Jl

(
2π
λ
r2 sinϕ

)
. (23)

Observing Eq. (23), we can find that the transmit UCA
antenna causes theOAMsignal like going through the Bessel-
form channel. According to the characteristics of Bessel
function, h′mn,l severely decreases as l increases, resulting
in very small received SNR when using the high order
(The OAM-mode number is relatively large) OAM commu-
nications. That is not what we expected since we aim to
obtain themaximumSE combined from all orthogonal OAM-
modes. In fact, it has been shown that the electromagnetic
wave with OAM is centrally hollow and divergent [34]. Also,
as the OAM-mode number increases, the corresponding elec-
tromagnetic wave becomes even more divergent. Therefore,

FIGURE 3. The designed parabolic antenna for converging OAM waves.

if the OAM-mode number is relatively large, it is impos-
sible to get high SE for the OAM communications since
the received SNR corresponding to the large OAM-mode
number is very small as compared with the PE wave based
communications.

To significantly increase the received SNR for each mode
of OAM communications, the electromagnetic waves corre-
sponding to all OAM-modes need to be convergent. Gen-
erally, the electromagnetic waves can be converged using
the backscatter of parabolic antenna, the refraction of lens
antenna, and the diffraction-free super-surface material [35],
etc. These schemes can be treated as making a pre-distortion
before transmission. Here, we propose the parabolic antenna
based converging method to get high SE for high order OAM
(l is relatively large) communications. Each UCA needs to
equip one parabolic antenna to converge the OAM signal.
The center of UCA is placed at the focus of the parabolic
antenna with array-elements facing the parabolic antenna.
One example for joint UCA and parabolic antenna model is
shown in Fig. 3, which is a profile for joint transmit UCA
antenna and parabolic antenna model designed in HFSS.

To design the parabolic antenna [36], [37], we denote by F
and D the focal length and the diameter of aperture, respec-
tively. Given the gain, denoted byG, of parabolic antenna and
the efficiency of aperture’s utilization, denoted by η, we can
derive the diameter of aperture as follows:

D =
λ
√
Gη
π

. (24)

Then, we can obtain the focal length as follows:

F = κD (25)

where κ is the focal length to aperture diameter ratio of
parabolic antenna. The value of κ is often chosen between
0.25 and 0.5. Then, the equation for parabolic antenna can be
derived as follows:

Z = (X2
+ Y 2)/4F (26)

where X , Y , and Z are the x-axis, y-axis, and z-axis coordi-
nates for the parabolic antenna.

After converging by the parabolic antenna, the impact
of item Jl(2πr2 sinϕ/λ) can be greatly reduced. Then,
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the equivalent channel amplitude gain, denoted by h̃mn,l , for
the lth mode corresponding to the nth transmit UCA antenna
and themth receive UCA antenna can be modeled as follows:

h̃mn,l = Alh′mn,l (27)

where Al denotes the amplitude gain on the
lth OAM-mode caused by the backscatter of parabolic
antenna. We assume that the parabolic antenna can reduce
the item Jl(2πr2 sinϕ/λ) to δ0, where δ0 is a constant very
close to 1[26]. Thus, we have Al = 1/Jl(2πr2 sinϕ/λ).

B. MODE-DECOMPOSITION AND
MULTIPLEXING-DETECTION SCHEME
At the receiver, the convergent vortex signal received at the
mth receive UCA antenna, denoted by rm,v, can be obtained
as follows:

rm,v =
U−1∑
l=0

N∑
n=1

h̃mn,lsn,l . (28)

The convergent vortex signal can be spatially sampled at each
array-element of the receive UCA antenna. Then, after the
sampling, the signal received at the vth array-element of the
mth receive UCA antenna, denoted by ym,v, can be derived as
follows:

ym,v =
U−1∑
l=0

N∑
n=1

Al
U∑
u=1

1
√
U
hmn,uvsn,lej

2π (v−1)
V l
+ wm,v (29)

where wm,v denotes the received noise at the vth array-
element of the mth receive UCA antenna. To obtain the
received signal on the l0th (0 ≤ l0 ≤ U − 1) mode
sent from all transmit UCA antennas, we multiply ym,v with
exp{−j[2π (v − 1)l0]/V } and we have the received signal,
denoted by ym,v,l0 , on the l0 mode corresponding to the vth
array-element of the mth receive UCA antenna as follows:

ym,v,l0 = ym,ve−j
2π (v−1)

V l0

=

N∑
n=1

U−1∑
l=0,l 6=l0

Al
U∑
u=1

1
√
U
hmn,uvsn,lej

2π (v−1)
V (l−l0)

+

N∑
n=1

Al
U∑
u=1

1
√
U
hmn,uvsn,l0 + wm,ve

−j 2π (v−1)V l0 .

