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ABSTRACT As one of the signed variants of the diffusion least mean square (DLMS) algorithm over
networks, the diffusion sign error algorithm has been presented in previous reference. In this paper, we
propose two novel signed variants of the DLMS algorithm, i.e., the diffusion signed regressor algorithm
and the diffusion sign-sign algorithm. Moreover, this paper analyzes the performance of these three
signed variants of the DLMS algorithm for cyclostationary white Gaussian inputs which have periodically
time-varying variances. It is assumed that the distributed algorithms are in non-stationary environments.
Specifically, the unknown parameter to be identified is time-varying according to the standard random walk
model. The analysis models in terms of mean weight behavior and mean square performance are provided,
in which, we can find some interesting results. Finally, simulations are carried out to verify the correctness
of the proposed analysis model.

INDEX TERMS Distributed network, adaptive filter, sign algorithm, stochastic model, and cyclostationary

signals.

I. INTRODUCTION

Distributed adaptive signal processing over the network is
an attractive and challenging technique in which the nearby
agents implement network-wide computation and control
objectives through local information exchange [1]-[3]. It has
been applied to a variety of occasions, such as factory
automation, robotics, telecommunications and so on. There
are several distributed strategies for parameters estima-
tion including incremental strategy, diffusion strategy, and
consensus strategy. Using these strategies, researchers have
proposed many distributed algorithms including the incre-
mental least mean square (ILMS) algorithm [4], the incre-
mental affine projection algorithm (IAPA) [5], diffusion LMS
(DLMS) [6], [7], diffusion recursive least square (DRLS) [8],
consensus LMS [9], [10]. In the incremental algorithm, infor-
mation flows from one node to the next in a sequential
fashion [4], thus this algorithm would suffer from the per-
formance degradation when the link failures occur [4], [5].
Two time-scales are required in consensus algorithm [9]. One
is used to gather the measurement values of the network
nodes, and another is used to iterate fully over the gathered

values to obtain agreement till the next repeated process
begins [9]-[12]. However, the implementations of two time-
scales may result in the unstable behavior [12]. In this work,
we mainly study diffusion strategy because it has proven to
be more robust and still has stable performance, even when
there are some unstable underlying nodes [6]-[8], [12]-[26].

Unfortunately, for today’s high data rates, the aforemen-
tioned distributed algorithms including DLMS algorithm may
be not practical due to their required multiplications which
need long bit duration. To address this issue, in single-agent
model conditions, the signed algorithms including signed
regressor algorithm (SRA), signed error algorithm (SEA)
and sign-sign algorithm (SSA), have been studied. The SRA
was derived by introducing the signum function for regressor
data [27]. The SEA was obtained by introducing the signum
function for estimate error [28]—[30]. The SSA was derived
by introducing the signum function for both estimate error
and regressor data [32], [33]. The study of the transient
behavior and the steady state performance for these three
algorithms has been provided for the stationary input in the
literature [27], [28], [32].
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In many practical applications, the man-made signals are
typically cyclostationary [34]. Thereby, the cyclostationary
signals are widely used in radar, communication and power
systems [34]-[40]. In [35], the cyclostationary signals were
selected as the quadrature amplitude modulated (QAM) sig-
nals. Nassar et al. [36] studied the narrowband (NB) power
line communication (PLC) in which the additive noises were
cyclostationary. Additionally, in the beamforming algorithms
proposed in [37] and [38], the input signals were also cyclo-
stationary. The stochastic analyses of the adaptive algorithms
for the cyclostationary inputs were also studied in the lit-
erature [41]-[49]. The work [41] studied the convergence
of the mean weight for the LMS algorithm when the input
signal is cyclostationary. In [42]-[45], the mean square per-
formance of the LMS was analyzed for the cyclostation-
ary input when the system was time-variant. In [46], the
behaviors of the least mean fourth (LMF) algorithm were
studied for the cyclostationary input. The work [49] presented
the novel algorithm called time-average LMS (TA-LMS)
to enhance the performance of LMS when the input sig-
nals were cyclostationary. Also, the detail performance
analysis of the TA-LMS algorithm was also provided.
Eweda and Bershad [48] presented the analysis of the signed
LMS algorithms in the nonstationary conditions for cyclo-
stationary Gaussian inputs. However, the analysis of the
distributed algorithms for cyclostationary Gaussian input is
absent in the previous literature.

In the multi-agent condition, one of the signed variants of
diffusion LMS algorithm has been proposed in [20], which is
called diffusion sign error algorithm (DSEA). In addition, the
performance analysis of the DSEA for stationary input was
also given in [20]. In this paper, we propose two other variants
of signed LMS algorithm. The first is diffusion signed regres-
sor algorithm (DSRA). The second is diffusion sign-sign
algorithm (DSSA). The DSRA, DSEA and DSSA constitute a
family of the diffusion signed LMS algorithms. Although the
diffusion signed LMS algorithms may be inferior to DLMS
algorithm in terms of performance, they are not required
multiplications which need long bit duration. Thereby, the
diffusion signed LMS algorithms are suitable for the prac-
tical applications. Then, we provide the statistical analyses
of the three variants of the diffusion signed LMS algorithm
for cyclostationary white Gaussian inputs under nonstation-
ary environments. Compared with mean square error (MSE)
and excess MSE (EMSE), the mean weight behavior and
mean square weight behavior is easy to analyze. In addition,
the MSE and EMSE can be easily derived from the mean
weight behavior and mean square weight behavior [54], [55].
Thereby, we choose mean weight behavior and mean square
weight behavior to analyze the proposed algorithm. From the
results of the analysis, since the effects of the cyclostationary
input at different nodes could be offset, we can get that the
proposed algorithms can suppress the impact of the cyclo-
stationary input. Simulations are also conducted to illustrate
the consistency between the theoretically predicted behaviors
and the simulated results.
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The rest of the paper is organized as follows. In section II,
we give the problem formulation. In section III, we propose
two other variants of the diffusion signed LMS algorithm.
In section IV, the analysis of DSEA for cyclostationary inputs
is provided. In section V, we analyze the performance of
the DSRA for cyclostationary inputs. In section VI, we pro-
vide the analysis of the DSSA for cyclostationary inputs.
In section VII, we carry out the simulations to verify the
correctness of the analyses. In section VIII the conclusion of
this paper is drawn.

Notation: I, (a is a positive integer) denotes identity matrix
of size a x a. ® denotes Kronecker product. Z is a matrix of
size M x MN . Averagely partitioning Z into N square matri-
ces of size M x M, the kth matrix is identity matrix and others
are zero matrices. o denotes the Hadamard product. 7r [e]
denotes the trace operator. [e]” denotes the transposition
for real vectors and matrices. E [e] denotes the expectation
operator. diag {e} formulates a (block) diagonal matrix with
its arguments. 1, (a is a positive integer) is a row vector with
a length of a whose entries are 1. 1}, is a square matrix of
size N x N whose entries are 1. I is a square matrix of size
NM x NM . We partition I into N x N blocks, and each block
is a square matrix of size M x M. The diagonal blocks of I
are I;WX - The others are zero matrices. sgn[e] means the
signum function.
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FIGURE 1. Diffusion network with N nodes.

