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ABSTRACT Nonorthogonal multiple access (NOMA) with successive interference cancellation is
considered as one of the most promising schemes in multi-user access wireless networks. Based on
the principles of NOMA and full-duplex (FD) communications, this paper proposes a novel FD-aided
cooperative NOMA (FD-NOMA) scheme to optimize the maximum achievable rate region. Since self-
interference often exists in FD communications, a self-interference canceller is employed in this system.
Specifically, three schemes that aim to maximize the achievable rate region are provided. The first one
is investigated under the assumption that the transmitted power is fixed, while the other two schemes are
achieved with the aid of two developed algorithms. For the purpose of studying the rate region in the non-
ideality condition, the error vector magnitudelevel is introduced in the analysis of the third scheme. Finally,
analytical results demonstrate that the proposed FD-NOMA scheme outperforms the conventional schemes
based on NOMA in terms of the rate region, and the maximum rate region of the FD-NOMA scheme is
compared with different coefficients.

INDEX TERMS Nonorthogonal multiple access (NOMA), full-duplex (FD) communications, rate region.

I. INTRODUCTION
The anticipated 1000-fold explosive data traffic growth
by 2020 will lead to great challenges in the design of
fifth generation communication systems (5G), and the
data rate enhancement aspect has been regarded as a
key issue in 5G [1]. This vital principle has promoted a
large amount of research among academic and industry
communities [2]–[5]. Some fundamental work investigated
communications, caching, and computing oriented small
cell networks, which are regarded as an important trend
of 5G [6]. Nonorthogonal multiple access (NOMA) is con-
sidered one of the most promising techniques to improve
spectral efficiency in 5G wireless communications [7].
Because it can support multiple users sharing the same
time/frequency resource, it brings a higher spectral effi-
ciency [8]. In NOMA, power domain multiplexing assisted
with appropriate advanced non-linear detectors, e.g., users

with better channel conditions, can be employed with
successive interference cancelation (SIC) to remove the mes-
sages intended for other users before decoding their own,
and NOMA can realize the capacity region of the downlink
and uplink additive white Gaussian noise (AWGN) chan-
nel and significantly outperforms the orthogonal multiple
access (OMA) schemes [9], [10].

In [11], the authors investigated the performance of a
downlink NOMA scheme with randomly deployed users.
The backscatter assisted wireless powered communication
networks with NOMAwere proposed in [12] and analyzed in
terms of the sum-throughput, where a sum-throughput max-
imization problem was formulated and solved with the aid
of the optimal transmission policy. Additionally, a weighted
proportional fairness-based multiuser scheduling scheme has
been proposed to balance the total throughput and cell-edge
user throughput in [13]. For the purpose of optimizing the
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sum rate aspect, a joint design of beam forming and power
allocation in a downlink (DL) multiple-input multiple-output
multiuser systemwhich employs NOMAwas developed [14].
To further improve the performance of NOMA, recently,
new cooperative NOMA scheme designs have attracted some
attention. In [15], the authors proposed a network model
for studying cooperative simultaneous wireless information
and power transfer (SWIPT) NOMA, and this is dedicated
to achieving low outage probability and delivering superior
throughput in comparison to the random selection scheme.
In addition, a novel cooperative NOMA scheme was ana-
lyzed, and an approach based on user pairing was derived to
reduce system complexity [16].

Recently, full-duplex (FD) wireless communication has
attracted significant research interest due to its potential
to double the spectral efficiency by allowing simultaneous
DL and (uplink) UL transmission in the same frequency
band [17]–[19]. The rate-region and the achievable sum
rate of bidirectional communication links in a two-user
FD system were investigated in [20] and [21], respectively.
Furthermore, the author in [22] presented a resource alloca-
tion algorithm design for multicarrier nonorthogonal multiple
access (MC-NOMA) systems employing an FD base sta-
tion (BS) for serving multiple half-duplex DL and UL users
simultaneously.

One important advantage of the NOMA concept is that
a user with better channel conditions is compressed into a
channel that is occupied by a user with worse channel condi-
tions [23]. Additionally, the spectral efficiency can be further
enhanced if the NOMA and the FD systems are integrated
appropriately. In particular, for cooperative FD-NOMA sys-
tems, a new form of system that can realize better perfor-
mance can be exploited by employing SIC at the users and at
the signal transmitter. However, the design of optimal power
allocation policies to achieve a better rate region performance
aspect for this FD-NOMA system is more challenging than
for traditional NOMA systems. Particularly, this design is
more challenging when considering different channel con-
ditions. Additionally, since NOMA transmission is enabled
by SIC at the receivers, the SIC constraints, the changing
transmitted power and the power allocation complicate the
power allocation algorithm design. These unique challenges
do not exist for the resource allocation algorithm design in
traditional NOMA models. Meanwhile, for a NOMA system
that deploys SIC at the signal transmitter and the users, mul-
ticarrier (MC) methods are efficient to reduce the large-scale
fading. This implies that it is of great significance to employ
MC in the FD-NOMA systems. Specifically, more complex
noise except AWGN cannot be neglected in the FD-NOMA
system aided by the MC. To the best of our knowledge,
FD-NOMA systems have not yet been investigated in pre-
vious research. Therefore, the improvement in spectral effi-
ciency and data rate introduced by cooperative FD-NOMA
systems compared to conventional NOMA systems is
not known, and the rate region optimization design for
FD-NOMA systems has not yet been presented. Furthermore,

MC has not been considered in the FD-NOMA systems, and
the rate region optimization based on this idea is still not clear
to us.

