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ABSTRACT This paper presents a comprehensive comparative study for the tracking control of a class
of underactuated nonlinear uncertain systems. A given nonlinear model of the underactuated system is,
at first stage, transformed into an input output form and the driving applied control input of the transformed
system is then designed via four sliding mode control strategies, i.e., conventional first-order sliding mode
control (SMC), second-order SMC, fast terminal SMC, and integral SMC. At the second stage, a ball
and beam system is considered and the aforementioned four control design strategies are experimentally
implemented. A comprehensive comparative study of the simulation and experimental results is then
conducted, which take into account the tracking performance, i.e., settling time, overshoots, robustness
enhancement, chattering reduction, sliding mode convergences, and control efforts.

INDEX TERMS Electromechanical system, sliding mode control, Lyapunov method, robust control,
nonlinear systems.

I. INTRODUCTION
The under-actuated systems, which have fewer number of
control input than their degrees of freedom, attracted a great
number of researchers [1]. The under-actuation makes their
control distinct from other nonlinear systems such as fully-
actuated systems. This feature can be introduced in system
design specially, for cost minimization and weight reduc-
tion (like in space applications). This feature may also be
caused by the system dynamics and actuator malfunction-
ing [2]. In addition, one may introduce this under-actuation
deliberately for creating low-order nonlinear systems for the
aim of getting an insight in the control of high order under-
actuated systems e.g., a ball and beam systems [3], inverted
pendulum systems [4], translational oscillator with rotational
actuator (TORA) [5]. This class finds very interesting appli-
cations in humanoids, aerospace systems and underwater
vehicles, mobile and locomotive systems. In order to oper-
ate such kind of systems autonomously, very sophisticated
control techniques are required.

In the context of control design, broad range of control
techniques are available for fully actuated systems. However,

for underactuated systems the problem definition and con-
trol design vary from system to system. The control design
techniques employed so far are adaptive control [6], feed-
back linearization [7], passivity based control [8] and opti-
mal control [9], etc. However, these strategies may not be
employed for a large class of underactuated systems where
linearization becomes difficult via smooth feedback [10].
In addition, Brockett necessary condition is also not satisfied
by the majority of underactuated systems [11]. In the context
of feedback linearization, the researchers have established
the collocated and non-collocated partial feedback lineariza-
tion approaches for these systems [7], [12]. However, such
techniques are inapplicable to flat underactuated systems
e.g., inertia-wheel pendulum (IWP) and vertical take-off and
landing (VTOL) aircraft [12]. Passivity based methodology
is also suggested for underactuated systems [13]. However,
passivity based approach can be applied to systems having
degrees of freedom (DOF) less than two [12]. This is a main
drawback of the passitivity based approach. To overcome
the limitations of passivity approach, back-steeping based
technique is proposed in [14]. This methodology is effective
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for global stabilization of underactuated systems with low
DOF [15]. However, computational complexities increase
with the increase in the DOF. In addition, the applications of
back-stepping technique to practical systems are unrealistic,
due to increase in complexity level as DOF increases [12].
In the recent developments, fuzzy and neural network based
control strategies (see for instance [16]–[18]) are also used
for the set-point regulation [19] and tracking control prob-
lems [20] of underactuated systems. These strategies are usu-
ally synthesized with other control design methodologies to
develop new adaptive control and robust control techniques.

In practice, robustness is ever demanding in the employ-
ment of control strategies. In this regards, sliding mode
control (SMC) based design approaches were focused in
recent years for controlling underactuated systems (see for
instance [3], [21], [22]). However, the SMC suffers from a
dangerous chattering phenomena, and in real applications,
this may result in the wear tear of the actuators. Therefore,
higher order sliding mode control (HOSMC) was proposed
for this class to suppress the amplitude of the chatter-
ing [1], [23]. It is evident that as the order of sliding
mode increases, the precision, robustness as well as accu-
racy decreases. Apart from the robustness, in practice, the
precision is very demanding which can be achieved via finite
time stabilization. It is claimed that finite time stabilization
can be achieved by the use of fast terminal sliding mode
control (FTSMC) in close loop [4]. In is worthy to mention
that SMC, HOSMand TSMC cannot guarantee the invariance
property in the necessary reaching phase. Therefore, to miti-
gate this threat, an integral sliding mode (ISM) based strategy
was proposed in [10], which established slidingmodewithout
reaching phase.

