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ABSTRACT It is well-known that the deformation of transformer winding can produce detectable changes to
the frequency response spectrum compared with a referenced past measurement. To interpret such changes
for diagnostic purposes, main causes of the trace deviation need to be recognized precisely. In addition,
it is useful that the interpretation of transformer frequency response is classified in a way that IoT-based
techniques can be developed in the near future to analyze the transformer mechanical integrity. This paper
has specifically concentrated on the inductance and capacitance variation due to the axial and radial disk
deformation of transformer winding. Analytical analyses on self- and mutual-inductance variations are
discussed and capacitance variation is studied in detail for symmetrical and asymmetrical transformer disk
deformations. A numerical example is provided to establish the analytical approach and compare inductance
and capacitance variation. The analytical approach is finally examined through the experimental study of disk
deformation in a 66 kV transformer winding.

INDEX TERMS Axial deformation, frequency response analysis, radial deformation, transformer winding

deformation.
NOMENCLATURE L Self-inductance of an air-core circular disk
. . Lo (scalar value)

Leg Elemental inductance matrix of winding N Number of turns within a disk

Ly Elemental inductance matrix of disk (disk A) R Mean radius of a disk

Map Elemental mutual inductance of disks A and B h Axial dimension of conductor

L Turn inductance value (scalar value) w Radial dimension of the winding cross section

My Turn-to-turn mutual inductance between turns 1 M Turn-to-turn mutual inductance
and 2 (scalar value) Ry, R,  Mean radius of the turns a and b

La—_gisc  Equivalent inductance of disk A, summation of M,y Mutual inductance between turns x and y
all arrays in L, (scalar value) U Voltage drop across the pair of disks

My _gisc  Equivalent mutual inductance of the first disk, C; Total turn-to-turn capacitance of a pair-disk
summation of all arrays in Map (scalar value) Cy Turn-to-turn capacitance

Legv Equivalent self-inductance of multi-section Cy Total disk-to-disk capacitance of a pair-disk
lumping (winding), summation of all arrays in Caa Scattered disk-to-disk capacitance
Leg (scalar value) 8¢ Thickness of inter-turn insulation

My  Equivalent mutual inductance of multi-section & Relative permittivity of paper insulation
lumping (winding), summation of mutual £0 Vacuum permittivity
arrays in L4 (scalar value) n Turn number
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l Total length of conductor in one disk

Cy Equivalent series capacitance of winding

Cs—pair  Equivalent series capacitance of pair-disk

C, Winding shunt capacitance

H Height of the winding

r Mean radius value of winding

r Mean radius value of circular tank

M’ Mutual inductance of circular filaments whose
axes are inclined

X Maximum axial displacement of the outermost
turn from the origin

d Mean turn-to-turn distance

M Mutual inductance between the turns for
asymmetrical axial deformation

C, Turn to turn capacitance in a deformed disk

n Ratio of entire trigonometric circular span (27)
over the deformation span (rad)

8d Disk-to-disk distance

r’ Radial deformation radius

Db Induced magnetizing flux on the second loop
due to the current initiated by the first loop

1, Current flowing through conductor a

no Vacuum permeability

I. INTRODUCTION

Frequency Response Analysis (FRA) has been in use as a
comparative diagnosis method for several years, and its accu-
racy and sensitivity have been extensively discussed in the
literatures [1]-[5]. Initial FRA measurements during factory
testing are taken as the winding fingerprint (reference) [6].
Any subsequent changes in winding structural configura-
tion would almost certainly cause changes in the frequency
response trace [7], [8]. Although this method has been applied
in industry since the last decade, accurate interpretation
of the FRA trace is still very much under development.
The FRA trace is commonly presented as Bode diagrams,
with frequency on the x-axis and the response magnitude
on the y-axis. Self- and mutual inductance or series- and
shunt-capacitance variation will cause some changes to the
FRA trace [9].

In [10], it is concluded that “the changes of capaci-
tance can be neglected in the model for axial displace-
ment studies and the changes in inductance matrix can be
neglected for the radial deformation study”. Another study by
researchers in [11] asserted that inductance and capacitance
would change following axial movement of the winding.
Recent literatures also have discussed on axial and radial
deformations in transformer winding. Classification of trans-
former winding faults using a new calculation method is also
recommend in [12]. Although a numbers of studies have
been conducted on FRA trace deviation due to the winding
parameter variation, there is still considerable ambiguity on
how winding parameters are changed under such structural
movements.

Nowadays, available powerful numerical methods such
as finite element provide the ability to calculate distributed
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parameters in transformer winding precisely. However, it
would be of interest to address the problem through analytical
methods as this approach can assist in the physical under-
standing and may also help in automated prognosis algorithm
design for cloud computing.

In order to gain new knowledge on FRA trace interpreta-
tion through analytical approach, this study has specifically
focused on inductance and capacitance variation due to the
axial and radial deformation in an air-core transformer wind-
ing disk.

To conduct the study, an air-core continuous disk winding
having four disks and four conductor turns in each disk
is proposed as a model. It is also assumed that the model
winding is enclosed in a cylindrical metal tank. At first, the
self- and mutual inductances as well as series and shunt
capacitances are calculated for the winding in normal (not
deformed) condition. Afterwards, one of the winding disks
is supposed to be deformed axially and the resultant changes
in parameters are analyzed, analytically. This step is carried
out for symmetrical as well as asymmetrical axial deforma-
tions. Then, radial deformation of the winding is modeled
through buckling and all parameters are calculated and dis-
cussed. This stage is also studied through computer simula-
tions using 3D finite element and the results are compared
with those obtained from the analytical approach. It should
be highlighted that the case of inductance calculation has
been quite thoroughly treated through a number of major
studies. Formulas for circular filaments were first given by
Maxwell [13]. Subsequently, Rayleigh [14], Lyle [15], But-
terworth [16], Snow [17], Rosa [18], Curtis and Sparks [19],
Grover [20], Babic er al. [21], Conway [22], etc., have devel-
oped and derived others formulas and tables to calculate self
and mutual inductances.

In this study, the Grover’s equation [20] is used for the self-
inductance calculation of circular coils of rectangular cross
section as well as mutual inductance calculation for coaxial
circular filaments. Grover’s formulas are then developed for
the calculation of transformer winding inductance matrix
for the case of axial and radial deformation. It should be
noted that to simplify inductance calculations, the thickness
of paper insulation wrapped over the conductors is ignored
in this study, but for capacitance calculation this thickness
is taken into consideration. At the end, a numerical example
using the analytical approach is provided. Self and mutual
inductances as well as series and shunt capacitances are cal-
culated in detail for axial and radial deformation. The results
are compared and deviation in each parameter is discussed.
This is followed with measurement results from a practi-
cal study on a deformed winding to examine the analytical
approach.