(30)

Observing Eq. (15), we can find that hmn,uv is independent
of v. Thus, the polynomials 1

√
U
hmn,uvsn,l corresponding to

different v are the same for different ej
2π (v−1)

V (l−l0) in Eq. (30).
Then, the received signal, denoted by ỹm,l0 , on the l0th mode
of the mth receive UCA antenna can be derived as follows:

ỹm,l0 =
V∑
v=1

ym,v,l0

=

V∑
v=1

N∑
n=1

Al
U∑
u=1

1
√
U
hmn,uvsn,l0 + w̃m,lo (31)

where w̃m,l0 denotes the received noise on the l0th mode
corresponding to themth receiveUCA antenna. Now,we have
obtained the estimated decomposed signal, specified in
Eq. (31), for all OAM-modes (0 ≤ l0 ≤ U − 1). It is clear
that ỹm,l0 follows the standard form of received signal as that
in multiplexing-MIMO communications.

We denote by yl = [̃y1,l, ỹ2,l, · · · , ỹM ,l]T and wl =
[w̃1,l, w̃2,l, · · · , w̃M ,l]T the received signal and noise, respec-
tively, corresponding to the lth mode, where (·)T represents
the transpose operation. Using the zero-forcing detection
scheme, the estimate value of transmit signal, denoted by ŝl ,
can be derived as follows:

ŝl = (HH
l H l)−1HH

l yl
= sl + (HH

l H l)−1HH
l wl (32)

where (·)H denotes the conjugation operation, wl is the
received noise on the lth mode, and

H l = V


h̃11,l h̃12,l · · · h̃1N ,l
h̃21,l h̃22,l · · · h̃2N ,l
...

...
. . .

...

h̃M1,l h̃M2,l · · · h̃MN ,l

 (33)

is the amplitude gain matrix of all channels on the lth mode.
Then, the received channel signal-to-noise-ratio (SNR),
denoted by SNRl , for the lth model can be derived as follows:

SNRl =
|sl |2

σ 2
l |(H

H
l H l)−1HH

l |
2

(34)

where σ 2
l denotes the variance of received noise correspond-

ing to the lth mode.

C. OEM-WATER-FILLING POWER ALLOCATION POLICY
For the OEM communications, the instantaneous SE, denoted
by COEM , can be derived as follows:

COEM =
U−1∑
l=0

log2 det

(
I +

|sl |2

σ 2
l |(H

H
l H l)−1HH

l |
2

)

=

U−1∑
l=0

rank(H l )∑
i=1

log2
(
1+ Pi,lγi,l

)
(35)

where I is the identitymatrix, γi,l = P
/
[σ 2
l |(H

H
l H l)−1HH

l |
2]

represents the received SNR corresponding to matrixH l with
P representing the upper-bound of total power, rank (H l)

denotes the rank of H l , and Pi,l denotes the power allocation
policy. We aim to maximize the SE for OEM communi-
cations. Thus, we formulate the average SE maximization
problem, denoted by P1, as follows:

P1 : max Eγ

U−1∑
l=0

rank(H l )∑
i=1

log2
(
1+ Pi,lγi,l

) (36)

s.t. : 1). Eγ

U−1∑
l=0

rank(H l )∑
i=1

Pi,l

 ≤ P; (37)
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2). Pi,l ≥ 0,∀l ∈ [0,U − 1],∀i ∈ [1, rank(H l)], (38)

where

γ =


γ1,0 γ1,1 · · · γ1,U−1
γ2,0 γ2,1 · · · γ2,U−1
...

...
. . .

...

γrank(H l ),0 γrank(H l ),1 · · · γrank(H l ),U−1

 (39)

is the instantaneous received SNR for all channels of the
OEM communications and Eγ {·} is the expectation operation
with respect to γ . We assume that the channels corresponding
to all modes of all UCAs follow the Rayleigh distribution,
where the probability density function (PDF), denoted by
p(γi,l), is given by p(γi,l) = exp(−γi,l/γ i,l)/γ i,l and γ i,l
denotes the average received SNR.