In this work, a comprehensive comparative study for the
tracking control of a class of underactuated nonlinear uncer-
tain systems is presented. A given nonlinear model of the
underactuated system is, at first stage, transformed into an
input output form and the driving applied control input of the
transformed system is then designed via four sliding mode
control strategies i.e., conventional first order sliding mode
control (FOSMC), second order sliding mode (SOSMC),
fast terminal sliding mode (FTSMC), and integral sliding
mode (ISM). At second stage, a ball and beam system is
considered and the aforementioned four control design strate-
gies are experimentally implemented. A comprehensive com-
parative study of the simulation and experimental results is
then conducted which takes into account the tracking per-
formance i.e., settling time, overshoots, robustness enhance-
ment, chattering reduction, sliding mode convergences and
control efforts. It is preferable that the contributions in this
work is three fold i.e., the system transformation into canoni-
cal form by defining a suitable output, the simulation as well
as practical implementation of the four control strategies and
the comparative analysis of the said techniques. The rest of
the papers presented in the following manner.

Section II contributes the general presentation and problem
formulation for the specified class. The control law designs

of the SMC, SOSMC, ISMC and FTSMC are presented in
Section III of the paper. Section IV presents the development
of the control laws, simulation, and practical results of the
ball and beam system. Section V concludes the comparative
study followed by recent supporting references.

II. PROBLEM FORMULATION
The equations of motion for the class of underactuated non-
linear systems are generally expressed as follows [10]:

M (q)q̈+ C(q, q̇)q̇+ G(q)+ F(q̇) = B(ρ + δ(q, q̇, t)) (1)

where q, q̇ ∈ Rn represents the position and velocity states
vectors which make a configuration space of 2n variable (or
states), M (q) ∈ Rn×n is the inertia matrix, C(q, q̇) ∈ Rn×n

is the matrix describes the centrifugal and coriolis forces,
G(q) ∈ Rn×1 is gravitational force vector and F(q̇) ∈ Rn×n

represents fractional torque. B is the control input channel,
and ρ ∈ Rm such that m < n represents the applied control
input. The nonlinear term (M−1(q)B) takes into account the
uncertainties in the control input channel. Since we consider
the system to be controllable, therefore, before proceeding to
the problem formulation we assume that (M−1(q)B) is full
rank and the origin serves as an equilibrium point.

Now by following the strategy of [24], the nonlinear sys-
tem (1), can be represented via the following cascade form:

ẋ1 = x2 + d1
ẋ2 = f1(x1, x2, x3, x4)+ d2
ẋ3 = x4
ẋ4 = f2(x1, x2, x3, x4)+ b(x1, x2, x3, x4)ρ + d3

(2)

where x1, x2, x3, x4 are the available states of the system,
d1, d2 and d3 are bounded disturbances, f1(x1, x2, x3, x4) and
f2(x1, x2, x3, x4) are nonlinear smooth functions. The nonlin-
ear smooth function b(x1, x2, x3, x4) represents the control
input channel and ρ is the applied controlled input. Note that
system (2) is an alternate form of system (1) such that the
first two equations in (2) represent the indirectly controllable
subsystem with state variables x1 and x2, and the last two
equations in (2) represent the directly control- influenced
system with state variables x3 and x4. Regarding the cascaded
form (2) the following assumptions are made.
Assumption 1: It is assumed that b(x1, x2, x3, x4) is nonzero

everywhere in the available space. This assumption confirms
the controllability of the given nonlinear system.
Assumption 2: Assume that

f1(0, 0, 0, 0) = 0 (3)

Equation (3) confirms that the origin is an equilibrium point
in close loop.
Assumption 3: ∂f1

∂x3
is invertible or ∂f1

∂x4
is invertible which,

in other words, confirms the controllability of the given
nonlinear system.
Assumption 4: f1(0, 0, x3, x4) = 0 is an asymptotically

stable manifold, i.e. x3 and x4 approaches zero.
Now, we make the following remark.
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Remark 1: Since every control methodology can be easily
employed to controllable canonical forms, therefore, we aim
to transform the newly established form (2) to a controllable
canonical form. In this way, one may eliminate the required
condition on the disturbances d1, d2 and d3 [22]. In addition,
one can easily employ the so far available techniques. Such
formats are applicable for nonlinear systems like TORA,
quad rotor [25] and inverted pendulum [4].

It is worthy to note that Assumptions 3 and 4 are non-
necessary conditions. These are used when one needs to
furnish the closed loop system with a sliding mode controller,
for details see [22]. Now, by following the procedure defined
in [10], the system shown in (2) can be transformed into the
following input-output form:

ξ̇1 = ξ2

ξ̇2 = ξ3
...

ξ̇n = ϕ(ξ, ρ)+ γ (ξ ) {ρ +1Gm (ξ, ρ, t)}

(4)

In (4), ξ = [ξ1, ξ2, · · · , ξn]T represents the state vector
and 1Gm (ξ, ρ, t) indicates the matched uncertainties. The
symbol ρ is the applied control input. Note that the nonlinear
dynamics of an inverted pendulum, double inverted pendu-
lum, ball and beam system, and flexible joints manipulator
of link 1 can be easily replaced in the above equivalent input
output form. Before the design it is suitable to assume that:
Assumption 5: The uncertainty is assumed to be bounded

i.e.,

|1Gm (ξ, ρ, t) ≤ 0| (5)

In realistic sense this assumption means that the uncer-
tainty have a tolerable magnitude. Now, the problem in hand
is the design of a controller for system (4). Having con-
trolled (4) will imply a clear solution to the control problem of
system (2). The core control problem of system (4) is to steer
the real state to zero i.e., a regulation problem is considered.
This task is fulfilled via a family of control strategies i.e.,
FOSMC, SOSMC, ISMC and FTSMC while considering
the system subject to matched disturbances. At this stage
we are now ready to pursue for its control design via the
aforementioned family of sliding mode controllers.