Il. PROBLEM FORMULATION

A. PROBLEM FORMULATION

We consider the network with N nodes, which is shown
in Fig.1. The nodes are distributed over a spatial domain to
collectively estimate some interesting parameters which vary
over time. At time instant i, node kin the network attains the
measurement sample dy (i) and the regression data uy ;. The
relationship between the di (i) and uy ; is given by

di (i) = uy ;w7 + vi (i) ey

where v (i) denotes the measurement noise of the node k and
ui; = [Uki, Wk i—1, ..., uk,i—m+1] has the length of M. The
optimal solution, denoted by wj.’, is time-variant according
to the standard random walk model [52], which is usually

18877



IEEE Access

W. Wang, H. Zhao: Diffusion Signed LMS Algorithms and Their Performance Analyses for Cyclostationary White Gaussian Inputs

used in analyzing the adaptive filter under non-stationary
conditions [42], [44], [48], [53], [55]:

wl=w_,+gq; )

where ¢; is the parameter incremental vector.

B. CYCLOSTATIONARY PROCESSES

The input signal uy ; is the cyclostationary random process
which satisfies

E [ug,iy+1] = E [ur.iy ] (3
E [u iy +1uk iy 7| = E [ iy uicis | 4

for all i; and ip, where T is the period.

To make the analysis tractable, we assume that uy ; is a
cyclostationary white Gaussian vector with zero mean and
covariance matrix

R, i (i) which is expressed as

Rus(i) = E [uf o]

— diag [a,f,u(i), Ol — 1), ..., o i—M + 1)]
(5)

where szu(i) is a periodic function whose period is 7. It is
assumed that okzu(i) has the following two typical forms in
this paper. The first is a sinusoidal power time variation

5 . . [ 2mi
ak’u(z) = Bk |:1 + sin (T + wk>] (6)

where B is a positive constant which controls the maximum
value of the okz (D) and @y, is the phase position for the node k.
The second is a pulsed power time variation

sz ) = Hi, forqT +wp <i < qT + axT + wy
“ Lx, for qT +oxT +wp <i < (q+1) T+

O<ar <1, g=1,2,... 7)

where Hy and Ly are the lowest and highest values for a,i LD,
respectively, ¢ is a positive integer, and wy is the delay time
parameter. For tractability, the periods of the cyclostationary
signals are classified into large periods, moderate periods
and small periods. The periods of the cyclostationary signals
can be seen as small periods if T <« M. Conversely, the
periods of the cyclostationary signals can be seen as large
periods if T > M. The periods of the cyclostationary signals
can be seen as moderate periods if T ~ M. Evidently, the
large periods are corresponding to the slow variations of input
power. On the contrary, the small periods are corresponding
to the fast variations of input power. The moderate periods
are matched with the moderate variations of input power.

llIl. A FAMILY OF THE DIFFUSION SIGNED

LMS ALGORITHMS

Assuming that the speed for variation of w{ is very slow,
the centralized LMS algorithm can be used to estimate w?

18878

as follows

N
wii=wiior+ Y ul (di@) —uewiion) (8)
k=1

where 1 is the step size, wy ; denotes the estimate of w? at
node k. To lower the computation complexity of this algo-
rithm, the centralized signed regressor algorithm (SRA) can
be obtained by introducing the signum function for regressor
data, which is multiplication-free,

N
Wii=Wki-1+ M1 Z sgn [u,{,i] (di (@) — ug, Wi i—1)- (9)
k=1
Inspired by the merits of distributed algorithm, the
DLMS algorithm has been proposed to estimate the w{ [7].
Similar to the DLMS algorithm, the proposed adapt-then-
combine (ATC) diffusion SRA (DSRA) without information
exchange is given by

Vi = Wk.i-1 1 WLk Sgn [u;f,] (di (i) — uk,iWk,i—1)

wii= Y ayy,. (10)
leNk

where . is the step size for node k. ¥, ; is the intermediate
estimate of w?, N denotes the set of neighbor nodes of node k
and qy 4 is the combination weight between node / and node &,
which satisfies

N
ape >0, Y a=1. (11)
=1

Using the same method of deriving DSRA, we can obtain
the diffusion sign-sign algorithm (DSSA) by introducing the
signum function for estimate errors and regressor data

Vi = Wki—1 + [k sgn [u;{,i] sgn(dy (i) — ug,iWr,i—1)

wii= Y ax¥y,. (12)
leN;

Moreover, the diffusion signed error algorithm (DSEA)
which has been proposed in [20] is given by

T B
Vi = Wi,i—1 + ity ; sgn(di (D) — U, iW,i—1)

Wii= Z arV ;. (13)
leN;

Then, the DSRA, DSEA and DSSA constitute a family of
the diffusion signed LMS algorithms. In the rest of the paper,
the mathematical models of three variants of the diffusion
signed LMS algorithm are analyzed. Subsequently, the mean
square deviation (MSD) of these three algorithms is derived.

IV. ANALYSIS OF THE DIFFUSION SIGNED

ERROR ALGORITHM

A. MEAN WEIGHT BEHAVIOR

Firstly, the intermediate weight error vector at node k is
defined as

Vii=Vri— W, (14)
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and the weight error vector at node k is defined as
ﬁ’k,i :wk,,-—wi”. (15)

Then, the global vectors are expressed as

= - T
Vi Wi uj; q;
= - T
N Vo . wo u; q;
= |, wi=| |, U=| 71, 0=
= - T
VUn.i WN.i uy i 4

The diagonal matrix M is also introduced

M =diag [pidy, poly, ..., unInl. (16)

Finally, we introduce the extended weighting matrices
P=P®Iy a7

where P is a matrix whose {/, k} th entry is {al,k}.
In order to make the performance analysis tractable, the
following assumptions are stated:

Al: All the input signals uy; are spatially and tempo-
rally independent. The input signals are white Gaussian
cyclostationary processes.

A2: All the measurement noises v (i) are spatially and tem-
porally independent. In addition, they are Gaussian noise
with zero means and variances okz’v.

A3: The input signals uy ; are independent with all the mea-
surement noises v (i).

A4: The parameter incremental vectors g; are zero mean
processes with the covariance matrix O = E [q,q] | =
[0} q2 1 M-

A5: For node k, weight error quantities 12/](’[ and wy; are
statistically independent of u,{,iu ki In addition, wy, ,-wkT’l.

is also statistically independent of u,{ My e
A6: The parameter incremental vectors g; are statistically
independent of uy ;.

These assumptions have been widely used in analyzing the
distributed algorithms.
In addition, we state the following lemma which will be
used in analyzing the performance of DSSA.
Lemma: Assuming that a and b are jointly Gaussian zero
mean random variables, we have
2. E [ab]
E [sgn (a) sgn (b)] = —sinT ——. (18)
i E[a]E[p]

The Lemma can be easily obtained by the price
theorem! [50].