It is clear that P1 is a strictly convex optimization prob-
lem [38]. To solve P1, we construct the Lagrangian function
for P1, denoted by J , as follows:

J =Eγ

U−1∑
l=0

rank(H l )∑
i=1

log2
(
1+ Pi,lγi,l

)+rank(H l )∑
i=1

U−1∑
l=0

εi,lPi,l

−µ

Eγ

U−1∑
l=0

rank(H l )∑
i=1

Pi,l

− P
 (40)

whereµ ≥ 0 and εi,l ≥ 0 (1 ≤ i ≤ rank(H l), 0 ≤ l ≤ U−1)
are the Lagrangian multipliers associated with the constraints
specified by Eqs. (37) and (38), respectively. Taking the
derivative for J with the respect to Pi,l and setting the deriva-
tive equal to zero, we can obtain a set of

∑U−1
l=0 rank(H l)

equations as follows:

∂J
∂Pi,l

=

1
log 2

1+ Pi,lγi,l
γi,lp0(γ )− µp0(γ )+ εi,l = 0 (41)

where p0(γ ) is the probability density function correspond-
ing to the channel. According to the principle of complemen-
tary slackness, we have εi,lPi,l = 0 for ∀l ∈ [0,U − 1]
and ∀i ∈ [1, rank(H l)]. Correspondingly, we consider two
different cases as follows:
Case A: The inequality Pi,l > 0 holds for ∀l ∈ [0,U − 1]
and ∀i ∈ [1, rank(H l)]. Under this case, all channels corre-
sponding to all OAM-modes of all transmit UCA antennas
are assigned non-zero power for data transmission. Thus,
based on the complementary slackness, we have εi,l = 0 for
∀l ∈ [0,U − 1] and ∀i ∈ [1, rank(H l)]. Then, Eq. (41) can
be reduced to

γi,l
log 2

1+ Pi,lγi,l
− µ∗ = 0. (42)

where µ∗ is the optimal Lagrangian multiplier corresponding
to µ. Solving Eq. (42), we can obtain the optimal power
allocation policy for Case A as follows:

Pi,l =
1

µ∗ log 2
−

1
γi,l
,

for 1 ≤ i ≤ rank(H l) and 0 ≤ l ≤ U − 1, (43)

where the optimal value for µ∗ can be numerically obtained
by substituting Pi,l into

Eγ

U−1∑
l=0

rank(H l )∑
i=1

Pi,l

 = P. (44)

We define

N1 = {(i, l)|1 ≤ i ≤ rank(H l), 0 ≤ l ≤ U − 1} (45)

and we also define N2 as the index-set which satisfies the
strict inequality as follows:

N2 ,

{
(i, l) ∈ N1

∣∣∣∣ 1
µ∗ log 2

−
1
γi,l

> 0
}
. (46)

Then, Eq. (43) is the optimal solution only if N2 = N1.
Otherwise, if N2 ⊂ N1, we need to consider the following
case.
Case B: There exist some Pi,l such that Pi,l = 0. If N2 ⊂

N1, there certainly exist some Pi,l such that Pi,l = 0. That
means some OAM-modes (maybe some transmit UCAs) are
not assigned power and are not used for data transmission.
We give the following lemma.
Lemma 1: If (i, l) /∈ N2, then Pi,l = 0.
Proof: We need to show that for any non-empty subset

C ⊆N2, there is no power allocation policy Pi,l such that Pi,l
> 0 for all (i, l) ∈ (C ∪N2).

If C = N2, we have already known that there is no power
allocation policy.

Otherwise, if C ⊂ N2, we suppose that there exists such a
power allocation policy so that it can be expressed as

Pi,l =


1

µ∗ log 2 −
1
γi,l
, (i, l) ∈ (C ∪N2);

0, otherwise.
(47)

According to Eq. (47), we can select an element (i′, l ′) ∈ C,
which satisfies Pi′,l′ > 0. Thus, we can obtain

γi′,l′ > µ∗ log 2. (48)

On the other hand, according the definition of N2 specified
in Eq. (46) and N2, we know

γi′,l′ < µ∗ log 2 (49)

which is opposed to Eq. (48). Therefore, such a power allo-
cation policy does not exist and Lemma 1 follows.

