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ABSTRACT Limited range of emerging delivery vehicles, specifically unmanned aerial systems, creates
gaps in last mile retail distribution networks and excludes significant numbers of potential customers.
Implementing a two-stage distribution process is one approach that eliminates this deficit. However,
dispatchers must load the vehicles hauling orders in the initial stage of the process and assign orders for
delivery to transfer points in a way that ensures timely arrival while utilizing only the minimum required
resources. This paper investigates the capacitated transfer point covering problem which has, until now, been
unstudied. The research proposes a mathematical programming model to provide an optimal solution. The
model is then applied to a realistic delivery situation using a distribution case study on the eastern coast of
the U.S. and solved using a commercial optimization software. The results are analyzed, insights provided,
and areas are identified for future research.

INDEX TERMS Distribution network, mathematical programing, transfer point location problem,
unmanned aerial systems, vehicle routing.

I. INTRODUCTION
Given the location of a central facility and a set of demand
points, Berman et al. [1]–[3] defined the transfer point loca-
tion problem (TPLP) as the establishment of a new loca-
tion called a ‘‘transfer point’’ which allows combination of
services over a portion of the delivery route. Cost along
the combined portion of the route is reduced by a factor of
α < 1 while unit travel cost along the remainder of the route
does not change. TPLP optimization research has focused
on finding a location for transfer points such that cost or
distance to all the demand points through the transfer points is
minimized.

TPLPs have a wide range of applications. The example
frequently referred to in most TPLP studies is movement
of patients to a hospital using helicopters. In this example,
injured patients are transferred to a common helicopter pad –
which acts as the transfer point – by ground ambulance. The
speed that patients can travel by helicopter is greater than that
of the ground ambulance. Because the location of the patients
is known and the enduring nature of the hospital make it
fixed, the problem becomes determining the optimal place to
consolidate patients and land the helicopters for transfer. The
general model would also determine the optimal location of

the hospital if it was temporary in nature or analysis was being
conducted prior to establishing a new facility.

Similarly, TPLPs could consider locating train stations that
lead to stadiums, shopping malls, or other events assembling
large numbers of people. This location would act as the fixed
facility in the model. Passengers would drive by car or walk
to a train station – the transfer point – and ride the much
faster train to the centralized downtown venue. The model
might also be used to investigate the problem of locating
collection points for recyclable materials in a city. Residents
bring their recyclable material to a collection point where it is
transferred to more economical trucks and then periodically
moved to a fixed recycling plant for processing. In addition,
the TPLP can be used to optimally locate several regional
warehouses to stock a set number of stores. Merchandise is
transported from a larger central warehouse to the regional
warehouses or transfer points at reduced cost, and from there
to the stores at normal cost. These are just a few examples of
how TPLP might be used. The range of examples remains
large with possibilities including portions of many of the
distribution and collection networks used today. Delivery of
online purchases by drones is once such distribution network
that will benefit from TPLP research.
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II. PROBLEM AND PRACTICAL CASE STUDY
Expansion of the internet and advances in communications
have significantly changed how people currently purchase
retail products. Today consumers can research, compare, and
purchase a wide variety of items from the convenience of
their home or place of business. They enjoy the ability to
examine similar products from multiple vendors offering a
variety of quality and price using computers and the internet.
In addition, the convenience of having their purchased items
delivered directly to their front door is a very attractive feature
for most customers.

The internet has conditioned e-commerce customers to
expect immediate receipt of information, service, and now
merchandise. This expectation hasmade the logistics of expe-
dited business-to-customer delivery one of the most impor-
tant elements of retail market sales [4], [5]. Corporations
that rely on e-commerce transactions have spent significant
time and effort developing strategies to enable delivery of
physical products to customers in hours orminutes rather than
days [6]. Recently, several notable companies have begun
investing in the research and development of techniques to
deliver products directly to the consumer using unmanned
aerial systems (UAS). Amazon, Google, DHL,Domino’s, and
the Australian Postal Service, to name a few, have announced
research efforts, tests, and in some instances, customer tri-
als of the aerial delivery concept [7]. The prospect is for
small-unmanned aircraft to carry merchandise directly from
fulfillment or retail locations to customers; thus, provid-
ing dedicated and immediate service [8]. This initiative has
the potential to significantly impact e-commerce transac-
tions mainly from the business-to-customer logistics perspec-
tive. Retail and delivery businesses concerned with last mile
distribution recognize benefits gained by the more efficient
transportation of packages, reduction in delivery costs, and
expansion of on-time delivery areas to include remote loca-
tions typically not readily accessible by road networks. Con-
sumers will enjoy the rapid arrival of products to their home
or business, the option to expedite delivery of time-critical
items like medication, and share in the cost savings of
delivery. There remain, however, challenges and gaps to be
addressed for successful field implementation of unmanned
aerial delivery.

One substantial constraint in the UAS delivery strategy is
the limited flight range of aerial systems. Currently, airframes
are limited to amaximum radius of 20miles.With this limited
range, a significant portion of customers would not be eligible
for delivery service and be required to revert to the longer
traditional delivery process via trucks. For example, using
Amazon’s current fulfillment center footprint (i.e., 96 fulfill-
ment centers), analysts estimate that only 30% of potential
customers would be eligible for the UAS delivery service due
to the 20-mile range limit [9].

Researchers have begun exploring concepts to extend sys-
tem range and increase the number of customers who would
be eligible for UAS deliveries. One technique being con-
sidered is a two-stage distribution process. Fig. 1 provides

FIGURE 1. Graphic conceptual representation of the two-stage
distribution network using transfer points.

a graphical representation of the general delivery concept.
In the first stage of this process, packages are moved by
ground transport trucks to designated transfer points. Trucks
at transfer points act as mobile launch and recovery vehi-
cles for the UAS. From that location, in the second stage,
delivery routes are completed using UAS. Various prototype
UAS-transporting trucks have already been developed as
companies attempt to utilize them in future delivery concepts.
For example, Workhorse Group Incorporated has developed
a delivery system where an UAS – called HorseFly – trav-
els atop a modified electric van titled WorkHorse [10].
Mercedes-Benz has begun similar work, developing the
Vision Van concept [11], [12]. Mercedes’ ground vehicle
acts like a commercial distribution hub on wheels carrying
two small drones affixed to its roof for remote deliveries.
Using these and similar methods, UAS delivery could extend
beyond its current range and provide home delivery service
to more customers by air. Important to the concept, however,
is the location of the transfer hub where deliveries change
modes from ground transportation to delivery by UAS.