In general, this paper is structured as follows: (1) analyt-
ical discussion on inductance and capacitance variation in
axial and radial deformation with focus mainly on mutual
inductance changes, sections III, IV, and V; (2) numerical
example to find changes of inductance in axial tilting of trans-
former winding disk and simulation on radial deformation of
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winding disk, section VI; (3) a practical study and emulation
of transformer winding disk tilting on an isolated 66 kV
transformer winding, section VII.

Il. PROPOSED WINDING AND ITS PARAMETERS

In the absence of magnetic materials, self and mutual induc-
tances are parameters dependent only on the geometric
size/location of the winding conductors and are independent
of the current [20]. Hence, to study the influence of axial and
radial deformation on distributed parameters of transformer
winding, an air-core model is proposed and shown in Fig. 1.
The winding has four disks and four conductor turns per disk.

A. TRANSFORMER WINDING INDUCTANCE

1) ANALYTICAL ANALYSIS

The elemental inductance matrix of the winding illustrated in
Fig. 1 is given by (1), as shown at the bottom of this page,
in general form and (2), as shown at the bottom of this page,
in detailed form:

where,
[ Ly Mp Mz My
Iy = My L, My My
M3 Mz Ly Mag |’
| May Msyp  Maz Ly |
[ Mis Mg M7 Mg ]
Mys My My Mg
Musp = , 3
AB Mss  Mzg Mz;  Msg 3
| Mas  Mas  Ma7  Mag |

In the above, L4 is the elemental inductance matrix of
disk A, Mup is the elemental mutual inductance matrix of
disks A and B, L; denotes the turn inductance, and M;; is
the turn-to-turn mutual inductance between turns 1 and 2.
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FIGURE 1. Air-core transformer winding model. Disks A and C assumed
as normally wound, and Disks B and D reversely wound.

Kirchhoff [23] has shown that the equivalent self-
inductance of a disk is equal to the summation of the
self- and the mutual inductance of each turn with respect to all
the other turns in that disk. Hence, for the proposed winding,
the equivalent inductance of the section lumped together for
the first disk (La_gisc) is given by (4) while the equivalent
mutual inductance of the same disk is given by (5):

My + M3 + M3
+ M4 + M4 + M3y

4

Ma_gise = 2 (M1 + M3 + Moz + Mg + Mas + M34) (5)

La—gise = Li+Lo+L3+Ls +2 (

Equations (4) and (5) will be utilized later to compare the
mutual inductance variation in a disk due to axial deformation
of the winding. These equations can be extended for any
number of disks and not restricted to a single disk; hence,
using the summation method on a single section lump, the

[ La Mag  Mac Map
Lo— Mps Lp  Mpc Mpp
“ Mca Mcp Lc  Mcp
| Mpa Mpg Mpc Lp

Ly My M3 Mg Mis Mg My Mg Mig

Ly Mys Myy Mps M May Mag My

Ly M3q Mss Mszs M3z; Mzg M3g

Ly Mys Mas My7 Myg Myo

Ls Mss Ms7; Msg Msog
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L7 Mg M7

Lg Mgy
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elemental inductance matrix (L., ), equivalent self-inductance
for multi-section lumping (winding) of Fig.1 is given as:

Leq—w = LA—disc + LB—disc + Lc—disc + Lp—disc

" Mag + Mac + Mpc )
+Map + Mpp + Mcp

The mutual inductance of the winding, M., is then defined
as:

Meg—w =2 (Map + Mac + Mpc + Map + Mpp + Mcp)
(7

It should be clarified that similar to La _gjsc; Map, Mac, - . .
are equivalent mutual inductance of the other disks lumped
together and they are scalar values. It also should be noted
that (2) is a symmetric matrix for any winding configurations.
It will be shown later that this matrix will change once axial
deformation occurs.

2) Calculation

a: SELF-INDUCTANCE

The self-inductance of a circular winding with a rectangular
cross section is a function of winding shape. The significant
parameters defining the winding shape are the mean radius
of the turns per disks, and axial and radial dimensions of the
conductor cross section. These parameters are illustrated in
Fig. 1. Based on this, the self-inductance (L) of an air-core
circular disk for 2 = W is given by [20]:

L =0.001RN’Py uH 8)

where, N is the number of turns within a disk, R is the mean
radius of disk’s turns, 4 is the axial dimension of the conduc-
tor cross section, W is the radial dimension of the winding
cross section, and Py is a function of W/2R. For relatively
small cross sections category such that (W /2R < 0.2), Py is
given by [20]:

11wy’ 2R\*
-+ === In{8| —

Py=4x [ \27 12\ 2r W ©)
— 0.84834 4 0.2041 (%)

For a thin circular disk with rectangular cross section of any
desired proportions (h # W), the self-inductance is given by:

L =0.019739 W N°R(K — ky) pnH (10)

where K comes through Nagaoka’s formula [24] and can
be derived through Table 2 in the Appendix I, and ko is a
factor that specifies circular inductance decrement due to the
separation of turns in radial direction. For a single turn with
significant mean radius dimension, ko could be zero. It should
be noted that L in (8) and (10) would be almost equal to
the value obtained in (3). Indeed, Grover has tried to bring
the extensive disk inductance calculation in (3) into a single
lumped form in (8) or (10).
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b: MUTUAL INDUCTANCE
The mutual inductance of a transformer winding can be cal-
culated for one disk with respect to another disk as given

by (11):
Mxy = NiN2My, pH (11)

or it can be achieved through summation of the turn-to-
turn mutual-inductances as obtained by (7). In this equation,
Ni and N; denote the number of turns of different disks, and
My is calculated using Lyle’s method [15].

In our study, as the main goal is specifically focused on
turn-to-turn mutual-inductance variation in axial and radial
winding deformation, we focus on turn by turn mutual-
inductance analytical calculation and then collect them to
find the entire mutual inductance in matrix form. The mutual-
inductance of coaxial circular filaments is given by [25]:

M =f\RyR, uH (12)

where M denotes each and every turn mutual inductance as
illustrated in (3), (for instance M3, Mi3,...). R, and Ry
are the mean radius of the turns a and b, respectively (see
Fig. 2(a)). f is a function of parameter k which is given by:
C(l—a?+p? R, d

S0rwr+p TR PR W

d is the distance between the circular turns as illustrated in

Fig. 2. For a typical transformer winding, k < 0.1; thus, f can
be obtained by [20]:

1
f =0.014468 <10g10 % - 0.53307) (14)
R, PRN
i 0 S B B B B
J e
o B B N .
Rb Rb
(@ ()

FIGURE 2. Coaxial circular filaments, (a) two coaxial filaments, (b) several
circular filaments in a transformer disk form.

For the inter-turn mutual inductance between two conduc-
tors in a common disk 8 = 0; and for the inter-disk mutual
inductances of the conductors in different disks with equal
mean radii, « = 1 can be taken into consideration. Therefore,
all mutual inductances (Myy) in (2) can be obtained one by one
using (12).