III. CONTROL LAW DESIGN
In this section the control design for the system (4) is
presented via a family of sliding mode control strategies.
Here we proceed by designing the control law via FOSMC,
SOSMC, ISMC and FTSMC.

A. SLIDING MODE CONTROL
The sliding mode control (see for more detail [26]) is always
considered as an effective and efficient approach in control
systems because of its invariance in sliding mode i.e., it
results in robustness against uncertainties in sliding mode.
The design of SMC usually supports systems which have

relative degree one with respect to the sliding manifold. The
control law is always composed of two components i.e.,
an equivalent control component and a discontinuous control
component. Mathematically, it can be expressed as follows:

ρ = ρeq + ρsw (6)

In order to design a control law, at first step a switching
manifold of the following form is considered.

σ (ξ ) =
∑n

i=1
ciξi (7)

Computing the time derivative of (7) along (4) one may have

σ̇ (ξ ) = c1ξ2 + . . .+ ciξi+1 + ϕ(ξ, ρ)+ γ (ξ )ρ (8)

Now by posing σ (ξ ) = 0, one get

ρeq = −
1
γ (ξ )

(
ϕ(ξ, ρ)+

∑n

i=1
ciξi+1

)
(9)

To design the discontinuous control component, a Lyapunov
of the following form is defined.

V (ξ ) =
1
2
σ 2 (10)

Calculating the time derivative of this function along (4) and
then substituting (9), one may get

V (ξ ) = σ (ξ ) (γ (ξ )1Gm (ξ, ρ, t)+ ρsw) (11)

Now by choosing the expression of the discontinuous term as
follows:

ρsw = −Ksign(σ ) (12)

V̇ (ξ ) ≤ − |σ | [−K + |γ (ξ )1Gm (ξ, ρ, t)|] (13)

By using the bound of uncertainties (5), one has

V̇ (ξ ) ≤ − |σ | [−K + |γ (ξ )1Gm (ξ, ρ, t)|] (14)

This can also be expressed as

V̇ (ξ ) ≤ − |σ | ι ≤ 0 (15)

provided that

K ≥ [KM0 + ι] (16)

where ι and 0 are positive constants and KM is the maximum
absolute value of γ (ξ ). The inequality in (15) confirms that
σ (ξ ) approaches zero in a finite time ts [27]. Consequently,
the states of the system (4) will be steered to the origin
via the control law defined in (6) with detailed expressions
in (9) and (12). In SMC, the controller suffers from high
frequency vibration in sliding mode phase. In order to reduce
this dangerous vibration, in the next subsection, the same
problem is handled with second order sliding modes.
Remark II: The most prominent advantage of the first

order SMC is the order reduction in sliding mode. This order
reduction results in insensitivity to disturbances and model
uncertainties. However, to keep the sliding mode the control
input has to switch with infinite frequency along a sliding
constraint. This switching causes a severe damage in the
system components. This characteristic is no more advanta-
geous in the real word and even degrades the sliding modes
fascination.
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B. SECOND-ORDER SLIDING MODE CONTROL
Since the drawback of the conventional SMC is chattering
effect [28], which degrades the system performance and may
lead towards system instability. Therefore, the removal of
chattering was focused by a wide number of researchers.
In literature, the saturation function is used instead of the
discontinuous function [29]. However, in this case the robust-
ness as well as accuracy is partially lost. The other main
stream approach was the use of an observer-based approach
which results in less magnitude of the uncertain term [30].
Consequently, the chattering was suppressed. In the context
of chattering removal, the most famous approach was the
HOSM control technique [31]. In this approach the sliding
mode occurs along the intersection of the sliding variable and
its derivative of order r . In this case, the sliding set is defined
to be σ = σ̈ = σ = . . . = σ (r−1)

= 0. The structure of the
controller is designed in such away that it confirms finite time
enforcement of sliding mode along the defined sliding set in
the presence of the disturbances/uncertainties which in turn
results in increased accuracy of the sliding modes and output
convergence. Moreover, the increase in the order of sliding
mode results in reduced chattering. However, the robustness
decreases. In the literature the most famous and appealing
relative degree one higher order sliding mode controller is the
super twisting (STW)which has considerable robustness with
acceptable chattering reduction. We now intend to design
super-twisting controller for this class of nonlinear systems.

