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ABSTRACT This paper investigates the 3-D massive multiple-input multiple-output (MIMO) for air-to-
ground transmission, where an air platform (AP) is equipped with a 2-D rectangular antenna array and
communicates with a number of user equipments (UEs) on the ground. By exploiting the slow time-
varying parameters, such as channel correlation and angles of departure (AoDs) of UEs, we first propose
a location-assisted two-layer precoding scheme for downlink transmission. The first-layer precoding aims
to decompose the original massive MIMO system into several low-dimension MIMO systems, with each
operating on the orthogonal subspace. Through proper UE clustering, we show that the first-layer precoding
matrix can be approximated using a constant-envelope matrix, which results in significant reduction on
hardware complexity of AP. The second-layer precoding is designed to eliminate the multi-UE interference
within each low-dimension MIMO system. Since the AoD information is usually not perfectly known at AP,
we then investigate the effect of AoD uncertainty on the performance of the proposed precoding scheme.
In particular, we propose a new analytic method to fast estimate approximately the power loss due to AoD
error. Numerical simulations are presented to evaluate the performance of location-assisted precoding under
different system parameters, including Rician factor, altitude of AP, and AoD uncertainty. The results show
that the location-assisted precoding outperformsmatch filter precoding and basis expansion-based precoding
in the air-to-ground transmission scenarios significantly.

INDEX TERMS Air-to-ground transmission, three-dimension massive MIMO, location-assisted precoding,
AoD uncertainty, spectral efficiency.

I. INTRODUCTION
Seamless wide-area coverage is the basic scenario of mobile
communications. In this scenario, one main challenge is to
provide high user experienced data rate anytime and any-
where, even for users in remote places with poor infrastruc-
ture. Deploying massive infrastructure in these areas is cost
inefficient due to the low population density and hostile envi-
ronment. Hybrid air-terrestrial networks, where high altitude
platforms (HAPs) are deployed to provide internet access
for ground stations or user equipments (UEs), are promising
approach to deal with this problem. HAPs are airships or
aircrafts in the stratosphere (at an altitude around 20 km),

which can provide ubiquitous wireless access over large cov-
erage areas at low cost. One example of HAP is Google
Balloon [1] which uses high altitude balloons to create
a hybrid air-terrestrial network with up to LTE data rate.
Another example is ‘‘Internet From Sky’’ proposed by Face-
book. In this project, unmanned aerial vehicles are deployed
to provide a novel and efficient method of access [2].

Despite of HAP, the deployment of low altitude plat-
form (LAP) under 1 km for communications has also drawn
much attention recently. LAP can be used in the high-capacity
hot-spot scenario which is one of the main technical sce-
nario for the fifth generation (5G) mobile communication
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systems [3]. In this scenario, LAPs (such as balloons and
unmanned aerial vehicles) play the role of temporary base sta-
tions (BSs) to provide ultra-high data rates for hot-spot UEs.
Another application of LAP is for the wireless recovery net-
works, or called emergency supplementary networks (ESN)
in [4]. The concept of ESN has been accepted by the
Homeland Security Bureau in USA, which aims to recover
the critical communications for first responders within
12-18 hours by deployable air-bone communication sys-
tems [5]. Other application scenarios of LAP includes mobile
relaying and information dissemination/data collection in
wireless sensor networks (see [6] and the reference therein).

In conventional air-to-ground communication systems, air
platform (AP) is usually equipped with directional anten-
nas which can generate several spot beams from AP for
data transmission [7]. Due to limited spatial resolution of
directional antennas, the coverage radius of each spot beam
on the ground is up to several kilometers. As a result,
no spatial multiplexing gain can be obtained if the UEs
located in the coverage region of one spot beam, which lim-
its system spectral efficiency (SE). Massive multiple-input
multiple-output (MIMO) can provide high spatial resolution
by employing large-scale antenna arrays [8]–[18], and thus is
a promising technology to address this problem. Additionally,
with coherent processingmassiveMIMOcan achieve tremen-
dous power gain, which is beneficial to combat the path loss
introduced by both large vertical and horizontal distances.
In the terrestrial communication systems, the antenna ele-
ments of base station (BS) are usually placed in a line to form
uniform linear array (ULA) [11]. As shown in [13], for LTE
carrier frequency of 2.5 GHz, it requires about 1.9 m to place
a ULAwith 32 antenna elements. Using this architecture, it is
difficult to equip a large number of antennas at AP due to the
physical size of antenna array. In contrast, by placing antenna
elements in a two-dimension grid, the planar array architec-
ture enables a large number of antenna elements in a compact
area. Moreover, planar array can control radiation pattern in
a three-dimension (3D) space (forming a 3D massive MIMO
system) and focus more precisely on the intended UEs, which
can potentially achieve better power gain [14].

In this paper, we investigate the feasibility of 3D mas-
sive MIMO for air-to-ground transmission, where we assume
an AP is equipped with a two-dimension (2D) rectangular
antenna array and communicates with a number of UEs
on the ground. In such system, the biggest challenge is to
design practical downlink (air-to-ground) precoding scheme.
Different from the BS on the ground, AP is hardware and
computational complexity limited due to the consideration
of weight, fabricating cost and energy supply. Traditional
linear precoding schemes, such as match filter precoding
and zero-forcing (ZF) precoding [15], [16], require a large
number radio frequency (RF) chains at AP and have high
computational complexity. This may make these schemes
infeasible when applied on AP. The recent basis expansion
based precoding can reduce the number of required RF chains
significantly by exploiting the compressibility of channels in

beam domain [17]. However, as will be shown in the simu-
lation, this scheme does not perform well when the angular
spreads of signals are extremely narrow (which occurs when
the altitude of AP increases) and the number of RF chains is
very small.

This paper studies low-complexity 3DmassiveMIMO pre-
coding for air-to-ground transmission considering the above
challenges. The contributions are summarized as follows.

• By exploiting the slow time-varying parameters, such
as channel correlation and angles of departure (AoDs)
of UEs, we first propose a location-assisted two-layer
precoding scheme for downlink transmission. Then by
proper UE clustering, we approximate the first-layer
precoding matrix using a constant-envelope matrix,
which can be realized using phase shifting networkswith
low hardware complexity. With the proposed precoding
scheme, we analyze the effect of AP’s altitude on the
hardware design of AP, and show that the required num-
ber of RF chains can be reduced when the altitude of
AP increases.

• As the AoD information is usually not perfectly known
at AP due to estimation error and relative movement
between AP and UEs, we investigate the impact of AoD
uncertainty on the location-assisted precoding. Particu-
larly, we propose a new analytic method to estimate the
power loss due to AoD errors, which is very useful in
link budget and design of AoD estimation scheme.

• At last, we present numerical simulations to evalu-
ate performance of location-assisted precoding under
different system parameters, including Rician factor,
AP’s altitude and AoD uncertainty. Our results show
that the proposed scheme outperforms match filter and
basis expansion based precoding in the air-to-ground
transmission scenarios significantly.

The rest of the paper is organized as follows. Section II
reviews the related work. Section III presents the system and
channel models. Section IV presents the location-assisted
precoding scheme. Section IV analyzes the effect of AoD
uncertainty. Section V presents the simulation results. Some
conclusions are drawn at last in section VI.
Notations: The symbol  denotes

√
−1. δ(·) denotes the

dirac delta function. E(·) denotes the expectation. In denotes
the n × n identity matrix. ⊗ denotes the Kronecker product.
(·)T , (·)H , tr(·) and || · || denote the transpose, conjugate-
transpose, trace and Euclidean norm of matrix, respectively.
eign (A) denotes the matrix whose columns consist of the
first n dominant eigenvectors of A. The distance between
two sets B1 and B2 with real value elements is defined as
D (B1,B2) = infb1∈B1,b2∈B2 |b1 − b2|. asincN (x) is aliased
sinc function, which is defined as asincN (x) =

sin(Nπx)
N sin(πx) .

2F1(·, ·, ·) denotes hypergeometric function [19, 9.111].

II. RELATED WORK
The recent research onAP for mobile communication focuses
on modeling the air-to-ground channels and interferences.
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Al-Hourani et al. [20] proposed a statistical propaga-
tion model to predict the air-to-ground path loss between
AP and ground UEs based on ray tracing simulation.
Michailidis et al. [21] investigated the 3D modeling of small-
scale fading for air-to-ground channels, where both line-of-
sight (LoS) and non-LoS (NLoS) channel components were
considered. Lian et al. [22] employed a birth and death
precess to model the ‘appear’ and ‘disappear’ of physical
scatters, which results in a non-stationary channel model.
Hu et al. [23] considered the modeling of interference in
multi-user air-to-ground 3D MIMO channels. The results
showed that the total interference can be approximated using
a Beta-mixture distribution if the LoS channel is dominated.
Zeng et al. [6] presented the basic networking architecture
and discussed the major design problems in unmanned aerial
vehicle (as LAP) aided hybrid air-terrestrial networks.

