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ABSTRACT The problem of output regulation for a class of cascade switched nonlinear systems is
investigated in this paper. Sufficient conditions for the problem to be solvable are given using the average
dwell time method and the multiple Lyapunov function method. The problem for each subsystem to be
solvable and may not be solvable are discussed, respectively. The main results are obtained based on full
information feedback and error feedback. In addition, the method of designing the switched law is also
presented in this paper. Finally, the simulation examples show that the results are very effective.

INDEX TERMS Output regulation, switched cascade nonlinear systems, average dwell time, multiple

Lyapunov function.

I. INTRODUCTION

Output regulation is an important problem in the control
theory. This problem aims to asymptotically track a class
of reference trajectories and/or disturbances. It is generated
by an autonomous finite-dimensional dynamical system. The
problem of output regulation has been widely used in prac-
tical engineering. Thus, many researchers investigated this
problem. For non-switched linear and nonlinear systems, this
problem has been generally studied in references [1]-[5].

The switched system is a special kind of hybrid systems.
It consists of a family of continuous time or discrete-time
subsystems and a rule orchestrating the switching between
these subsystems. Switched systems are used widely in the
engineering applications, for instance, control of industrial
processes and air traffic control [6], [7]. Generally, stability
analysis and stabilization problems are fundamental issue
of switched systems. The average dwell time method is an
effective tool to solve these problems. The multiple Lyapunov
function method is the other effective tools [8]-[13].

The output regulation problem is more challenging than
stabilization, because the hybrid nature of the switched sys-
tems makes the problem more complicated. Actually, even if
under the arbitrary switching, the solvability of the output reg-
ulation problem for switched systems could not be obtained
from the solvability of the problem for each subsystem.

Up to now, there are few results about the output regula-
tion problem of the switched systems. For linear switched

systems, the solvability of the problem was solved using
a convex combination method [14]. In order to reduce the
conservativeness, reference [15] studied the output regulation
problem for switched discrete-time linear systems. The mul-
tiple Lyapunov function method was used in this reference.
References [16], [17] discussed the optimal output regulation
problem for switched discrete-time linear systems. In [18],
the problem was considered for non-switched systems with a
switched exosystem. Reference [19] has solved the problem
based on an error feedback according to an output error-
defendant method. Reference [20] presented the sufficient
condition for the problem to be solvable. The sufficient con-
dition is based on the multiple quadratic Lyapunov convex
null. At the same time, reference [21] discussed the output
regulation problem for a class of switched linear multi-agent
systems with a distributed observer approach. In [22], the
problem was solved by a geometric approach. For nonlinear
switched systems, reference [23] considered the solvability
of the problem. The average dwell time method was used in
this reference. Reference [24] applied the concept of geo-
metric steady to research the solvability of the problem.
References [25]-[27] presented the sufficient conditions for
the problem based on the concept of the switched internal
model. However, to the authors’ best knowledge, the output
regulation problem has not been investigated for cascade
switched nonlinear systems. In the present work, this problem
will be investigated.
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In this paper, we investigated the output regulation problem
for cascade switched nonlinear systems. The average dwell
time method and the multiple Lyapunov function method are
used to solve this problem. Firstly, the regulation equations
are derived for the solvability of the problem for the cas-
cade switched nonlinear systems. Secondly, switching laws
and controllers are designed to ensure the output regulation
problem of switched systems is solvable. The problems for
each subsystem with the assumption of the solvability are
considered, while the problems with no assumption of the
solvability are also considered. In addition, the above results
are presented based on the full information feedback and the
error feedback.

Il. PROBLEM STATEMENT
Consider a cascade switched nonlinear system described by
the equations of the form

X1 = Alo)X1(t) + Ao (1)X2(t) 4+ Bo(ryu(t) + Ponyw
X2 = fron)(x2(1)) (D
e(t) = Conx1(t) + Qo (@

where x; € R"“ and x, € R? are state vectors, u € R™
and e € RP are control input and error variable respectively.
The switching signal o [0,00) — IN[l,...,N]is a
piecewise constant function of time, A1;, A2;, B, P;, C; and
Q; are known constant matrices of appropriate dimensions,
fri(x2) are known smooth functions. The exogenous input
variable w € R” includes disturbances and/or reference input
and satisfies the following neutrally stable exosystem

»=Sw @

where S has only simple eigenvalues on the imaginary axis.