1) SUPER-TWISTING SLIDING MODE CONTROL
In this design the sliding set consists of the intersection of
hyper planes σ (ξ ) = 0 and σ̇ (ξ ) = 0 i.e., the sliding mode
occurs on the following set

σ (ξ ) = σ̇ (ξ ) = 0 (17)

Since STW deals with relative degree one case [31], there-
fore, the sliding variable (7) is quite suitable for this design
strategy. Now, by taking the time derivative of (7), along (4)
one get

σ̇ (ξ ) =
∑n−1

i=1
ciξi+1 (18)

or

σ̇ (ξ ) = c1ξ2 + . . .+ ciξi+1 + ϕ(ξ, ρ)+ γ (ξ )ρ (19)

This can also be realized as

σ̇ (ξ ) = ψ1(ξ )+ γ (ξ )ρ (20)

where

ψ1 (ξ) = c1ξ2 + . . .+ ciξi+1 + ϕ(ξ, ρ) (21)

By following [1], the control law can be expressed as:

ρ =
ρ1 − ψ1 (ξ)

γ (ξ)
(22)

where ρ is chosen according to the strategy of [32] as follows:{
ρ1 = −k1sign (σ ) |σi|

1
2 − k2σ + ω

ω̇ − k3sign (σ )− k4σ
(23)

In expression (23), ki; i = 1, 2, 3, 4 are positive gains.
If one chose ki according to [33]. Then the finite time enforce-
ment of sliding mode against σi = σ̇i = 0 can be ensured.
The chattering attenuation is a considerable advantage of the
STW and it remains insensitive to bounded perturbations,
but these perturbations cannot increase faster than a linear
function of time or it can be said that they do not need to
be bounded [34]. For the stability and detailed proof one
may read [32]. The sliding mode control strategy remains
very sensitive to disturbances in the reaching phase which
may decrease the applicability of this technique. Therefore,
a reaching phase free sliding mode control was proposed
which enhances the robustness from the very beginning and
considerably reduces chattering (see for details [26]). In the
subsequent study, an integral sliding mode for the system (4)
is designed.
Remark III: Since the conventional SMC causes wear

tear on the system components, therefore, one of the main
challenge which was solved via the second order sliding
mode was the chattering attenuation. This technique on one
hand keep the main characteristics of first order SMC i.e.,
order reduction and on the other hand, suppresses chattering.
In addition, this technique makes easy the practical imple-
mentation. However, one must be clear that the robustness
in this technique decreases, as the order of sliding mode
increase.

C. INTEGRAL SLIDING MODE CONTROL
This technique retains the main features of the sliding mode
with enhanced robustness against matched disturbances with
attenuated chattering across the switching manifold. Gener-
ally, the control law for ISM can be expressed as follows:

ρ = ρ0 + ρ1 (24)

where the first component on the right hand side of the above
equation governs the system dynamics during sliding modes
whereas the matched disturbances have been compensated by
the second component. The sliding surface of ISM is defined
as:

σ (ξ) =
∑n

i=1
ciξi + z (25)

Now, by adapting the strategy proposed in [10], the control
structure can be chosen as follows:

ρ = −KT
0 ξ −

1
γ (ξ)

(ϕ (ξ, ρ)+ (γ (ξ)− 1) ρ0 + Ksignσ

(26)

where

ż = −
(∑n−1

i=1
ciξi+1 + ρ0

)
, (27)

ρ0 = −KT
0 ξ (28)
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and

ρ = −
1

γ (ξ)
(ϕ (ξ, ρ)+ (γ (ξ)− 1) ρ0 + Ksignσ) (29)

The initial condition of (27) are chosen such that the man-
ifold remains at zero at the initial time t = 0 i.e., z(0) =
−σ0(ξ (0)) should be justified. For more details, one may
read [10]. This control law (26) establishes slidingmode from
the very start of the process and confirms the regulation of the
states of the system (4) to zero under the action of (28).
Remark IV: This design technique offers a number of

advantages. The most promising one is the establishment of
sliding mode from the very start of the processes i.e., no
reaching phase happens. Hence the system becomes more
robust from the initial time instant. In addition, the unwanted
chattering phenomena can be suppressed up to considerable
order. However, no order reduction happens which conse-
quently makes the system sensitive to parametric variations.
This sensitivity to parameter can be reduced by designing a
continuous control component of the controlled input more
cleverly.