The research on 3D MIMO has also drawn much attention
in terrestrial communication systems. The 3D channelmodels
for vertical precoding in the on-going 3GPP studies were
summarized in [24]. An information-theoretic channel model
that supports 3D MIMO system has been proposed in [25].
Based on this model, the authors derived analytical expres-
sion for the cumulative density function of mutual informa-
tion. The horizontal and vertical precoding using statistical
channel for 3D massive MIMO system have been studied
in [14] and [26] by assuming the channel correlation matrix
has Kronecker structure. The class of two-layer precod-
ing for 3D MIMO system has been investigated in [11],
[17], [27], and [28]. Ayach et al. [27] proposed a sparse
precoding scheme for point-to-point millimeter wave 3D
MIMO system. In this scheme, the first-layer (constant-
envelope) and second-layer precoding matrices are jointly
designed to approximate the optimal precoding scheme using
the orthogonal matching pursuit algorithm. In the schemes
of [11] and [17], to satisfy constant-envelope requirement, the
authors designed the first-layer precoder as the submatrix of a
discrete Fourier transform (DFT) matrix or Kronecker prod-
uct of DFT matrices. Note that different from [11] and [17],
in our scheme the first-layer precoding is not limited to the
set of DFT vectors, which can achieves better performance
as will be shown in the simulations. In [28], a novel path
division multiplexing transmission scheme was proposed for
3D MIMO system with lens antenna array. It was shown that
the scheme has remarkable advantages in hardware and sig-
nal processing complexity over traditional rectangular array
design. Therefore, the application of lens antenna array in air-
to-ground transmission is also an interesting and promising
research direction in the future.

III. SYSTEM AND CHANNEL MODELS
Consider a network with an AP and L single-antenna UEs
on the ground. The AP is equipped with a 2D rectangular
antenna array on the x-y plane with Nx antenna elements
along x axis and Ny antenna elements along y axis, as shown
in Fig. 1. We consider downlink transmission where AP
transmits signals to UEs. The received signals at UEs can be

FIGURE 1. Illustration of 3D massive MIMO system for air-to-ground
transmission.

expressed as

y = HHx+ n, (1)

where x ∈ CNxNy×1 denotes the signal vector transmit-
ted by AP. n ∈ CL×1 denotes the additive white Gaus-
sian noise (AWGN) vector with distribution CN (0, σ 2IL).
H = [h1,h2, · · · ,hL] ∈ CNxNy×L and hl denotes the channel
vector from AP to UE l. Based on the air-to-ground 3D
MIMO channel model developed in [21], hl can be mod-
eled as

hl = hLoSl + hNLoSl . (2)

In (2), hLoSl denotes the deterministic LoS channel component

and hNLoSl is the random vector which characterizes the NLoS
channel component, which are given by

hLoSl =

√
βlKl
Kl + 1

b (ϕl, θl)⊗ a (ϕl, θl),

hNLoSl =

√
βl

Kl + 1

ϕl+1ϕl∫
ϕl−1ϕl

θl+1θl∫
θl−1θl

rl (ϕ, θ)b (ϕ, θ)

⊗ a (ϕ, θ) dϕdθ, (3)

with

a (ϕ, θ) =
[
1, exp

(

2πdy
λ

cos θ cosϕ
)
, · · · ,

exp

(

2πdy

(
Ny − 1

)
λ

cos θ cosϕ

)]T
,

b (ϕ, θ) =
[
1, exp

(

2πdx
λ

cos θ sinϕ
)
, · · · ,

exp
(

2πdx (Nx − 1)

λ
cos θ sinϕ

)]T
, (4)

where βl and Kl denote the large-scale fading and Rician
factor, respectively. ϕl ∈ [−π/2, π/2] and θl ∈ (0, π/2]
denote the AoDs of UE l in horizontal and vertical directions,
and 1ϕl and 1θl denote the corresponding angular spreads.
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dx and dy denote the antenna spacings along the x axis and
y axis respectively, and λ denotes the carrier wavelength.
rl(θ, ϕ) denotes the complex-valued response gain associated
to the direction (θ, ϕ).We assume that rl(θ, ϕ) has zero-mean,
i.e., E[rl(θ, ϕ)] = 0, and the response gains for different
incidence angles are uncorrelated, i.e.,

E
[
r∗l (ϕ, θ) rl

(
ϕ′, θ ′

)]
= Sl (ϕ, θ) δ

(
ϕ − ϕ′

)
δ
(
θ − θ ′

)
,

(5)

where Sl (ϕ, θ) represents the channel power angle spec-
trum (PAS) which characterizes the channel power distribu-
tion in angular domain. According to the model in (2)-(5), the
channel correlation matrix can be expressed as

Cl = E
[
hlhHl

]
= E

[
hLoSl

(
hLoSl

)H]
+ E

[
hNLoSl

(
hNLoSl

)H]
=

βlKl
Kl + 1

(
b (ϕl, θl)bH (ϕl, θl)

)
⊗

(
a (ϕl, θl) aH (ϕl, θl)

)
+

βl

Kl + 1

ϕl+1ϕl∫
ϕl−1ϕl

θl+1θl∫
θl−1θl

Sl (ϕ, θ)
(
b (ϕ, θ)bH (ϕ, θ)

)
⊗

(
a (ϕ, θ) aH (ϕ, θ)

)
dϕdθ

, CLoS
l + CNLoS

l . (6)

In the terrestrial MIMO system, the antenna array of BS
is usually placed on y-z or x-z plane. Moreover, the AoD
in the vertical direction is small due to limited altitude of
BS. In this case, the correlation matrix of channel can be
written approximately as the Kronecker product of correla-
tion matrices in horizontal and vertical directions [11], [26].
Due to this reason, the horizontal and vertical precoding
scheme at BS can be designed separately to reduce the
complexity [11], [26]. However, in order to cover the ground
UEs, the antenna array of AP is placed on x-y plane. More-
over, as the altitude of AP increases, the AoD in the vertical
direction becomes non-negligible. Thus, the assumption of
Kronecker structure for correlation matrix of channel does
not hold, as observed in (6). This increases the difficulty in
precoding design, because a joint but still low-complexity
precoding scheme is required.

For further analysis, we find it convenient to define
ρx =

dx
λ
cos θ sinϕ and ρy =

dy
λ
cos θ cosϕ as the virtual

AoDs along x-axis and y-axis, respectively. Then we can give
another definition of correlation matrix for NLoS channel

CNLoS
l =

βl

Kl + 1

ρmax
l,x∫

ρmin
l,x

ρmax
l,y∫

ρmin
l,y

Svl
(
ρx , ρy

) (
b (ρx)bH (ρx)

)
,

⊗

(
a
(
ρy
)
aH
(
ρy
))

dρxdρy

a
(
ρy
)
=
[
1, exp

(
2πρy

)
, · · · , exp

(
2π

(
Ny − 1

)
ρy
)]T
,

b (ρx) =
[
1, exp (2πρx) , · · · , exp (2π (Nx − 1)ρx)

]T
.

(7)

The integral boundaries are given by

ρmax
l,x = max

θ∈[θl−1θl ,θl+1θl ],ϕ∈[ϕl−1ϕl ,ϕl+1ϕl ]

dx
λ

cos(θ ) sin(ϕ),

ρmin
l,x = min

θ∈[θl−1θl ,θl+1θl ],ϕ∈[ϕl−1ϕl ,ϕl+1ϕl ]

dx
λ

cos(θ ) sin(ϕ),

ρmax
l,y = max

θ∈[θl−1θl ,θl+1θl ],ϕ∈[ϕl−1ϕl ,ϕl+1ϕl ]

dy
λ

cos(θ ) cos(ϕ),

ρmin
l,y = min

θ∈[θl−1θl ,θl+1θl ],ϕ∈[ϕl−1ϕl ,ϕl+1ϕl ]

dy
λ

cos(θ ) cos(ϕ).

(8)

Moreover, Svl
(
ρx , ρy

)
denotes the PAS with respect to

ρx and ρy, which can be derived using the formula of inte-
gration by substitution as

Svl
(
ρx , ρy

)
= Sl

arctan
(
dyρx
dxρy

)
, arccos

λ
√(

ρx

dx

)2

+

(
ρy

dy

)2


×
λ2

dxdy

√√√√ 1

1−
(
λρx
dx

)2
−

(
λρy
dy

)2 1(
λρx
dx

)2
+

(
λρy
dy

)2 .
(9)

In (3), the channel modeling is in fact based on the well-
known ray-tracing approach. The NLoS channel component
can be viewed as the sum of a large number of physical
paths with different horizontal and vertical AoDs. Therefore,
using the law of large numbers, we assume the NLoS channel
component hNLoSl has correlated Gaussian distribution with
zero-mean and covariance matrix CNLoS

l . Similar assumption
has also been used in [29].

IV. DOWNLINK PRECODING DESIGN
In this section, we first propose a location-assisted two-layer
precoding scheme for downlink transmission. Then we show
that, by clustering the UEs properly, the first-layer precod-
ing matrix can be approximated using a constant-envelope
matrix, which can be realized with phase shifting networks in
the analog domain [31]. This results in a significant reduction
on hardware complexity of AP.