1Assuming that random variables a and b are jointly Gaussian processes
with zero mean, we have

2 Elab]

™ [E[p]

E [a sgn (b)] =

VOLUME 5, 2017

Subtracting w{ from both sides of (13) and using
equations (14) and (15) result in the following equations

Vii=Whki-1— Mkuz,,»sgﬂ
X (wg,iW,i-1 — v (i) — uriq;) — q; (19)

Wi,i = Z ar iy,
leN;

Using the global vectors and matrices which have been
mentioned in the foregoing paragraphs yields

Vi=wi_1 — MAU; — Q;

w =P, 0

where

A; = diag {sgn (ui,w1,i—1 — vi() —u1,q;) .
sgn (u2,iw2,i—1 — v2(i) —U2,q;) . .- -,
sgn (uy, Wy i—1 — vn () — un.iq;)} ® In. (21)

Combining two equations in (20) results in

wi =Pl — PTMAU; — PTQ,. (22)
Applying the stochastic expectation to (22) yields
E[w;]]=PTE[Wi1] - PTME[AU;] - PTE[Q,].

(23)
Using Assumption A4, we easily obtain
E[Qi] =0. (24)
Then, let
Qi =E[AU;]. (25)

To make analysis clear, we averagely partition Q; into N
blocks. According to (21), the kth block of Q; is given by

[Qilk =E [Sgn (kWi i—1 — vie (D) — ur.iq;) u,f’i] . (20)
Then, the jth element of [Q;]; is expressed as
{[Qilk}; =E [sgn (wr,iwr.io1 — v (i) — u.iq;) uk,i—j+1] :
27)

Hean j can be calculated by conditioning the expectation on

Wi,i—1 and gq;, then averaging over wy ;1 for a given ¢; and
finally averaging over g; as follows

{[Qilk}; = E{E {E [sgn (wxiwk i1 — vi()) — uriq;)
X U i—jr1 Wri-1. ;] lg;}} . (28)

Using the price theorem, Assumptions A3 and A6 leads
to (29), as shown at the top of the next page, where [ﬁ’k,i—l]j

and [qi]j denote the jth element of Wy ;| and q;, respectively.
['x(@) in (29) is expressed as

Tk(i) = q) Rux(OWi,iz1 + Wi\ Rux(dg;.  (30)
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i 2 [oxi-1] 08,0 =i+ D+ [g:] ol i =i+ D)
E [sgn (wr,iwi i1 — vie(i) — uk,iq;) uk’l;H]] = ;E E ik, %k, 7
\/ak2,v + I:wlz,i—lRu,k(i)ﬁ’k,ifl] + ¢! Rk (g; — Tk (i)
(29)
N 2 2
E [Sgn (r,iWr,io1 — v (i) — uiq;) ”k,i—j+1] - %E E[Wk‘lil]jak,u(l A [ql]jak)u(l i (3D
\/03, o E [ i Rk i1 | + 67 RiiDg; = k(D)

Assuming that the approximation ﬁ)]{,i_lRu’k(l.)ﬂ'kJ_l ~
E [ﬁ);if]Ru,k(i)Wk,i,l] holds, we obtain (31), as shown at

the top of this page, where
'y~ T . ~ ~T .
LU = a7 RO it ]+ E [#] Ly | Rur0g.— G2)

Assuming that the approximation g/ Ry, x(i)q; ~ E [q] Ry.x(i)
ql] holds and using Assumption A4, we have

E [Sgn (uk,iWr,i—1 — ug,iq; — v (D) Mk,i_jﬂ]

2 E[Wwkim1]j0f (i —j+ 1
“Vx

After some algebraic manipulations, we obtain

[Qilk

Using the Assumptions Al, A5 and A6 yields
E W] i Ruk@iict | ~ Tr [Tk = DI Rus )] 39)

E [a] Ruxba;| ~ 77 [OR,4(0)] (36)

\/Gkv"‘E[Wk, 1Rk (DWi i 1]+E[ q; uk(z)q]
(33)

Ry k(DE [W,i—1]

\/Gkv+E[wkl 1 Ru k OWi i 1]+E[i uk(l)q]
(34)

where K(i— 1) = E [ﬁ/i_lﬁ/iT_l].
Combining the results of N nodes and using some algebraic
operations, yield

2
Qi = \/;@)(i)diag{Ru,l(i), Ru2(@), ... Run(DIE[Wi—1]

37

where

O@) = diag {E1(1), E2(), ..., En(D} ® In (38)
with
. 1
Er() = .
JoR A T [T = DT Ry ()] + T [OR, (0]

(39)
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Substituting (24) and (37) into (23) results in the recursive
expression for E [w;] of DSEA

E[w]=P" {luy — M 3@(:’)
T

x diag {Ry,1()), Ru200), ..., Run@)}

E [#i_1] (40)

B. MEAN SQUARE WEIGHT BEHAVIOR

Post-multiplying (22) by its transpose, averaging the result
and using Assumption A4 lead to the following expression
for K (i)

K@) = PTK(i— )P - PTMTP

~PTTMP + PTMTMP +PTTLP  (41)
where
=e[AU#L,]. (42)
—E [wl_lU,-TAiT] : 43)
= e[Avul AL, (44)
- £|00]]. (45)

The expected values are computed for cyclostationary
input as follows.

1) EXPECTATION VALUES 75 AND 75

Firstly, we averagely partition 77 into N x N blocks where
each block is a matrix of size M x M. The {s, t} th block of
71 is given by

(ﬂ)s,[ =F [Sgn (us,iﬁ"s,ifl —v,(Q) — Us iq; ) thz 1]
(46)

Obviously, the {j, k} th element of (1), is expressed as
[(TDsi];

=F {sgn (us,,-ﬁ)syi_l —vs(i) — us,,-qi) U i it [ﬁ’z,i—l]k} .
(47)
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[(ﬂ)s,t]j’k =E ’E { E ’ sgn (us,iﬁ’s,i—l —vs(i) — us,iqi) us,[_j+1 [ﬁ’z’ifl]k‘ ws,i—l, qi} ‘ qz}] . (48)
~ ~ 2 . .
2 {[Ws,i—ll + [‘Ii]} ¥ ]00ui =+ 1D
(Tl = ZE{E ! / gt (49)
\/O'A%V + I:WZ:iflRu,s(i)ws,ifl:I + qiTRu,s(i)qi — Is()
~ ~ 2 . .
2 {[ws,,-_l]‘ + [qi]‘} [P im1]io0ui—j+ D
[(TDsiliw = E L (50)
\/o-sz,v +E I:WST,i—lRu,s(i)ﬁ"s,i—l:I + q,TRu,s(i)qi —I5(d)
Conditioning the expectation on wy ;1 and ¢;, averaging If s = ¢, we have
over w;, ;—1 for a given ¢;, and finally averaging over ¢;, we . T
have (48), as shown at the top of the next page. (T3)s. = E [u&iufvi] ) (58)
Using price theorem and Assumption Al yields (49), as Then, if s # 7, using Assumption A1 yields
shown at the top of this page. Assuming that the approxi-
(T3)s5.: = 0. (59

mation W7 ,_ Ry (W ;-1 ~ E [w{i_lRu,s(i)ws,i_l] , (49)
implies (50), as shown at the top of this page. Assuming that
the approximation ql.TR,M(i)ql- ~ FE [ql.TR,M(i)ql-] holds and
using Assumption A4, we have

[(TDsi];
_ \F
"V

Using (39) leads to

2
[(TDs.] i =/; Es(oy,(i—j+DE [[ws,,-_l]j[wt,i,l]k].