Motivated by the aforementioned considerations, a com-
prehensive study is conducted to optimize the rate region
based on the NOMA scheme. The main contributions of this
paper are summarized as follows.

1) To the best of our knowledge, we first consider a
model that consists of both one FD NOMA user and
one FD BS. Taking the advantages of the NOMA and
the FD, an FD-NOMA scheme, which consists of one
NOMA-strong user, one NOMA-weak user and one
base station, is developed. Based on this model, SIC is
considered at the base station and the NOMA- strong
user.

2) Three cooperative schemes are proposed to maximize
the achievable rate region in different cases. Specif-
ically, the schemes under the assumptions of fixed
transmitted power, unset transmitted power and signal
corrupted by the EVM are taken into account and opti-
mized in terms of the achievable maximum rate region
aspect.

The remainder of this paper is organized as follows.
In Section II, we propose an FD-aided cooperative NOMA
scheme, in which the NOMA-weak user is cooperated by the
NOMA-strong user with the capability of FD communica-
tions. Then, in Section III, several schemes that investigate the
rate region based on the FD-NOMA scheme are presented.
Numerical results for evaluating the performance of the pro-
posed schemes are provided in Section IV, which is followed
by conclusions in Section V.

II. SYSTEM MODEL
We consider a network with a single source (i.e., BS) and
two users (U1 and U2), which is shown in Fig. 1. To be
specific, U2 is a NOMA-strong user with the capability
of full-duplex communications, and one NOMA-weak user
is U1. Additionally, the BS is capable of full-duplex com-
munications. The residual self-interference exists in the BS
and U2. Due to the NOMA-strong user U2 and the BS
working in the full-duplex mode, the direct transmission
phase and cooperative phase can be performed simultane-
ously. In the direct transmission phase, U2 first decodes and
cancels U1’s signal by SIC before decoding its own data.
In the cooperative phase, U2 transmits the decoded uplink
data that intends for the BS to U1, and then, U1 combines and
decodes the signals from the BS and U2. Since the NOMA-
strong user U2 and the BS work in the full-duplex mode,
they suffer from residual self-interference, which is caused by
co-channel transmission and imperfect interference cancella-
tion. Thus, successive interference cancellers are deployed at
U1 and U2.

Assuming that a superposed signal transmitted by
the BS is P and that its signal vector is denoted as s,
the received signal at the BS in the k-th time slot can be
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FIGURE 1. A typical example of a FD-NOMA network.

obtained as

yBS [k]=
√
PhBS−BS [k]s[k]+

√
P2−BSh2−BS [k]x2−BS [k]+n0

(1)

where hBS−BS , h2−BS , are defined as channel coefficients
of BS → BS and U2 → BS, respectively. Additionally,
P2−BS is the signal transmitted from U2 to the BS, and its
signal vector is assumed to be x2−BS . All signals are assumed
to be corrupted by AWGN with zero mean and variance σ 2

0 .
The NOMA-weak user, U1, receives both a downlink

signal from the BS and a signal transmitted by U2; thus,
the received signal is represented as

y1[k] = h1[k]
2∑
i=1

√
Pixi[k]+

√
P2−BSh2−1[k]x2−BS [k]+ n0

(2)

In (2), h1 and h2−1 are denoted as channel coefficients of
BS → U1 and U2 → U1, respectively. The corresponding
signal vector of h1 is x1. Furthermore, P2 represents the
transmitted power from BS to U2, and its signal vector is x2.
Additionally, P1 and P2 are denoted as the transmitted power
from BS to U1 and BS to U2, respectively. Meanwhile, the
NOMA-strong user, U2, receives a downlink signal from the
BS and residual self-interference due to co-channel transmis-
sion, and the received signal is given by

y2[k] = h2[k]
2∑
i=1

√
Pixi[k]+

√
P2−BSh2−2[k]x2−BS [k]+ n0

(3)

Here, h2 and h2−2 represent channel coefficients
of BS→ U2 andU2→ U2, respectively. The received signal
to interference plus noise ratio (SINR) at BS to detect x2−BS
is given by

γBS =
P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

(4)

A. ACHIEVABLE DATA RATE AT U1
At first, considering that the channel conditions of the DL and
the UL are very complex, we consider the achievable data rate
at the U1 in different cases.
Theorem 1: By introducing factor ρ, the portion of decod-

ing the DL interference dedicated by the BS → U2 can be
illustrated properly.

Proof: Under the assumption, ρ indicates the portion of
signal power that cannot be decoded. To be specific, ρ = 0
implies that x2 can be decoded and removed successfully,
while the worst case is ρ = 1. Afterwards, assuming the
target rate of BS is Rtol , (1/2) log2 (1+ γ1) > Rtol is the con-
dition that must be met for realizing decoding successfully,
and we obtain

γ1 > 22Rtol − 1 (5)

Equation (5) can be rewritten as

ρP2 ‖h1‖2 + σ 2
0 <

P1 ‖h1‖2

22Rtol − 1
(6)

Thus, ρ can be formulated as

ρ <
P1 ‖h1‖2 − (22Rtol − 1)σ 2

0

P2 ‖h1‖2 (22Rtol − 1)
(7)

Specifically, when x2 can be decoded and removed totally,
the corresponding relationship can be given as

22Rtol − 1 <
P1 ‖h1‖2

σ 2
0

(8)

Therefore, we can obtain the DL decoding scheme shown
in Theorem 1.
Theorem 2:With the aid of the channel capacity of the link

via U2 to U1, it is convenient and intuitive to illustrate the
decoding strategy of the UL interference.