Following the same procedure as that used inCase A, if the
strict inequality Pi,l > 0 holds for all (i, l) ∈ N2, we can
obtain the optimal power allocation policy as follows:

Pi,l =


1

µ∗ log 2 −
1
γi,l
, (i, l) ∈ N2;

0, otherwise.
(50)

Otherwise, if not all (i, l) ∈ N2 satisfy the strict inequality
Pi,l > 0, we need to further divide N2 and repeat the
procedure again. In summary, the optimal power allocation
policy, called the OEM-water-filling power allocation policy,
is given by Algorithm 1 in the following.
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Algorithm 1 The OEM-Water-Filling Power Allocation
Policy
1) Initialization

a) Obtain N2 by Eq. (46)
b) k = 2

2) While (Nk 6= Nk−1)

a) Nk+1 =
{
(i, l) ∈ Nk

∣∣∣∣ 1
µ∗ log 2 −

1
γi,l
> 0

}
b) k = k +1

3) Obtain the optimal power allocation policy
a) Denote N ∗ = Nk
b)

lPi,l =


1

µ∗ log 2 −
1
γi,l
, (i, l) ∈ N ∗;

0, otherwise.

FIGURE 4. The regions for the OEM-water-filling power allocation policy
corresponding to the two OAM-modes case (l = 0 and l = 1).

To show the execution procedure of our developed
OEM-water-filling power allocation policy, we demonstrate
a particular case when i = 1 and l ∈ {0, 1} for OEM
communications. Using Algorithm 1, we can see that the
optimal power allocation policy partitions the SNR-plane
(γ1,0, γ1,1) into four exclusive regions by the lines as shown
in Fig. 4. If (γ1,0, γ1,1) falls into region R1, both two subchan-
nels corresponding to l = 0 and l = 1 will be assigned with
power for data transmission. The boundaries of region R1 are
determined by γ1,0 = µ∗ log 2 and γ1,1 = µ∗ log 2 which
are obtained by solving the boundary condition N2 = N1.
On the other hand, if (γ1,0, γ1,1) falls into either R2 or R3,
then only one of the subchannels will be assigned with power.
Otherwise, if (γ1,0, γ1,1) belongs to region R4, there is no
power allocated to any subchannel and the system will be in
an outage state.

Substituting the OEM-water-filling power allocation pol-
icy into Eq. (35), we can obtain the maximum average SE,

denoted by C∗OEM , for OEM communications as follows:

C∗OEM = Eγ

U−1∑
l=0

rank(H l )∑
i=1

log2

(
γi,l

µ∗ log 2

) . (51)

To compare the SE of OEM communications with that of
the traditional multiplexing-MIMO communications, we also
give the maximum average SE, denoted by C∗MIMO, for the
traditional multiplexing-MIMO communications as follows:

C∗MIMO =
rank

(
H̃
)∑

i=1

log2
(
1+ P̃iγ̃i

)
(52)

where rank(H̃) denotes rank corresponding to the MIMO
communication channel matrix H̃ , P̃i is the optimal power
allocation [39] for MIMO communications and γ̃i is the
received SNR corresponding to matrix H̃ .

For OEM communication, each UCA consists of U array-
elements at the transmitter and V array-elements at the
receiver, respectively. However, all array-elements within one
transmit or receive UCA antenna share the same RF-chain.
Thus, each UCA antenna is actually a single-antenna. Based
on Eqs. (51) and (52), we can calculate the average SEs of
OEM and traditional massive-MIMO communications under
the same number of transmit and receive antennas.

When the distance between neighboring antennas in UCA
is less than λ/2 for massive-MIMO communications, mutual
coupling between the two neighboring antennas arises, thus
resulting in the decrease of SE for massive-MIMO system.
However, when the distance between neighboring array-
elements in UCA is less than λ/2 for OEM communications,
the SE still can be calculated by Eq. (51). Thus, OEM can
be used when the distance between neighboring antennas in
UCA is less than λ/2.

D. WHEN DO WE USE THE OEM COMMUNICATIONS?
The traditional multiplexing-MIMO requires that the distance
between two adjacent antennas needs to be not less than half
of the carrier wavelength [40], [41], which limits the dis-
placement of multiple antennas in MIMO systems. However,
there is no minimum distance restriction on OAM vortex
communications, thus bridging the new way to achieve very
high SE.

As for our proposed OEM model, if the distance between
two adjacent UCA array-elements is less than half of the
carrier wavelength, the UCA-based OAM vortex communi-
cations can be embedded into the massive-MIMO system,
forming the OEM communication to achieve larger SE than
the traditional massive-MIMO system.