B. TRANSFORMER WINDING CAPACITANCE

1) SERIES CAPACITANCE

To calculate the equivalent series capacitance in a contin-
uous disk winding, the energy summation method is used.
According to this method, the summation of energies in the
capacitances along a pair of disks is equal to the total energy
which exists within those two disks. It is assumed that the
number of conductor turns in each disk is N. The number of
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FIGURE 3. Pair of disks, (a) Cross-section overview and voltage
distribution along pair disks, (b) Up side view of the proposed
winding including metal container.

series capacitors between turns, as shown in Fig. 3, will be
2N — 2 for a pair of disks. Therefore, the total equivalent
capacitance between the conductors (Cy) is given by [26]:

1., 1 U\? 1. (N-1
ECtU - (2N - 2)§Ctt m 9 C; - ECU T
15)

where U is the voltage drop across a pair of disks, see
Fig. 3(a), and Cy is given by:

(16)

h+26
Cy :8,80Rn( + t>

26,

where §; is the thickness of inter-turn insulation, & is the
relative permittivity of paper insulation, and g is the vacuum
permittivity.

Calculation of the equivalent inter-disk capacitance (Cy) is
based on the voltage distribution demonstrated in Fig. 3(a).

According to Fig. 3(a), when moving from end points
starting from conductor number 1 or number 8 towards the
middle of the winding (conductor number 4 and number 5),
the voltage on corresponding conductors will change in a non-
linear manner along the pair of disk. Hence, the steady state
voltage distributions for conductors in the upper and lower
disks are as follows:

—x
21
where n is the turn number and [ is the total length of

conductor in one disk. The equivalent capacitance between
two disks is then obtained as [26]:

21 X
Uup(”) =U Udown(n) = UE 17

1 1 Caa
Ecduz = 5 CaaUup(n) — Udown(m)?,  Ca = =1 a8

The summation of C; and Cy gives the equivalent series
capacitance Cs—pq;r for a pair of disks in a continuous disk
winding:

Cs—pair =Cy+C (19)

The first part in (19) is related to the capacitances between
the disks, and the second part is related to the capacitances
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between the conductors. The equivalent series capacitance for
the entire winding (C;) is then obtained by:
1 Ny —1 Nyw/Ng) — 1
Cs=—(4d Cy+ Lol =
Na Na (Nw/Na)

where N, is the number of transformer winding discs, and
N,, is the number of winding turns.

Cn) (20)

2) SHUNT CAPACITANCE
Referring to Fig. 3(b), the shunt capacitance between the

winding and the cylindrical metal container (tank) is given
by:
2w Heg
7 In(ra/n)
where, H is the height of the winding, r| is the radial dimen-

sion of the winding, r» denotes the radial dimension of the
tank, and §; as compared to r; is ignored.

21

lll. AXIAL DEFORMATION OF WINDING DISK AND

ITS IMPACTS ON WINDING PARAMETERS

Axial or radial deformation or displacement in transformer
winding may be due to short circuit currents, earthquakes,
careless transportation between sites, explosion of com-
bustible gases accumulating in the transformer oil, etc.

A. MUTUAL INDUCTANCE OF CIRCULAR FILAMENTS
WHOSE AXES INCLINED TO ONE ANOTHER

It is possible for axial deformation to occur symmetrically
or asymmetrically for one or several disks. This work is
specifically concerned with symmetrical and asymmetrical
axial deformation of a disk among four disks as illustrated
in Figures 4 and 5. Figures 4(a) and 5(a) show the deforma-
tion patterns, whereas Figures 4(b) and 5(b) illustrate their
implementation in the winding.

1) SYMMETRICAL AXIAL DEFORMATION OF A DISK
The mutual inductance of the circular filaments whose axes
are inclined to one another is given by [25]:

M’ = RoM cos6 = Rof /RpR,cos0 uH (22)

where, M is calculated as (12), and Ry is a function of 6 and
given by:

where, X is the maximum axial displacement of the outer-
most turn from the origin. The formulas for P, (1) and P;,(v)
are provided through (A1) and (A2) in the Appendix I [13].
In the case of a transformer winding, parameter « generally
takes a value between 0.6 and 0.9 (due to typical radius of
innermost and outermost conductors in a disk, 0.6R, < R, <
0.9Rj). Hence for convenience, in the range of 0.6 < o < 0.9
some of pre-calculated values of Ry are provided in Table 3
in the Appendix.

Based on Table 3, R is a value less than 1 for a typical
transformer winding. In addition, cos® < 1; hence, M’ < M.
Therefore, the mutual inductances between the winding turns
for the symmetrical deformation of a disk show smaller
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FIGURE 4. Symmetrical axial deformation of a disk, (a) Axial deformation
pattern, (b) Deformed disk.

values as compared to the normal winding. This in turn
influences very little the total self-inductance of the winding.

2) ASYMMETRICAL AXIAL DEFORMATION OF A DISK
The mutual inductance between the turns for asymmetrical
axial deformation of a disk is given by:

M" = RoM, cos @' = Rof'\/RpR,cos0’ uH  (24)

According to Fig. 5, the distance between the second and
third disks has been changed from d to D, while D > d.
Hence, B in (13) should be replaced by Bgyw, for mutual
inductance calculation between the turns in the second and
third disks, and given as follows:

D d+Rysint’
ﬂduwn = R, = R, (25)

Bup 1s then defined as (26) and represents the ratio of the
distance between the first and second disks and R,
B = D' d—R;sint’
w Ry, - Ry,
Other parameters in (23), as shown at the bottom of this
page, should also be replaced by:

(26)

2= o? n_ :3)%
1+ B2’ 1+ B2
/ - —1 X / /
6" = sin , = cos6 27
2R,

13 ﬂ 15 | 16
®)

FIGURE 5. Asymmetrical axial deformation of a disk, (a) Axial
deformation pattern, (b) Deformed disk, d is the center to center
distance between the second and third disks in normal condition

as well as symmetrical deformation, and D denotes the center to
center distance between the second and third disks in asymmetrical
deformation.

where, By can take Byown Or Byp in (27) for the mutual
inductance calculation of the second disk with respect to the
third or first disk, respectively. In addition, i can be replaced
by i/, k% by k%, and v? by v in (23) and k by kgown Or kip
in (13) and (14), accordingly.

Since By, < B < PBdown , therefore, ky, < k <
kgown and fup > f > fiown. Hence, we define A; =
Jop —f > 0,and Ay = fiown — f < 0. Based on
(14), if faown < fup then |[A1| > |Az| and eventually the
total value of f” for asymmetrical deformation would be
less than the mutual inductance coefficient, f, in the normal
winding. This factor causes M” to experience a larger value
than M.