Proof: It is clear that the UL interference is caused by the
U2→BS link. To simplify this problem reasonably, we don’t
consider the DL interference first. Assuming that the data rate
at the BS and the U1 are RBS and R1, C21max and C21min are
noted as the channel capacities under varied conditions. Sim-
ilarly, C21max and C21minare defined as the channel capacities
at BS→ U1. Specifically, it can be given by

C21max =
1
2
log2

(
1+

P1 ‖h1‖2

σ 2
0

)
(9)

C21min =
1
2
log2

(
1+

P1 ‖h1‖2

P2−BS ‖h2−1‖2 + σ 2
0

)
(10)

Here, when RBS exceeds C21max, U1 cannot correctly
decode the entire signal from U2 even though there is no
interference fromBS under our assumption. Hence, the signal
from U2 is just treated as noise by U1 in this case. By con-
trast, when RBS ≤ C21min, SIC can be employed at the U1,
which can totally mitigate the UL interference. Furthermore,
if C21min ≤ RBS ≤ C21max, the UL interference can be partly
removed. Thus, the proof of Theorem 2 is completed.
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Based on our analysis, the achievable data rate at the U1 is
given as

R1 =



1
2
log2

(
1+

P1 ‖h1‖2

σ 2
0

)
,

RBS ≤ C12min, R2 ≤ C1min

1
2
log2

(
1+

P1 ‖h1‖2

P2 ‖h1‖2 + σ 2
0

)
,

RBS ≤ C12min, R2 ≥ C1max

1
2
log2

(
1+

P1 ‖h1‖2

ρP2 ‖h1‖2 + σ 2
0

)
,

RBS ≤ C12min, C1min ≤ R2 ≤ C1max

1
2
log2

(
1+

P1 ‖h1‖2

P2−BS ‖h2−1‖2 + ρP2 ‖h1‖2 + σ 2
0

)
,

RBS ≥ C12max, C1min ≤ R2 ≤ C1max

1
2
log2

(
1+

P1 ‖h1‖2

P2−BS ‖h2−1‖2 + P2 ‖h1‖2 + σ 2
0

)
,

RBS ≥ C12max, R2 ≥ C1max

1
2
log2

(
1+

P1 ‖h1‖2 + P2−BS ‖h2−1‖2

P2 ‖h1‖2 + σ 2
0

)
− RBS ,

C12min ≤ RBS ≤ C12max, R2 ≥ C1max

1
2
log2

(
1+

P1 ‖h1‖2 + P2−BS ‖h2−1‖2

σ 2
0

)
− RBS ,

C12min ≤ RBS ≤ C12max, R2 ≤ C1min

1
2
log2

(
1+

P1 ‖h1‖2 + P2−BS ‖h2−1‖2

ρP2 ‖h1‖2 + σ 2
0

)
− RBS ,

C12min ≤ RBS ≤ C12max, C1min ≤ R2 ≤ C1max

(11)

B. ACHIEVABLE DATA RATE AT U2
In this subsection, we present the achievable data rate at the
U2. With the aid of Theorem 1 and Theorem 2, the data rate
of the U2 can be given as

R2=



1
2
log2

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + σ 2
0

)
,

R2 ≥ C1max

1
2
log2

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + P1 ‖h2‖2 + σ 2
0

)
,

R2 ≤ C1min

1
2
log2

(
1+

P2‖h2‖2

P2−BS‖h2−2‖2 + (1− ρ)P1‖h2‖2 + σ 2
0

)
,

C1min ≤ R2 ≤ C1max

(12)

Additionally, the achievable data rates of BS can be given
as follows

RBS =
1
2
log2(1+ γBS ) =

1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
(13)

III. ACHIEVABLE RATE REGION ANALYSIS
BASED ON FD-NOMA SCHEMES
In this section, based on the proposed FD-NOMA network
and principles of the rate region, the achievable rates of the
base station and users are given for FD-NOMA systems.
To be specific, for the purpose of maximizing the rate region,
three schemes based on NOMA are presented. Furthermore,
optimal power allocation solutions are provided.

A. RATE REGION WHEN THE TRANSMITTED
POWER IS FIXED
The SIC detection is deployed at the BS and the U2 in the
synchronous NOMA scheme. In particular, BS first decodes
x2−BS and subtracts the self-interference. Then, U2 can
directly decode x2 while considering x2−BSas noise. Assum-
ing successful decoding and no error propagation, the achiev-
able rate region of BS and two users can be given in different
cases based on the channel conditions.

Case 1: RBS ≤ C12min, R2 ≤ C1min.



0 ≤ RBS ≤
1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
0 ≤ R1 ≤

1
2
log2

(
1+

P1 ‖h1‖2

σ 2
0

)
0 ≤ R2 ≤

1
2
log2

×

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + P1 ‖h2‖2 + σ 2
0

)
(14)

Case 2: RBS ≤ C12min, R2 ≥ C1max.



0 ≤ RBS ≤
1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
0 ≤ R1 ≤

1
2
log2

(
1+

P1 ‖h1‖2

P2 ‖h1‖2 + σ 2
0

)
0 ≤ R2 ≤

1
2
log2

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + σ 2
0

) (15)

Case 3: RBS ≤ C12min, C1min ≤ R2 ≤ C1max.