(52)

E{lmsit] o] o=+ 1

\/va +E [wsT’j_lRu,s(i)ﬁ’s,i—l] +E [q,'TRu,s(i)qi]
D

Using matrix theory, we have

Ti= \/zAi oK(i—1) (53)
T

where
Ai=1{O()col By, By, ... BN\ @1y (54)
with
Be() = col {0 (.0 i = ... i =M + D).
(55)

According to (42) and (43), we easily obtain
=T (56)

2) EXPECTATION VALUE T3

We averagely partition 73 into N x N blocks where each
block is a matrix of size M x M. The {s, t} th block of T3
is given by

(T)ss = E [sen (s, i1 — v — us0,)
o u, ;sgn (u iwi i1 —vi(i) —uriq;)] (57)
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Combining (58) and (59), we have
T3 = diag {Ry,1()), Ru2(), ..., Run()} (60)
Using Assumption A1 results in

Ti=E [U,U,-T] . 61)

3) EXPECTATION VALUE T3
Using the definition of global vector Q;, the property of the
Kronecker product and the Assumption A4 yields

E {[11{7 ®¢Ii] [11{/ ®‘1i]T}
= [Unxn]®E [qiqiT]
= o, (Unxy ®Iu) (62)

Substituting (53), (56), (61) and (62) into (41), we can
easily get the recursive equation for K (i) of the DSEA.

According to [7], the instantaneous MSD of the coefficients
at node k is defined as

MSDy(i)) = E [rv,{,iwk,,»] . (63)

Ta

Using the algebra theorem yields
MSDy(Gi) = Tr {E [ka,ifv,f,,-]}
= Tr {IkK(i)I,{ } . (64)

Similarly, the instantaneous network MSD of the coeffi-
cients is defined as

N
1
twork ;- _ .
MSD"™ok (i) = NI;MSDk(l) (65)
Using the relationship between MSDy(i) and
MSD"™ork (i) we have
1

MSD" (i) = = Tr (K (D) (66)
18881



IEEE Access

W. Wang, H. Zhao: Diffusion Signed LMS Algorithms and Their Performance Analyses for Cyclostationary White Gaussian Inputs

C. BEHAVIOR FOR SLOW VARYING INPUT POWER
According to [45] and [47], the adaptive filter algorithms
are usually influenced by cyclostationary input signal with
slow variant power. Thereby, it is necessary to investigate this
special case in distributed algorithm. For this case, the period
of input power is so large that the length of the filter can be
omitted. Then, we can get

ot )=0l,i—1)=...=0f,(i—M+1) (67)
Substituting (67) into (40) yields
E [wi]

2
=PT{1MN—\/;M®SI<1')

(diag{aﬁu(i), o2(0), .., a]%,u(i)} ® IM) }E [#i1]
(63)

where
Ou(i) = diag { g1 (). Exia(). ... Ean@)} ® I (69)

with
1

Job 408 OTr [Tk i~ DI] 407, ()T7 (0] '
(70)

s,k (D)=

Then, plugging (67) into (41) results in

K@) =P'K(i— )P — P MTy P —P'TH  MP
+ P MTysMP+PI TP (71)

where

Tot = \/g < {[@ut {cot {2 2. 02,00,
o © 17 ]
®1NM} oK(i—1) (72)

Tus = diag{oﬁu(i), o2, .., 01\2,’,4(1')} ® Iy. (73)

Remark: When the variations of o*kz’ (D) for all nodes are
synchronous, i.e. ] = @y = ... = wy and W] = wy =

. = wy for sinusoidal power time variation and pulsed
power time variation, respectively, change trends of the MSD
curves for all nodes are same. Moreover, from (71), (72)
and (73), we get that the MSD curves for all nodes have rip-
ples. Thereby, the network MSD has ripples. On the contrary,
when the variations of power for all nodes are asynchronous,
ie.w Zwy ... A owyandw] = w2 £ ... # oy
for sinusoidal power time variation and pulsed power time
variation, the variations of the entries of the Ty, 1 and Ty 3

are asynchronous. In the other word, Uk21 () and ok22 () for

k1 # kp would not reach the maximum or minimum at
the same time. Thus, the ripples of the instantaneous MSD
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of the coefficients at node k; and k;would be offset. Then,
the curve of network MSD would have no ripples or little
ripples. In summary, the diffusion algorithms can eliminate
the influence of the cyclostationary signal by appropriately
adjusting {wy} or {wy}.

V. ANALYSIS OF THE DIFFUSION SIGNED

REGRESSOR ALGORITHM

A. MEAN WEIGHT BEHAVIOR

Plugging (14) and (15) into (10) and using the global vectors
in previous section yields

{'/7,- =wi_1 — M [Dwi_1 — G — DiQ;] — Q; (74)

wi =Pl

where

D, = diag[sgn [ulTl] up ;,sgn [u{,] Uy iy, SEN [u{,yl] uN,i}
(75)

Gi = col {sgn [ulTJ] V1., Sgn [ug,l] V2, ..., 8N [u]{,l] vN,i}
(76)

Combining two equations of (74), we have
Wi =PI Wio1 =PI M [Diwi—1—Gi—D;0;)]-PTQ;  (77)

Averaging both sides of (77) and using Assumption A4
result in

E[w]|=PE[Wi_1] - PTME[DIE [Wwi—1]. (78)
Let
D; = E[Dy]. (79)

Then, we averagely partition ID; into N x N blocks of size
M x M. Obviously, the {j, j} th block of ID; can be expressed
as

[Dil;; =E [sgn [uJTl] uj’i] . (80)
Using Assumption A1, we have

E [sen (uf,)u,

sl
= diag {E [sgn (uj,i) uj,i] E [sgn (uj’i_1> ”j,i—l] R
E [sgn (”j,ifMH) uj,i7M+l]} : (81)

Using the algebraic theory yields

E [sen () ] = E [[u]] = \/gaj’u(i). (82)

Plugging back into (81), we obtain

E [sgn I:MJTI] uj’i]

2 . . . .
= || Zdiag {0}, = D0, (i =M + D
(83)

Using Assumption Al, [D;]; ,, = 0 forj # m. Thereby,
substituting (83) into (79) leads to the expression for D;

D; = diag {Z1(), Z2(), ..., Zny ()} (84)
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where

. 2 . . . .
Zi(i) = \/;dzag {aj’u(l), o uli=1), ..., Jj,u(l—M+l)} .
(85)
Plugging (84) into (78) results in the expression for E [w;]

E[wi] = P" {Iun — Mdiag {Z(i), Z2(i), .. .,
ZNDY E [Wiz1]. (86)

B. MEAN SQUARE WEIGHT BEHAVIOR
Post-multiplying (77) by its transpose, taking expectation of
the result and using Assumption A4 yield
K@) = PTKGi— )P + PT MM MP
—PT MW, P — PTY; MP
+PTMYMP + PT MYsMP
— PTTD! MP P MD T P+PTTAP. (87)

where
Y1 = E[Dwiiw] D], (88)
Y2 = E[Diciwl ], (89)
Vs = E [, D] | (90)
Y =E|G,6]]. o1
»s = E[Dig,0! D! . ©2)
Then, we compute- these expected values for

cyclostationary input.