As business-to-customer distribution networks explore
two-stage systems for the home delivery of retail products,
fulfillment center dispatchers must direct the timely deliver-
ies of orders. Retail customer deliveries must utilize no more
than the minimum required resources to best manage this
system and maximize profits. Distribution decision makers
must know how to optimally and simultaneously assign deliv-
eries, determine transfer locations, and identify departure
times from fulfillment center warehouses. Therefore, there
is a current need to develop an algorithm for the two-stage
distribution network with transfer points that utilizes the least
amount of resources to deliver packages within associated
time windows.

This paper introduces an integer programming model for
the two-stage distribution network with transfer points. The
developed model has three objectives. First, it must deter-
mine the optimal set of transfer points needed to meet cus-
tomer demands. Second, it must determine the assignment
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TABLE 1. Transfer point location problem literature.

of customer orders to trucks prior to their departure from
the fulfillment center. Third, it must determine the optimal
departure time required for each truck to meet the expected
delivery times for each order. A central Pennsylvania delivery
zone was used as a case study to show implementation of
the developed model. A commercial optimization software
package was used to run the model. The results provided
insights about the capacity of vehicles, locations of transfer
points, and required time needed for deliveries to arrive.
Future research areas associated with the capacitated transfer
point covering problem (TPCP) were identified.

III. RELATED RESEARCH
While choices about locations have been made throughout
time, it was not until the mid-1630s that the topic was for-
mally seen in literature [13]. It was at that time Pierre de Fer-
mat, a French lawyer and mathematician, offered a location
puzzle to his colleagues in his essay ‘‘Method for the Study
of Maxima andMinima [14]–[16].’’ But it was more recently,
in 1986, when the topic was narrowed and the investigation of
hub locations and their implications emerged [17]. Since the
formal appearance of the hub location problem in 1986, there
has been an increasing trend in research about the problem.
In the last five years, over 150 peer-reviewed articles
have been published. This is nearly a threefold increase
from the number of publications seen between the years
2001 and 2005. There also has been a shift in the focus of
research. Prior to the year 2000, research focused on the
establishment of foundational hub location frameworks and
the development of models that could accurately represent
them [18]. It was about that time when the modeling of hub
problems reached maturity and attention shifted to optimiza-
tion [18]. Since then, increased effort has been placed on
the development of advanced models and solution methods
allowing problems of greater size and complexity to be opti-
mally solved [19]. One topic of research emerging in the last
10 years has been the study of transfer points.

In 2007, researchers introduced a model for the TPLP [1].
Here, the authors proposed a model and method to find the

optimal location of a single transfer point between a single
resource facility and a number of demand nodes. This basic
TPLP considers distribution or collection of goods or services
between facility and n demand points. The problem attempts
to reduce resources during a portion of the route to demand
points by creating a transfer point and combining individual
routes. The cost to travel along this combined portion of the
route, between the facility and the transfer point is multiplied
by a reduction factor of α < 1, while the cost of traveling
from the transfer point to the demand point does not change.
The model locates both the facility and a set of transfer points
to minimize the total travel time for all customers.

Since its introduction, there has been few published papers
on the TPLP or its variants. In [1], the TPLP was formulated
using a mini-sum objective and a mini-max objective on
both a plane and network solution space. In [2], the authors
formulated the problem of location for a single facility and
p transfer points to serve a given set of n demands. Similarly
to [1], the problem was formulated using mini-sum and mini-
max objectives on both planar and network solution spaces.
The authors then designed heuristic algorithms for each using
a descent approach, simulated annealing, and tabu search.
Those results, however, did not allow them to determine if
any one heuristic was advantageous to the others. In [3], the
authors proposed a heuristic for the problem and provided
analysis of input variable; however, they were not able to
develop an exact solution because of the size of the prob-
lems. The authors in [20] have also worked to find solutions
to TPLP. Their paper demonstrated that multiple location
transfer point problems with mini-sum and mini-max objec-
tives can be formulated as p-median and p-center problems,
respectively. When limiting the number of sourcing facilities
to a single location, they were able to find optimal solutions
using this technique; however, when multiple facilities were
considered, the problem became too large and procedures to
determine upper and lower bounds were needed.

Table 1 compares relevant research on TPLP to date using
common classifications from accepted location problem tax-
onomies [18], [19], [21]–[23]. The result highlights the
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similarities in research, identifies areas currently unexplored,
and points to opportunities for future discovery and improve-
ment in the field. Of the six attributes compared, five areas
were identified as having unexplored areas potentially con-
taining useful insights. The most common trait used to clas-
sify location problems is the model objective. Objectives
for all location problems are variants of the formulation of
mini-max, mini-sum, and covering models [24]. Problems
with a mini-sum objective pursue solutions where the sum
of all costs between the facility and customer are mini-
mized, while those with a mini-max objective minimize the
largest cost between a customer and its assigned facility [24].
In contrast, covering models do not include the facility-
customer movement cost in the objective function; instead,
these costs are considered as constraints and only matter if
they exceed a preset value [13]. The objective in a covering
problem is to minimize the number of facilities needed while
providing adequate service to all customers. To date, all TPLP
research has focused on problems having mini-sum and/or
mini-max objectives leaving a gap in TPLP research that
focuses on the minimum use of transfer points. A problem
that ensures the requirements of all customers are sufficiently
attended is one of the classical objectives in location mod-
eling and referred to as a ‘‘coverage’’ problem. Their goal
is to minimize the number of intermediate points while still
satisfying some constraint in delivery time or cost. The objec-
tive, formally introduced by Church and ReVelle [25], can be
applied to a wide variety of settings. The wide applicability
of the basic coverage framework has sparked strong interest
in the research community. However, none of the many publi-
cations produced on various aspects of coverage models over
the last 35 years discuss transfer points specifically [26]. This
paper will specifically address how to minimize the number
of assigned transfer points using a covering problem and
develops a general mathematical model for the TPCP.