0 ≤ RBS ≤
1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
0 ≤ R1 ≤

1
2
log2

(
1+

P1 ‖h1‖2

ρP2 ‖h1‖2 + σ 2
0

)
0 ≤ R2 ≤

1
2
log2

×

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + (1− ρ)P1 ‖h2‖2 + σ 2
0

)
(16)
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Case 4: RBS ≥ C12min, C1min ≤ R2 ≤ C1max.

0 ≤ RBS ≤
1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
0 ≤ R1 ≤

1
2
log2

(
1+

P1 ‖h1‖2

P2−BS ‖h2−1‖2 + ρP2 ‖h1‖2 + σ 2
0

)
0 ≤ R2 ≤

1
2
log2

×

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + (1− ρ)P1 ‖h2‖2 + σ 2
0

)
(17)

Case 5: RBS ≥ C12max, R2 ≥ C1max.

0 ≤ RBS ≤
1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
0 ≤ R1 ≤

1
2
log2

(
1+

P1 ‖h1‖2

P2−BS ‖h2−1‖2 + P2 ‖h1‖2 + σ 2
0

)
0 ≤ R2 ≤

1
2
log2

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + σ 2
0

)
(18)

Case 6: C12min ≤ RBS ≤ C12max, R2 ≥ C1max.

0 ≤ RBS ≤
1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
0 ≤ R1 ≤

1
2
log2

(
1+

P1 ‖h1‖2 + P2−BS ‖h2−1‖2

P2 ‖h1‖2 + σ 2
0

)
− RBS

0 ≤ R2 ≤
1
2
log2

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + σ 2
0

)
(19)

Case 7: C12min ≤ RBS ≤ C12max, R2 ≤ C1min.

0 ≤ RBS ≤
1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
0 ≤ R1 ≤

1
2
log2

(
1+

P1 ‖h1‖2 + P2−BS ‖h2−1‖2

P2 ‖h1‖2 + σ 2
0

)
− RBS

0 ≤ R2 ≤
1
2
log2

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + P1 ‖h2‖2 + σ 2
0

)
(20)

Case 8: C12min ≤ RBS ≤ C12max, C1min≤R2 ≤ C1max.

0 ≤ RBS ≤
1
2
log2

(
1+

P2−BS ‖h2−BS‖2

P ‖hBS−BS‖2 + σ 2
0

)
0 ≤ R1 ≤

1
2
log2

(
1+

P1 ‖h1‖2 + P2−BS ‖h2−1‖2

P2 ‖h1‖2 + σ 2
0

)
− RBS

0 ≤ R2 ≤
1
2
log2

×

(
1+

P2 ‖h2‖2

P2−BS ‖h2−2‖2 + (1− ρ)P1 ‖h2‖2 + σ 2
0

)
(21)

Tomaximize the achievable rate region related to (14)-(21),
an optimization problem is formulated as

maxmize
P1,P2

−→µ ·
−→
R = µ1RBS + µ2R1 + µ3R2

subject to C1:
2∑
i=1

P =P0

C2:
3∑
i=1

µi = 1

C3: PγBS ≥ P2−BSγ2
C4: P1γ2 ≥ P1γ1
C5: Pi ≥ 0, ∀i = 1, 2 (22)

where µi (∀i) can be denoted as the weight coefficient of
the data rates of BS, U1 and U2, and we can change the
achievable rate region by adopting µi. Additionally, C3 and
C4 are the SIC constraints of BS and U2, in which γ1 and γ2
are assumed to be the SINR of U1 and U2. Additionally, P0 is
denoted as the maximum transmitted power threshold. Then,
we introduce the power allocation factor α, and (22) can be
rewritten as

maxmize
α

−→µ ·
−→
R = µ1RBS + µ2R1 + µ3R2

subject to C1:
2∑
i=1

Pi = P0, α ∈ [0, 1]

C2:
3∑
i=1

µi = 1

C3: PγBS ≥ P2−BSγ2
C4: P1γ2 ≥ P1γ1
C5: P0 ≥ 0 (23)

In (14)-(21), we observe that it is a convex problem (the
proof is given in the Appendix) for any fixed factors P0 and
thus can be solved by introducing Lagrangian duality opti-
mization. Hence, we construct the sub problem of Lagrangian
relaxation in (15).

maxmize
α,λ

L(α, λ) = µ1RBS + µ2R1 + µ3R2

+ λ(αP0γ2 − αP0γ1)

subject to: C1, C2, C3, C5 (24)

With the aid of off-the-shelf solvers, e.g., CVX [24],
the optimal solution can be obtained. Additionally, in order
to ensure the performance of NOMA systems, the
NOMA-strong user U2 is allocated less power than the
NOMA-weak user U1. Thus, taking case 1 as an example,
the solution can be obtained as

α =

√
(b+ ac)2 + 4ab2 − b− ac

2ab

= (b+ ac)×

√
1+ 4ab2

(b+ac)2
− 1

2ab
(25)
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where a = ‖h1‖ /σ 2
0 , b = ‖h2‖

2 and c = P2−BS ‖h2−2‖2+
σ 2
0 . Specially, when the channel condition of the BS→ U2

link is very poor, power allocation factor α is approximated
as

α = lim
4ab2

(b+ac)2
→0

(b+ ac)×

√
1+ 4ab2

(b+ac)2
− 1

2ab
≈

b
b+ ac

(26)