D. FAST TERMINAL SLIDING MODE CONTROL
It is evident that the asymptotic convergence in the absence of
a strong force may not deliver fast convergence. The conven-
tional terminal sliding mode control, on the other hand, may
not confirm fast convergence when the system states have
initial conditions quite away from the equilibrium. However,
the fast terminal sliding is capable to combine the advantages
of both SMC and TSM and can make the convergence to the
equilibrium faster. This job can be done via changing the def-
inition of the switching manifold. Therefore, in this section,
the fast terminal sliding mode for the class of underactuated
system (4) is designed. Another main aim of the use of this
strategy is to acquire high precision tracking with suppressed
chattering. The sliding surface of fast terminal sliding mode
controller is designed as follows [35]:

σ (S (ξ)) = Ṡ (ξ)+ σ1S (ξ)+ β1 (S (ξ))
p1
q1 (30)

where S (ξ) can be defined as:

S (ξ) =
∑n−1

i=1
ciξi (31)

The gains α1 and β1 in (30) are positive constants, p1 and
q1 are positive odd integers such that p1 should be greater
than q1. The time derivative of (30) along (4) takes the form:

σ̇ (S (ξ)) =

∑n−1
i=1 ciξi+1 + ϕ(ξ, ρ)+ γ (ξ )ρ

+α1Ṡ(ξ )+
p1
q1
β1 (S (ξ))

p1
q1
−1 Ṡ(ξ )

 (32)

By following the design strategies [4] and [35], the final
control law can be expressed as follows:

ρ = − (γ (ξ))−1


∑n−1

i=1 ciξi+1 + ϕ (ξ, ρ)+ α1Ṡ(ξ )

+
p1
q1
β1 (S (ξ))

p1
q1
−1 Ṡ(ξ )

+Ksign(σ )


(33)

In order to prove the stability of FTSMC for system (4)
the readers may follow strategies of [4] and [35]. This design
strategy confirms fast convergence of the system’s states to
the equilibrium with high precision and suppress chattering
phenomena. Now, at this stage, the aforesaid design tech-
niques are required to be tested on an experimental setup.
Therefore, in the forthcoming section, all the controllers
are implemented on an actual underactuated ball and beam
system.
Remark V: The FTSMC use a sliding manifold which not

only results in the finite time enforcement of sliding mode,
but also confirms the systems states convergence in finite
time. This finite time convergence result in high precision
whichmakes this systemmore appealing in practical systems.
Like conventional SMC its preserve robustness in sliding
mode with considerably reduced chattering. The main dis-
advantages of this technique is the singularity occurrence as
the order of the system increases. In addition, which treating
different systems which deal hydrodynamics force result in
an unknown sign of the Lyapunov derivative. Hence, stability
becomes questionable.

IV. BALL AND BEAM EXAMPLE
This section is dedicated to present an illustrative example
of the class of underactuated nonlinear systems which are
influenced via the control law design in the previous section.
A comprehensive comparative simulation and experimental
study is the core of the following study.

A. SYSTEM DESCRIPTION AND CONTROL DESIGN
The proposed system is a sound candidate for the considered
class. This system is known for its ill-defined relative degree
with non-linear nature and its wide range of applications like,
balancing liquids or fuel in linear moving vehicles as well as
in vertical take-off objects and balancing of passenger cabin.
The schematic diagram of ball on a beam system is shown
in Fig. 1 and its typical parameters are reported in Table 1.
In general, this setup consists of a metallic ball which rolls
on a metallic beam of a finite length. In this equipment, one
end of beam is fixed and other is connected to an electric
servo motor to move the beam up and down. This system is
designed for feedback strategies which work on the measured
position of ball on the beam and the angle traced by the servo
motor. In other words, the feedback takes into account the ball
position and the motor angle.

The motion governing equations of the ball and beam
system are taken from [10]:

(
mr2 + T1

)
β̈ + (2mrṙ + T2) β̇

+

(
mgr +

L
2
Mg
)
cosβ = ρ,

T4r̈ − r(β̈2)+ gsinβ = 0

(34)

where θ (t) angle subtended to make stable the ball, the lever
angle is represented by β (t), r(t) is the position of the ball
on the beam and vin (t) is the input voltage of the motor
whereas the controlled input appears mathematically via the
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FIGURE 1. Schematic diagram of the ball on a beam system.

TABLE 1. Parameters and values used in equation.

expression τ (t) = C3vin (t) in the dynamic model. The
derived parameters used in (34) are represented by T1, T2,
T3 and T4 with the following mathematical relations [3]

T1 =
Rm × Jm × L
Cm × Cb × d

+ J1

T2 =
L
d

(
Cm × Cb
Rm

+ Cb +
Rm × Jm
Cm × Cg

)
T3 = 1+

Cm
Rm

T4 =
7
5

(35)

The state space model is constructed by assuming x1 = r
(represents the position of the ball on a beam), x2 = ṙ (rate
of change of position), β is assumed to be as x3 (beam angle)
and x4 = β̇ (rate of change of motor angle). Following these
definitions, one may get

ẋ1 = x2

ẋ2 = d
1
T4
(−gsin(x3))

ẋ3 = x4

ẋ4 =
1

mx21 + T1

×

ρ − (2mx1x2 + T2) x4 −
 mgx1

+
L
2
Mg

 cosx3


(36)

Now, the output of interest is y = x1, which represents
the position of the ball. This representation is similar to that
of (4). Now, the system is ready for the controller design.