On the other hand, as discussed earlier, Ry is a value less
than 1 for a routine normal transformer winding. In addition,
cos 0’ is <1. Hence, M" can take a value less than M.
Therefore, two factors (cosf and Rg) will decrease the value
of M" and one factor (f”") can increase it. Thus, it is difficult
to confirm analytically the magnitude of M” as compared
to M. In order to determine which factors are more significant
in changing their relative magnitude, a numerical example is
provided in the next subsections and the results are discussed
to clarify this point.

P P P
1 — 2Py - Lt L) B8 5copr o) B

RO = 1,2p/ 1, 4p/ 5 . 6p/
I = 36°P3(v) + g*P5(v) — GK°P;(v) + ...
2 2
X
2_ _“ 2= p 0=sin"' (=), p=cosh (23)
14+ p2 14+ p2 R,
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FIGURE 6. Cross-section overview and voltage distribution along
deformed winding.

B. SERIES AND SHUNT CAPACITANCES OF CIRCULAR
FILAMENTS WHOSE AXES INCLINED TO ONE ANOTHER
1) SERIES CAPACITANCE
The turn-to-turn transformer winding capacitance can be
influenced slightly due to the axial symmetrical and asym-
metrical deformation of a winding’s disk.

For the deformation illustrated in Fig. 4, equation (16) for
the turn-to-turn capacitance of the second disk is obtained
as:

h—wtan + 26,1 — tan 6
c;,:wopn( wtanf + 26,(1 — tan )> (28)

28

If assuming the voltage distribution along the pair of disks
is uniform in our model, the inter-disk capacitance C; will
not change (see Fig. 6). Therefore, the total series capacitance
in Fig. 4 will slightly reduce. This reduction is negligible as
the transformer winding disks are practically close together
and tan 6 experiences small value. Similar calculation can be
performed for Fig. 5. In Fig. 6, the cross-section overview
and voltage distribution along winding is provided. The thick
lines show that when moving forwards along the winding
length from one conductor to the other conductor; the voltage
drop over each conductor is reduced by AV = U/2N. Each
voltage level (1, 2,...) represents the voltage drop over one
single turn of conductor. It also shows that the position of
deformed conductors does not influence the voltage drop over
the winding length.

2) SHUNT CAPACITANCE

The shunt capacitance between the winding and container
(metal tank) can experience similar value in (21) as the
outward parameters are still similar to the normal winding
configuration.

IV. RADIAL DEFORMATION OF WINDING DISK AND ITS
IMPACTS ON WINDING PARAMETERS

Radial deformation of transformer winding is modeled
through free-buckling in this study. As illustrated in Fig. 7,
exterior appearance of the winding shows buckling towards
metal tank or it can deform towards winding center.

7482

FIGURE 8. Radial displacement pattern of a disk.

A. SELF- AND MUTUAL INDUCTANCES IN RADIAL
DEFORMATION

The total inductance variation of a buckled winding has been
discussed in [27] for conductors carrying high currents. It has
been calculated and stated that the total inductance would
be changed due to the buckling; however, this is potentially
dependent on the deformation radius. For typical deforma-
tion in transformer winding in which deformation radius as
compared to the winding radius experiences low ratio; this
alteration would be insignificant. Mutual inductance varia-
tion under radial deformation of turn or filament is discussed
in detail in Appendix II. It is demonstrated how this parameter
can be changed due radial deformation towards the disk
center or towards the metal tank.

It should be noted that the radial deformation of trans-
former winding is also modeled through radial displacement
of a disk in some of the literatures [10] as is shown in Fig. 8.

In this case, the mutual inductance of circular elements
with parallel axes is given by:

M" = M,F (29)

where, M), is calculated as M with a distance r, between the
disks and F is given as Table 4 in the Appendix.

Since ry > d; therefore, M, < M. According to Table 4,
F can take a value larger or smaller than 1. Based on this and
also other data in Table 4, M"” will not change significantly
for the typical buckling of transformer winding particularly
when 6” is not large enough.

V. SERIES AND SHUNT CAPACITANCES IN

RADIAL DEFORMATION

A. SERIES CAPACITANCE

According to (16) through (19), it can be concluded that
the series capacitance including turn-to-turn and inter-disk
capacitances of the buckled winding shown in Fig. 7 is
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not changed significantly as the dimensions still remained
unchanged for these parameters.

B. SHUNT CAPACITANCE

The electric field generated by the transformer winding is
not uniform across the deformed turns. Therefore, calculation
of the shunt capacitance requires the electric field deter-
mined by finite element method. This approach is considered
and conducted in the next subsection through a numerical
example, and the result is then compared with the analytical
approach. However, for analytical discussion, if assuming
a uniform electric field across the deformed section (high-
lighted in Fig.7), the equivalent shunt capacitance can be
obtained through summation of the shunt capacitance of the
normal section, Cypmai, as given by (30) paralleled with the
shunt capacitance of the deformed section, Cyeform, as given
by (31):

2
eoerH
Cnormal = / —:2d¢ (30)
ln(ﬁ)
@r-35)
271/
eoerH

n
Caorm = [ : ¢ (D)
3 0 (o)
where, 7 is the ratio of the entire trigonometric circular span
(27) over the deformation span (rad) as illustrated in Fig. 7,
H is the winding height, and r’ represents the deformation
radius.
The total shunt capacitance of the buckled winding is
eventually obtained as:

Cé/; = Cuormal + Cdeform (32)

VI. NUMERICAL EXAMPLE

A numerical example is provided to demonstrate the induc-
tance and capacitance variation in winding deformation. It is
assumed that the model winding illustrated in Fig. 1 has a
single strand conductor. The radial dimension of conductor
is w = 7 mm, axial dimension is 4 = 11 mm, inter-disk
distance is §; = 6 mm, thickness of paper insulation is §; =
0.5 mm, relative permittivity of paper insulation is &, = 3.2,
vacuum permittivity is gg, mean radius of winding disk is
R = 280 mm, mean radius of the tank is Ry = 400 mm,
and winding as well as tank height are 62 mm and 100 mm,
respectively. The winding has four disks and four conductors
per disk. Note that the center to center distance for pair of
disksisd =5.545.54+6 = 17 mm.

A. AXIAL DEFORMATION OF A DISK

Axial deformation of model winding is supposed to occur
for the second disk. Hence, the maximum axial displacement
in Fig. 4 and Fig. 5 for conductor numbered 8§ would be
X = 6 mm. Therefore, the inductance and capacitance of
the model are calculated as follow using discussed analytical
formulas.