A. LOCATION-ASSISTED PRECODING
We assume that the UEs are divided into C clusters. The
number of UEs in cluster c ∈ {1, 2, · · · ,C} is Lc which
satisfies

∑C
c=1 Lc = L. We define cl = l +

∑c−1
c′=1 Lc′ as

the index of the lth UE in cluster c. The AP serves all clusters
using the same time-frequency resource. Hence, we design
the transmit signal vector of AP as x =

∑C
c=1 xc, where

xc ∈ CNxNy×1 denotes the signal transmitted to cluster c.
The proposed scheme consists of two-layer precoding.

Defining Pc ∈ CNxNy×bc and Wc ∈ Cbc×Lc as the first-
and second-layer precoding matrices, we can express xc as
xc = PcWcsc where sc is a Lc×1 vector contains the symbols
intended at cluster c. Note that bc is a design parameter which
determines the dimension of small MIMO system and satis-
fies Lc ≤ bc � Nx×Ny. At last, we defineHc ∈ CNxNy×Lc as
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the channel matrix between the AP and UE cluster c. Using
the above definitions, the signal model (1) can be rewritten as

y1
y2
...

yC

 =

HH

1

∑C

c=1
PcWcsc

HH
2

∑C

c=1
PcWcsc

...

HH
C

∑C

c=1
PcWcsc

+

n1
n2
...

nC

, (10)

where nc ∈ CLc×1 and yc ∈ CLc×1 are the AWGN and
received signal vector associated with the cluster c. For fur-
ther analysis, let us rewrite yc ∈ CLc×1 as follows

yc = HH
c PcWcsc +HH

c

C∑
c′=1,c′ 6=c

Pc′Wc′sc′ + nc. (11)

The first term of right-hand side of (11) is the intended
signal of cluster c and the second term is the inter-cluster
interference (ICI).

1) FIRST-LAYER PRECODING
The objective of first-layer precoding is to decompose the
originalmassiveMIMO system into several smallMIMO sys-
tems, with each operating on the orthogonal subspace. To this
end, we design Pc to eliminate the ICI using the correlation
knowledge of channels (which can be obtained by exploiting
the location information of UEs, including AoDs and angular
spreads according to (6)). The benefits are two-fold: 1) For
the decomposed systems, the total required length of training
sequence to obtain the channel state information (CSI) can
be substantially reduced. 2) As will be shown in the next
subsection, with proper UE clustering we can approximate
the first-layer precoder using a constant-envelope matrix.
This can substantially reduce the hardware complexity at AP.
In addition to ICI cancellation, we also wish that the aver-
age output signal power after the first-layer precoding is as
large as possible. Thus, the optimal Pc can be determined by
solving the following problem

max
Pc

E
[∥∥∥HH

c PcWcsc
∥∥∥2] (12a)

s.t.
∥∥∥HH

c′PcWcsc
∥∥∥2 = 0, ∀c′ 6= c, (12b)

PHc Pc = Ibc . (12c)

From (12a), the design of Pc is coupled with the second-
layer precoding matrix, which makes closed-form solution
inaccessible. Thus, it is of great interest to find new target
function to decouple the problem. To this end, by using
Cauchy-Schwarz inequality, an upper bound on average out-
put power can be obtained as

E
[∥∥∥HH

c PcWcsc
∥∥∥2] ≤ E

[
tr
(
PHc HcHH

c Pc
)]

E
[
‖Wcsc‖2

]
=

Lc∑
l=1

tr
(
PHc CclPc

)
E
[
‖Wcsc‖2

]
.

(13)

In the following, we define
∑Lc

l=1 tr
(
PHc CclPc

)
as the power

gain of the first-layer precoding. Then the original problem
becomes finding Pc that maximizes the power gain subject to
the ICI cancellation constraint.

On the other hand, to simplify the constraint (12b), we
present the following lemma.
Lemma 1: A sufficient condition for constraint (12b) can

be expressed as

C∑
c′=1,c′ 6=c

Lc∑
l=1

PHc Cc′lPc = 0. (14)

Proof: Note that a sufficient condition for (12b) is∣∣∣hHc′lPc∣∣∣2 = 0, ∀c′ 6= c, ∀l ∈ {1, 2, · · · ,Lc′}. (15)

According to the channel model in section III, (15) can be
expanded as∣∣∣hHc′lPc∣∣∣2 = tr

(
PHc C

LoS
c′l Pc

)
+ tr

(
PHc
(
CNLoS
c′l

)1/2
qqH

(
CNLoS
c′l

)1/2
Pc

)
+ 2Re

{
tr
(
PHc h

LoS
c′l qH

(
CNLoS
c′ l

)1/2
Pc

)}
= 0,

(16)

where q ∼ CN (0, INxNy ). Note that second and third terms

of (16) are zero as long as PHc
(
CNLoS
c′l

)1/2
= 0. According to

the definition in (6),CNLoS
c′ l

is a positive semi-definite matrix,

and PHc
(
CNLoS
c′l

)1/2
= 0 is equivalent to PHc

(
CNLoS
c′l

)1/2
Pc = 0. Therefore, to make (16) hold, it is sufficient to let

PHc C
LoS
c′l Pc = 0,

PHc
(
CNLoS
c′l

)1/2
Pc = 0. (17)

Note that
(
CNLoS
c′l

)1/2
and CNLoS

c′l
have the same null space.

Thus, the second equation in (17) can be replaced by
PHc C

NLoS
c′l

Pc = 0. At last, according to the positive semi-
definition ofCLoS

c′l
andCNLoS

c′l
, the equality (17), ∀c′ 6= c,∀l ∈

{1, 2, · · · ,Lc′}), is equivalent to (14).
Using (13) and Lemma 1, we can rewrite problem (12) as

max
Pc

Lc∑
l=1

tr
(
PHc CclPc

)
(18a)

s.t.
C∑

c′=1,c′ 6=c

Lc∑
l=1

PHc Cc′lPc = 0, (18b)

PHc Pc = Ibc . (18c)

Let V(−c) be the matrix contains all eigenvectors of∑C
c′=1,c′ 6=c

∑Lc
l=1 Cc′l with zero eigenvalue. Then the solution

of problem (18) that satisfies constraints (18b) and (18c) can
be expressed as Pc = V(−c)U(−c), where U(−c) is a weighting
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matrix with UH
(−c)U(−c) = Ibc . Therefore, the problem (18)

is equivalent to finding the optimal U(−c), which can be
expressed as the following problem

max
UH(−c)U(−c)=Ibc

Lc∑
l=1

tr
(
UH
(−c)V

H
(−c)CclV(−c)U(−c)

)
. (19)

It is easy to shown that the optimal solution is

U(−c) = eigbc

( Lc∑
l=1

VH
(−c)CclV(−c)

)
. (20)

Note that in the first-layer precoding described in the
above, we have not added any constraints on UE clustering.
In fact, since the angular spreads in both horizontal and
vertical direction are narrow for far-field transmission, the
effective rank of channel correlation matrix are much smaller
than the dimension of AP antenna array (i.e., Nx × Ny) and∑C

c′=1,c′ 6=c
∑Lc

l=1 Cc′l has large enough null-space [17]. As a
result, for arbitrary UE clustering we can always find the
solution of Pc since bc � Nx × Ny.

2) SECOND-LAYER PRECODING
The second-layer precoding is to eliminate the multi-UE
interference within the cluster. After first-layer precoding, the
received signal at cluster c given by (11) becomes

yc = HH
c PcWcsc + nc. (21)

As a result, Wc can be designed as the well-known ZF pre-
coder, that is

Wc = PHc Hc

(
HH
c PcP

H
c Hc

)−1
0

1
2
c , (22)

where 0c is a diagonal normalization matrix with [0c]l,l =
pcl/[(P

H
c HcHH

c Pc)
−1]l,l and pcl denotes the power allocated

to the signal of UE cl . Let H̃c = PHc Hc denote the
bc × Lc effective channel matrix between AP and cluster c.
To implement the second-layer precoding, H̃c should be
estimated before downlink transmission. In the proposed
scheme, since the signals transmitted to different UE clus-
ters lie in orthogonal subspaces after the first-layer pre-
coding, the same pilot sequence can be reused by all
clusters without any pilot contamination. Therefore, the
minimum lengthes of training sequence (which is equal
to the minimum numbers of required orthogonal pilot
sequences) to obtain the effective channel estimates of all
clusters are maxc∈{1,2,··· ,C} Lc (symbol time) in time-division
duplex (TDD) setting and maxc∈{1,2,··· ,C} bc (symbol time)
in frequency-division duplex (FDD) setting. This results in a
significant saving in training resource.1

In FDD system, the channel reciprocity does not hold and
downlink training is required. After estimating the CSI from
the downlink pilot signals, UEs should quantize estimated

1It is well-known that, in the precoding schemes without UEs’ location
information [17], theminimum required length of training sequence to obtain
the CSI of all UEs is

∑C
c=1 Lc (symbol time) in the TDD setting andNx×Ny

(symbol time) in the FDD setting.