B. CONTROLLER DESIGN
Following the procedure outlined in Section III, we proceed
as follows

y = x1, (37)

ẏ = x2 (38)

ÿ = −
g
T4
sin(x3), (39)

y(3) = −
g
T4
x4cos(x3), (40)

y(4) =
1

T4
(
mx21 + T1

) [−ρcosx3 + (2mx1x2+T2) x4cosx3
+

(
mgx1 +

L
2
Mg
)
cos2x3 + x24

(
mx21+T1

)
sin x3],

(41)

y(4) = fs + hsρ

fs =
g
T4

 (2mx1x2 + T2)x4 + (mgx1 + L/2Mg)cosx3
(mx21 + T1)

×cosx3 + x24sinx3


hs = −

g

(T4(mx21 + T1))
× cosx3 (42)

Now, writing in the controllable canonical form, defines
in (4), for n = 4, one gets

ξ̇1 = ξ2,

ξ̇2 = ξ3,

...

ξ̇4 = ϕ(ξ, ρ)+ γ (ξ )ρ + γ (ξ )1Gm (ξ, ρ, t)

(43)

where y(i−1) = ξi

ϕ (ξ ) = fs =
g
T4

×

 (2mx1x2 + T2)x4 + (mgx1 + L/2Mg)cosx3
(mx21 + T1)

×cosx3 + x24sinx3


(44)

γ (ξ) = hs = −
g

(T4(mx21 + T1))
× cosx3 (45)

and γ (ξ )1Gm (ξ, ρ, t) represents the matched uncertainties.

1) SLIDING MODE CONTROL (SMC)
Here we discuss conventional SMC on the ball and beam
system. Sliding manifold defined in (7), is considered for
n = 4 in following equation:

σ (ξ) = c1ξ1 + c2ξ2 + c3ξ3 + ξ4 (46)

Computing the time derivative of (46) along (43) one may
have

σ̇ (ξ ) = c1ξ2 + c2ξ3 + c3ξ4 + ξ̇4 (47)
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Further, after substituting (37-42), we got

σ̇ = c1x2 +
c2
T4

(−gsin(x3))−
c3g
T4

x4cos(x3)+ fs + hsρ

(48)

Following the procedure laid in Section III-A, the complete
control structure becomes:

ρ =
1
hs

[
−c1x2 −

c2
T4
(−gsin(x3))+

c3g
T4

x4cos(x3)− fs

]
−Ksign (σ ) (49)

where ρeq and ρsw are written as (50) and (51), respectively.

ρeq =
1
hs

[
−c1x2 −

c2
T4
(−gsin(x3))+

c3g
T4

x4cos(x3)− fs

]
(50)

ρsw = −Ksign (σ ) (51)

As the control objective is to perform the reference tracking
here, therefore, the sliding manifold and the controller will
appear as follows:

σ (ξ) = c1 (ξ1 − rd )+
∑4

i=2
ciξi (52)

ρ =
1
hs

[
−c1x2 −

c2
T4
(−gsin(x3))+

c3g
T4

x4cos(x3)−fs

]
−Ksign (σ ) (53)

where rd is the desired reference with ṙd , r̈d , rd are bounded.

2) SECOND ORDER SLIDING MODE CONTROL (SOSMC)
By following the procedure defined in Section III-B, the slid-
ing manifold for super twisting sliding mode control remains
the same as defined in (46) for n = 4. Since reference
tracking is objective, therefore, the sliding manifold appears
as follows:

σ (ξ) = c1 (ξ1 − rd )+ c2ξ2 + c3ξ3 + ξ4 (54)

and the final structure of the control input is calculated as
follows:

ρ = −k1sign (σ ) |σ |
1
2 − k2σ − ∫ (−k3sign (σ )− k4σ)

(55)

3) INTEGRAL SLIDING MODE CONTROL (ISMC)
In case of ISMC, the integral manifold defined in (25) can be
defined as follows for the ball and beam system.

σ (ξ) = c1 (ξ1 − rd )+
∑4

i=2
ciξi + z (56)

The final expression of the controller takes the form:

ρ = −k1(ξ1 − rd )− k2ξ2 − k3ξ3 − k4ξ4

+
1

γ (ξ)
(−ϕ (ξ, τ )− (γ (ξ)− 1) ρ0 − Ksign (σ ))

(57)

The dynamics of the integral term were calculated to be as
follows

ż = −c1x2 +
c2g
C4

sinx3 +
c3g
C4

x4cosx3 − γ (ξ )ρ0 − ϕ(ξ )

(58)

Note that the higher derivatives ṙd , r̈d , of the reference trajec-
tory were assumed to bounded.