By contrast, considering another case that ‖h2‖2 � ‖h1‖2,
we obtain

α = (b+ ac)×

√
1+ lim

b→∝
4ab2

(b+ac)2
− 1

2ab

≈ lim
b→∝

(b+ ac)×

√
1+ 4a− 1

2ab

≈

√
1+ 4a− 1

2a
(27)

Additionally, it is worth noting that c can be adopted
as c = ρP2−BS ‖h2−2‖2 + σ 2

0 in other channel conditions.
Therefore, the optimized power allocation scheme is formu-
lated by employing (25) in the transmitted power initiation.
Similarly, since case 2 to case 8 are convex problems, it is easy
to formulate an optimal solution through the same method
as Case 1.

B. RATE REGION WHEN THE TRANSMITTED
POWER IS NOT FIXED
This subsection presents the achievable rate region for an FD-
NOMA scheme with changing transmitted power P0. To be
specific, this scheme considers eight different channel condi-
tions as illustrated in (14)-(21). Accordingly, we formulate a
rate region maximization problem as

maxmize
P1,P2,P,P2−BS

−→µ ·
−→
R = µ1RBS + µ2R1 + µ3R2

subject to C1:
2∑
i=1

Pi ≤ P0

C2:
3∑
i=1

µi = 1

C3: PγBS ≥ P2−BSγ2

C4: P1γ2 ≥ P1γ1

C5: Pi,P2−BS ≥ 0, ∀i = 1, 2 (28)

Similar to the maximization problem in (23), (28) can be
further expressed as

maxmize
α,P,P2−BS

−→µ ·
−→
R = µ1RBS + µ2R1 + µ3R2

subject to C1:
2∑
i=1

Pi ≤ P0, α ∈ [0, 1]

C2:
3∑
i=1

µi = 1

C3: PγBS ≥ P2−BSγ2
C4: P1γ2 ≥ P1γ1
C5: P0,P2−BS ≥ 0 (29)

Generally, the problem above is non-convex. Note that in
complexity theory, non-convexity of a formulation proves the
problem’s hardness, as a problem could not be appropriately
formulated. However, since (29) is formulated in the NOMA
system under the assumption that the strong NOMA user U2
has a better channel condition than the weak NOMA user U1,
we present an algorithm to solve this problem.

Though (29) is a non-convex problem, we can obtain the
optimal solution with the aid of the concept of DC program-
ming (difference of the convex functions). DC programming
is a branch of algorithms that can be employed in optimiza-
tion problems among cognitive radio, electronic technology
and other fields. CCCP (Concave-convex Procedure) is a
method based on the DC concept. Taking the advantages of a
CCCP algorithm, we develop a scheme to solve (29), which
can also be rewritten as

minimize
α,P,P2−BS

H (α,P,P2−BS )− Y (α,P,P2−BS )

subject to C1:
2∑
i=1

Pi ≤ P0, α ∈ [0, 1]

C2:
3∑
i=1

µi = 1

C3: PγBS ≥ P2−BSγ2
C4: P1γ2 ≥ P1γ1
C5: P0,P2−BS ≥ 0 (30)

Here, the minimizing terms are defined as H (α,P,
P2−BS ) = −µ2R1 − µ3R2 and Y (α,P,P2−BS ) = −µ1RBS ,
respectively. First, for the purpose of measuring the perfor-
mance of the algorithm, an error propagation function Error
is defined, which can be formulated as

Error = ‖optn+1 − optn‖2 (31)

where n is denoted as the number of iterations. Additionally,
optn is assumed to be the solution in n-th iteration. Then,
as is illustrated in Algorithm 1, the algorithm for optimizing
the maximum rate region problem is presented. Hence, with
the aid of the proposed Algorithm 1, the optimal solution of
the rate region is obtained when the transmitted power is not
fixed.

C. RATE REGION WHEN THE TRANSMITTED POWER
IS CORRUPTED BY EVM
As indicated in [25] and [26], a great challenge in FD commu-
nications is induced by non-ideal transceiver implementation.
For a practical communication link, the non-ideality such as
phase noise of local oscillators, non-linearity of amplifiers
and so on leads to severe deviation from their ideal locations.
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Algorithm 1 Calculating Maximum Rate Region Based on
CCCP Method

(1) Initialization: Set P = 0, P2−BS = 0, α = 0,
lα = 0.01, lP2−BS = 0.02, lP = 0.05, nα = 0,,
nP2−BS = 0, nP = 0, ξ = 0.005. Here, lα , lP2−BS ,
lP are assumed as the step of α, P2−BS and P dur-
ing the iteration process, respectively. nα, nP2−BS , nP
are assumed as the number of iteration of α, P2−BS
and P. Furthermore, ξ represents the accuracy of the
algorithm.

(2) Calculating an auxiliary function f̂ (lα,lP2−BS ,lP)

H (α,P,P2−BS) − Y (α,P,P2−BS)

(
lα,lP2−BS ,lP

)
+ zT(

lα,lP2−BS ,lP
), where zT(

lα,lP2−BS ,lP
) ∈

∂h (α,P,P2−BS)

(
lα,lP2−BS ,lP

)
.

(3) If Error ≤ ξ (Error is calculated by (22)),
the optimal solution optn is obtained. Specifically,
optnconsists of the solution of α, P2−BS and P, and
optn is the maximum rate region of the proposed FD-
NOMA system. After that, turn to 6).