CSI and then transmit the quantization back to AP through
feedback channels. This can affect the system from two
aspects. First, the feedback error due to quantization error,
noise and feedback delay decreases the accuracy of CSI.
Moreover, CSI feedback increases the load of feedback chan-
nel, and hence can degrade the overall system SE. Note that
the results in [30] have shown that the CSI error (in term
of mean-square error) due to feedback can be made much
smaller than that caused by estimation error in downlink train-
ing phase. Moreover, since the effective downlink channel
dimension (after the first-layer precoding) is greatly reduced,
we assume that the additional load caused by CSI feedback is
small compared to other feedback information. Therefore, for
simplicity, we consider the optimistic situation of error-free
CSI feedback and neglect the SE penalty due to feedback.
A similar approach is also adopted in analysis of [11].

B. UE CLUSTERING AND REDUCED
COMPLEXITY PRECODING
To implement the location-assisted precoding in the last sub-
section, AP should be equipped with Nx × Ny RF chains.
This becomes quite challenging when Nx and Ny grow very
large, since AP is hardware complexity limited due to the
consideration of weight, fabricating cost and energy supply.
In this subsection, with proper UE clustering, we show that
the first-layer precoding matrix can be approximated by a
constant-envelope matrix which can be realized with phase
shifting networks in the analog domain [31]. In this way, the
total number of required RF chains reduces to

∑C
c=1 bc.

1) UE CLUSTERING
The UE clustering is based on the following lemma.
Lemma 2: Consider the unitary and constant-envelope

vector g
(
ωx , ωy

)
= g̃Nx

(
ωx
)
⊗ g̃Ny

(
ωy
)
, where g̃Nx

(
ωx
)

and g̃Ny
(
ωy
)
are defined as g̃Nx

(
ωx
)
=

1
√
Nx

[
1, exp

(
2πωx

)
,

· · · , exp
(
2π

(
Nx − 1

)
ωx
)]T and g̃Ny

(
ωy
)
=

1√
Ny

[
1, exp(

2πωy
)
, · · · , exp

(
2π

(
Ny − 1

)
ωy
)]T . As Nx and Ny tend

to infinity, the quantity gH
(
ωx , ωy

)
Cclg

(
ωx , ωy

)
converges

to zero if ωx /∈
[
ρmin
cl ,x , ρ

max
cl ,x

]
and ωy /∈

[
ρmin
cl ,y , ρ

max
cl ,y

]
.

If the NLoS channel component is dominated, i.e., Kcl ≈ 0,
gH
(
ωx , ωy

)
Cclg

(
ωx , ωy

)
converges to zero (asNx ,Ny→∞)

if ωx /∈
[
ρmin
cl ,x , ρ

max
cl ,x

]
or ωy /∈

[
ρmin
cl ,y , ρ

max
cl ,y

]
.

Proof: The proof has been presented in [33].
According to Lemma 2, if UEs are divided so that the

feasible regions of virtual AoDs for different clusters, are
non-overlapping, that is,

⋂C
c=1

(⋃Lc
l=1

[
ρmin
cl ,x , ρ

max
cl ,x

])
= ∅

and
⋂C

c=1

(⋃Lc
l=1

[
ρmin
cl ,y , ρ

max
cl ,y

])
= ∅, and the first-layer

precoding matrix has the following structure

Pc =
[
g
(
ωx,1, ωy,1

)
, g
(
ωx,2, ωy,2

)
, · · · , g

(
ωx,bc , ωy,bc

)]
,

(23a)
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with


ωx,1, ωx,2, · · · , ωx,bc ∈

Lc⋃
l=1

[
ρmin
cl ,x , ρ

max
cl ,x

]
ωy,1, ωy,2, · · · , ωy,bc ∈

Lc⋃
l=1

[
ρmin
cl ,y , ρ

max
cl ,y

]
,

(23b)
the ICI constraint in (18b) is satisfied automatically in
the large {Nx ,Ny} regime. Thus, we have the following
UE clustering criterion.
UE Clustering Criterion: The UEs are divided so that the

feasible regions of virtual AoDs for different clusters sat-

isfy D
(⋃Lc

l=1

[
ρmin
cl ,x , ρ

max
cl ,x

]
,
⋃Lc′

l=1

[
ρmin
c′l ,x

, ρmax
c′l ,x

])
≥ G and

D
(⋃Lc

l=1

[
ρmin
cl ,y , ρ

max
cl ,y

]
,
⋃Lc′

l=1

[
ρmin
c′l ,y

, ρmax
c′l ,y

])
≥ G, ∀c, c′ ∈

{1, 2, · · · ,C} and c 6= c′, whereG denotes the guard interval.
Lemma 3: If the above criterion is satisfied, the ICI powers

received at UE cl from the LoS and NLoS channels scale

with O
(

1
NxNyG2

)
and O

(∏
i∈{x,y}

ρmax
cl ,i
−ρmax

cl ,i

Niπ2G
(
G+ρmax

cl ,i
−ρmax

cl ,i

)
)
,

respectively.
Proof: This can be deduced from [33, eq. (23)

and eq. (25)].
Lemma 3 indicates that we can arrange UE cluster

denser when the number of AP antennas increases or the
angular spreads decrease. Otherwise, we must increase the
guard interval to control ICI. Note that if NLoS chan-
nel is dominated, the constraint on feasible regions of
virtual AoDs in UE clustering criterion can be relaxed

as D
(⋃Lc

l=1

[
ρmin
cl ,x , ρ

max
cl ,x

]
,
⋃Lc′

l=1

[
ρmin
c′l ,x

, ρmax
c′l ,x

])
≥ G or

D
(⋃Lc

l=1

[
ρmin
cl ,y , ρ

max
cl ,y

]
,
⋃Lc′

l=1

[
ρmin
c′l ,y

, ρmax
c′l ,y

])
≥ G according

to Lemma 2.

FIGURE 2. Illustration of network-centric UE clustering.

In practical implementation, the UE clustering can be per-
formed based on the network-centric approach or UE-centric
approach. In the network-centric approach, the coverage area
of AP is divided into a number of small regions according
to the horizontal and vertical AoDs with respect to AP, as
shown in Fig. 2. The UEs lie in the same small region are

collected in the same cluster. To meet the UE clustering crite-
rion, in each time-frequency resource unit, AP picks several
UE clusters in the small regions with different horizontal
and vertical AoDs (for example, the three UE clusters in
regions A, B and C in Fig. 2) to serve. In the simulations
of section VI, this approach is adopted for UE clustering. In
the UE centric approach, the UE clustering is implemented
based on similarity between UEs’ horizontal and vertical
AoDs or virtual AoDs. In particular, the UEs with similar
AoDs are first gathered into the same cluster. This task can
be completed using the method based on K-mean principle
developed in [32]. To meet the UE clustering criterion in
section IV-B, in each time-frequency resource unit, AP picks
several UE clusters with disjoint AoDs region to serve.

Another problem is how to choose the number of clusters
C . In general, C should be designed to optimize some perfor-
mance metrics, such as the SE or SE per UE. Due to the space
limitation, this problem will not be investigated in the current
work. In the following, we consider fixed C for simplicity.

2) REDUCED COMPLEXITY PRECODING
Using the UE clustering criterion and assuming Pc has the
structure in (23), the design of first-layer precoding becomes

the problem of finding optimal {ωx,i}
bc
i=1 and {ωy,i}

bc
i=1, that is{

ωx,1, · · ·ωx,bc;ωy,1, · · · , ωy,bc
}

= arg max
ωx,1,···ωx,bc ;ωy,1,··· ,ωy,bc

Lc∑
l=1

tr
(
PHc CclPc

)
,

s.t.

{
(23b),
PHc Pc = Ibc .

(24)

The problem is difficult to solve since the target func-
tion has a complex structure with respect to {ωx,i}

bc
i=1 and

{ωy,i}
bc
i=1. Therefore, in the following we focus on the subop-

timal solution. Before the general solution, we first consider
the special case with bc = Lc. In this setup, we can rewrite
the target function of (24) as
Lc∑
l=1

tr
(
PHc CclPc

)
=

Lc∑
l=1

pHc,lCclpc,l

+

Lc∑
l=1

pHc,l

 Lc∑
l′=1,l′ 6=l

Ccl′

pc,l . (25)

If we assume that the lth column of Pc, i.e., pc,l , is allo-
cated to transmit the signal of UE cl , then the lth term in
the first summation of (25) can be interpreted as its power
gain at cl , and the lth term in the second summation can be
interpreted as the power gain leaked to other UEs {cl′}l′ 6=l .
Here we design pc,l to maximize the power gain at cl without
considering the leaked power, i.e.,{

ωx,l, ωy,l
}
= arg max

ωx,l ,ωy,l
pHc,lCclpc,l, s.t., (23b). (26)

By substituting (6) and (7) into (26), the target function
of (26) can be further expressed as (27), as shown at
the top of the next page, where the second step is based
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pHc,lCclpc,l =

ρmax
l,x∫

ρmin
l,x

ρmax
l,y∫

ρmin
l,y

Sv,Ecl

(
ρx , ρy

)(
g̃Nx

(
ωx,l

)
⊗ g̃Ny

(
ωy,l

))H (b (ρx)bH (ρx))