VOLUME 6, 2018

1) INDUCTANCE CALCULATION
The detailed inductance matrix («H) of the normal winding
obtained is:

18221 13679 1.0997 09387 0.8500 0.9385 1.0190 1.0653 0.8128 0.7910 0.7564 0.7131 0.6006 0.6277 0.6498 0.6655
13679 17354 1.3250 1.0630 0.9066 0.9863 10310 1.019 0791 0.7845 07631 0.7291 0.6036 0.6253 0.6409 0.6498
1.0997 13250 1.6507 1.284 09529 09969 09863 0.9385 0.7564 0.7631 0.7565 0.7354 0.6010 0.6164 0.6253 0.6277
09387 1.0630 1.2840 1.5682 0.9629 0.9529 09066 0.8500 0.7131 0.7291 0.7354 0.7287 0.5922 0.6010 0.6036 0.6006
0.8500 0.9066 0.9529 09629 1.5682 12840 1.0630 09385 0.8500 0.9066 09529 0.9629 0.7287 0.7354 0.7291 0.7131
0.9385 0.9863 09969 09529 12840 17354 13250 1.0997 0.9385 09863 09969 0.9529 0.7354 0.7565 0.7631 0.7564
1019 1.0310 09863 09066 1.0630 13250 16507 13679 1.0190 1.0310 09863 0.9066 0.7291 0.7631 0.7845 0.7910
L 10653 1.019 09385 08500 0.9385 1.0997 13679 1.8221 1.0653 1.0997 09387 0.8500 0.7131 0.7564 0.7910 0.8128
€q=| 08128 0791 07564 07131 08500 09385 1.0190 10653 18221 13679 1097 09387 08500 0.9385 1019  1.0653
0791 0.7845 07631 0.7291 0.9066 0.9863 1.0310 1.0997 13679 1.7354 13250 1.0630 0.9066 09863 1.0310 1.019
07564 0.7631 0.7565 0.7354 0.9529 0.9969 09863 0.9387 1.0997 13250 1.6507 1.284 0.9529 09969 09863 0.9385
07131 07291 0.7354 07287 0.9629 0.9529 09066 0.8500 0.9387 1.0630 1284 1.5682 09629 09529 0.9066 0.8500
0.6006 0.6036 0.6010 0.5922 0.7287 0.7354 07291 0.7131 0.8500 0.9066 09529 0.9629 1.5682 12840 1.0630 0.9387
0.6277 0.6253 0.6164 06010 0.7354 0.7565 07631 0.7564 0.9385 09863 09969 0.9529 12840 1.6507 13250 1.0997
0.6498  0.6409 0.6253 0.6036 0.7291 0.7631 0.7845 07910 1.019  1.0310 09863 0.9066 1.0630 13250 1.7354 13679
0.6655 0.6498 0.6277 0.6006 0.7131 0.7564 07910 08128 1.0653 1.0190 0.9385 0.8500 0.9387 1.0997 13679 1.8221

(33)

For the symmetrical axial deformation occurred on the sec-
ond disk (Fig. 4), the inductance matrix is calculated as (34),
while this matrix for the asymmetrical deformation (Fig. 5)
is obtained as (35):

18221 13679 1.0997 0.9387 |0.8483 0.9365 1.0168 1.0629| 0.8128 0.791  0.7564 0.7131 0.6006 0.6277 0.6498 0.6655
13679 17354 13250 1.0630 |0.9047 0.9842 1.0287 10168 0.791  0.7845 0.7631 0.7291 0.6036 0.6253 0.6409 0.6498
10997 13250 1.6507 1284 0.9508 0.9947 09842 0.9365| 0.7564 0.7631 0.7565 0.7354 0.6010 0.6164 06253 0.6277
0.9387 1.0630 1284 15682 |0.9607 0.9508 0.9047 0.8483| 0.7131 0.7291 0.7354 0.7287 0.5922 0.6010 0.6036 0.6006
0.8483  0.9047 09508 0.9607| 1.5682 12840 1.0630 0.9385| 0.8483 0.9047 0.9508 0.9607 [0.7271 0.7338 0.7276 0.7117)
0.9365 0.9842 0.9947 0.9508 1.2840 1.7354 13250 1.0997 | 0.9365 0.9842 0.9947 09508 |0.7339 0.7548 0.7614 0.7548
1.0168 1.0287 09842 0.9047| 1.0630 13250 1.6507 1.3679| 1.0168 1.0287 0.9842 0.9047 [0.7276 0.7614 0.7827 0.7893)
L, 1.0629 1.0168 0.9365 0.8483 0.9385 1.0997 13679 1.8221 | 1.0629 1.0168 09365 0.8483 [0.7117 0.7548 0.7893 0.8110)

4= 08128 0791 07564 07131 [0.8483 09365 10168 10629 18221 13679 10997 09387 08500 0.9385 1.019 10653
0791 0.7845 07631 0.7291 | 0.9047 09842 1.0287 1.0168| 13679 17354 13250 1.0630 0.9066 0.9863 1.0310 1.0190
0.7564 07631 0.7565 0.7354 [0.9508 0.9947 09842 0.9365 1.0997 13250 1.6507 1284 09529 09969 0.9863 0.9385
07131 07291 0.7354 0.7287 | 0.9607 0.9508 0.9047 0.8483 0.9387 1.0630 1284 1.5682 0.9629 09529 0.9066 0.8500
0.6006 0.6036 0.6010 0.5922 {0.7271 07338 0.7276 0.7117 0.8500 0.9066 0.9529 0.9629 1.5682 1.2840 1.0630 09387
0.6277 0.6253 0.6164 0.6010 {0.7338 0.7827 0.7614 0.7548| 0.9385 0.9863 0.9969 09529 12840 1.6507 13250 1.0997
0.6498  0.6409 0.6253 0.6036 {0.7276 07614 0.7548 0.7893) 1.019  1.0310 0.9863 0.9066 1.0630 13250 1.7354 13679
0.6655 0.6498 0.6277 0.6006 [0.7117 0.7548 0.7893 0.8110| 1.0653 1.019 09385 0.8500 0.9387 1.0997 13679 18221