Research focused on minimizing facility-customer move-
ment costs leads to the second common trait found among
TPLP studies. Each study in the table investigates problems
where α < 1; that is, when the cost associatedwithmovement
between the facility and transfer point creates some reduction
in cost by combining routes. When using both mini-max and
mini-sum objective functions to minimize travel, a value for
α ≥ 1 creates no economic advantage and was therefore
not studied. However, when investigating models where the
objective is to find the minimal transfer points required to sat-
isfy or cover all demands, it is reasonable to investigate cases
where merging routes will incur additional travel costs in
order to reduce those points. Studies investigating α ≥ 1 may
be useful as transfer point research matures and investigates
problems having objectives that focus on covering demand
with minimal transfer points.

The third trait often used to categorize location problems
is the nature of the demands found in the model. Inspecting
TPLP research found that all models assumed homoge-
neous demands. None of the studies accounted for dissim-
ilar requirements that might alter how those products are

distributed and then impact the location of either the transfer
point or the facility. As more robust models are developed,
investigating this aspect of the problem may prove useful.

Location problems are commonly studied on several
topologies (e.g. tree, network, planar) [19]. Current TPLP
literature focuses on models where solutions occur in net-
worked and planar domains. A networked solution domain
allows candidate transfer points to occur at discrete locations
on an established arrangement of nodes and connections.
A planar domain allows solutions to occur continuously in
two-dimensional space that generally represents deliveries at
any location within the delivery area. While each of these
solution domain spaces were looked at individually in pre-
vious TPLP studies, they are not explored if they occur
simultaneously (e.g., selection of transfer points must be on
a road network, while the location of demands may occur at
any location on the plane). Exploring models that incorporate
more than one topology might uncover insights to how two or
more solution spaces interact. This study looks at networked
and planar solution spaces simultaneously as trucks navigate
a road network during the first phase of delivery and then
transition to the less constrained planar domain during the
second phase.

Finally, the current research makes no mention regarding
the impacts due to limited capacity. In each case, the models
assume no issues will arise either at the transfer point along
the arcs connecting it to either the demand points or the
facility. Limiting movement through transfer points by either
of these constraints could significantly change results and
should be investigated.

IV. PROBLEM SPECIFICATIONS
Amazon has established a robust distribution network
attempting to shorten the time between customer ordering
and the ultimate delivery of a product to its final location.
Currently, Amazon’s network consists of over 96 fulfillment
centers in North America. The city of Carlisle, Pennsylvania
is the home of three of those fulfillment centers maintaining
almost 2.5 million square feet of warehouse space used for
both maintaining inventory and processing orders. The ful-
fillment centers in Carlisle provide a case study from which
realistic specifications can be drawn to further study opti-
mal placement of transfer points in a two-stage distribution
system.

The problem can be specified using a graph, G = (V ,E),
where nodes represent locations of the fulfillment center,
transfer points, and customers. The arcs of the graph represent
links between the fulfillment center and transfer points in the
first stage of the delivery; and links between transfer points
and customers in the second stage. Each type of node and arc
is discussed briefly in the following sections.

A. FULFILLMENT CENTER LOCATIONS
One of the largest fulfillment centers currently owned by
Amazon was opened in August 2010 and is located just west
of Carlisle. This single center maintains just over 1.2 million
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TABLE 2. Location of central pennsylvania fulfillment center.

square feet of floor space and sits adjacent to a second Ama-
zon fulfillment center maintaining 700 thousand square feet
of floor space. Amazon, along with several other distribution
companies, have selected Carlisle as a distribution hub to take
advantage of the proximity to several major cities and the road
networks on the eastern coast of the United States. Its location
also benefits from the intersection of several established road
and rail exchanges providing access to high-speed routes
linking multiple warehouses across the nation and providing
road access to suitable transfer points. This study investi-
gates customer orders requiring delivery occurring east of the
Carlisle fulfillment center. The large size of the fulfillment
center permits significant inventory and assumes sourcing
orders from that inventory will account for no delay. Details
on the location of the fulfillment center in Carlisle are listed
in Table 2.

B. TRANSFER POINT LOCATIONS
Transfer points are the locations where in-transit orders
switch from the first stage of delivery to the second stage. This
is also the point where deliveries change their mode of trans-
portation. Initially customer orders move by trucks carrying
multiple UAS and their respective packages. In the second
stage, individual UAS depart from the trucks and carry their
delivery to each customer’s final location. Transfer locations
are prearranged by Amazon and relatively permanent.

Prior coordination with the land owner and launch site
analysis ensure each location sufficiently meets safety and
logistic requirements. Using the fulfillment facility as a cir-
cle’s center, the closest transfer points are located along the
edge of a circle having a radius of 10 miles from warehouse.
Additional transfer points are located along the edge of cir-
cles having radii increasing at 10 mile intervals. To ensure
lateral coverage of the delivery area, the number of transfer
points increases at a rate proportional to the distance from the
fulfillment center. Using the circle as a guide, final placement
of transfer points is made accounting for access to improved
road networks, any hazards that might imped takeoff and
landing of aircraft, and allowing the broadest coverage of the
delivery area. Fig. 2 visually shows the location of transfer
points east of the Carlisle fulfillment center. Table 3 pro-
vides detailed information about each transfer points location
selected in this case study. Using as few transfer points as
possible benefits the delivery company by reducing expenses
and risks incurred during the first phase of delivery.