(4) If Error > ξ , then

α←α + lα,

P2−BS←lP2−BS ,

P←lP,

nα←nα + 1,

nP2−BS←nP2−BS + 1,

nP←nP + 1.

After that, turn to step (2).
(5) If α = 0.99, turn to next step (6).
(6) Output: optn, α, P2−BS , P and n =

max{nα, nP2−BS , nP}.
(7) End

This deviation is quantified in general by a measure called
the Error Vector Magnitude (EVM) level. Therefore, as an
FD system, it is necessary for us to investigate the rate region
for the transmitted power with EVM corruption. Meanwhile,
the MC communication system is introduced to overcome
frequency selective fading. Therefore, a FD-NOMA system
corrupted by an EVM noise added to the original signal at
the transmission on each sub-carrier is developed.

Thus, referring to [26], assuming that added EVM noise is
η on m sub-carrier index, we obtain

γ EBS =
E
{
|s[m]|2

}
E
{
|η[m]|2

} (32)

γ E1 =
E
{
|x1[m]|2

}
E
{
|η[m]|2

} (33)

γ E2 =
E
{
|x2[m]|2

}
E
{
|η[m]|2

} (34)

Here, (32) is assumed as the EVM of the BS, while (33)
and (34) are defined as that of U1 and U2. Thus, when the
channel condition from U1 to U2 is good, the rate region can
be expressed as

0 ≤ RBS ≤
1
2

M∑
m=1

log2

×

(
1+

x2−BS [m]γ EBS ‖h2−BS [m]‖
2

P ‖hBS−BS [m]‖2 + σ 2
0 (1+ γ

E
BS )

)
0 ≤ R1 ≤

1
2

M∑
m=1

log2

(
1+

x1[m]γ E1 ‖h1[m]‖
2

x2[m] ‖h1[m]‖2 + σ 2
0 (1+ γ

E
1 )

)
0 ≤ R2 ≤

1
2

M∑
m=1

log2

×

(
1+

x2[m]γ E2 ‖h2[m]‖
2

P2−BS ‖h2−2[m]‖2 + σ 2
0 (1+ γ

E
2 )

)
(35)

In (35), M represents the total number of the sub-carriers.
Additionally, x2−BS [m], x1[m] and x2[m] are defined as each
sub-carrier of U2→ BS, BS→ U1 and BS→ U2, respec-
tively. Consider that if the channel condition becomes worse,
the rate region is written as

0 ≤ RBS ≤
1
2

M∑
m=1

log2

×

{
1+

γ EBSx2−BS [m] ‖h2−BS [m]‖
2

P ‖hBS−BS [m]‖2 + σ 2
0 (1+ γ

E
BS )

}
0 ≤ R1 ≤

1
2

M∑
m=1

log2{
1+

γ E1 x1[m] ‖h1[m]‖
2

x2[m] ‖h1[m]‖2 + P2−BS ‖h2−1[m]‖2 + σ 2
0 (1+ γ

E
1 )

}
0 ≤ R2 ≤

1
2

M∑
m=1

log2

×

{
1+

γ E2 x2[m] ‖h2[m]‖
2

P2−BS ‖h2−2[m]‖2 + σ 2
0 (1+ γ

E
2 )

}
(36)

Based on (35) and (36), the corresponding rate region
maximization problem is then formulated as

maxmize
x1,x2,P,P2−BS

−→µ ·
−→
R = µ1RBS + µ2R1 + µ3R2

subject to C1:
M∑
m=1

(x1[m]+ x2[m]) ≤ P0

C2:
3∑
i=1

µi = 1

C3: PγBS ≥
M∑
m=1

x2−BS [m]γ2

C4:
M∑
m=1

x1[m]γ2 ≥
M∑
m=1

x2[m]γ2

C5: xi[m] ≥ 0, ∀

C6: P2−BS ≥ 0 (37)
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Algorithm 2 Calculating Maximum Rate Region via DFP
Method.

(1) Initialization: Set x1[m] = 0, x2[m] = 0, P2−BS =
0, α = 0, ξ = 0.005. Here, we define solution(1) =
{x1 [m], x2 [m], P2−BS0, α, and set solution(1) ∈ Rn.
Specifically, n is the number of iterations, while ξ
represents the accuracy.

(2) SetH1 = In, and the gradient can be obtained as g1 =
∇f (solution(1)) where k is set as 1.

(3) Calculate d (k) = −Hkgk .
(4) Try to get the step υk , which can be

given by f
(
solution(1) + υkd (k)

)
=

minf
(
solution(1) + υd (k)

)
, where solution(k+1) =

solution(1) + υkd (k).
(5) If

∥∥∇f (solution(k+1))∥∥≤ζ , the optimal solution
solution = solution(k+1) is obtained.
Else

∥∥∇f (solution(k+1))∥∥>ζ , turn to step (6).
(6) If k = n, solution(1)← solution(k+1), turn to step (2).