(34

[1.8221 13679 1.0997 09387 [0.8495 09380 1.0184 1.0647| 0.8128 07910 0.7564 0.7131 0.6006 0.6277 0.6498 0.6655]
{13679 1.7354 13250 1.0630 |0.9061 09857 1.0304 1.0184| 0.791  0.7845 0.7631 0.7291 0.6036 0.6253 0.6409 0.6498 |
110997 13250 16507 12840 [0.9523 0.9963 09857 09380 0.7564 07631 07565 07354 06010 0.6164 0.6253 06277
09387 1.0630 1284 15682 09623 09523 0.9061 0.8495) 0.7131 0.7291 0.7354 07287 0.5922 0.6010 0.6036 0.6006 |
0.8495  0.9061 0.9523 0.9623| 1.5682 12840 1.0630 0.9385 [0.8495 0.9061 0.9523 0.9623|| 0.8123 0.7350 0.7287 0.712
09380 0.9857 0.9963 09523 1.2840 17354 1.3250 1.0997 |0.9380 09857 0.9963 0.9523(| 0.7350 0.7560 0.7626 0.756( |
[1.0184 1.0304 09857 09061 1.0630 13250 1.6507 13679 |1.0184 1.0304 0.9857 0.9061|| 0.7287 0.7627 0.7840 0.7903|
L" |1.0647 10184 09380 0.8495) 0.9385 1.0997 1.3679 1.8221 [1.0647 1.0184 0.9380 0.8495/| 0.7127 0.7560 0.7905 0.7283 |
eq:_ 08128 0.791  0.7564 07131 |0.8495 0.9380 1.0184 10647 18221 13679 10997 0.9387 08500 0.9385 1019  1.0653 |
{0791 07845 07631 0.7291 |0.9061 0.9857 1.0304 1.0184| 1.3679 1.7354 1.3250 1.0630 0.9066 0.9863 1.0310 1.0190 |
107564 07631 07565 0.7354 [0.9523 0.9963 09857 0.9380| 1.0997 13250 1.6507 1284 09529 09969 09863 0.9385 |
{07131 07291 07354 0.7287 [0.9623 0.9523 0.9061 0.8495| 0.9387 1.0630 1.284 1.5682 0.9629 09529 0.9066 0.8500
10,6006 0.6036 0.6010 0.5922 [0.8123 0.7350 0.7287 0.7127] 08500 09066 09529 09629 15682 12840 1.0630 0.9387
106277  0.6253 0.6164 0.6010 {07350 0.7560 0.7626 0.7560| 0.9385 0.9863 0.9969 0.9529 1.2840 1.6507 13250 1.0997 |
10.6498 0.6409 0.6253 0.6036 |0.7287 0.7626 0.7840 0.7905| 1.019  1.0310 0.9863 0.9066 1.0630 13250 1.6507 13679 |
[Q 6655 0.6498 0.6277 0.6006 [0.7127 0.7560 0.7905 0.7283] 1.0653 1.0190 0.9385 0.8500 0.9387 1.0997 1.3679 1.8221 _|

(33)

As compared to (33), those elements which have changed
due to the winding axial deformation are highlighted by
enclosed rectangles in (34) and (35). To find these varia-
tions, (4) and (5) can be easily calculated and compared with
original values in (33). The matrices in (36) and (37) give
deviation values in the mutual inductance for symmetrical
and asymmetrical axial deformation of one single disk in
percent, respectively.

[0.00 022 0.00 0.00]

AL/ 022 0.00 020 0.21 36
¢ 1000 020 0.00 0.00 (36)

0.00 021 0.00 0.00

0.00 0.05 0.00 0.007]
N 0.05 0.00 0.05 0.06 a7
¢ 1000 005 000 0.00

| 000 006 0.00 0.00
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According to (34) and (35), the elements in M, Mp,, Mp,
M.y, Mpg and My, are changed due to the axial deformation
of the second disk. In fact, all related mutual inductances
to the second disk have changed, while other elements have
remained unchanged. It should be also emphasized that due
to both types of axial deformation, the self-inductance of
the second disk is changed slightly but it is too small to
appear in the reported decimal digit numbers in 34 and 35.
In addition, the variation of mutual inductances as well as
the total self-inductance for symmetrical axial deformation is
more as compared to the asymmetrical deformation. This in
turn means that the deformation angle, 6, is quite a significant
parameter in inductance variation.

2) CAPACITANCE CALCULATION
The series capacitance for the normal winding of Fig. 1 is:

Cs = 67.950 pF (38)

This value was obtained as (39) and (40) for the configu-
rations in Fig. 4 and Fig. 5 respectively:

C! = 67.827 pF (39)
C! = 67.889 pF (40)

The shunt capacitance will remain almost constant as the
outward configuration has not changed considerably.

B. RADIAL DEFORMATION ALONG THE WINDING

It is assumed that radial deformation caused part of the
model winding to be stretched towards the metal tank as
shown in Fig. 7, where the mean radius of deformation is
r’ = £50 mm, and the deformation angle is ¢ = 7/2.

In this particular case, the shunt capacitance of the winding
can change significantly due to the radial deformation, while
other parameters will remain almost constant. Hence, the
shunt capacitance is simulated and calculated for a buckled
winding similar to Fig. 7 using finite element method as well
as the formulas presented in this study. The parameters of
the simulated winding are same as those presented in the
example (Fig. 9). Simulated and analytical results are shown
in Table 1.

The results provided in Table 1 reveal that the analytical
approach to calculate the shunt capacitance has reasonable
accuracy in this study. However, this accuracy might not
be adequate for complicated radial deformations or winding
spiraling. For both finite element and analytical approaches, a
winding which is bent inwards experiences less shunt capac-
itance than that bent outwards.

VII. CASE STUDY

Axial and radial deformations of transformer winding disk
were discussed. To explore the winding disk deformation
influence on FRA spectrum and determine how the induc-
tance variation in (34) and (35) can affect the frequency
response trace of transformer winding practically, a 66 kV,
25 MVA air-core isolated winding was used for axial defor-
mation emulation.

7484

@ (W)
FIGURE 9. The modeled winding through finite element (mean radius of
winding disk = 280 mm, mean radius of tank = 400 mm, tank

height = 62 mm, r’ = £50 mm, ¢ = /2), (a) bent inwards,
(b) bent outwards.

TABLE 1. Calculated capacitance between the winding and metal
container (tank).

Condition Finite Element Analytical calculation
Normal Winding 41461  pF 42506 pF
Bent outwards 39.709 pF 40.325 pF
Bent inwards 67.048 pF 66.056  pF

FIGURE 10. Axially deformed winding.

This winding contains 32 disks with 24 turns per disk.
At first, frequency response end-to-end open circuit mea-
surement [28] was conducted on the original (undeformed)
winding. The FRA spectrum was recorded over the frequency
range of 20 Hz - 2 MHz. Afterwards, the fourth disk of the
winding was tilted axially with its outermost turn shifted
towards the upper disk, as shown in Fig. 10. This was
achieved by inserting a plastic wedge (12 cm in height and
5 cmin base) to produce asymmetrical axial deformation. The
wedge was inserted such that it influenced one half of the
disk’s circumference. The winding frequency response was
re-recorded and the two spectra (before and after deforma-
tion) are shown in Fig. 11.

Different literatures agreed that within the FRA spectrum
of single transformer winding, the first anti-resonance in the
low frequency part is initiated through interaction between
the winding inductive and capacitive reactance [7], [29], [30].
The case study here on this anti-resonance helps to estimate
which winding’s parameter has altered. Study on other fre-
quency bands of the FRA spectrum can also narrow down the
investigations, help to analyse the first anti-resonance better,
and improve the diagnosis.