⊗

(
a
(
ρy
)
aH
(
ρy
)) (

g̃Nx
(
ωx,l

)
⊗ g̃Ny

(
ωy,l

))
dρxdρy

=

ρmax
l,x∫

ρmin
l,x

ρmax
l,y∫

ρmin
l,y

Sv,Ecl

(
ρx , ρy

)∣∣∣g̃HNx (ωx,l)b (ρx)∣∣∣2∣∣∣g̃HNy (ωy,l) a (ρy)∣∣∣2dρxdρy

= NxNy

ρmax
l,x∫

ρmin
l,x

ρmax
l,y∫

ρmin
l,y

Sv,Ecl

(
ρx , ρy

)∣∣∣∣∣
Nx−1∑
i=0

exp
(
2π i

(
ρcl ,x − ωx

))∣∣∣∣∣
2∣∣∣∣∣∣
Ny−1∑
i=0

exp
(
2π i

(
ρcl ,y − ωy

))∣∣∣∣∣∣
2

dρxdρy

= NxNy

ρmax
cl ,x∫

ρmin
cl ,x

ρmax
cl ,y∫

ρmin
cl ,y

Sv,Ecl

(
ρx , ρy

)
asinc2Nx

(
ωx,l − ρx

)
asinc2Ny

(
ωy,l − ρy

)
dρxdρy (27)

on the property (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD),

and Sv,Ecl

(
ρx , ρy

)
=

βclKcl
Kcl+1

δ
(
ρx − ρcl ,x

)
δ
(
ρy − ρcl ,y

)
+

βcl
Kcl+1

Svcl
(
ρx , ρy

)
denotes the effective PAS considering the

large-scale fading and LoS channel component.
For the commonly used PAS models, Svcl

(
ρx , ρy

)
achieves

the maximum at {ρx , ρy} = {ρcl ,x , ρcl ,y} [21], where ρcl ,x =
dx
λ
cos

(
θcl
)
sin
(
ϕcl
)
and ρcl ,y =

dx
λ
cos

(
θcl
)
cos

(
ϕcl
)
denote

the virtual AoDs corresponding to the UEs’ real AoDs
in horizontal and vertical directions. Moreover, Svcl

(
ρx , ρy

)
decreases with the increasing of |ρx − ρcl ,x | and |ρy − ρcl ,y|.
Since asinc2N (x) has sharp mainlobe around x = 0 and
very small sidelobes for large N (acts similar as a dirac
delta function) [34], the solution of (26) should ensure
that Sv,Ecl

(
ρx , ρy

)
and asinc2Nx (ωx − ρx) asinc

2
Ny

(
ωy − ρy

)
reach their maximums at the same {ρx , ρy}. Note that the
squred aliased sinc function asinc2N (x) achieves its maximum
at x = 0, thus we have

ωx,l = ρcl ,x =
dx
λ

cos
(
θcl
)
sin
(
ϕcl
)
,

ωy,l = ρcl ,y =
dy
λ

cos
(
θcl
)
cos

(
ϕcl
)
. (28)

With the solution in (28), we can express
∣∣∣pHc,lpc,m∣∣∣

(l,m ∈ {1, 2, · · · ,Lc} and l 6= m) as∣∣∣pHc,lpc,m∣∣∣
=

∣∣∣(g̃Nx (ρcl ,x)⊗ g̃Ny
(
ρcl ,y

))H g̃Nx (ρcm,x)⊗ g̃Ny
(
ρcm,y

)∣∣∣
=

∣∣∣(g̃HNx (ρcl ,x) g̃Nx (ρcm,x))⊗ (g̃HNy (ρcl ,y) g̃Ny (ρcm,y))∣∣∣
=

∣∣∣∣∣
Nx−1∑
i=0

exp
(
2π i

(
ρcm,x − ρcl ,x

))
×

Nx−1∑
i=0

exp
(
2π i

(
ρcm,y − ρcl ,y

))∣∣∣∣∣

=
∣∣asinc (ρcm,x − ρcl ,x) asinc (ρcm,x − ρcl ,x)∣∣

≤ min

{
1

Nx
(
ρcm,x−ρcl ,x

) , 1}min

{
1

Ny
(
ρcm,y−ρcl ,y

) , 1}.
(29)

The last step is because |asincN (x) | ≤ 1 and the equality
holds only when x = 0. Moreover, since asincN (x) con-
verges to standard sinc function sinc(Nx) for large N [34] and
sin x ≤ 1, we have |asincN (x) | ≤ 1

Nx . From (29), we can

see that
∣∣∣pHc,lpc,m∣∣∣ Nx ,Ny→∞= 0 as long as ρcm,x − ρcl ,x 6= 0 or

ρcm,y − ρcl ,y 6= 0which occurswith probability 1. As a result,
the second constraint of (24) is satisfied asymptotically.

For the general case with bc > Lc, we present a
heuristic algorithm based on the solution developed in
the above. Our strategy is as follows. First, we com-
pute the first Lc columns of Pc using (28), since trans-
mitting signals in these directions is expected to provide
large power gain for the UEs within the cluster. Let
Rc,x =

⋃Lc
l=1

[
ρmin
cl ,x , ρ

max
cl ,x

]
and Rc,y =

⋃Lc
l=1

[
ρmin
cl ,y , ρ

max
cl ,y

]
,

we then update the feasible regions of ωx,Lc+1 and
ωy,Lc+1 as R′c,x = Rc,x

/⋃Lc
l=1

(
ωx,l − N−1x , ωx,l + N−1x

)
and R′c,y = Rc,y (or R′c,x = Rc,x and R′c,y =

Rc,y
/⋃Lc

l=1

(
ωy,l − N−1y , ωy,l + N−1y

)
). This operation is to

introduce a small gap between ωx,Lc+1 and ωx,l (or ωy,Lc+1
and ωy,l) for l ≤ Lc, so that |pHc,lpc,Lc+1| can converge to zero
asymptotically. Then we perform 2D search to find ωx,Lc+1
and ωy,Lc+1 within the new feasible regions to maximize∑Lc

l=1 tr
(
pHc,Lc+1Cclpc,Lc+1

)
. Repeating this process, we can

find ωx,i and ωy,i for i = Lc + 2, · · · , bc sequentially.
Remark 1: When the number of RF chains at AP is

reduced, the effective channel matrix H̃c can be efficiently
estimated using the methods in [11] and [32]. No change is
needed on the transceiver structure of AP.
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C. RELATION BETWEEN AP’S ALTITUDE AND
NUMBER OF RF CHAINS
As mentioned in the above, the number of required RF chains
on AP is highly correlated with the choice of bc, i.e., the
dimension of the small MIMO system. In particular, when the
reduced complexity precoding is employed, the total number
of required RF chains is

∑C
c=1 bc. According to the algorithm

in the last subsection, when select the ith (Lc < i ≤ bc)
first-layer precoding vector, we require |ωx,i − ωx,i′ | ≥ 1

Nx
or |ωy,i − ωy,i′ | ≥ 1

Ny
, for all i′ < i. This indicates that bc is

upper bounded by

bc ≤
Lc∑
l=1

(
Nx
(
ρmax
cl ,x − ρ

min
cl ,x

)
+1
) (

Ny
(
ρmax
cl ,y − ρ

min
cl ,y

)
+1
)
.

(30)

Without loss of generality, we assume that
[
ϕcl −1ϕcl , ϕcl +

1ϕcl
]
⊂
[
0, π2

]
, ∀l ∈ {1, 2, · · · ,Lc}. In this case, (30) can

be rewritten as

bc ≤
Lc∑
l=1

(
dxNx
λ

(
cos

(
θcl −1θcl

)
sin
(
ϕcl +1ϕcl

)
− cos

(
θcl +1θcl

)
sin
(
ϕcl −1ϕcl

))
+ 1

)
×

(
dyNy
λ

(
cos

(
θcl −1θcl

)
cos

(
ϕcl −1ϕcl

)
− cos

(
θcl +1θcl

)
cos

(
ϕl +1ϕcl

))
+ 1

)
. (31)

Considering the angular spread model in [11], we can
express 1ϕcl and 1θcl as

1ϕcl = arctan
(
r
dcl

)
,

1θcl =
1
2

(
arctan

(
dcl + r
h

)
− arctan

(
dcl − r
h

))
. (32)

where r denotes the scattering radius, dcl denotes the distance
between AP and UE cl in the x − y plane and h denotes the
altitude of the AP. Since AP with higher altitude is expected
to have larger coverage area [21], to get a clear insight on the
effect AP’s altitude, we assume that dcl = h in the following.
Low Altitude AP: When the altitude of AP is low so that

the scattering radius is comparable with h, the angular spread
in the vertical direction 1θcl is large and it is possible that
Ny
(
ρmax
cl ,y − ρ

min
cl ,y

)
> 1. In this case, we can choose bc > Lc

to improve the power gain of the first-layer precoding at cost
of higher hardware complexity.
High Altitude AP: When the altitude of AP is high so that

the scattering radius r � h or r
h → 0, we have

1ϕcl =
d arctan (x)

dx

∣∣∣∣
x= r

h

r
h
≈
r
h
,

1θcl =
1
2
d arctan (x)

dx

∣∣∣∣
x= h+r

h

2r
h
≈
r
h
. (33)

Substituting (33) into (31) and using the results sin1ϕcl ≈
r
h ,

sin1θcl ≈
r
h , cos1ϕcl ≈ 1, cos1θcl ≈ 1 (since r

h → 0),

we can rewrite (31) as

dc ≤
Lc∑
l=1

(
dxNx
λ

2r
h

cos
(
θcl − ϕcl

)
+ 1

)
×

(
dyNy
λ

2r
h

sin
(
θcl + ϕcl

)
+ 1

)
. (34)

From (34), we can see that the upper bound decreases with
the AP’s altitude and increases with the number of AP anten-
nas. In real system, the number of AP antennas cannot be
too large, thus a practical selection for high altitude AP is
bc = Lc. As a concrete example, consider the recent popular
stratospheric AP (h ≈ 20 km) with a 25 × 25 rectangular
antenna array. Since the scattering radius is commonly less
than 100 m [35], we have 2rNx

h � 1. Thus, it is enough to
set bc = Lc.