C. DELIVERY LOCATIONS
Customer orders east of Carlisle fall into three delivery cat-
egories. The first are those within a 20-mile radius of the

FIGURE 2. Established transfer point locations for consideration relative
to fulfillment center in Carlisle, PA.

fulfillment center. These deliveries do not exceed the range
limitations of UAS leaving directly from the warehouse and
therefore do not require delivery using the two-stage distri-
bution system. The second are orders located so far from the
fulfillment center that they cannot be delivered within the
established time window even using the two-stage methodol-
ogy. The physical distance and speed limitations make timely
delivery impossible regardless of resourcing. The third and
final set of deliveries are those of interest. Those deliveries
require the two-stage distribution network. A box east of
Carlisle was established to capture orders that meet this third
criteria. Within this area, individual orders occur randomly
and are uniformly distributed. Customer order locations orig-
inate within the geographic area and are identified using the
Military Grid Reference System (MGRS), a geo-coordinate
derivation of the Universal Transverse Mercator (UTM) grid
system. The area from which orders may originate and an
example set of one hundred customer orders is shown in the
Fig. 3. Each iteration of deliveries investigated a new set of
one hundred orders.

D. STAGE ONE ROAD NETWORKS
The first stage of delivery occurs by truck traveling over
established road networks. Distance and time from the
Carlisle fulfillment center to each transfer point is calculated
using the Customizable Route Planning (CRP) tool found in
Microsoft’s Bing Maps [27]. This tool finds the fastest route
along the road network accounting for congestion, maximum
allowable speeds and driving conditions. Using j as an index,
the cost to move from the fulfillment center to each transfer
point is found and represented by τj. These costs are shown
in Table 4.
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TABLE 3. Transfer point location descriptions.

E. STAGE TWO AIR CORRIDORS
Once orders depart transfer points, delivery occurs to indi-
vidual customer order locations using a UAS traveling along
an air corridors. With few exceptions, flight patterns between
the transfer point and order destinations are assumed to be in
a straight line. The distance from each transfer point, j, and
each customer’s location, k , is signified by djk and determined
using the Euclidean metric. A cost matrix, D = djk , then
captures all possible distances in the second stage of delivery.

Parameter τjk represents the travel time from the transfer
point to customer order locations. Time along this portion of
the route is calculated using the distance cost matrix, D, and

FIGURE 3. Example of 100 customer orders locations requiring delivery
using transfer points.

TABLE 4. First-stage delivery costs – facility to transfer points.

multiplying by the average flight speed. A new cost matrix
T = τjk represents travel time in minutes. In this example,
the average UAS speed during flight is assumed to be 50mph.
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This average speed accounts for take-off, landing, and error
caused by route deviations.

V. MODEL FORMULATION
This section describes the proscriptive mathematical pro-
gramming model used load and dispatch delivery vehicles.
More specifically, the following subsections describe the
decision variables, objective function, and constraints used
to find optimal vehicle routing.

A. DECISION VARIABLES
Two interrelated decisions must be made by dispatchers as
they identify the best delivery schedule for an existing set
of customer orders. The first decision is to determine which
transfer points to open. The second decision is to determine
which customer orders to route through each of the transfer
points. To arrive at an optimal solution, these two decisions
must be made in conjunction with each other. Ignoring the
impact of one when making the other could lead to an
infeasible or less than optimal solution. These decisions are
represented by the following two decision variables.

1) TRANSFER POINT UTILIZATION
Yj denotes if transfer point (j) is opened or closed. The
decision is represented as a binary variable for the set of
transfer points, signified by T and indexed by the variable j.
In the Carlisle example, we have established fifteen transfer
points from which to choose and therefore T = 15 and
j = (1, 2, . . . ,T ).

Yj =

{
1 : if transfer point (f ) is open
0 : if transfer point (f ) is closed

(1)

2) STAGE TWO DELIVERY UTILIZATION
Similar to transfer point utilization, Xjk indicates if an
unmanned aerial vehicle travels from transfer point (j) and
delivers to customer order location (k). Like the previous
decision this choice is binary for the combination of all routes
between the transfer points in T and orders locations in N .
In our example one hundred orders must be dispatched and
therefore N = 100 and k = (1, 2, . . . ,N ).

Xjk =

{
1 : if delivery made from (j) to (k)
0 : if delivery not made from (j) to (k)

(2)

B. OBJECTIVE FUNCTION
Dispatchers responsible for scheduling deliveries are ever
mindful of the customer’s expectation for delivery within an
assured time window. In previous studies on TPLP, objec-
tive functions have been focused on minimization of that
travel costs. The TPCP, however, minimizes the number of
transfer points required to make deliveries. The problem then
accounts for the promised delivery time by using constraints.
Research on transfer point problems using a covering objec-
tive has not been found in published literature.

Minimizing the number of transfer points benefits the
delivery company as it manages resources. Reducing the
number of transfer points lessens the number of trucks needed
during the initial stage of delivery. The requirement for less
trucks allows delivery companies to maintain smaller fleets
reducing sunk purchasing and maintenance costs. It also
places less vehicles on the road network where they run
the risk of delays caused by traffic congestion. Addition-
ally, utilizing the minimum number of transfer points loads
transport trucks to their highest feasible capacity. This poten-
tially reduces trucks traveling at less-than-truckload (LTL)
capacity and helps eliminate wasted opportunities for limited
resources.

The dispatcher’s objective therefore is to use the least
amount of transfer points to deliver all orders in a timely
manner. Using the binary decision variable Yj to indicate if
a transfer point is utilized, the objective function is mathe-
matically represented in (3).

min (z) = min (transfer points) = min
T∑
j=1

Yj (3)

C. CONSTRAINTS
Several conditions must be accounted for to ensure the model
and the solution it provides represents realistic behavior, does
not exceed the capabilities of the distribution network, and
allows dependent variables to act as indicators of only true
or false decisions. These conditions are described using the
following seven constraints.

1) CONSTRAINT 1
Equation (4) ensures each customer location can only receive
delivery from one transfer point by only allowing one route
open to each customer location. Each order location must be
checked and therefore creates N constraints.