According to Fig.11 and moving from lower towards
higher frequencies, it can be seen that the spectra in the
very low-frequency region are almost matched. After around
1 kHz, the discrepancy becomes noticeable in the low-
frequency band while the first anti-resonance shows FRA
spectrum deviation due to the axial deformation. This in turn
could be due to the inductance or shunt capacitance reduc-
tion of the winding. In addition, mid-frequency oscillations
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FIGURE 11. Reference and measured frequency response spectra for
winding.

have altered and resonances and anti-resonances are shifted.
Since the mid-frequency oscillations are initiated through
the mutual inductance, series and shunt capacitances, this
alteration tends to support the hypothesis that the mutual
inductance or total capacitance may have been changed. Fur-
thermore, close matching of the FRA spectra in high and
very high frequency regions is indicative that deviation in
spectra comes through inductance rather than capacitance
variation. In fact, the low-frequency band of the FRA spec-
trum is mainly affected by winding inductance and deviation
in this region could be due to self- or mutual inductance alter-
ation. Hence, it can be concluded that the deviation in FRA
spectrum is due to mutual inductance changes as demon-
strated in the numerical example and analytical discussion.
Furthermore, considering (36) and (37), it can be found that
even small changes in the winding mutual inductance can
influence FRA results.

VIIl. CONCLUSION
Modeling of transformer windings due to radial and axial
deformations is considered a significant challenge for
those researchers studying transformer windings through the
detailed model. To address this concern, this work focused
on inductance and capacitance variations due to transformer
winding disk deformation. A winding model was proposed,
self- and mutual-inductances as well as series and shunt
capacitances were studied in detail, and inductance and
capacitance variations due to axial and radial deformations
were discussed analytically. A numerical example was pre-
sented and it showed how the winding inductance value
would be changed due axial tilting of a winding disk. Changes
in the series capacitance value under such circumstances was
not covered in detail numerically; however, it was discussed
that the series capacitance variation would be insignificant in
a winding disk with low impulse voltage distribution coef-
ficient, «. Changes in the shunt capacitance value would
be negligible as the outer surface winding structure remains
unchanged in axial transformer winding disk tilting.

Study on radial disk deformation using the model wind-
ing revealed the shunt capacitance variation in transformer
winding. It was also shown that the mutual inductance
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TABLE 2. Values of K for single layer coil [20].

2R K 2R | K 2R K 2R K
0 0 0.0 | 0203324 | 020 0319825 | 030 0405269
0.01 0034960 | 011 | 0217044 | 021 0320479 | 031 0412650
0.02 0.061098 0.12_| 0230200 | 022 0338852 | 0.32 0419856
0.03 0083907 | 013 | 0.242842 | 023 0347960 | 0.33 0.426890
0.04 0.104562 0.14_| 0255011 024 0356816 | 0.34 0433762
0.05 0.123615 0.15_| 0266744 | 0.25 0365432__| 035 0440474
0.06 0.141395 0.16__| 0278070 | 0.26 0373818 | 036 0447036
0.07 0158119 | 0.17 | 0.289019 | 027 0381986 | 037 0.453450
0.08 0.173942 0.18_| 0299614 | 028 0389944 | 038 0459724
0.09 0188980 | 019 | 0309876 | 029 0397703 | 039 0.465860
0.10 0203324 | 020 | 0319825 030 0405269 | 040 0471865
TABLE 3. Values of R for inclined circles [20].
u B=0 =01 | p=02 B=0 B=0.1 B=02
0 04099 | 04741 | 0.6078 05300 | 05660 | 0.6550
0.1 04114 | 04763 | 0.6095 05330 | 05680 | 0.6540
02 04161 | 04807 | 0.6150 05360 | 05730 | 0.6580
03 04229 | 04890 | 0.6246 05440 | 05780 | 0.6670
0o |04 04311_| 05012 | 06389 | . [0550 | 05920 | 0.6800
- 0.5 04472 | 05185 | 0.6593 - 05730 | 06110 | 0.7000
0.6 04673 | 05431 | 0.6886 05980 | 0.6330 | 0.7290
0.7 04969 | 05794 | 0.7308 06270 | 0.6680 | 0.7650
0.3 05433 | 0.6383 | 0.7951 0.6800 | 0.7190 | 0.8180
0.9 06278 | 0.7313 | 0.9064 07640 | 0.8070 | 0.9050
1.0 1 1 1 1 ] 1
}1 B=0 B=01 | p-02 B=0 B=01 | B-02
0 06276 | 0.6498 | 0.7104 07149 | 0.7306 | 0.7746
0.1 06291 | 06513 | 07121 07164 | 07321 | 0.7761
0.2 0.6337 | 0.6562 | 0.7172 07200 | 0.7366 | 0.7806
03 06420 | 0.6645 | 0.7259 07287 | 07444 | 0.7883
04 06542 | 06769 | 0.7387 07403 | 0.7560 | 0.7996
=07 5 06714 | 06943 | 07566 | “° [T0.7563 | 0.7718 | 08150
0.6 0.6950 | 07182 | 0.7807 07779 | 07932 | 0.8354
0.7 07279 | 07512 | 08135 08071 | 08218 | 0.8621
0.8 07753 | 0.7984 | 0.8585 08472 | 08608 | 0.8972
0.9 08503 | 0.8710 | 0.9217 09055 | 09160 | 0.9429
10 1 1 1 1 1 1

of a winding disk can be changed due to radial defor-
mation; the extent depends on the degree of deforma-
tion and its span. Asymmetrical disk deformation was
emulated in the laboratory using a 66 kV isolated wind-
ing and its frequency response spectrum was recorded.
Practical measurement results showed that winding disk
deformation can change the FRA spectrum. Here, the
change appeared in the frequency range from 10 kHz
to 200 kHz. The FRA signature over this frequency band is
known to be primarily influenced by the winding inductance
and shunt capacitance. However, in this particular case study,
it may be initiated through the winding inductance rather than
the shunt capacitance for the reason described earlier. Com-
paring numerical example results, (34) and (35) with deviated
frequency band in Fig. 11, it can be further concluded that
the change in the FRA spectrum is mainly due to mutual
inductance rather than self-inductance variation.

APPENDIX I
@2m — 1)2m —3)
m!

Pm(ﬂ) =
m mm—1)
x <“ T 2om—nH
mm— 1)m—2)(m—3) . _4
2.42m — 1)2m — 3) S )

m—2

(A1)

P;n(l)) _ mﬂpm(ﬂ)z_ mPp,_1(1) (A2)
w—1
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TABLE 4. Values of F for parallel circles, ry /2R = A, [20].