V. EFFECT OF AoD UNCERTAINTY
As shown in section IV-B, precise AoDs of UEs are needed
to compute the first-layer precoding matrix. However, there
always exists uncertainty on AoD information due to esti-
mation error and relative movement between AP and UEs,
which causes loss on power gain. In practice, fast evaluation
of power loss due to AoD uncertainty is essential for link
budget and design of AoD estimation scheme. To this end,
in this section we propose a new analytic method to estimate
the power gain of first-layer precoding with imperfect AoD
information.

According to (13), the power gain of first-layer precoding
for cluster c can be expressed as

Gc
({
ωx,i, ωy,i

}bc
i=1

)
=

Lc∑
l=1

tr
(
PHc CclPc

)

=

Lc∑
l=1

bc∑
i=1

pHc,iC
LoS
cl pc,i +

Lc∑
l=1

bc∑
i=1

pHc,iC
NLoS
cl pc,i

, GLoS
c

({
ωx,i, ωy,i

}bc
i=1

)
+ GNLoS

c

({
ωx,i, ωy,i

}bc
i=1

)
.

(35)

The first term of right-hand side of (35) indicates the power
gain on LoS channel component and the second term indi-
cates the power gain on NLoS channel component. Let{
ω̂x,i, ω̂y,i

}bc
i=1 denote the estimates of

{
ωx,i, ωy,i

}bc
i=1 com-

puted based on the imperfect AoD information, the percent-
age of loss on power gain can be expressed as

ηc = 1−
Gc
({
ω̂x,i, ω̂y,i

}bc
i=1

)
Gc
({
ωx,i, ωy,i

}bc
i=1

) . (36)

From (36), to investigate the impact of AoD uncertainty,
the most important is to derive the analytical expressions of
GLoS
c (

{
ω̂x,i, ω̂y,i

}bc
i=1) and GNLoS

c (
{
ω̂x,i, ω̂y,i

}bc
i=1).
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A. POWER GAIN ON LoS CHANNEL COMPONENT
Based on the definition ofCLoS

cl in (6) and using a similar pro-

cedure as that in (27), we can express GLoS
c (

{
ω̂x,i, ω̂y,i

}bc
i=1) as

GLoS
c

({
ω̂x,i, ω̂y,i

}bc
i=1

)
=

Lc∑
l=1

bc∑
i=1

βclKcl
Kcl + 1

NxNy

× asinc2Nx
(
ω̂x,i − ρcl ,x

)
asinc2Ny

(
ω̂y,i − ρcl ,y

)
. (37)

The above expression can be used to compute the power gain

on the LoS channel with arbitrary estimated
{
ω̂x,i, ω̂y,i

}bc
i=1.

To get more insight, we consider the special case with bc =
Lc = 1. In this case, using the property that asincN (x)
converges to sinc(Nx) for large N [34], we have

GLoS
c

({
ω̂x,i, ω̂y,i

}bc
i=1

)
≈
βc1Kc1
Kc1 + 1

sin2 (Nxδx)
Nxπ2δ2x

sin2
(
Nyδy

)
Nxπ2δ2y

,

(38)

where δx = ρ̂c1,x−ρc1,x , δy = ρ̂c1,y−ρc1,y with
{
ρ̂cl ,x , ρ̂cl ,y

}
denoting the estimates of

{
ρcl ,x , ρcl ,y

}
. Note that when the

AoD estimation is perfect, we have δx = δy = 0. From (38),
we can see that the power gain on LoS channel component
becomes sensitive to the AoD error when Nx and Ny increase.
Moreover, when the AoD error is large so that δ2x � N−1x and
δ2y � N−1y , the power gain diminishes to zero. In this case,
almost no power is delivered by the LoS channel.

B. POWER GAIN ON NLoS COMPONENT
Similarly, substituting (7) into (35), the power gain on NLoS
channel component can be obtained as

GNLoS
c

({
ω̂x,i, ω̂y,i

}bc
i=1

)
=

Lc∑
l=1

bc∑
i=1

βclNxNy
Kcl + 1

ρmax
cl ,x∫

ρmin
cl ,x

ρmax
cl ,y∫

ρmin
cl ,y

Svcl
(
ρx , ρy

)
× asinc2Nx

(
ω̂x,i − ρx

)
asinc2Ny

(
ω̂y,i − ρy

)
dρxdρy.

(39)

The above integrals are difficult to solve in closed-form since
the integrand involves aliased sinc function and the expres-
sion of Svcl

(
ρx , ρy

)
is complex for most of the existing PAS

models [21], [35]. Thus, directly evaluating the power gain
using (39) is challenging. In the following, we propose a
simple method to estimate the power gain with arbitrary AoD
error and PASmodel. The key idea is to approximate the inte-
grand of (39) using some functions that have simple structures
but capture most of the properties of original integrand.

As mentioned in section IV-B, for the commonly used PAS
model, Svcl

(
ρx , ρy

)
achieves the maximum at ρx = ρcl ,x =

dx
λ
cos

(
θcl
)
sin
(
ϕcl
)
and ρy = ρcl ,y =

dx
λ
cos

(
θcl
)
cos

(
ϕcl
)
,

and decreases with the increasing of |ρx − ρcl ,x | and |ρy −
ρcl ,y|. This motivates us to approximate Svcl

(
ρx , ρy

)
using the

following simple function

Ŝvcl
(
ρx , ρy

)
= Svcl

(
ρcl ,x , ρcl ,y

)
− Ax

∣∣ρx − ρcl ,x ∣∣
−Ay

∣∣ρy − ρcl ,y∣∣, (40)

where Ax ,Ay > 0 can be interpreted as the decreasing rates
of Ŝvcl

(
ρx , ρy

)
with respect to

∣∣ρx − ρcl ,x ∣∣ and ∣∣ρy − ρcl ,y∣∣,
which are determined by solving the following problem.

min
Ax ,Ay>0

ρmax
cl ,x∫

ρmin
cl ,x

ρmax
cl ,y∫

ρmin
cl ,y

(
Ŝvcl
(
ρx , ρy

)
− Svcl

(
ρx , ρy

))2
dρxdρy.

s.t. Ŝvcl
(
ρx , ρy

)
≥ 0,

∀ρx ∈
[
ρmin
cl ,x , ρ

max
cl ,x

]
, ∀ρy ∈

[
ρmin
cl ,y , ρ

max
cl ,y

]
. (41)

Inserting (40) into (41) and using some algebraic manipula-
tions, we can rewrite the problem as

min
Ax ,Ay>0

t1A2x + t2A
2
y − t3Ax − t4Ay,

s.t. u1Ax + u2Ay − Svcl
(
ρcl ,x , ρcl ,y

)
≤ 0, (42)

where t1, t2, t3, t4 and u1, u2 are given by

t1 =

(
ρmax
cl ,x − ρcl ,x

)3
+
(
ρcl ,x − ρ

min
cl ,x
)3

3

(
ρmax
cl ,y − ρ

min
cl ,y

)
,

t2 =

(
ρmax
cl ,y − ρcl ,y

)3
+

(
ρcl ,y − ρ

min
cl ,y

)3
3

(
ρmax
cl ,x − ρ

min
cl ,x

)
,

t3 =
∫ ρmax

cl ,x

ρmin
cl ,x

∫ ρmax
cl ,y

ρmin
cl ,y

2
∣∣ρx − ρcl ,x ∣∣,

×
(
Svcl
(
ρcl ,x , ρcl ,y

)
− Svcl

(
ρx , ρy

))
dρxdρy,

t4 =
∫ ρmax

cl ,x

ρmin
cl ,x

∫ ρmax
cl ,y

ρmin
cl ,y

2
∣∣ρy − ρcl ,y∣∣,

×
(
Svcl
(
ρcl ,x , ρcl ,y

)
− Svcl

(
ρx , ρy

))
dρxdρy,

u1 = max
{
ρmax
cl ,x − ρcl ,x , ρcl ,x − ρ

min
cl ,x

}
,

u2 = max
{
ρmax
cl ,y − ρcl ,y, ρcl ,y − ρ

min
cl ,y

}
. (43)