Else turn to 7).
(7) Update gk+1 = ∇f (solution(k+1))and pk+1 =

solution(k+1) − solution(k).
(8) Update qk+1 = gk+1−gk , and Hk+1 can be obtained

by

Hk+1 = Hk +
p(k)p(k)T

p(k)T q(k)
−
Hkq(k)q(k)THk
p(k)THkq(k)

Then, set k ← k + 1, turn to step (3).
(9) End

Since solving (37) is a non-convex problem, it is difficult
to obtain the optimal solution. To solve it efficiently, we
introduce the penalty theory, and (37) can be modified as

maxmize
x1,x2,α,P2−BS

−→µ ·
−→
R = µ1RBS + µ2R1 + µ3R2

+ λ

( M∑
m=1

x1[m]γ2 −
M∑
m=1

x2[m]γ2

)
+ ς

(
PγBS −

M∑
m=1

x2−BS [m]γ2

)
subject to C1:

M∑
m=1

(x1[m]+ x2[m]) ≤ P0

C2:
3∑
i=1

µi = 1

C3: xi[m] ≥ 0, ∀
C4: P2−BS ≥ 0 (38)

From (38), we observe that this problem is still non-convex.
As it is a continuous and differentiable function, the optimal
solution can be solved successfully by the Davidon–Fletcher–
Powell (DFP) algorithm. Eventually, an algorithm based on
the DFP method is developed to optimize the maximum
rate region problem formulated in (38). This algorithm is
illustrated as follows.

FIGURE 2. Rate region for BS, U1 and U2 with different power allocation
factor α when RBS ≥ C12max and R2 ≥ C1max.

IV. NUMERICAL RESULTS AND ANALYSIS
In this section, numerical results are presented to facilitate
the performance evaluations of the proposed achievable rate
region optimization problem based on the FD-NOMA sys-
tem we developed. In the considered model, we assume
that the transmitted power P2−BS of U2 is 6 W, and its
corresponding channel coefficient h22−BS is 4. Additionally,
the channels are assumed as independently and identically
distributed Rayleigh fading, of which the channel coefficients
of U1 and U2 are given as ‖h1‖2 ≤ ‖h2‖2, while ‖h2−1‖2 =
‖h2−2‖2 = −20dB is considered. Moreover, we assume that
the total transmit power at the BS is 0-10 dBw. Without loss
of generality, we further denote that the noise level at BS,
U1 and U2 are the same, i.e., σ 2

0 = −10dBm. Furthermore,
ρ is changing from 0 to 1. In addition, we generate one
hundred instances and consider the average performance of
the proposed Algorithm 1 and Algorithm 2.

Fig. 2 shows the simulation results of themaximum achiev-
able rate region when the transmitted power is fixed at
the BS, U1 and U2. Setting P0 as 0-10W, it can be seen from
Fig. 2 that the data rate improves with the increasing transmit-
ted power. Additionally, it can be observed that the data rate of
U2 is significantly larger than that of U1. Additionally, since
the constraint C3 becomes worse as the transmitted power
increases, the data rate of the BS is decreases with larger
transmitted power. Furthermore, Fig. 2 illustrates that R2 of
α = 0.4 is larger than that of α is 0.2 and 0.3, while R1 is
worse in the case of bigger α. Specifically, this result is
dedicated by difference power allocation of U1 and U2 with
the aid of α.

Fig. 3 depicts the maximum achievable rate region when
the transmitted power is not fixed for changing power alloca-
tion factor α. Here, it is noted that the maximum transmitted
power is 5 W, and the rate region of the FD-NOMA system
is presented based on Algorithm 1. It can be seen from
Fig. 3 that the rate region is improved in the case where α
is 0.4, which is dedicated by the NOMA-stronger user U2,
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FIGURE 3. The maximum achievable rate region when the transmitted
power is not fixed in the case different power allocation factor α when
RBS ≥ C12 max and R2 ≥ C1 max.

FIGURE 4. The maximum achievable rate region when the transmitted
power is not fixed for different power allocation factor α and weight
coefficients (µ1, µ2, µ3) when RBS ≥ C12 max, R2 ≥ C1 max.

which has more capability for decoding the signal. This result
indicates that the achievable rate region can be adjusted by
changing α.
In this comparison, we investigate the achievable rate

regionwhen the transmitted power is not fixedwith a different
weight coefficient in two cases. Noting that the signal is only
corrupted by the AWGN, it can be observed from Fig. 4 that a
there is a significant difference between the rate regions when
setting different power coefficients at the BS, U1 and U2. For
example, assuming that α is 0.45, the maximum rate region
has a great improvement when the weight factor is (0.3, 0.5,
0.2) compared with that of other two cases. Additionally,
it can be further seen from Fig. 4 that the weight factor
has a greater impact on the rate region with a larger power
allocation factor α, which indicates that adopting the power

FIGURE 5. The maximum achievable rate region when the signal is
corrupted by the EVM in the case of different power allocation
factor α when RBS ≥ C12 max, R2 ≥ C1 max.

FIGURE 6. Half-duplex and full-duplex rate region comparison under
different power allocation coefficient α when RBS ≥ C12 max,
R2 ≥ C1 max.

allocation factor properly can reduce the variation of the
maximum rate region caused by weight factor.

Fig. 5 shows the maximum achievable rate region when
the transmitted signal is corrupted by the EVM for varied α.
In contrast with the results shown in Fig. 3, it is observed
from Fig. 5 that the maximum rate region is worse, which
is dedicated by the EVM. Moreover, as the power allocation
factor α increases from 0.3 to 0.4, the data rate of the NOMA-
strong user is enhancing but leads to a reduction of the data
rate of the NOMA-weak user. Furthermore, this result comes
at the expense of different power allocation, which implies
that a larger achievable rate region can be achieved when
adopting appropriate power allocation schemes.