Cost” | A=1 | 09 08 [ 07 [06 [05 [04 [03 [02 [0l [0
0 4053 |-1953 |-0467 (0525 |1.145 |1.485 [1.622 [1.621 [1.531 [1.382 | 1
0.1 1508 |-1.023 |-0.168 [0.550 |1.055 |1.357 [1.495 [1.513 |1.448 |1.327 | 1
02 0724 |-0387 [0.117 [0585 |1.010 |1.264 [1.392 [1.421 [1376 [1278 | 1
03 0237|0013 [0.348 [0.696 [0.989 [1.195 [1.308 |1341 [1.310 [1.233 | 1
0.4 0101|0291 [0.5246 [0.766 [0.983 [1.144 [1.239 [1.271 [1252 [1.191 | 1
0.5 0351|0493 0658 [0.829 [0.984 [1.105 [L.I8I [1211 [1.199 [1.153 | 1
0.6 0544|0647 [0.76] |0.878 [0.987 [1.075 [L.132 [1.158 |1I51 [L1I5 | 1
0.7 0.695 0766 [0.842 (0920 [0.991 [1.050 [1.091 [L.I11 |1.108 [1.085 | 1
0.8 0818 |0.861 0907 [0952 [0.995 [1.031 [1.056 [1.069 [1.069 [1.055 | 1
0.9 0917|0937 0958 (0979 [0.998 [1.014 [1.026 [1.032 [1.033 [1.026 | 1
1.0 1 1 1 1 1 1 1 1 1 1 1

z
ﬁ_
\‘\t?b !
Sp T
y 1 dlb
I d i Rub
AH/—\E\
\\\\‘\9“ i X
Saq RN
Y dl,

FIGURE 12. Concentric circular filaments.

APPENDIX I
A. NORMAL CONDITION
The mutual inductance between two circular filaments having
radii R, and R}, is obtained as:

®p

M = —, (A3)

I
where ¢, is the induced magnetizing flux on the second loop
due to the current initiated by the first loop. Hence, My, as
the mutual inductance is given by:

Mab
Ho 1
= Q Apdly = — dlp.dli,
fabb 47'[%%Rabh a
Ch Ca Cp
_ oRaRp fZ” /2” cos ¥,
T 4xm 1
0 0 (Rg + R,% +d? —2R,R}, cos 19,1) )
x dopd iy,
I
[ Note that: Ry, = (thl + Rl% +d? — 2R,R} cos ﬁa> ]
(A4)

In the above, refer to Fig. 12 to find parameters and config-
uration It is obvious that the mutual inductance between two
circular filaments is only a function of their shapes as well as
orientations. This was stated in [13] and [31].

Using Maxwell’s advices in [13], reference [31] discussed
the solution of (A4). In fact, changing the variable 9, to 26",
cos ¥, = c0s20” = 2cos20” — 1, and do¥, = 2d0” will
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FIGURE 13. Concentric circular filaments, inward buckling demonstration
for the second loop.

simplify the equation. Thus, M, can be calculated as [31]:

Map
_ MoRaRs / i 2cos 26" 1o
2 ‘ ((Ra +Rp)*+d?—4R,R;, cos? 9”) R
_ Mo (Rafty) fﬂ keos20” o,
2 0 (1 — k2 cos? 9”)1/2
K2 = 4R,Ryp

R+ R+
[ Note that: k cos 268" = (% — k) — % (1 — k2 cos? 9”) ]
(AS5)
Having information about complete elliptic integrals K (k)

and E(k), equation (A4) is given by [13] and [31]:

My, =

1
o (RuRp) 2 /” k cos 26"
0

”
> I do

(1 — k2 cos?9,) )

L. k| /2 1
= po (RaRp) 2 = —k
0 k 1/2
(1 — k2 cos? 9“)

1
2
- (1 — k2 cos? 9”) /2} do"

T
— o (RaRp) 2 / 2 <% - k) :
0 k . 1/2
(1—k2 sin?0”)

|
2

_= (1 k2 sinzé”) 21 4o
k

1 2 2
= 110 (RuRp) 2 [(z —~ k) K(k) — ;E(k)]
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cos % (Rb + 0.5¢'(cos nity — 1))

, ,U/OR 2 /271/7;

+ (Rp + 0.57/(cos n¥r — 1))? +d? —

cos

I dvhd

2R, (R + 0.5r'(cos %y — 1)) cos 1) 2

drd D (A7)

ab
2

7T/T] R2+R2+d2

2R4Ry cos V1) )

1

where:

T

1

K(k) = / 1 do”,

0 (1 —k2sin?6") )

™ |

h

E(k) = /0 (1 K2 sin29”> 2467 (A6)

Therefore, (A6) shows the analytical approach to determine
the mutual inductance for concentric circular filaments.

B. MUTUAL INDUCTANCE UNDER BUCKLING
Equation (A4) is utilized to calculate the impact of buckling
on the mutual inductance of two concentric circular filaments
as shown in Fig. 13. It should be noted that in the case of
inward buckling (Fig. 13) the winding radius for the span
faced buckling is defined as Rpy = Rp+0.5r'(cos nf —1), and
outward buckling (Fig. 7) is expressed as R,y = Rp — 0.5+
(cos n@ — 1). n is the ratio of the entire trigonometric circular
span (27) over the deformed arc (in radians) as illustrated in
Fig. 7, and ' represents the deformation radius.

Based on this, the mutual inductance is given by (A7), as
shown at the top of this page.
where, the first part of (A7) comes through the span facing
deformation and second part represents the circular part in the
second filament. This integral is complex to solve analytically
and better addressed numerically using software. However, to
continue the equation analytically, it can be assumed that the
influence of R, (in the total value of R, as the denominator)
in the first integral is negligible as compared to R, influence
as the numerator. This assumption is reasonable for the fila-
ments which are quite far away, but perhaps it is not accurate
for close loops. Having this assumption over the integrals
in (A7), M}, is obtained as:

’
ab

MOR 27 /271/77 (Rp — 0.5¢") cos

T
(R2 4 R2 +d? — 2R Ry cos 1) 2

X drd
MOR /2” fzn/" 0.5r cos ¥ cos nit
(R2 4 R2 + d? — 2R,R, cos 9y %
X dtrd
1oRRy2m (1 — ")
4
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x / zn cos U1 =01 (A8)
O (R2+R2+d® — 2R,Rycos 91) 2

where the first integral in (A7) has been split in (A8). Upon
integrating one step, M b is given by:

woRa(Rp — 0.5r")

My, = 2
/2” cos i
X 1
1
 (R2+ R +d> — 2R,Rycos v1) 2
R / 2 9

n noRar / cos i 49,

87‘[7’] 0 1/2

(R2+R}+d?>—2R,R; cos V1)

oR.Ry(1 — 171
+

x / 7 cos 1 —di (A9
O (REARE+d>—2R,Rycos v) 2

After simplification of (A9), M ;b is obtained as:

Rr'(1 =2 R,R 2
M, = oRar'( 7T)+Moab /
87‘[7} 2 0

D
» cos a9,

1
(R2 + R +d?

(A10)

— 2R,R), cos 191) )

Comparing (A10) with (AS), it is obvious that the term
having (1 —2m) slightly reduces the mutual inductance within
inward buckling as it takes a negative value. Accordingly, this
coefficient will change to a positive value (1 4 27) when the
outward buckling occurred for the filament (see Fig.7).
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