In this paper, we consider the structure of controllers with
two forms. When x(¢) and w(¢) are available, we adopt the
full information controller, such as

u=Kisx1 +Kysxo + Lyw 3

and when the output error e is available for measurement, we
apply the error feedback, that is,

£ =F,£+Goe
u = Hyé €

Definition 1 (see [23]): For any switching signal o (¢) and
any 1 > ty > 0, let Ny (¢, t) denote the number of switching
of o(¢) on the interval (7, t). If Ny(t9,t) < No +t — ty/7,
holds, then the positive constant t,, is called the average dwell
time. In general, we assume Ny = 0.

We now state the output regulation problem of the switched
system (1).

A. OUTPUT REGULATION VIA FULL INFORMATION
Find, if possible, feedback laws (3) and a switching law o (¢)
such that:
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i) the system (1) with the controllers (3) is asymptotically
stable under the switching law o (¢) without the distur-
bance input.

ii) for each (x (0), w (0)), the solution (x (¢), w (¢)) of

X1 = (Ao + BsKi5) X1 + (A2s + BsKas) X2
+ (BO'LO’ + P(r) w

X2 = fro(x2)
o =Sw (5)
satisfies

Jim e() = lim (Cox + Qo) = 0.

B. OUTPUT REGULATION VIA ERROR FEEDBACK
Find, if possible, feedback laws (4) and a switching law o (¢)
such that:

i) the system (1) with the controllers (4) is asymptotically
stable under the switching law o (¢) without the distur-
bance input.

ii) for each (x (0), & (0), w (0)), the solution (x (¢) , £(¢),

w (1)) of

X1 = AigXx1 + Ao X2 + BoHo & + Pow

X2 = f2o(x2)

§ = GoCox1 +Fsé +Gs 050

w=Sw (6)
satisfies

Jim e(t) = lim (Co()x + Qo (@) = 0.

IlIl. OUTPUT REGULATION UNDER THE GIVEN
SWITCHING LAW

In this section, we will give sufficient conditions for the
solvability of the output regulation problem, based on the
average dwell time method.

A. OUTPUT REGULATION VIA FULL INFORMATION
FEEDBACK
Now, we will give a sufficient condition for the output regu-
lation problem is solvable via full information feedback.
Theorem 1: Suppose there exist constants Ag > 0,8 > 0,
x1 >0, x2 >0,y >0, u > 0, positive definite matrices 13,-,
and matrices Kj;,i = 1,2---N, and a smooth positive
definite function G(x), such that

AEP,‘ + P,‘Ali + KlTl-BiTP,' + P,‘BiKli +yI + )LOPi <0

Pi<uP; ijely ™)
x1 Ixl? < G) < xa lxl?
0G(x2)
T Jita) < =8 lla || ®)
X2

If there exist I1, I';, for Vi € Iy, satisfying the following
equations

IS = A;I1 + B;T"; + P;
0=CIl+ Q; 9
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then, under the switching law satisfying the following average
dwell time

In

Ta = T: = T AE (O, A0) (10)

the full information feedback controllers (3) solve the prob-
lem of output regulation for the switched system (1), where
X1 =x1 — HNo.

Proof: Set L; = T'; — Ky;T1, and consider the coordinate
transformation X; = x; — I1w. According to (9), we have

)Lcl =x — w
= Ais (x1 — Nw) + B; K15 (x1 — [w)
+ (A2 + Bs Koo ) X2
= (A1o + Bs K1) X1 + (A2 + BoK25) X2

X = foo(x2)
e = Cox1 + Qo
= Co (x1 — ) + (Co 1T+ Q05) ®
= C, 7% (11)

We define the following Lyapunov function candidate
V() = V() = )ZITIBgfq + kG (x7) and for the i-th activated
subsystem, the derivative of V(¢) along the trajectory of the
corresponding subsystem is

G (x2) .
X2
X2
T ThHe | ~TH -
=X (A1 + BiK1;)" Pix1 + X, P; (A1 + BiK1;) X
+x3 (Ayi + BiK2)T Pify + %] P; (A + BiKa) xa
aG(Xz)
fai (x2)

V(t) —xl le +x1 ,x1 +k

= ! (AllP + Pidy; + KEBTP; —i—PBKl,)