T∑
j=1

Xjk = 1 (k = 1, 2, . . . ,N ) (4)

2) CONSTRAINT 2
The second constraint checks each transfer point to determine
if it is open. If a transfer point is closed, (5) ensures no
deliveries from that location will be allowed. Potential air
routes used between transfer points and order locations in the
second stage of delivery are checked creating a total of TxN
constraints.

Xjk ≤ Yj

(
j = 1, 2, . . . ,T ;
k = 1, 2, . . . ,N

)
(5)

3) CONSTRAINT 3
The third constraint ensures deliveries are only made using
routes that allow arrival within the predesignated time win-
dow. Amazon initially set the benchmark for unmanned aerial
vehicle delivery at thirty minutes when delivering directly
from fulfillment centers [8]. An additional 90 minutes allows
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for truck movement along road networks using the two-phase
concept. This two hour on-time delivery promise has become
the new industry goal as retailers enable shipments to be
delivered in hours rather than days [6]. Parameterβ represents
the allowable maximum transportation cost in time (minutes)
and is the maximum time guaranteed by companies from the
initial ordering of a product to delivery. For this case study
β = 120 minutes or the two hours set as the industry goal.
Parameter β is often referred to as the covering threshold or
covering radius in classical covering models. This threshold
is checked against the time required for each route to the
customer location in (6). As in the last constraint, every
possible route must be checked creating T x N constraints.

Xjk (τj + τjk ) ≤ β
(
j = 1, 2, . . . ,T ;
k = 1, 2, . . . ,N

)
(6)

4) CONSTRAINT 4
The fourth constraint checks the distance of the customer’s
order to from each transfer point and ensures it is not beyond
the range of the unmanned aerial system. The range of the
vehicle is currently 20 miles and signified by γ . All potential
routes between transfer points and order locations must be
checked and there are T x N constraints.

djkXjk ≤ γ
(
j = 1, 2, . . . ,T ;
k = 1, 2, . . . ,N

)
(7)

5) CONSTRAINT 5
This constraint considers the capacity of trucks moving from
the fulfillment center to the transfer point. While packages
are relatively small each truck can only move a finite number
of unmanned aerial systems. Trucks within the model are
homogeneous and their capacity is represented by ω. This
constraint checks each transfer point and ensures no more
than ω systems can fly from that location, thus ensuring only
that number are delivered to transfer point j. Each transfer
point must be checked and therefore T constraints of this type
are included in the model.

N∑
k=1

Xjk ≤ ω (j = 1, 2, . . . ,T ) (8)

6) CONSTRAINT 6 AND 7
The constraints found in (9) and (10) establish our decision
variables, Yj and Xjk as binary variables.

Yj ∈ {0, 1} (j = 1, 2, . . . ,T ) (9)

Xjk ∈ {0, 1}
(
j = 1, 2, . . . ,T ;
k = 1, 2, . . . ,N

)
(10)

D. COMPLETED MODEL
Combining the objective function and the constraints results
in the following prescriptive or optimization model.

Objective:

min (z) = min
T∑
j=1

Yj (3)

Subject to:

T∑
j=1

Xjk = 1 (k = 1, 2, . . . ,N ) (4)

Xjk ≤ Yj

(
j = 1, 2, . . . ,T ;
k = 1, 2, . . . ,N

)
(5)

Xjk (τj + τjk ) ≤ β
(
j = 1, 2, . . . ,T ;
k = 1, 2, . . . ,N

)
(6)

djkXjk ≤ γ
(
j = 1, 2, . . . ,T ;
k = 1, 2, . . . ,N

)
(7)

N∑
k=1

Xjk ≤ ω (j = 1, 2, . . . ,T ) (8)

Yj ∈ {0, 1} (j = 1, 2, . . . ,T ) (9)

Xjk ∈ {0, 1}
(
j = 1, 2, . . . ,T ;
k = 1, 2, . . . ,N

)
(10)

E. OPTIMIZATION SUITES
Several companies have developed computer software to
assist in the modeling and solving of optimization problems.
These tools solve all major types of mathematical programing
problems and interface with a wide variety of programming
languages. Most software companies offer limited versions
of their product for trial use, however a rental agreement
or license is required for commercial use and access to
the unconstrained product. Some companies provide full-
featured licenses for the academic community conducting
classes or research in math programing or optimization.
One software package that has more recently arrived on the

market is Gurobi Optimizer. The Gurobi Company originated
in 2008 and derives its name from the first letters of the
last name of each of its founders: Zonghau Gu, Ed Rothberg
and Bob Bixby [28]. Along with backgrounds in operations
research, computer science and industrial engineering they
were all key players in the development of CPLEX, another
computer optimization package originally created in 1988
and now owned by IBM [29].
Gurobi Optimizer pairs the most recently developed

software architectures and the implementations of the latest
algorithms to create solvers for the following optimization
problems [28]:
• linear programming,
• mixed-integer linear programming,
• mixed-integer quadratic programming,
• quadratic programming,
• quadratically constrained programming, and
• mixed-integer quadratically constrained programming.
Gurobi is not its own modeling language. Instead it is a set

of application programming interfaces or subroutines that can
be referenced from whatever programming language you are
using. The software supports interfaces with Object-oriented
interfaces, Matrix-oriented interfaces, and links to standard
modeling languages [28]. It also links to Microsoft Excel
through their Analytic Solver.
For this case study, Java code was written utilizing

Gurobi solvers. The results of the program provided optimal
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TABLE 5. Minimum required transfer points.

dispatching decisions for each set of customer orders using
the transfer point cover problem found in (3)-(10).

VI. CALCULATIONS AND RESULTS
Gurobi provides academic users a full version of their opti-
mization tool without limit on the number of variables or
constraints. Access to the full version of the software allowed
assessment of one hundred customer orders as they were
routed through fifteen potential transfer point. Therefore,
T = 15 transfer points and N = 100 customer orders.
These parameters produced 3NT+T+N or 4615 constraints.
The model was run for ten repetitions, each using a new set
of random customer orders. During each iteration, the Java
program and Gurobi interface assessed the minimum number
of transfer points required. It also provided a output listing of
the transfer points to be utilized, what orders would assigned
to trucks going to each transfer point, and the time required
for each order to arrive at its destination.