By exploiting the Karush-Kuhn-Tucker condition, the solu-
tion of (42) can be obtained as

Ax =
t3
2t1
−

u1
2t1

(
t3u1
2t1
+
t4u2
2t2
− Svcl

(
ρcl ,x , ρcl ,y

))
×

(
u21
2t1
+

u22
2t2

)−1
,

Ay =
t4
2t2
−

u2
2t2

(
t3u1
2t1
+
t4u2
2t2
− Svcl

(
ρcl ,x , ρcl ,y

))
×

(
u21
2t1
+

u22
2t2

)−1
. (44)

Then we consider the approximation of squared aliased
sinc function. Again with the large N property of asincN (x),
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we have

asinc2Nj
(
ω̂j,i − ρj

)
≈


sin2

(
Njπ

(
ω̂j,i − ρj

))
N 2
j π

2
(
ω̂x,i − ρj

)2 ,∣∣ω̂j,i − ρj∣∣ ≤ N−1j ,

0,
∣∣ω̂j,i − ρj∣∣ > N−1j ,

(45)

where j ∈ {x, y}. Note that in (45) we have assume that
the squared aliased sinc function has zero value outside its
mainlobe since the sidelobes are very small for large Nj [34].
According to [36], sinπx can be precisely approximated by
sinπx = πx q1−q2x

2
+x4

q1+q3x2
at x ∈ [−1, 1] with q1 = 0.9π ,

q2 = 3.83 and q3 = 0.27π . Thus, (45) can be further
rewritten as

asinc2Nj
(
ω̂j,i − ρj

)
≈


(
q1−q2N 2

j (ω̂j,i−ρj)
2
+N 4

j (ω̂j,i−ρj)
4

q1+q3N 2
j (ω̂j,i−ρj)

2

)2

,
∣∣ω̂j,i − ρj∣∣ ≤ N−1j

0,
∣∣ω̂j,i − ρj∣∣ > N−1j .

(46)

Using the above approximations, the closed-form expres-
sion of power gain on NLoS channel component can be
obtained by substituting (40) and (46) into (39) and solving
the integrals directly, which is given in the below. A brief
derivation is presented in the Appendix.

GNLoS
c

({
ωx,i, ωy,i

}bc
i=1

)
≈

Lc∑
l=1

bc∑
i=1

βclNxNy
Kcl + 1

×

{
Svcl
(
ρcl ,x , ρcl ,y

)
Ii,x

(
ρmin
cl ,x , ρ

max
cl ,x

)
Ii,y

(
ρmin
cl ,y , ρ

max
cl ,y

)
−Ax

(
Ji,x

(
ρcl ,x , ρ

max
cl ,x

)
− Ji,x

(
ρmin
cl ,x , ρcl ,x

))
Ii,y

×

(
ρmin
cl ,y , ρ

max
cl ,y

)
− AyIi,x

(
ρmin
cl ,x , ρ

max
cl ,x

)
×

(
Ji,y

(
ρcl ,y, ρ

max
cl ,y

)
− Ji,y

(
ρmin
cl ,y , ρcl ,y

))
. (47)

Wherein, the functions Ii,j (a, b) and Ji,j (a, b), j ∈ {x, y},
are given by

Ii,j (a, b)

=
φ (1)− γ (1)

Nj
− 2q2

φ (3)− γ (3)
Njq1

+

(
2q1 + q22

) φ (5)− γ (5)
Njq21

− 2q2
φ (7)− γ (7)

Njq21

+
φ (9)− γ (9)

Njq21
,

Ji,j (a, b)

=
(
ω̂j,i − ρcl ,j

)
Ii,j (a, b)+

|φ (3)| − |γ (3)|

N 2
j

− 2q2
|φ (5)| − |γ (5)|

N 2
j q1

+

(
2q1 + q22

)
|φ (7)| − |γ (7)|

N 2
j q

2
1

− 2q2
|φ (9)| − |γ (9)|

N 2
j q

2
1

+
|φ (11)| − |γ (11)|

N 2
j q

2
1

,

φ (u)

=
sgn

(
b− ω̂j,i

)
u

∣∣min
{
Nj
(
b− ω̂j,i

)
, 1
}∣∣u

× 2F1

(
2,
u
2
,
u
2
+ 1,−

∣∣min
{
Nj
(
b− ωj,i

)
, 1
}∣∣

q1q
−1
3

)
,

γ (u)

=
sgn

(
a− ω̂j,i

)
u

∣∣max
{
Nj
(
a− ω̂j,i

)
,−1

}∣∣u
× 2F1

(
2,
u
2
,
u
2
+ 1,−

∣∣max
{
Nj
(
a− ωj,i

)
,−1

}∣∣
q1q
−1
3

)
.

(48)

In practical implementation, to fast estimate the power gain,
we can build off-line table ofAx andAy for different AoDs and
angular spreads. Thus, no integral computation is needed.

Then let us consider the (l, i)th term in the summation
of (47) (denoted by GNLoS

c,l,i for convenience). From (35),
GNLoS
c,l,i can be viewed as the power gain of ith first-layer

precoding vector (i.e., the ith column of Pc) on the NLoS
channel component of UE cl . When ω̂x,i = ρcl ,x and
ω̂y,i = ρcl ,y, GNLoS

c,l,i achieves its maximum according

to section IV-B. When ω̂j,i /∈
[
ρmin
cl ,j , ρ

max
cl ,j

]
(j ∈ {x, y}), for

large Nj, it can be verified that
∣∣min

{
Nj
(
b− ωj,i

)
, 1
}∣∣ =∣∣max

{
Nj
(
a− ωj,i

)
,−1

}∣∣ = 1 and sgn
(
a− ω̂j,i

)
=

sgn
(
b− ω̂j,i

)
, ∀a, b ∈ {ρmin

cl ,j , ρ
max
cl ,j , ρcl ,j}. In this case,

Ii,j (a, b) = Ji,j (a, b) = GNLoS
c,l,i = 0, and almost no power

gain is achieved. Imaging that ω̂j,i is originally designed in[
ρmin
cl ,j , ρ

max
cl ,j

]
, but falls outside

[
ρmin
cl ,j , ρ

max
cl ,j

]
due to the AoD

errors. No power gain will be obtained on UE cl according to
the analysis in the above. However, since we have multiple
precoding vectors with different ω̂j,i. It is possible that some
other precoding vectors with ω̂j,i′ originally designed not in[
ρmin
cl ,j , ρ

max
cl ,j

]
achieve large power gain. This property can

potentially be used to design first-layer precoding scheme
which is robust to AoD uncertainty. For example, one pos-
sible solution is to introduce some redundancy when choos-
ing ω̂j,i. This can be considered in future work.

VI. SIMULATION RESULTS AND DISCUSSION
This section evaluates the performance of the pro-
posed precoding scheme via Matlab simulations. We
consider the SE performance, which is defined as

SE = E

[
C∑
c=1

Lc∑
l=1

log2
(
1+ SINRcl

)]
, where SINRcl denotes

the received SINR at UE cl . According to (11), we have

SINRcl

=

pcl
∣∣∣hHc,lPcwc,l

∣∣∣2
Lc∑

j=1,j 6=l
pcj
∣∣∣hHc,lPcwc,j

∣∣∣2+ C∑
c′=1,c′ 6=c

Lc′∑
j=1

pc′j
∣∣∣hHc,lPc′wc′,j

∣∣∣2+σ 2

.

(49)
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FIGURE 3. Spectral efficiency of proposed precoding scheme as a
function of transmit SNR of AP, where 1ϕcl = 5◦ and 1θcl = 2.5◦,
bc = Lc , Kcl = 0 dB, Nx = Ny = 25.

FIGURE 4. Spectral efficiency as a function of Rician factor, where
1ϕcl = 5◦ and 1θcl = 2.5◦, bc = Lc , SNR= 3 dB.