+ 2551 P'Azixz + 2}?1 PiB,'Kzl'xz
3G (X2)
th (x2)

there exist constants ¢; > 0, g; > 0 and d; > 0, such that

~T
Mzl < cilleall, |7

< gillxill, 1BiK2ixz || < dillx2 |l

we set m = max {c;q;, diqi|i € In}, according to (7) and (8),
we get

V(1)

A

—y % ||2 — 20T Py 4 4m |31 | 2]l — k8 lxa )
—?»oxl Pix1 — kaoG(x) 4+ kroG(x) — y 1511
+dm |z )l — k8 lxoll

< =2V + kroxa %21 — y 15117

+dm || 2]l — &8 Ilx2 ]|

- 2m 2
< =xV@® -y |Ixll- N [z ]

A

4m? 2
-5~ + k8 —krox2 ) llxall

18336

4m? ; .
where k > m, thus V(t) < —ioV (¢). By virtue of (7),
we have
Vi<suVi i, jely
Forany t > 0, denote 1, 2, - - - , tk—1, tk, - =+ » IN,(0,T) as the

switching instants on the interval (0, ), we get

V() < e_ko(t_t""’(o'”)V(fN”(o,r))
Me*ko(t*tNrf(O”)V(t]; 0 t))

IA TN IA

//LNU (O,Z)E—A(ﬂ V(O)

According to (8), there exist constants ¢, ¢z, such that

or (1812 + I2l?) < V) < 2 (I + )

Based on the above inequalities, we have

2} Ng (0,1) In p—2rgt
170 < /Zl T RO

where %(1) = [xlT,xz]
Definition 1, we have

Eo) < |25
@1

Therefore, under the average dwell time (10), the system (11)
is asymptotically stable and tlim e(t) =0.

Because of the formula (10) and

Ol

Thus, the problem is solvgﬁl via the full information
feedback.

B. OUTPUT REGULATION VIA ERROR FEEDBACK

In this part, we consider the exosystem state w(¢) is not
available, and the output error is available for measurement.
Under these conditions, we will give a solvability condition.

Theorem 2: Assume that there exist constants io > 0,
5 > 0,x1 > 0,x2 > 0,y > 0,2 > 0 and positive
definite matrices P,- and matrices G;, i = 1,2---N, and a
smooth positive definite function Z (xy), satisfying the follow-
ing inequalities

AT P+ PiAy; + 71 + AP < 0

P<MP i,jely (12)
;512|(|ng| <Z(x) < 72 Ix2ll?
X2
fz(X2) < =5 |xl? (13)

If there exist IT, X, such that

IS = A1 + B;H; X + P;
%S = F;3
0=CIl+ Q; (14)

then, under the switching law satisfying the following average
dwell time

=T = A € (0,20) (15)

VOLUME 5, 2017
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the output regulation problem is solved by output feedback
Ay BiH;
G;C; F;

Proof: Define (? ) = (g : gz

we have
-1

= Ao (1 — [ [ ) + Bo Ho (6 — Zw)

controllers (4), where Aj; =

), according to (14),

X1 =X

+ A1, [ [+BoHo Z + Py — [ [ oo + Azs 2
= Ala)’zl "l‘BaHaé + Axsx2
g = Fog +GJCU)~51
X2 = fas(x2)
e = CyX (16)
Set X; = (JEIT %T )T, then
X| = Ao X1 + Asexa
X2 = fro(x2)
e = C,X) (17)

- A1 -
where Ay; = [ 02’j|, C;i=[Ci0]
We choose V(1) = Vy(t) = XI PoX1 + kZ (x2) and for
the i-th activated subsystem, the derivative of V() along the
trajectory of the corresponding subsystem is

V() = X Pixy + X1 PiX, +k f21 (x2)

= XIT (AlTl P +PiA1i) X1+ 2X1 PiA2iX2
3Z(X2)

le (x2) (18)

There exist constants ¢; > 0 and g; > 0, such that

Mol < @llel,  |XTR| < a@xl,

we set m = max {c;q;|i € Iy}, according to (12) and (13), we
have

V() < =7 X112 = hoXT PiXy 4 2m |X1 || k2]l — &8 [lx2]|?
< —2oXT PiXy — kAoZ(x2) + kAoZ(x2) — 7 IX1 11
+2m |1 X || lx2ll — &8 [|x2 1%
< —%V(@) + kroxz %2l — 71X, 12
+2m 1 X || lx2ll — k& |lx2 12
_ n 2
< —XV(@)—y (||X1|| - IIX2||>
m2 - = -= _ 2
— (—— + k& — kkon) [l2c2
YV
- 2
where k > ﬁ then V(t) < =XV ().