4) FAST TERMINAL SLIDING MODE CONTROL (FTSMC)
In case of FTSMC for the considered ball and beam system
with n = 4 the fast terminal manifold will be defined as
follows:

σ (S (ξ)) = Ṡ(ξ )+ α1 S(ξ )+ β1(S(ξ ))
p1
q1 ,

where S (ξ) = c1 (ξ1 − rd ) + c2ξ2 + ξ3 and p1 and q1 are
positive odd integers. The final mathematical structure of the
applied controller was selected as follows:

ρ = (hs)−1


−fs − c2ξ4 − c1ξ3 − α1 (c1ξ2 + c2ξ3 + ξ4)

−
p1
q1
β1 (c1 (ξ1 − rd )+ c2ξ2 + ξ3 (ξ))

p1
q1
−1

(c1 (ξ2)+ c2ξ3 + ξ4)− Ksign (σ )


(59)

C. SIMULATION RESULTS
In this study, the ball and beam system defined in (34) is
operated under the action of the control laws (49), (55), (57)
and (59). The gains used in controller during simulation are
reported in Table 2. The computer simulation of the overall
closed loop system is carried by considering the reference
tracking to be a fixed point rd (t) and the initial condition
of the system was set to be x1(0) = 0.4, x2(0) = x3(0) =
x4(0) = 0. The reference trajectory was defined to be

rd (t) = 22cm, t > 0 (60)

The output tracking performance of all the four designed
controllers is shown in Fig. 2. It can be clearly examined that
the tracking performance of ISMC is very fast as compared
to FOSMC and SOSMC. On the other hand, the performance
of FTSMC is slower as compared to the remaining strategies.
However, the precision of the FTSMC is very appealing. The
zoomed version of reference tracking highlights the conver-
gence precision of all the strategies.

The beam angle stabilization profile for FOSMC,
SOSMC (STW), ISMC and FTSMC is displayed in Fig. 3.
The separated profile of the beam angle stabilization can be
seen in Fig. 4. The zoomed version of the angle stabilization
shows the steady state error in case FTSMC as compared
to the other stabilization strategies. In the beam angle sta-
bilization, the FOSMC and ISMC are quite appealing. How-
ever, both techniques suffer from chattering which will be
discussed in following study.

The sliding manifold comparison of all the techniques is
shown in Fig 5 and 6 with their respective control inputs are
displayed in Fig 7 and 8.
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TABLE 2. Parametric values used in the tracking for FOSMC,
SOSMC (STW), ISMC and FTSMC.

FIGURE 2. Output tracking performance of FOSMC, SOSMC(STW), ISMC
and FTSMC, rd (t) = 22cm.

FIGURE 3. Beam angle stabilization profile of FOSMC, SOSMC (STW),
ISMC and FTSMC, rd (t) = 22cm.

In case of manifold convergence, the SOSMC carries sub-
stantial marks as compared to its counter parts. However,
in case of robustness enhancement and reaching phase elimi-
nation ISMC is far better than the others. In term of chattering
suppression, the FTSMC is better which makes it an appeal-
ing candidate in electromechanical systems.

FIGURE 4. Separate beam angle stabilization profile of FOSMC,
SOSMC(STW), ISMC and FTSMC.

FIGURE 5. Sliding manifold convergence profile of FOSMC, SOSMC(STW),
ISMC and FTSMC, rd (t) = 22cm.

FIGURE 6. Separate sliding manifold convergence profile of FOSMC,
SOSMC (STW), ISMC and FTSMC.

However, the chattering may be reduced in case of ISMC
by considering a strong reachability condition. Having cho-
sen strong reachability condition, ISMC will outshine the
remaining SMC variants.

Note that FOSMC in this case suffers from substantial
magnitude of chattering which may cause the system failure.
In case energy consumption, the ISMC and FTSMC utilize
low energy as compared to FOSMC and SOSMC. Having
analysed, in our views, the ISMC becomes an appealing
candidate to be employed to electromechanical systems.

D. EXPERIMENTAL RESULTS
In this study, the core objective is to keep the ball on a
beam at the desired position rd (t). The control algorithms
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FIGURE 7. Control Input profile of FOSMC, SOSMC(STW), ISMC and FTSMC
for reference tracking.

FIGURE 8. Separate control input profile of FOSMC, SOSMC(STW), ISMC
and FTSMC.

FIGURE 9. Experimental Setup of the Ball and Beam equipped via
Googoltech GBB1004.

designed in the Section III, are implemented on the actual
ball on a beam system. This system is manufactured by
Googoltech GBB1004with an intelligent IPM100 servo drive
and electronic control box which supports the MATLAB
7.12/Simulink 7.7 environment. The other typical parameters
includes the length of metallic beamwith 40cm and ametallic
ball of mass 40g. Fig 9 shows the experimental setup. The
power module used in Googoltech requires 220V and 10A
input. Note that the control accuracy of this equipment lies
within the range of ±1mm.
During the practical implementation, the sampling time

was chosen to be 2ms.In order to make the implementation

FIGURE 10. Output tracking performance of FOSMC, SOSMC(STW), ISMC
and FTSMC, rd (t) = 22cm.