We denote by da(r1,N ) and de(r2,U ) the distances
between the centers of two adjacent UCAs and between the
center of two adjacent array-elements, respectively. Then,
we have {

da(r1,N ) = 2r1 sin( πN )

de(r2,U ) = 2r2 sin( πU ).
(53)
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FIGURE 5. The directional diagram for non-convergent and convergent OEM waves with N = 1 and M = 1. (a) Mode 0 (Non-convergent
OEM, l = 0). (b) Mode 0 (Convergent OEM, l = 0). (c) Mode 1 (Non-convergent OEM, l = 1). (d) Mode 1 (Convergent OEM, l = 1).
(e) Mode 2 (Non-convergent OEM, l = 2). (f) Mode 2 (Convergent OEM, l = 2). (g) Mode 3 (Non-convergent OEM, l = 3). (h) Mode 3
(Convergent OEM, l = 3).

Based on Eq. (53), we can analyze two scenarios as
follows:

Scenario I: da(r1,N ) > λ/2 and de(r2,U ) ≤ λ/2. Under this
scenario, the OAM signal can be generated by every UCA
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FIGURE 6. The E field of unconverged and converged OAM beams observed from the vertical direction. (a) The E field of unconverged
OAM beams (vertical direction). (b) The E field of converged OAM beams (vertical direction).

antenna. However, multiple antennas cannot be equipped at
the position of UCAdue to the half length distance restriction.
The OEM communications can significantly increase the SE
as compared with the traditional massive-MIMO commu-
nications. For fixed r1, r2, U , and N , we can obtain the
wavelength region for applying the OEM communications as
follows:

4r2 sin
( π
U

)
≤ λ < 4r1 sin

(π
N

)
. (54)

Scenario II: da(r1,N ) > λ/2 and de(r2,U ) > λ/2.
In this case, we do not need to use OEM communica-
tions since the traditional massive-MIMO has achieved the
maximum SE.

IV. PERFORMANCE EVALUATIONS
In this section, we evaluate the performance of our designed
parabolic antenna converging and developed OEM-water-
filling power allocation policy for achieving the maximum
multiplicative SE in OEM communications. Throughout our
evaluations, we set the frequency of carriers as 35 GHz and
the angle ϕ as 30◦. We also set LE = 2.947 mm, LF =
1.912mm, andWI = 3.388mm. We use HFSS to evaluate the
converging and MATLAB to evaluate the multiplicative SE,
respectively. The circular array consists of sixteen identical
rectangular patches (array-element), which are excited by
coaxial feed method [28]. The UCA is designed using F4B
substrate with a relative permittivity of 2.2 and a thickness
of 0.245 mm [28]. We also set G = 36 dB, η = 50%, and
k = 0.4, respectively.

Using HFSS, we evaluate the design for the UCA antenna
and the parabolic antenna. The results obtained verify that
the OAM signals are divergent when transmitted by the UCA

antenna and convergent after using the parabolic antenna. The
obtained MATLAB results prove that OEM communications
can obtain the multiplicative SE.

Figure 5 shows the directional diagrams of different
OAM-modes (l = 0, 1, 2, 3) for non-convergent and conver-
gent OEM waves with N = 1 and M = 1, where we set
U = V = 16. As we expected, the maximum gain of non-
convergent OEM wave decreases as the OAM-mode number
increases. The arraymainly radiates along the z-axis direction
without a central hollow when mode number l = 0. This is
because the OAMwave with l = 0 is the traditional PE wave.
The central hollow becomes larger and larger as the order of
OAM increases. The radius of central hollow is significantly
reduced for the convergent OAM waves and the radiated
power concentrates on the main lobe with little power allo-
cated on the side lobe after converging. Figure 6 shows the
unconverged and converged OAM beams for OAM-modes
0, 1, 2, and 3. OAM beams are reflected by the parabolic
antenna.