1) EXPECTATION VALUE ),
Similar to the method of estimating 77, )| can be averagely
partitioned into N x N blocks of size M x M. Evidently, the
{s, t} th block of ) is given by
T
Vils, = E{sgn [uth] us,iw&l'—lwtz:i—l [sgn [u,Tl] u,’i] } .
93)

Then, to calculate the expectation value, we consider the
following two cases.

Casel:s=t

Using Assumption Al and algebraic theory, (93) implies
(See Appendix A for detail)

il = 220 [#yim1wl,1 ] 2,0

77 [E [ 20| I
%94)

Case2:s #t
Using Assumption Al and A5 results in

Vil = E [sgn (uyTl> "s,i] E [ﬁ’s,i—lﬁ’zT,i—l]
x E[sgn (u{i) ut’i]T. 95)

VOLUME 5, 2017

Substituting (83) into (95) yields
Dilss = Z()IKG — DIT Z,6). (96)
Combining the results of two cases, we obtain
Vi =DKG— DD; +D; [KGi — 1) o I D; + T'(i) 7
where

I = diag {1 sxar Vagsars - Ve ) (98)

N
and
T'(i) = diag {Tr [T\ K(i — DI, Z1(})],
Tr [I:K(i — DI, 2:0)], .. ..
Tr [ZINKG— DIy ZvD]} @ In. (99)

2) EXPECTATION VALUES Y, AND Y
According to Assumption A5, (89) implies

Y2 = EIDIE [, ). (100)
Substituting (84) into (100) results in
Vo =diag{Z1(i), Z5(i), ..., Znv@}K@GE —1). (101)
Comparing (89) and (90) yields
Vi=);. (102)

3) EXPECTATION VALUE Y,
Substituting (76) into (91) and using Assumption A2
yields

Vo =diag [0}, 03,03, ... of f @Iu.  (103)

4) EXPECTATION VALUE Y5

Y5 can be averagely partitioned into N x N blocks which are
square matrices with the length of M. The {s, t} th block of
Vs is expressed as

[Vsls: =E [sgn [usT’i] us’iqiqiTu,T)i sgn [ut’i]] . (104)

Then, to calculate the expectation value, we consider the
following two cases.

Casel:s=t

In this case, (104) implies

Vsl = E [sgn ["AT;] ugq:q; ul;sgn [us’i]] . (105)

[Vs]s.; can be calculated by conditioning the expectation on
ug ;, then averaging over g; as follows

[yS]s,t =E [E [Sgn I:usT,i:I us,iqiqiTusT,i sgn [us,i] |us,ii|:|
=F [sgn [usTl] u, E [qiqiT] uSTJ- sgn [us’i]] . (106)
Using assumption A3, (106) implies
[Vsls.: = a(?E [sgn [MYTZ] us’iusTJ sgn [um]] . (107
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Using (83) and (A.11), we have (See Appendix B for detail)

4 : .
[Vslsr = 0 —Rus(i) + o Tr [Rus@] Iy (108)
T
Case2:s #t
Using Assumption Al and AS results in
2 T T T
[Vsls: = o E [sgn (us’i) us’i] E[sgn (ut’i) u,’i] (109)
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FIGURE 5. The network MSD curves of DSEA for synchronous pulsed
variations, (a) slow variation: T = 400 (b) fast variation: T = 2, (c)
moderate variation: T = 32.

Substituting (83) and (85) into (109) yields
[Vslys = 07 Z0D)Z:().

Combining the results of two cases, we obtain

(110)

4 . . )
Vs = o, DiTD; + o(;;dzag {Ru1G), Ru2(i), ..., Run(i)}

+o 8'() (111
where
0 I I
I 0 - 1
T=|. . . ) (112)
I 0
and
S'()=diag {Tr [Ru, 1)) . Tr [Ru2G)] . ..., Tr [Run ()]} ®1In
(113)

Combining (87), (97), (101), (102), (103) and (111), we
can get the recursion of K (7) for the DSRA.
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C. BEHAVIOR FOR SLOW VARYING INPUT POWER
According to [45], when cyclostationary input signals have
slow varying input power, equation (67) holds. Then, substi-
tuting (67) into (86) yields

2
E[wi]=P" | Iuy — \/;M {diag {o1,u(0), 02.400), . . .,

onu(@D} @ In} |E [Wi1].

(114)
Plugging (67) into (87) yields
K@) = PTK(i — )P + PT MYy MP
— P MYy 2P — PTY] ,MP
+PT MMIMP + P MYy sMP
~PITaYg o, MP =PI MYy o Ta'P + PTTaP
(115)
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where
2,

Va2 = \/;h(t)K(t -1 (116)
2 2

Vi = —hOK(—Dh(i)+—h() [K(i—1) o Tys2y2] k(i)

+diag {(H()} @ 1y, (117)

Vs = o h()Th() + agihz(z‘) + 0, MR(i) (118)
T
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with

h(i) = diag {0, (i), 05 ,(D). ... on (D} @ Iy (119)
and

2
H() = \/;{ol’u(i)Tr [Z.K(—1DT,].
0y (DT [IoK (i — 1), ]
oy DT [INKG — DIy ]} (120)
Then, combining (64), (66) and (115), we can get the
MSDy (i) and MSD™™°™(j). From (115), we can also obtain

that the diffusion algorithms can eliminate the influence of
the cyclostationary signal.

VI. ANALYSIS OF THE DIFFUSION SIGN-SIGN
ERROR ALGORITHM
Subtracting w¢ from both sides of (12) yields

Vi = Wk,i—1 — M SN (”J{J)
sgn (ug,iWi,i—1 — vk (D) — Ur,iq;) — 4,

Wei= Y anx¥y;

leN;

(121)
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Using the definitions of global quantities, we obtain

{1}1- :ﬁ),'T_l - MAB; -0, (122)
wi =Py,
where
B, =sgn[U,]. (123)
Equivalently,
wi=Plwi1 —P MAB —P'Q.  (124)

A. MEAN WEIGHT BEHAVIOR

Taking expectation of both sides of (124) and using Assump-
tion A4 yield
E[w]] =PTE[Wie1] - PTME[AB;].  (125)
Let
Qi =E[AB;]. (126)

VOLUME 5, 2017



W. Wang, H. Zhao: Diffusion Signed LMS Algorithms and Their Performance Analyses for Cyclostationary White Gaussian Inputs

IEEE Access

0
-5
-10
-15
Jue}
D20
o
o 25
=
-30
-35
-40
45
0 500 1000 1500 2000 2500 3000
Iteration number
(a)
0
-5
10
m -15
el
=
o -20
(7]
§ -25
-30
-35
-40
0 500 1000 1500 2000 2500 3000
Iteration number
0
-5
-10
m -15
©
E -20
(7]
= -25
-30
-35
-40
500 1000 1500 2000 2500 3000
Iteration number
(c)

FIGURE 11. The network MSD curves of DSRA for synchronous sinusoidal
variations, (a) slow variation: T = 400 (b) fast variation: T = 2,
(c) moderate variation: T = 32.