Various truck capacities, ω, were also investigated using
the ten sets of customer orders. During the first phase of the
delivery route, trucks able to carry 7, 10, 15, 20, 25, 30, 35,
40, 45, and 50 aerial systems were used to determine the best
delivery strategy. Table 5 shows the least number of transfer
points required to make timely deliveries as the truck capacity
changed. The left hand ‘‘limit’ column indicates the mini-
mum number of trucks needed if travel cost constraints are
relaxed and only the truck capacity constraint was imposed.
The highlighted results in Table 5 show where the number of
required transfer points exceeded the unconstrained ‘‘limit’’
number and identify solutions constrained by delivery time or
range. In most cases, regardless of truck capacity, dispatchers
require four or more transfer points to make deliveries within
required time windows. The results also show that developing
trucks with capacity of more than 35 orders provides no
advantage in decreasing required transfer points. This TPCP,
however, did not allow for multiple trucks to utilize the same
transfer point. No more than one truck can use each transfer
point during any repetition. Therefore, advantages in transfer
point assignments might occur at higher truck capacities if
multiple trucks are assigned to the same transfer point.

The time required to delivery each order was also col-
lected using the model developed with Java and Gurobi.

TABLE 6. Longest delivery times (minutes).

The longest delivery time in each iteration is shown in
Table 6. All solutions fell well below the 2-hour (120 minute)
threshold introduced in the initial model. In all cases, cus-
tomer orders arrived almost 20 minutes prior to the required
delivery time. This 20-minute slack might be used to reduce
the model delivery time threshold, expand the delivery foot-
print by expanding the area from orders are taken, or be
maintained to mitigate risks of hazards that might occur along
transportation routes.

Table 6 shows that the longest delivery times in each
iteration does not consistently improve or worsen as truck
capacity changes. It also shows that solutions in each iteration
often share a common longest delivery time even though
truck capacity and routing assignments change. Investigating
where times vary reinforces the covering model’s primary
objective. The model is designed to find the minimal transfer
points required using the upper time limit as a constraint
and not an objective. It does not consider the cost of travel,
unless it exceeds this pre-established constraint. However,
in some cases, it is possible to find a faster time to com-
plete deliveries using the minimal number of transfer points.
To do this, the model was run iteratively, reducing the allow-
able maximum transportation time, β, below the previous
longest delivery time. This process was continued until addi-
tional transfer points were required or there is no longer a
feasible covering solution. The last feasible solution then
becomes a result satisfying minimum transfer points and
minimum time of delivery. Table 7 shows the updated results
after using the above approach. The highlighted cells are
delivery times that might be improved more, but only at the
cost of increasing the required transfer points.

Table 8 compares the original TPCP model with the itera-
tive approachwhichminimized delivery timeswhile using the
least required transfer points. The table shows the potential
time savings when the iterative approach is used to reduce
the longest delivery time. The iterative process reduces the
longest delivery time in over 80% of the samples. Where
improvements could be made, the iterative process saved an
average of over five minutes in travel time. This savings
accounted for a reduction of 5% of the average longest deliv-
ery time.
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TABLE 7. Multi-objective longest delivery times (minutes).

TABLE 8. Potential savings in delivery times (minutes).

VII. FUTURE STUDY
The research described in this article provides a first look at
optimizing transfer point location problems using a covering
objective. It proposed a general mathematical model for the
TPCP and then applied it to a real-world logistics delivery
system. Using computer optimization tools, a solution was
found to minimize the number of transfer points and trucks
needed to make all deliveries required in a predetermined
time window. The research also developed a technique to
optimize multiple objectives in transfer point problems. The
results were analyzed and insights about the model were
provided. However, several unexplored topics remain and
provide the opportunity for future study in areas relating to
optimizing transfer points with the goal of minimizing their
number.

This research provided a set of potential prearranged trans-
fer points for the optimization model to select from as it iden-
tified optimal routes. These transfer points were uniformly
distributed along road networks throughout the delivery area.
Future studies are needed on how best to distribute and locate
transfer points in the delivery area. Selecting, coordinating,
and purchasing the right to use land create additional cost
for distributors. These costs are committed regardless if the
location is selected for use or not. Tools assisting in site
selection prior to establishing transfer points ensure the best
utilization of resources and to minimize costs incurred to
the company as they set up distribution networks. Exploring
models saturated with virtual transfer points might provide

decision makers with insight about the best transfer point
distribution.

Increasing the number of potential transfer points provides
opportunity to investigate capacity limitations at individual
transfer points in ways other than increasing truck capacity.
Current, the model does not allow multiple trucks to use a
single transfer point. Once a capacitated vehicle is sent to a
transfer point, all subsequent trucks must be routed to differ-
ent points even at the expense of additional travel time. Estab-
lishing duplicate transfer nodes at a single location would
further investigate solutions that optimize delivery resources.
This technique might prove useful when orders temporarily
surge in a localized area or when additional throughput at a
transfer point would significantly decreases delivery times.

This study derives an optimal solution to the TPCP by
opening and routing customer orders through select transfer
points. Initially, candidate transfer points were distributed
uniformly throughout the entire delivery area to ensure cov-
erage of customers. Analysis of transfer point utilization
patterns would provide insights into best practices for site
identification and selection. Results may show the uniform
distribution is not as cost-effective as clustering or banding
transfer points throughout the delivery area.

This model investigates dispatching all orders from the
fulfillment center simultaneously. It accumulated a large set
of customer orders and then determined an optimal solution
taking all orders into account. It did not investigate how
delivery trucks and their associated orders should indepen-
dently depart the fulfillment center. It also did not account for
order arrival times throughout and during the delivery cycle.
Additional work should look at the sequential arrival of orders
and how those orders might be processed to determine most
advantageous departure times for transport trucks. While the
mathematical programming model will inform that research
in this area, the more complex model will likely require
the use of a computer discrete event simulation where the
dynamic arrival of customer orders and the dispatching of
delivery trucks can be studied over time. The iterative tech-
nique used in simulation also provides an approach to inves-
tigate the multi-objective optimization problem discussed
earlier in the results.