Therefore, based on the proof of Theorem 1, the system
(16) is asymptotically stable and tlim e(t)=0
— 00
Thus, the problem is solved via the error feedback.
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IV. OUTPUT REGULATION UNDER THE CONSTRAINED
SWITCHING LAW

In this part, solvability conditions for the problem will be
presented based on the multiple Lyapunov function method,
where the problem for each subsystem may not be solvable.

A. OUTPUT REGULATION VIA THE FULL

INFORMATION FEEDBACK

Now, we will give a solvability condition under the con-

strained switching law via the full information feedback.
Theorem 3: Suppose that there exist constants 8; > 0,

B>0,a1 >0,ar >0,y > 0, and positive definite matrices

13,~ and matrices Kj;,i,j = 1,2---N, and a smooth positive

definite function W (x,), satisfying the following inequalities

ATP; + PiAy +K1,BTP + P;BiK);

+yl + Z ,3,‘/'(13/'—13[)<0 Viely (19)

J=1,i#
ar [l? < W) < az x|
8W(x2)
i) = =P llx2 1% (20)

If there exist I1, I';, for Vi € Iy, such that the formula (9) is
satisfied, then, under the switching law

o(f) = arg min {fcle’,-fq +W (XQ)} 21)
iely

the problem is solved by controllers (3), where x| = x| — [w.
Proof: Set L; = I'; — Ky;I1, and consider the coordinate
transformation X; = x; — I[Mw. According to (9), we have

X =% — o
= Ay (x1 — w) + B;K1s (x1 — Mw)
+ (A2s + BsK2s) x2
= (A1s + BsKi5) X1 + (A2e + BsK25) X2

X = foo(x2)
e =Cox1 + Qo =Cs (x1 — lNNw) + (Co 1T+ Qy) @
= CyXq

Define the following Lyapunov function V(¢) = V,(¢) =
)NclTi’g)El + [W (x2) and for the i-th activated subsystem, the
derivative of V(¢) along the trajectory of the corresponding
subsystem is

oW (x2) .
X2

V() = X P&y + X Py + 1 "
2
= X (A1 + BiKi))" Pi¥y + 3] Pi (A1; + BiK1j) %1
+x7 (Aoi + BiK2)" Pify + x| Pi (As; + BiK2) x2
3W (X2)
fai (x2)

— ;! (AhP + iy + KT BT Py +13~B-1<1,~) %
( 2)

+ 25T PiAgixy + 25T PiBiKaixy + l i (x2)
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there exist constants a; > 0, p; > 0, and b; > 0, such that

~T 5
lAziall < i lall - [57P
1BiKzixa | < b lall,

<pilxl,

we set k = max {a;p;, bjp;|i € Iy}, according to (19) and (20),
we get

—y 117 + 4k 1B ezl — 28 llxa

. 2% 24, 5
-y |Ix1|I+7||x2|| +7||le| — 1B llx2ll

V(r)

A

where [ > ‘K. Thus V(t) < 0. Therefore, under the
switching law (21), the system (1) is asymptotically stable
without disturbances w(t) and tl_l)Holo e(t) =0.

Thus, the problem is solved by the dual design of con-
trollers and the switching law.

B. OUTPUT REGULATION VIA THE ERROR FEEDBACK

The same as the part 3.2, we still consider the exosystem
state w(?) is not available, and the output error is available
for measurement. Under these conditions, we will give a
solvability condition.

Theorem 4: Assume that there exist constants sz > 0,
B>0,a1 >0,a >0,y > 0, and positive definite matrices
131- and matrices Gj,i,j = 1,2---N, and a smooth positive
definite function U (xy), satisfying the following inequalities

N

ALPi+PA+71+ Y Bj(Pj—P;) <0, Viely

J=L1,i#j
(22)

@ llnl? < Un) < @ llx|?