Then, we averagely partition Q; into N blocks. Subsequently,
the kth block of Q; is given by

(@il = E [sen (w1 — ve) — uiigr) sen ()]
(127)

Evidently, the jth block element of [Q;]; is computed as

{[Qilc}=E [Sgn(uk,iﬁ’k,i—l —vk(i)—uy,iq;) sgn (uk,i7j+l>] .
(128)

In the sequel, conditioning the expectation on wy ;—1 and
q;, then averaging over wy ;—; for a given ¢; and finally
averaging over g;, we can get (129), as shown at the top of
the next page. Using Assumption A3 and Lemma, and letting
a = up w1 — k(i) —uq; and b = w ; ;. in (18),
equation (129) becomes (130), as shown at the top of the next
page.

Since the terms ﬁ:,{’i_lRu,k(i)Wk,,-_l and qiTRu,k(i)q,- are
both the sum of the M terms which are on the order of the
square of the numerator, the magnitude of the argument of the
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function sin~! is on the order of /1 /2M . Thereby, it is much
less than 1. Assuming that the approximation sin"'x ~ x
holds, (130) implies (131), as shown at the top of the next
page. In the sequel, using Assumption A4 and the approxi-
mations ) ;_, Ry k(Wi i1 ~ E [w,{,i_lRu,k(i)wk,,'_l] and

g R x(i)q; ~ E [q] Ry x()g;], (131) implies that

{[Qile};
_2 [ﬁ’k,ifl]jak,u(i—j-i- 1)
7 \/a,iv + Tr [ThK( — DIT Ryx)] + Tr [ORu k()]

(132)

Using some algebraic manipulations leads to the expres-
sion for [Q;],

[Qilk
_2 ALGIE [g i ]
T Jop, + Tr [TeK( — DI] Ryx()] + Tr [ORy k()]
(133)
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{[Qilk}; = E {E HE [sgn (kWi i—1 — v (D) — ug,iq;) sgn (Mk,i_jH)‘ Wk,i—l,qi]

q,-”. (129)

) [Wr,i— 1] E [u,% l_]+1] + [qi]jE [bt;%,i—j—kl]

{[Qk}; = —E\E

q;
T
,/ [ i1 [y o2 P i Rk i1 + a7 R (g = Tx ()

[wkll](fku(l ]+1)+[q,]aku(z i+ 1D

= ZE{E {sin™! q;
” Otali =+ D\ JoR, + W], Rk i1 + g7 Rus(dg; — Th()
2 .1 [ﬁ’k,i—l]jﬁk,u(i —j+ D+ [q,-]jok,u(z —j+ 1

= —F{FE {sin q; . (130)
i VOR s WL Ruiwe i1 + a7 Rk (g, — Th()
2 [Priz1]0kuti =+ 1D+ [g;] 0kl —j + D

Q)= ~E|E a |- (131)
Jor s WL R i + 4! R, — Tl

where

Arli) = diag {or,u(D), okuli— 1), ..., opuli—M + D).

(134)

After some algebraic manipulations, (133) implies that

2
Qi = ~O)diag (A1(), As(i). ... AvD)E [Wia1].

(135)

Substituting (135) into (125) leads to the expression for
E [ﬁ)i_l] of DSSA

E [W,]
2
=pr {IMN — M=—6()diag {A1(D), A, ..., AN@}}
x E [wi—1] (136)

B. MEAN SQUARE WEIGHT BEHAVIOR
Post-multiplying (124) by its transpose, taking expectation of
the result and using Assumption A4, we have

K@) = PT'KGi - 1)P - PTMT,P

~PIToMP + PTMTsMP +PT TP, (137)
where
T, = E [A,»Bl-w,T_l], (138)
T, = E [w,_lB{A{] , (139)
Ty = E [A,-BiB,T.A,-T] (140)

To analyze the mean square weight behavior, we calculate
the expected values as follows

1) EXPECTATION VALUES T; AND T,
T can be averagely partitioned into N x N blocks which are
square matrices with the length of M. The {s, ¢} th block of
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T is expressed as

(T1) = {sen o i1 = v, —,i) sem (u]) 57,1}

(141)
The {j, k} th entry of (T);, is given by
[TDs.0); 1
—E {sgn(us,,-ﬁ)s,i,l —u,iq;—vs(i)) sgn [us,i—j+l] [wt,i—l]k} :
(142)

Conditioning the expectation on Wi ;—1 and ¢;, then aver-
aging over wy ;—1 for a given ¢; and finally averaging
over ¢; yield (143), as shown at the top of the next page.
Using the Lemma, Assumption A4 and the approximations
sin~lx &, WL R & E (W] R
and qiTR,M(i)qi ~ E [qiTRu,s(i)qi], we have (144), as shown
at the top of the next page, where the first equality in (144)
follows from the Lemma, the fourth equality in (144) follows
from the approximation sin"'x A x and the fifth equal-
ity in (144) follows from Assumption A4 and the approx-

L T N ~ vl W
imations Wy ; Ry ()W; | ~ E [ws,i—lRu,s(l)ws,i—l] and

4 Rus()q; ~ E [q] Ru.s()q;]-
Then, combining the results of all nodes over network
results in

T, = ;Xl- oK(i—1) (145)
where
X; = 0O@)col {B1, Ba, ..., By} ® 1uy (146)
with
B (i) = col {O'k,u(i), orui—1), ..., ok,u(i—M—i—l)} (147)
Comparing equations (138) and (139), we easily have
T, =17 (148)
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(T, =ElElE] ™ (et = s — i) | o (143)
Dol = . Wit Qi(|4i( (-
s.tjk X sgn [us,i—j+l] [wt,i—l]k ti—1 i i
) [w” 1]E[u2- ; ]+[q~]E[u2. : ]
j s,i—j+1 tlj s,i—j+1
[(Tl)s,t]j,k = ;E E wtl 1 Sln q;
‘/ s 1—]+1 \/ + wz:i_lRu,sws,i—l + qiTRu,sql' — ()
2 i - culi =+ D[Wsi-1], + 02, —j + Dla;];
= ;E E [wl’,-,l]ksm - - q;
O's,u(i —-Jj+ 1)\/05,\; + Ws,iflRu,sws,if] + q; Ru,sqi — TI's(d)
2 _Osali = j+ D[P im1]; + 05ui = j + D]gi];
= —FEE wl, 1 sm i
T \/Us,v + ﬁ’5,1;1Ru,sﬁ"s,ifl +q; Ru,sqi = TI'5(0)
2 [Ps.i-1],05.ui = j+ D + [q:];05.uG —j+ 1)
= ;E E wl, ] qi
U +wsl 1Ru swst 1 +ql usqi_ (i)
> E{r ) foai—i+ 0 o R run] et —i+ D
== == (144)
T . T .
\/gsgv +E [;@_1 Ru,sfvs,i_l] T E[q" Rusa)] \/qgv + Tr(TiK (i — VI Ryi(i)) + Tr(ORy, )
2) EXPECTATION VALUE T+ Ty = diag {o, (i), 05,0, ..., oy, ()} ®Iy. (154)

Using the algebraic theory, (140) implies

T: = E [BiB] ]. (149)
Using Assumption A1, we obtain
T3 = Iyn. (150)

Substituting (145), (148) and (150) into (137), the recursion
of K (i) of the DSSA can be obtained.