Finally, there are many parameters not accounted for using
the linear programming model. Congestion along ground
and air routes should be modeled to replicate more realistic
traffic patterns. Impact of order weight, weather, and regu-
latory restrictions might also impact optimal solutions and
should be considered. Adding these additional parameters
to a mathematical model increases the number of needed
constraints, complicates model interactions, and makes con-
ceptualization more difficult. Simulation offers additional
flexibility in model formulation and permits more realism
to be achieved. Most simulation models use logical arith-
metic operations performed in a prearranged sequence and
do not require defining the problem exclusively in analytic
terms [30].When uncertainties are an important characteristic
of the decision, the use simulations can prove particularly
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useful. The development of an acceptable simulation provides
an alternate solutionmethod for larger problems that provides
users with the ability to deal with complicated models of
correspondingly complicated networks [31].

REFERENCES
[1] O. Berman, Z. Drezner, and G. O. Wesolowsky, ‘‘The transfer point loca-

tion problem,’’ Eur. J. Oper. Res., vol. 179, no. 3, pp. 978–989, 2007.
[2] O. Berman, Z. Drezner, and G. O. Wesolowsky, ‘‘The facility and trans-

fer points location problem,’’ Int. Trans. Oper. Res., vol. 12, no. 4,
pp. 387–402, 2005.

[3] O. Berman, Z. Drezner, and G. O. Wesolowsky, ‘‘The multiple location of
transfer points,’’ J. Oper. Res. Soc., vol. 59, no. 6, pp. 805–811, 2008.

[4] K. Prickett. (2014). What is the Last Mile for ECommerce? [Online].
Available: https://prospress.com/what-is-the-last-mile/

[5] H. L. Lee and S. Whang, ‘‘Winning the last mile of e-commerce,’’ MIT
Sloan Manage. Rev., vol. 42, no. 4, pp. 54–62, 2001.

[6] M.Wulfraat, ‘‘How close to reality is Amazon same day delivery?—A look
at how many fulfillment centers are needed for amazon to achieve same
day delivery of general merchandise to the top 20 cities,’’ Supply Chain
Digest, Springboro, OH, USA, Tech. Rep., Sep. 2013. [Online]. Available:
http://www.scdigest.com/experts/wulfraat_13-09-03.php?cid=7366

[7] A. Cuthbertson, ‘‘Australia post to launch drone delivery service,’’
Newsweek, Apr. 2016. [Online]. Available: http://www.newsweek.
com/australia-post-drone-delivery-service-drones-449442

[8] CBS Interactive Inc. (2013). Amazon Unveils Futuristic Plan: Delivery
by Drone. [Online]. Available: http://www.cbsnews.com/news/amazon-
unveils-futuristic-plan-delivery-by-drone/

[9] J. D’Onfro. (Aug. 26, 2016). Here are All of Amazon’s Warehouses in
the US. [Online]. Available: http://www.businessinsider.com/how-many-
fulfillment-centers-does-amazon-have-in-the-us-2015-3

[10] University of Cincinnati. (2015). HorseFly ’Octocopter’ Primed to Fly
the Future to Your Front Door. [Online]. Available: http://www.uc.edu/
news/NR.aspx?id=19929

[11] L. Mearian. (2016). Mercedes-Benz to Make Drone-Equipped Electric
Delivery Vans for Online Orders. [Online]. Available: http://www.
computerworld.com/article/3117779/car-tech/mercedes-benz-to-make-
drone-equipped-electric-delivery-vans-for-online-orders.html

[12] Mercedes-Benz. (2016). Logistics Centre On Wheels. [Online]. Available:
https://www.mercedes-benz.com/en/mercedes-benz/next/connectivity/
logistics-centre-on-wheels/

[13] H. A. Eiselt and V. Marianov, Foundations of Location Analysis, vol. 155.
New York, NY, USA: Springer, 2011.

[14] J. Krarup and S. Vajda, ‘‘On Torricelli’s geometrical solution to a problem
of Fermat,’’ IMA J. Manage. Math., vol. 8, no. 3, pp. 215–224, 1997.

[15] J. Beery and K. M. Clark, ‘‘HOM SIGMAA 2010 student paper
contest winners,’’ Convergence, May 2011. [Online]. Available:
https://www.maa.org/press/periodicals/convergence/hom-sigmaa-2010-
student-paper-contest-winners, doi: 10.4169/loci003492.

[16] P. Fermat, ‘‘Method for the study of maxima and minima,’’ in OEuvres de
Fermat. Paris, France: Gauthier-Villars et fils, 1891. [Online]. Available:
https://archive.org/stream/oeuvresdefermat01ferm?ref=ol#page/n11/mode/
2up

[17] R. S. Toh and R. G. Higgins, ‘‘The impact of hub and spoke network
centralization and route monopoly on domestic airline profitability,’’
Transp. J., vol. 24, no. 4, pp. 16–27, 1985.

[18] M. Hekmatfar and M. Pishvaee, ‘‘Hub location problem,’’ in Facility
Location (Concepts, Models, Algorithms and Case Studies), R. Z. Farahani
and M. Hekmatfar, Eds. Heidelberg, Germany: Springer-Verlag, 2009.

[19] R. Z. Farahani, M. Hekmatfar, A. B. Arabani, and E. Nikbakhsh, ‘‘Hub
location problems: A review of models, classification, solution techniques,
and applications,’’ Comput. Ind. Eng., vol. 64, no. 4, pp. 1096–1109, 2013.

[20] M. Sasaki, T. Furuta, and A. Suzuki, ‘‘Exact optimal solutions of the
minisum facility and transfer points location problems on a network,’’ Int.
Trans. Oper. Res., vol. 15, no. 3, pp. 295–306, 2008.