AU (x2) _
T fi) < =B 21 (23)
X2

If there exist IT, X, such that the formula (14) is satisfied,
then, under the switching law

o(t) = argmin {eTI_’me} (24)
iely

the output regulation problem is solved by output feedback
controllers (4), where

Ay = A BiH, . Pi= c/PuiCi 0 .
G;C; F; 0 Py
Proof: Define Ay (x-To according to (14)
00f: E)=\e—s0) g ’
we have
o= -]]o
= Aie1 — [ [@) + BsHoy (6 — Zo)
+ Ao [[+BoHs T + Po — [ [ S + Azo 2
= AioX1 +BoHoé + Aoz
5 = FGS +G0Ca)~cl
X = fao(x2)

e = CyXg
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Set X| = ()?]T §T )T, then

X| = Ao X1 + Aspxa

X = fao(x2)
e = ngl
whereAy = I:A()Zii|, Ci = [Ci O].

We choose V(1) = V,(t) = X! P,X1 + U (x2) and for
the i-th activated subsystem, the derivative of V (¢) along the
trajectory of the corresponding subsystem is

, = _ . AUM)
V(t) = X] PiXy + X[ PXy +1 ™ fai (x2)
— xT (AT P, + PA,, Tp Ay
= X[ (AL P+ P X1 +2X] Pidaixs
AU (x2)
+1 f2i (x2) (25)
0x2

Because of

Vi(t) = X[ PiXy + U (x2)

Th, (. =
= (& gT)(C,'POlnCI P22><§1)+1U(x2)

=i CT PGy + ET Pyé + 11U (x2)
= ' Pryje + ETPpE +1U (x2)
and

o(t) = argmin {eTI_’n,-e} = arg min {XlTPin + U (xz)]

iely iely
There exist constants @; > 0, and p; > 0 such that HAzixz || <
ailall, | X7 P
according to (22)-(25), we have
V(e) < =7 IX1 17+ 2k X | bzl — 28 Iz

< pilX1ll, we set k = max {a;p;li € Iy},

k 2 j2
=—y (IIX1 |- = ||x2||> + — llxall® = 18 %2l
Y Y

We choose [ > % then V(t) < 0. Therefore, under the

switching law (24), the system (1) is asymptotically stable
without disturbances w(t) and tl_l)rgo e(t) =0.

Thus, the problem is solved by the dual design of con-
trollers and the switching law via the error feedback.

V. SIMULATION

In this part, we will adopt the main method presented in
this paper to solve two numerical examples and a practical
example.

Example 1: Now, we will solve the output regulation prob-
lem via the full information feedback by the average dwell
time method.

Consider the switched system (1) consisting of the follow-
ing two subsystems.

The first subsystem with the parameters as follows:

12 02 0
A“:[o.z —0.5}’ 312[1}’
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0.5 1.6 0.9 3
Az = [ 1 } Pr= [—0.45 —0.95]”021 =R
C1=[1 ]], Q1=[—1.5 O].
The second subsystem with the parameters as follows:
—-0.5 0.1 1
Azl = [ 0.1 —1.2}’ By = [o}’
2.5 1.25 0.4
Az = [0.5}’ P2=[0.15 —1.65]’
fo =25 —xcos’xy, Cr=[1 1],
O, =[-15 0]
In (9),

0 —05 0 0
Sz[o.s 0 ] F1=F2=[0 0}’

11
m= [0.5 —1]

Sety =1, 1= 0.5, u = 1.2, we have 7, > 0.364.
Based on the above parameters, we have

p _ [1.3652 0.0449 p, _ [1.7904 00173
'=100449 179177 27 10.0173 14273 |

K1 = [-04140 —1.2570],

Kip =[—0.9513  —0.2044],

Ky = —0.25, Ky = —0.75.

Therefore, the conditions of Theorem 1 are satisfied, and the
output regulation problem is solved via the full information
feedback. Figs. 1-3 depict the simulation results. Fig 1 gives
the state response of the switched system; Fig 2 illustrates
the output of the switched system. Fig 3 demonstrates the
switching law.

tis

FIGURE 1. State responses of the switched systesm.

Example 2: Now, we will solve the output regulation prob-
lem via the error feedback by the multiple Lyapunov function
method.

Consider the switched system (1) consisting of the follow-
ing two subsystems.
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tis

22

B @ @
- T T

The /i+h subsystem

]

0.8
0
t/s

FIGURE 3. The switching law.