C. BEHAVIOR FOR SLOW VARYING INPUT POWER

When cyclostationary input signals have slow varying input
power, equation (67) holds. Then, Substituting (67) into (136)
leads to the recursion of £ [ﬁli]

2
E[w]="P" (1 — — MOy (diag{o1,u(), o2,ui), ...,

UN,u(i)} ®IM) ) E [W,;]] .
(151)

In the sequel, plugging (67) into (137) results in the expres-
sion for K (i)

K@) =PTKGi— )P —PT MTy, P
—PITY \ MP+PT MTy3sMP+PT TP (152)

where
2
Toa = = {[Oaleotforuti. o260 owui}@1}}]
® 1NM} oK(i—1), (153)
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Then, combining (64), (66) and (152), the MSDy(i)
and MSD"™™%(j) can be obtained. From (152), we
can also draw the conclusion that the diffusion algo-
rithms can suppress the influence of the cyclostationary
signal.

VIl. SIMULATION

In this section, the computer simulations are carried out to
demonstrate the performance of proposed algorithms and
verify the theoretical results. It is assumed that the length of
the unknown vector w;-’ is 5, which is the same as the length
of the input vector. The parameter vector w{ to be estimated
varies with time according to the first order random walk
model with incremental variance %2 = 1075, In this paper,
the simulated network topology contains 20 nodes, which is
depicted in Fig. 2. The background noise of each node is
the white Gaussian process with power o2 »-x Which is shown
in Fig. 3. The initialization of w{ is generated by Gaussian
process. The combination matnx P is computed according
to uniform rule. The results of simulations are obtained by
averaging over 100 independent runs.

A. RESULTS FOR INPUT POWER WITH SYNCHRONOUS
PULSED VARIATIONS

In this subsection, the input signals have synchronous pulsed
power time variations. The magnitudes of square roots of
and Ly are plotted in Fig.4 (a) and Fig.4 (b), respectively. {wy }
are set to 0. Fig. 5 compares Monte Carlo (MC) simulations
and theory of DSEA for slow, fast and moderate cases. The
step sizes {ug} are all set to 0.004. It is found that there is
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FIGURE 13. The network MSD curves of DSRA for asynchronous pulsed

variations, (a) slow variation: T = 400 (b) fast variation: T = 2,
(c) moderate variation: T = 32.

an excellent agreement between the simulation results and
the theoretical results. There are several ripples in the curves
for slow pulsed input power variations. However, the curves
for fast and moderate pulsed input power variations have no
ripples. Fig. 6 depicts the theoretical and simulated curves
of the transient network MSD for DSRA. The step sizes
{ur} are all set to 0.004. We observed that the curves of
simulation are in line with their corresponding theoretical
results. We also found that the curves have ripples for slow
pulsed input power variations and have no ripples or little
ripples for moderate and fast pulsed input power variations.
Fig. 7 depicts the theoretical and simulated curves of the
transient network MSD of DSSA for slow, fast and moderate
sinusoidal input power variations. The step sizes {1} are all
set to 0.004. The results in Fig.7 illustrate an excellent match
between simulations and theory.

B. RESULTS FOR INPUT POWER WITH SYNCHRONOUS
SINUSOIDAL VARIATIONS

In this subsection, the input signals have the synchronous
sinusoidal power variations. The magnitudes of square roots
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FIGURE 14. The network MSD curves of DSSA for asynchronous pulsed
variations, (a) slow variation: T = 400 (b) fast variation: T = 2,
(c) moderate variation: T = 32.

of By are plotted in Fig.8. {wy} are set to 0. Fig. 9 gives the
transient MSDs of simulations and theory of DSEA for slow,
fast and moderate cases. The step sizes {uy} are all set to
0.004. It is seen that there is a good match between MC sim-
ulation and the theory. Fig. 10 illustrates the theoretical and
simulated curves of the transient network MSD for DSRA.
The step sizes {uy} are all set to 0.004. We can see the results
of simulation match that of theory. We also present the results
of simulation and theory of DSSA for slow, fast and moderate
sinusoidal input power variations in Fig. 11. The step sizes
{ug} are all set to 0.004. Once again, one notes a very good
match between the results obtained through MC simulation
and theory. From Figs. 9-11, we can also observe that there
are ripples for the slow case and there are no or little ripples
for moderate and fast cases.

C. RESULTS FOR INPUT POWER WITH ASYNCHRONOUS
PULSED VARIATIONS

We study the performance of three signed variants of the
DLMS algorithm over the network when the input signals
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FIGURE 15. The network MSD curves of DSEA for asynchronous
sinusoidal variations, (a) slow variation: T = 400 (b) fast variation: T = 2,
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have asynchronous pulsed power variation. The magnitudes
of square roots of Hy and L are plotted in Fig.4 (a) and
Fig.4 (b), respectively. We set the delay time parameters wy
for each node as follows

wp =wg-1+T (155)

where 7 is constant depending on the period of variations of
the input power. In this simulation, 7 is set to 1, 2 and 10
for slow, fast and moderate cases, respectively. The step
sizes {uy} are all set to 0.004 for DSEA, DSRA and DSSA.
Fig. 12 shows the results of simulation and theory of DSEA
for slow, fast and moderate pulsed input power variations.
Fig. 13 provides the theoretical and simulated curves of the
transient network MSD for DSRA. Fig. 14 illustrates the
theoretical and simulated curves of the transient network
MSD for DSRA. From these figures, we can see that all
these simulation results are in line with their corresponding
theoretical results. In addition, we observed that the curves
have no ripples regardless of the speed of the input power
variations, which corresponds to the discussion of analytic
theory.
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FIGURE 16. The network MSD curves of DSRA for asynchronous
sinusoidal variations, (a) slow variation: T = 400 (b) fast variation: T = 2,
(c) moderate variation: T = 32.