We assume perfect power control at the AP so that
pcl βcl
σ 2

is

the same for all UEs, and define
pcl βcl
σ 2

as the transmit SNR
(considering the large-scale fading) of AP. In this way, we do
not need to consider the specific large-scale fading model.
The PAS of channel is model as S (ϕ, θ) = Sh (ϕ) Sv (θ),
where Sh (ϕ) and Sv (θ) denote the PASs in horizontal and
vertical directions, respectively. As in [21] and [22], Sh (ϕ)
and Sv (θ) are modeled using the Von Mises distribution and
truncated Laplacian distribution, respectively. In all figures,
we name the precoding scheme in section IV-A as the full
location-assisted precoding and name the reduced complex-
ity precoding scheme in section IV-B as RC location-assisted
precoding.
We first consider the effect of transmit SNR of AP and

Rician factor on the SE of proposed precoding schemes
in Fig. 3 and Fig. 4. We assume that there are three
UE clusters with each containing 5 UEs. The horizon-
tal AoDs of UEs in the three clusters are uniformly
distributed in [−55◦,−35◦], [−15◦, 5◦] and [30◦, 50◦]
respectively, and the vertical AoDs of UEs in the three
clusters are uniformly distributed in [60◦, 70◦], [45◦, 55◦]

and [30◦, 40◦] respectively. The number of AP antennas is
set to Nx = Ny = 25.
Fig. 3 compares the SEs of proposed precoding schemes

with match filter precoding [15], linear ZF precoding [16]
and basis expansion based precoding [17]. Note that the
number of RF chains required in the match filter precoding
and linear ZF precoding is equal to that of the full location-
assisted precoding (i.e., Nx × Ny). For the basis expansion
based precoding, the required number of RF chains is equal
to the number of selected orthogonal basis, which is set to∑C

c=1 bc, i.e., same with the RC location-assisted precod-
ing. The detailed description on the choice of number of
orthogonal basis can be found in [17]. We can see that the
performance gap between RC location-assisted precoding
and full location-assisted precoding is less than 1 bit/s/Hz per
UE in small SNR region. This makes RC location-assisted
precoding attractive when the altitude of AP is very high and
the signals suffer from severe large-scale fading. In high SNR
region, the performance gap increases because RC location-
assisted precoding suffers from performance floor due to the
existence of residual ICI. On the other hand, it is seen that the
linear ZF precoding achieves the best performance. However,
the gain is at the cost of very high hardware/computation
complexity and more training resources for channel estima-
tion. This may make it infeasible when applied on AP.

Fig. 4 show the SEs of proposed precoding schemes as
a function of Rician factors, where we assume the Rician
factors for all UEs are the same, i.e., Kcl = K . The transmit
SNR ofAP is set to 3 dB. From the figure, it is seen that the SE
increases as the LoS channel becomes stronger. This is quite
different from the small-scale MIMO system, where the LoS
component may be harmful since it introduces strong corre-
lation between channels of different UEs [37]. However, this
problem is alleviated in the massive MIMO system because
the large-scale antenna arrays have better spatial resolution.

Then we consider the effect of AP’s altitude on the SE
of RC location-assisted precoding. To get a clear insight, we
assume that there is one UE cluster and the number of UEs in
the cluster is Lc = 5. The AoDs of UEs in horizontal and ver-
tical directions are set to [43.8◦, 25.3◦, 44.4◦, 44.0◦, 18.7◦]
and [51.2◦, 41.9◦, 55.6◦, 58.9◦, 51.4◦], respectively. We con-
sider two cases, i.e., 1) the number of AP’s RF chains is
bc = Lc and 2) the number of AP’s RF chains is bc = 2Lc.
As shown in section IV-C, when altitude of AP is high,
we cannot find more than Lc first-layer precoding vectors
since the angular spread is too small. In this case, to get
the simulation result for bc = 2Lc, we enlarge the feasible
regions of ωx,l and ωy,l as [−dx/λ, dx/λ] and [−dy/λ, dy/λ],
respectively, and find optimalωx,l andωy,l in the new regions
using the algorithm in section IV-B. From Fig. 5, we can see
that when the altitude of AP is small, adding more RF chains
at AP is beneficial to improve SE. However, as the altitude of
AP increases (h > 3000 m), adding the number of RF chains
almost cannot provide any SE gain.

Then we consider the effect of AoD uncertainty on
RC location-assisted precoding. Due to the exist of guard
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FIGURE 5. Spectral efficiency of RC location-assisted precoding with
different AP altitudes, where Kcl = −5 dB, SNR = 3 dB.

FIGURE 6. Power gain of first-layer precoding with different AoD errors,
Kcl = 0 dB, Lc = 5, 1ϕcl = 5◦ and 1θcl = 5◦, bc = Lc .

FIGURE 7. Percentage of loss on power gain with different AoD errors,
Kcl = 0 dB, Lc = 5, 1ϕcl = 5◦ and 1θcl = 5◦, bc = Lc .

interval between different UE clusters, the AoD uncertainty
has little effect on the ICI power for other clusters. Thus,
without loss of generality, we consider again the scenario
with one UE cluster and let Lc = 5. The AoDs of UEs are
the same with that in Fig. 5. The AoD errors for horizon-
tal and vertical directions are set to ε[1, 1,−1,−1, 1] and
ε[−1, 1,−1, 1,−1], respectively, where ε > 0 denotes the
absolute value of errors. In Fig. 6 and Fig. 7, we can see that
the power gain of first-layer precoding becomes sensitive to

AoD errors when the number of AP antennas increases. For
example, if Nx = Ny = 25, the power gain reduces to 50%
of the maximum value (i.e., 3 dB loss) when ε = 2.70◦.
However, this value becomes ε = 1.87◦ whenNx = Ny = 32.
Moreover, we can see that the analytical expressions of power
gain derived in section V provide good approximation to the
real performance.

VII. CONCLUSION
This paper studies the low-complexity precoding for 3Dmas-
sive MIMO in air-to-ground transmission. By exploiting
the slow time-varying parameters, we propose a location-
assisted two-layer precoding scheme for downlink trans-
mission. Through proper UE clustering, we show that the
first-layer precoding matrix can be approximated using a
constant-envelope matrix, which results in significant reduc-
tion on required number of RF chains on AP. Since the AoD
uncertainty is inevitable in practice, we investigate the effect
of AoD uncertainty on the performance of proposed precod-
ing scheme and present a new analytic method to fast estimate
the power loss due to AoD errors. Our results show that
the location-assisted precoding outperforms match filter and
basis expansion precoding in the air-to-ground transmission.
Moreover, it is seen that more accurate AoD information
is required in precoding when the number of AP antennas
increases.

APPENDIX
By substituting (40) and (46) into (39), we can express
GNLoS
c

({
ωx,i, ωy,i

}bc
i=1

)
as that in (47), where Ii,j (a, b) and

Ji,j (a, b) are given by

Ii,j(a, b) =
∫ min

{
b−ω̂j,i, 1

Nj

}
max

{
a−ω̂j,i,− 1

Nj

}
(
q1−q2N 2

j ρ
2
j +N

4
j ρj

4

q1 + q3N 2
j ρj

2

)2

dρj,

(50a)

Ji,j(a, b) =
∫ min

{
b−ω̂j,i, 1

Nj

}
max

{
a−ω̂j,i,− 1

Nj

} (ρj − ρcl ,j + ω̂j,i)
×

(
q1 − q2N 2

j ρ
2
j + N

4
j ρj

4

q1 + q3N 2
j ρj

2

)2

dρj. (50b)

The remaining problem is to solve the integrals in (50). In the
below, we derive the solution for (50a) and the solution
for (50b) can be obtained in the sameway. Since the integrand
of (50a) is an even function of ρj, we can rewrite (50a) as

Ii,j (a, b)
= sgn

(
b− ω̂j,i

)
×

∫ ∣∣∣min
{
b−ω̂j,i,N

−1
j

}∣∣∣
0

(
q1 − q2N 2

j ρ
2
j + N

4
j ρj

4

q1 + q3N 2
j ρj

2

)2

dρj

− sgn
(
a− ω̂j,i

)
×

∫ ∣∣∣max
{
a−ω̂j,i,−N

−1
j

}∣∣∣
0

(
q1 − q2N 2

j ρ
2
j + N

4
j ρj

4

q1 + q3N 2
j ρj

2

)2

dρj.

(51)
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By using some algebraic manipulations, the first term of
right-hand side of (51) becomes

sgn
(
b− ω̂j,i

) ∫ ∣∣∣min
{
b−ωj,i,N

−1
j

}∣∣∣
0

(
q1−q2N 2

j ρ
2
j +N

4
j ρj

4

q1 + q3N 2
j ρj

2

)2
dρj

t=N 2
j ρ

2
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dt
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0
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×

(
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1
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2q2
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∣∣min{Njb, 1}
∣∣ t 12

+
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|min{Njb, 1}|3t
3
2 −

2q2
q21

∣∣min
{
Njb, 1

}∣∣5t 52
+

1

q21

∣∣min
{
Njb, 1

}∣∣7t 72) dt. (52)

By exploiting [19, 9.111], the closed-form expression of (51)
can be obtained as

sgn
(
b−ω̂j,i

)∫ ∣∣∣min
{
b−ωj,i,N

−1
j

}∣∣∣
0

(
q1−q2N 2

j ρ
2
j +N

4
j ρj

4

q1 + q3N 2
j ρj

2

)2

dρj

=
1
Nj
φ (1)−

2q2
Njq1

φ (3)+
2q1 + q22
Njq21

φ (5)−
2q2
Njq21

φ (7)

+
1

Njq21
φ (9), (53)

where φ (t, l) is defined as

φ (l) =
sgn

(
b− ωj,i

)
l

∣∣min
{
Nj
(
b− ωj,i

)
, 1
}∣∣l

× 2F1

(
2,
l
2
,
l
2
+ 1,−

∣∣min
{
Nj
(
b− ωj,i

)
, 1
}∣∣

q1q
−1
3

)
.

(54)

Using the similar approach, we can derive the closed-form
expression for the second term of right-hand side of (51). This
completes the proof.
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