The first subsystem with the parameters as follows:

[-25 0 02 0
A= 0.2}’ Az = [ 0 —2.2}’

1 -2 225 10
B = _o}’ Pr= [0.8 —1.2]’ G = [0 1}’

[ 1 —0.05
Q=|_, _ } i) =—x —x3.

The second subsystem with the parameters as follows:

[0.8 2.3 0
Ay = 2} A22=[05}Bz=[1}

(0.7 09 1 0

Fr=132 2.2]’ Cz:[ ]
(1 —05

O = -1 - }

—ZXS—szOSZXQ, S:[(l) _01]

f(x2)

Based on the above parameters, there exist following matri-
ces satisfying (14)

1 —05 0 0
iU ]
H =105 —-05. Hy=[-05 05],
“15 0 0 -05
Fl:[ 0 —1.1]’ Fzz[o.s 0 ]
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Let By =

Theorem 4, we have

2 and y = 0.5, according to

B [9.7336 0
=0 11797 )
B _ [353093 0
=1 o 35.3543 |’
B, _ | 148794 0.7878
27107878 19.6276 |
G [ 27409 350432
DT -47.8321  49.7168 |
G = [ —3.1334 354921
27| 481333 —50.0612 |

Therefore, the conditions of Theorem 4 are satisfied, and
the output regulation problem is solved via the error feed-
back. Figs. 4-9 depict the simulation results. Fig.4 and Fig.5
give the state response and the output of the subsystem 1,
Fig.6 and Fig.7 illustrate the state response and the output of
the subsystem 2, Fig.8 and Fig.9 give the state response and
the output of the switched system.

30

20F — %,

States

a
20f )| /

-30
0

t/s

FIGURE 4. The state responses of the subsystem 1.

Figure 4-9 show that the output regulation problem is not
solvable for the subsystem 1 and the subsystem 2, but the
problem is solvable for the switched system under the dual
design of the controller and the switching law.

Example 3: Consider a switched RLC circuit in Figure 10,
the capacitor C; and C; could be switched. The switched
RLC circuit is described by the following equations

} 11O+ Az (D) + [?} u(t)+Pioo

. 0 1/L
X1 =
1/Ci —R/L
1

B=—

x2,
RC3 2

i=1,2

where x| = [qc or ], X7 is the voltage of the capacitor C3, w
is the disturbance of the circuit, which satisfies the dynamic
equation @ = Sw, our control objective is the output e =
Cx1 + Qw tends to zero. We choose the system parameters
are L = 0.5H, C; = 50uF, C; = 100uF, C3 = S50uF,
R =1Qand R, = 0.12.

18340

FIGURE

FIGURE

Outputs

5.

States

6.

Outputs

ts

The outputs of the subsystem 1.

50

40t

30f

20 .

//,
-20 :
1 2 3 4 5

t's

t/s

FIGURE 7. The outputs of the subsystem 2.

Therefore, we have

Aq

Az
Ci

Ay

0
| —0.02

2" 2]
[0

| —0.01

[0 ~1.8
_0]’ Pr= [ 1.84

2 0]
_2:|, Bl—[l_,
1.6 ]
2.18_’ f21 = _0'2x29
0r=[-2 -4].
2 0]
_2}, 322[1_,

VOLUME 5, 2017
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FIGURE 9. The outputs of switched systems.
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FIGURE 12. Output of the switched system.
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FIGURE 13. The switching law.

Based on the above parameters, we have
~ ~ 43061 2.4527
Pr=h= [2.4527 3.9382}’
K = [—4.6326 —2.2592],
Kip = [—4.6426  —2.2592],
K> = —0.3675, Ky = —0.2525.

Therefore, the conditions of Theorem 1 are satisfied, and

the output regulation problem is solved via the full informa-
tion feedback.
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Figs. 11-13 depict the simulation results. Fig 11 gives
the state response of the switched system; Fig 12 illustrates
the output of the switched system. Fig 13 demonstrates the
switching law.

VI. CONCLUSION

In this article, we considered the output regulation problem
for cascade switched nonlinear systems. The problem for
each subsystem to be solvable and may not be solvable are
considered respectively. The average dwell time method and
the multiple Lyapunov function method are employed to
insure the problem is solvable for switched systems. The
developed results are an extension to the output regulation
problem for non-switched cascade nonlinear system.
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