Figure 7 depicts our developed OEM-water-filling power
allocation policy versus the instantaneous channel SNR in
OEM communications, where we set N = M = 8 (U =
V = 2), N = M = 16 (U = V = 4), and N =
M = 32 (U = V = 8), respectively. The average transmit
power is given by P = 0.2 W. As shown in Fig. 7 before
converging, the allocated power severely decreases as the
order of OAM increases. There is little power allocated to
the high order OAM-modes in OEM communications. This
is because the average received SNRs on high order of OAM-
modes are very small, which is consistent with the property of
Bessel functions. After converging, almost all OAM-modes
can be allocated part of power. Thus, for U array-elements,
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FIGURE 7. The three cases of instantaneous OEM-water-filling power allocations for non-convergent and convergent OEM communications.
(a) Non-convergent OEM, N = M = 8(U = V = 2). (b) Convergent OEM, N = M = 8(U = V = 2). (c) Non-convergent OEM, N = M = 16(U = V = 4).
(d) Convergent OEM, N = M = 16(U = V = 4). (e) Non-convergent OEM, N = M = 32(U = V = 8). (f) Convergent OEM, N = M = 32(U = V = 8).
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FIGURE 8. The OEM-water-filling power allocation versus instantaneous
channel SNR.

FIGURE 9. The average spectrum-efficiencies of non-convergent OEM and
traditional massive-MIMO.

the generated U OAM modes can be used to increase the SE
for OEM communications.

Figure 8 shows our developed OEM-water-filling power
allocation versus the instantaneous received channel SNR,
where we set N = M = 32 (U = V = 4 and U =
V = 2, respectively) and N = M = 16 (U = V = 4
and U = V = 2, respectively) for OEM communications.
As shown in Fig. 8, the power allocation of OEM-water-
filling policy increases as the instantaneous channel received
SNR increases until reaching to a maximum value and holds
on. The allocated power for U = V = 4 OEM commu-
nications is less than that for corresponding U = V = 2
OEM comminations. This is because the power is generally
averaged allocated to different OAM-modes. The allocated
power forN = M = 32 (U = V = 2) OEM communications
and N = M = 16 (U = V = 4) OEM communications are
the same. This is because both of them have the same number
of orthogonal channels.

FIGURE 10. The average spectrum-efficiency versus the average channel
SNR.

Figure 9 depicts the average SEs of non-convergent
OEM communications and traditional massive-MIMO com-
munications, where we set U = V = 2 and M =

N = 8, 16, 32, and 64, respectively. Observing the
curves in Fig. 9, all SEs for non-convergent OEM and
traditional massive-MIMO increase as the average channel
SNR increases. More importantly, when equipping with the
same transmit-UCAs and receive-UCAs, the non-convergent
OEM and the traditional massive-MIMO obtain the same
SE, as verified for M = N = 8, 16, 32, and 64 cases
in Fig. 9. The reason why the SEs of non-convergent OEM
and traditional massive-MIMO are the same is that much
power is allocated to the low order OAM-mode while the
high order OAM-mode is allocated almost zero power. There-
fore, it is necessary to converge OEM waves to efficiently
use the high order OAM-mode to achieve maximum SE for
OEM communications.

Figure 10 compares the average SEs of convergent OEM
and traditional massive-MIMO communications, where we
set N = M = 32 (U = V = 8 and U = V = 4,
respectively) for OEM communication, N = M = 16
(U = V = 4) for OEM communication, and N = M = 32
for massive-MIMO communication, respectively. As shown
in Fig. 10, the OEM communications significantly increase
average SEs as compared with the traditional massive-MIMO
communications. The N = M = 16 (U = V = 4),
N = M = 32 (U = V = 4), and N = M = 32
(U = V = 8) OEM communications achieve double,
4 times, 8 times SEs, respectively, as compared with the
N = M = 32 massive-MIMO communication. This is
because the OEM communication can obtain not only the
SE of traditionalmassive-MIMOcommunication, but also the
SE of embedded OAM communication. The joint OAM and
MIMO communications offers the multiplicative SE which
is the SE of traditional massive-MIMO communication times
the SE of embedded OAM communication.
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V. CONCLUSIONS
We proposed the framework for OEM communications
to obtain multiplicative spectrum-efficiency gains for joint
OAM and massive-MIMO mmWave wireless communi-
cations. We designed the parabolic antenna to converge
the OAM waves. Then, we developed the joint mode-
decomposition and multiplexing-detection scheme to decom-
pose and detect the transmit signal on each OAM-mode
of each transmit UCA antenna. We also developed the
OEM-water-filling power allocation policy to achieve the
maximum multiplicative spectrum-efficiency for OEM com-
munications. The simulation results validated the parabolic
antenna based converging, the joint mode-decomposition
and multiplexing-detection scheme, and the OEM-water-
filling policy. The OEM communications can obtain the
multiplicative spectrum-efficiency gain for joint OAM and
massive-MIMO communications, thus achieving much larger
spectrum-efficiency than the traditional massive-MIMO
mmWave communications.
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