[21] M. S. Daskin, ‘‘What you should know about location modeling,’’ Naval
Res. Logistics, vol. 55, no. 4, pp. 283–294, 2008.

[22] H. Tang, ‘‘A study of network location problems,’’ Ph.D. dissertation,
ProQuest, Ann Arbor, MI, USA, 2009.

[23] B. Y. Kara and M. R. Taner, ‘‘Hub location problems: The location
of interacting facilities,’’ in Foundations of Location Analysis, vol. 155,
H. A. Eiselt and V. Marianov, Eds. New York, NY, USA: Springer, 2011.

[24] S. Alumur and B. Y. Kara, ‘‘A hub covering network design problem
for cargo applications in turkey,’’ J. Oper. Res. Soc., vol. 60, no. 10,
pp. 1349–1359, 2009.

[25] R. Church and C. R. Velle, ‘‘The maximal covering location problem,’’
Papers Regional Sci. Assoc., vol. 32, no. 1, pp. 101–118, 1974.

[26] O. Berman, Z. Drezner, and D. Krass, ‘‘Generalized coverage: New devel-
opments in covering location models,’’Comput. Oper. Res., vol. 37, no. 10,
pp. 1675–1687, 2010.

[27] D. Delling, A. V. Goldberg, T. Pajor, and R. F. Werneck, ‘‘Customizable
route planning in road networks,’’ Transp. Sci., vol. 51, no. 2, pp. 566–591,
2015.

[28] Gurobi Optimization. (2017). Gurobi Optimizer—The State of the Art
Mathematical Programming Solver. [Online]. Available: http://www.
gurobi.com/products/gurobi-optimizer

[29] J. Taylor. (Mar. 2, 2011). First Look—Gurobi Optimization. [Online].
Available: http://jtonedm.com/2011/03/02/first-look-gurobi-optimization/

[30] S. P. Bradley, A. C. Hax, and T. L. Magnanti, Applied Mathematical
Programming. Reading, MA, USA: Addison-Wesley, 1977.

[31] W. D. Kelton, R. P. Sadowski, and N. B. Swets, Simulation With Arena,
5th ed. New York, NY, USA: McGraw-Hill, 2010.

JEFFREY A. MCDOUGALL (M’13) was born in
St. Paul, MN, USA, in 1967. He received the B.S.
degree in mechanical engineering from the United
States Military Academy,West Point, NY, USA, in
1990, the M.S. degree in operations research from
the Florida Institute of Technology, Melbourne,
FL, USA, in 2000, the master’s degree in military
art and science from the U.S. Army Command and
General Staff College, Leavenworth, KS, USA, in
2004, and the master’s degree in strategic studies

from the U.S. ArmyWar College, Carlisle, PA, USA, in 2010. He is currently
pursuing the Ph.D. degree in operations research with the Florida Institute of
Technology.

Since 1990, he has been an Officer with the U.S Army having multiple
operational deployments in the Europe and the Middle-East, where he was
responsible for the planning and assessment of strategies in the region. He
is currently a Colonel with the Faculty of the U.S. Army War College. His
research interests include routing and location optimization, hub locations,
and mathematical formulation.

Mr. McDougall is a member of the Institute for Operations Research and
the Management Sciences, the Military Operational Research Society, the
Society Industrial and Applied Mathematics, and the Honor Society of Phi
Kappa Phi. He has received numerous military awards, including the Bronze
Star and the Defense Meritorious Service Medal. He was a recipient of the
U.S. Army’s highest award for analytic achievement, the Dr.Wilbur B. Payne
Memorial Award for Excellence in analysis, for his 2002work in theMedium
Brigade Combat Team.

LUIS DANIEL OTERO (M’09–SM’13) was born
in Bayamon, PR, USA, in 1975. He received
the B.S. degree in civil engineering, the M.S.
degree in computer information systems, and the
M.S. degree in engineering management from the
Florida Institute of Technology, Melbourne, FL,
USA, in 1998, 2000, and 2002, respectively, and
the Ph.D. degree in industrial and management
systems engineering from the University of South
Florida, Tampa, FL, USA, in 2009. In 2013, he was

nominated and elevated to IEEE Senior Member for his research contribu-
tions to academia and industry.

He had over 10 years of industry experience as Software/Systems Engi-
neer with Harris and Northrop Grumman Corporations. He was a Graduate
Research Assistant with the Center for Urban Transportation Research and a
National Science Foundation Graduate Fellow with the University of South
Florida. In 2009, he joined the Florida Institute of Technology, where he is
currently an Associate Professor of engineering systems and the Director
of the Transportation Systems Engineering Research Laboratory. He has
authored over 50 publications in various academic journals and conference
proceedings. He is an active reviewer for several journals in decision-making
and systems engineering. He has a strong research interest in transportation
systems engineering, with particular focus on improving the efficiency,
effectiveness, and cost related to structural inspections.

1984 VOLUME 6, 2018

http://dx.doi.org/10.4169/loci003492

	INTRODUCTION
	PROBLEM AND PRACTICAL CASE STUDY
	RELATED RESEARCH
	PROBLEM SPECIFICATIONS
	FULFILLMENT CENTER LOCATIONS
	TRANSFER POINT LOCATIONS
	DELIVERY LOCATIONS
	STAGE ONE ROAD NETWORKS
	STAGE TWO AIR CORRIDORS

	MODEL FORMULATION
	DECISION VARIABLES
	TRANSFER POINT UTILIZATION
	STAGE TWO DELIVERY UTILIZATION

	OBJECTIVE FUNCTION
	CONSTRAINTS
	CONSTRAINT 1
	CONSTRAINT 2
	CONSTRAINT 3
	CONSTRAINT 4
	CONSTRAINT 5
	CONSTRAINT 6 AND 7

	COMPLETED MODEL
	OPTIMIZATION SUITES

	CALCULATIONS AND RESULTS
	FUTURE STUDY
	REFERENCES
	Biographies
	JEFFREY A. MCDOUGALL
	LUIS DANIEL OTERO