In the next comparison, the performance of the rate region
in the case of half-duplex (HD)-NOMA scheme and the
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FIGURE 7. Achievable rate region of (R1,R2) under the four different
channel conditions with weight coefficients (0.4, 0.4, 0.2) and power
allocation factor α at 0.45, as well as ρ at 0.5.

FIGURE 8. Half-duplex and full-duplex rate region comparison under the
transmitted signal corrupted by the EVM and the AWGN when
RBS ≥ C12 max, R2 ≥ C1 max.

proposed FD-NOMA is developed. One can see from Fig. 6
that the HD-NOMA method strictly performs worse than the
proposed FD-NOMA scheme in terms of maximum achiev-
able rate region. For the FD link, the rate region with α = 0.4
is significantly larger than that of α = 0.3. Specifically,
we can further observe from Fig. 6 that the achievable rate
region of the FD-NOMA scheme is still larger than the HD-
NOMA one, though the power allocation coefficient of the
FD-NOMA is worse than the HD-NOMA scheme, implying
that the proposed FD-NOMA scheme can significantly opti-
mize the achievable maximum rate region problem.

As indicated above, the achievable rate region of
the proposed scheme is changed with different chan-
nel conditions. For the purpose of analyzing this issue,
(14)-(21) are investigated, and numerical results are pre-
sented. Since numerical results are very similar, which makes

it hard to distinguish different cases, we provide the sum
rate optimization results of case 1, case 3, case 6 and
case 7 when the transmitted power is not fixed. Additionally,
the downlink rate is of great significance to the users, and
the uplink rate is not depicted in our simulation results. It is
observed from Fig. 7 that case 1 obviously outperforms other
schemes, which is indicated by the good channel conditions
of BS→ U1 and U2→ BS links. In addition, when trans-
mitted power is small, case 1 still works well. This result
implies that optimizing the channel condition can improve
the rate region because the inter-user interference and self-
interference can be reduced.

In Fig. 8, the maximum achievable rate region of the
FD-NOMA scheme and the HD-NOMA scheme with two
kinds of noises are developed. Clearly, it is shown that the
schemes corrupted by the EVM can lead to smaller rate
regions due to the EVM deteriorating the original transmitted
signal to some extent. It can also be observed from Fig. 8
that the FD-NOMA scheme corrupted by the EVM realizes
a larger rate region that outperforms the two schemes with
different noise based on the HD-NOMA. It should be noted
that the EVM cannot be avoided in a practical FD multiple-
carrier communication system, and we can conclude that the
proposed FD-NOMA scheme is more reliable and efficient
for achieving maximum rate region.

V. CONCLUSIONS
In this paper, the maximum achievable rate region based
on NOMA has been considered. A novel cooperative
FD-NOMA model with three rate region optimization
schemes has been proposed. To be specific, the self–
interference cancellation is deployed at the base station and
the NOMA-strong user, and the data rate of the NOMA-
weak user is investigated in two cases with different channel
conditions. Additionally, the optimization solution is solved
when the transmitted power is fixed, while two efficient algo-
rithms are provided to optimize the achievable maximum rate
region in two other cases. Furthermore, for different power
allocation factors, the achievable rate region is presented with
the aid of computer simulation, and it implies that we can
realize different rate regions by adjusting the power allo-
cation factor beyond the NOMA framework. Additionally,
numerical results show that the EVM actually dominates the
performance in terms of the rate region, and they demonstrate
that the rate region of the proposed FD-NOMA scheme out-
performs that of the HD-NOMA scheme. We conclude that
by carefully choosing the power allocation factor and the
weight coefficient, the maximum achievable rate region can
be obtained beyond our expectation.

APPENDIX
For simplifying this problem, we rewrite the problem as

L(x) = log2(1+ Ax)+ log2

(
1+

B(1− x)
C + Bx

)
+ λDx

(
B(1− x)
C + Bx

− Ax
)

(39)
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Here, A, B, C and D are constant. (39) can be expressed as

L(x) = ln(1+ Ax)+ ln
(
1+

B(1− x)
C + Bx

)
+ λ ln 2Dx

[
B(1− x)
C + Bx

− Ax
]

(40)

Using the differential calculus theorem, we obtain

dL(x)
∂x
=

1
ln 2

(
A

1+ Ax
−

BC + B2

B(C + Bx)(1− x)

)
+ λD

(
B(1− x)
C + Bx

− Ax
)

+ λDx
(
−BC − B2

C + Bx
− A

)
(41)

For (41), with the aids of geometric transformation, (41)
can be given by

AB(C + Bx)(1− x)− BC(1+ Ax)(B+ C)+ ln 2× λBD
× (1+ Ax)(1− x)(BC − 2BCx − Cx−Bx2) = 0 (42)

Specifically, (41) is the condition for obtaining the extreme
value. By solving (41), we obtain

α =

√
(B+ AC)2 + 4AB2 − B− AC

2AB
(43)

Thus, (42) has a pole in this problem. For (42), we carry
out second derivation, which is given as

dL2(x)
dx2

= AB2 − ABC − 2AB2x − ABC(B+ C)

+ ln 2× λBD ((1+Ax)(1−x)(−2BC−C−2Bx)
+ (BC−2BCx−Cx−Bx2) (A− 2Ax − 1)) (44)

Using simple mathematical transformation, we finally
obtain

dL2(x)
dx2

> 0 (45)

which is the condition of the convex problem.
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