D. RESULTS FOR INPUT POWER WITH ASYNCHRONOUS
SINUSOIDAL VARIATIONS

The performance of three signed variants of the DLMS algo-
rithm over the network is considered for the input signals
which have asynchronous sinusoidal power variation. The
magnitudes of square roots of g are plotted in Fig.8. We set
the delay time parameters @y for each node as follows

Oy = Wk—1 —|— ‘L'/ (156)

where 7’ is constant depending on the period of variations of
the input power. In this simulation, 7’ is set to 1, 2 and 10
for slow, fast and moderate cases, respectively. The step sizes
{uy} are all set to 0.004 for DSEA, DSRA and DSSA. Fig.
15 compares simulations with theory of DSEA for slow,
fast and moderate sinusoidal input power variations. Fig. 16
illustrates the theoretical and simulated curves of the transient
network MSD for DSRA. Fig. 17 provides the theoretical and
simulated curves of the transient network MSD for DSRA.
It is also found that there an excellent agreement between the
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simulation results and the theoretical results. Also, there are
no ripples in curves regardless of the speed of the input power
variation.

VIil. CONCLUSION
As one of the signed variants of the DLMS algorithm, the

DSEA has been presented in the previous reference. This
paper presents two other signed variants of DLMS algorithm,
i.e. DSRA and DSSA. Then, we study the performance of
three signed variants of DLMS algorithm while the cyclosta-
tionary white Gaussian signals are selected as input signals
and the unknown system is generated by the random walk
model. Specifically, the mean weight behavior and mean
square weight behavior of the algorithms are derived. Finally,
the simulation experiments are carried out to verify the cor-
rectness of the analytic model. It is clearly seen that there
is an excellent agreement between theory and the simulation
results. It is also found that fast and moderate variation for
both synchronous and the asynchronous case would cause
very little magnitude ripples. However, when the input signals
have synchronous slow variation power, the curves would
have ripple. It is worth noted that when the input signals
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have asynchronous variation power, the curves don’t have
ripples or have little magnitude ripples. Thus, we obtain
that the distributed algorithm can suppress the effects of the
cyclostationary input.

APPENDIX A
PROOF OF (94)
For (93), conditioning the expectation on w,;—; and then

averaging over wy ;1 yield
_ T - =T
[yl]s,s =F HE {Sgn I:us,i:l U Ws,i—1Ws i1
T P
X [sgn [us’i] us’i] |ws,,-_1 ” (A.1)
Let
. T - T T r
C(i) = sgn [uw-] Ug Wsi—1Ws ;| [sgn [us’i] us’i]

The {j, k} th element of C (i) is expressed as

(A2)

M M
cj k(i) = Z Z {sgn [uAT,] us’,-} _l{ﬁ)s,,’,lﬁ{iq }l
=1 p=1 I P
- T
x [sgn [uw-] um] (A.3)
p.k
where
[sgn [uYT,] "“‘}jz = sgn I:us,ifjJrle Ugirp1 (A4
~ ~T ~ ~
{Ws,i—lws,i_l}l’p = [ws,i—l]l[ws,i—l]p (A.5)
- T
[Sgn [us,i] us,i:| L = us,i—p-i—l sgn [us,i—k-ﬁ-l] (A6)
2
Using Assumption Al, we have
E {cjx (@) [Ws,i—1}
M M
= Z Z E {sgn [“s,i—j+1] Ug 141U i—p41 58D [“s,i—k+1]]
=1 p=1
X [ﬁ’s,i—l],[ﬁ’s,i—l]p (A7)

Using the moment factoring [51] results in

E {Sgn [”s,i—j+1] Ug i y1Usi—p41 SEN [“s,i—k+l]}
=E {sgn [us,i—j—i-l] Ugil1+1 } E {us,i—p—H sgn [us,i—k+l]}
+E {Sgn [”s,i—j+1] sgn [us,i—k+1] }E{us,i—l+1us,i—p+1}

+E {us,iflJrl sgn [us,ikarl] }E { sgn [”s,i7j+1:| us,ifp+1 }
(A.8)

Plugging back into (A.7) yields (A.9), as shown at the top
of the next page. Equivalently,

E{CG) w51}
T
=2F {sgn [uii] ”s,i} ﬁ’s,i—lﬁ’sT,,qE[Sgn [”sT,i] ”s,i]

+ WSTJ-_IE [";T,i”s,i] Ws.i1E {sgn [uSTJ] sgn [uw.]}
(A.10)
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M M
E {Cj,k(i) W’s,i—l } = Z ZE {Sg“ [us,i—j-'rl] ”s,i—l+1] [“’S,i—l]z[“’s,i—l]pE [”s,i—p+1 sgn [us,i—k+1]}
=1 p=1
M
+ Z ZE {sgn [”s,i—j+l] us’,-_pH} [Ws,i—l]p[ﬁ’x,i—l]lE {tg imgrsen [ug ;1]
p=1i=1
M M
+E {Sgn [“s,i—j+l] sgn [”s,i—k+1] } E Z Ugi—i+1 [‘I’Sqi—l]z Z Usi—p+1 [Wti—l]p (A9)
=1 p=1
For white Gaussian input, Equivalently,

E {sgn [usTl] sgn [us’i]} =1y (A.1D)

Then, after some algebraic manipulations, we can get
Wil = 220 [Wyim1wl, 1 | 2,0
+Tr [E [ws,i,lwii_l] Zx(i)] Iy (A.12)
APPENDIX B
PROOF OF (108)

Obviously, according to (107), when s = ¢, the {j, k}th
element of [Vs]; ; is expressed as

[[yS]s,t]j’k

M

~ 2 fsenfut Jo ) ([sn [t ] ] ]

=1 ,
M

=0, ZE {Sgn [”‘s,ifjJrl:I Ugi—i+1Us,i—141 S8 [us,ifk+l]}
=1
(B.1)

Using the moment factoring [51] results in
E {Sgn [“s,i—j+1] Us,im141Us,i-1+1 581 [“s,i—k+l]}
=E {Sgn I:“s,i—j+1:| Ugi g1l } E{ug; ;pysgnfug; 4111}
+E {Sgn [”s,i—j+1] sgn [“s,i—k+1]} E{ug; gyt g}

+E {”s,i—1+1 sgn [“s,i—k+1]} E {Sgn [”s,i—j+1] ”s,i—1+1}
(B.2)

Plugging back into (B.1) yields

M
[D}S]s,t]j’k = 0{,2 ZE {Sgn [“s,i—j+1] ”s,i—1+1]
I=1
XE {utg ;1 sgn [y}
M
+ qu Z E {Sgn I:”s,ifjJrl:I ”x,HH}
I=1

xE {us,i—l+1 sgn [us,i—k+l]}

2
+ O'qE {sgn [us’,'_ﬂ_l] sgn [“s,i—k-‘rl]}
M

xE Z Ug i—141%s,i—1+1
=1

(B.3)
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T
(V55 = 205,215 {sgn [usT,i uv,i} E[sgn [”sT,i] us,i]

—i—crqur {E [uST’iuS’i] ] E [sgn [usr’i] sgn [us’,-]}
(B.4)
Substituting (83) and (A.11) into (B.4), we have

4
sl = 03 —Rus®) + 0T [Rus@] v (BS)
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