FIGURE 11. Zoom profile of output tracking performance of FOSMC,
SOSMC(STW), ISMC and FTSMC.

easy and simple, a time derivative block of the Simulink
environment is used to provide the corresponding velocity
measurements. The motor of the system is capable to rotate
clockwise and anticlockwise to stabilize the ball. The phys-
ical components of the system have some limitations i.e.,
the steady state error must lie with the band of ±0.001m.
In other words, this error will exist in case of any control
strategy. The gains of the controller used during the imple-
mentation (experimentation) are reported in Table 2.

The desired reference point on the beam was 22 cm. All
the four techniques were implemented on the actual system
and their tracking performances are displayed in Fig. 10 with
zoomed results shown in Fig. 11. These results follow lies
with in the vicinity of 0.22m which follow the physical
limitation of the system. It is clear from Fig. 10 that the
performance of the FTSMC and ISMC shows slower conver-
gence to the reference point. However, the steady state error
of these two techniques is quite smaller than the FOSMC and
SOSMC. The precision of FTSMC carry comparatively high
marks as compared to ISMC. It is noticeable that the ISMC
result observe very little oscillations and shows a very stable
behavior in the vicinity of the reference point. The results of
SOSMC in this case is quite interesting and quite acceptable
as compared to FTSMC and ISMC but it loses precision.
The results of FOSMC are not acceptable because it exhibits
oscillatory behavior along with low precision.
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FIGURE 12. Beam angle stabilization profile of FOSMC, SOSMC(STW),
ISMC and FTSMC, rd (t) = 22cm.

FIGURE 13. Separate beam angle stabilization profile of FOSMC,
SOSMC(STW), ISMC and FTSMC.

Remark VI: In the experimental study the translational
position of the ball on a beam and the angular position of
the driving motor are available. The respective velocities are
calculated via the built in velocity estimator. However, one
may use reduced order observer (see for instance [26], [36])
for velocity estimation.

The comparative and separate beam angle stabilization
profile for FOSMC, SOSMC (STW), ISMC and FTSMC
are displayed in Figs. 12 and 13, respectively. It is wor-
thy to notice that high chattering appear in the beam angle
while implementing FOSMC. Comparatively small chatter-
ing appears in case of ISMC and SOSMC. However the beam
angle of FTSMC exhibits with continuous chattering with
sufficient small amplitude. Although it is tolerable for this
system yet it is quite dangerous in practical systems when
they are supposed to be operated for long time. In the author
views, the ISMC and SOSMC are quite appealing in this case
because once the angle is stabilized the system observes no
chattering and in this case it may not be that harmful for the
system health. We summarize this behavior as follows:

FOSMC: have maximum (high amplitude)
chattering,

SOSMC(STW): have moderate chattering,
ISMC: have (more than STW, less than

FOSMC),
FTSM: have minimal chattering but

continuous.

FIGURE 14. Sliding manifold convergence profile of FOSMC,
SOSMC(STW), ISMC and FTSMC, rd (t) = 22cm.

FIGURE 15. Separate sliding manifold convergence profile of FOSMC,
SOSMC(STW), ISMC and FTSMC.

FIGURE 16. Control Input profile of FOSMC, SOSMC(STW), ISMC and
FTSMC for reference tracking.

The sliding manifold convergence comparison as well
as separate profiles of all the techniques are shown
in Figs. 14 and 15. The control efforts of these algorithms
are also displayed in Figs. 16 and 17. It is clear that all
the four controllers have stable sliding manifolds converge
toward the origin. Fig. 15 experimentally verified the slid-
ing mode enforcements. The manifold of the ISMC remains
almost at zero which confirms the results achieved in the

VOLUME 5, 2017 10077



S. U. Din et al.: Comparative Experimental Study of Robust SMC Strategies for Underactuated Systems

FIGURE 17. Separate control input profile of FOSMC, SOSMC(STW), ISMC
and FTSMC.

TABLE 3. Comparison of energy criteria (×104J).

TABLE 4. Comparitive analysis FOSMC, SOSMC(STW), ISMC and FTSMC.

simulations (see Fig. 6). The manifold of the FTSMC
observes some heavy peaks which may threat the systems
health. The SOSMC and FOSMC manifold convergence is
somewhat interesting. On the other hand, the control efforts
of FTSMC is quite higher even when the system is in sliding
mode. This behavior reduces the applicability of FTSMC.
While looking at FOSMC control efforts and SOSMC efforts,
they fascinate the control designer to use these two strategies.
However, the tracking behaviors of both these techniques
disappoints as compared to ISMC. In term of robustness

ISMC remains more robust than the other the other three
strategies because of the reaching phase elimination.

Further, on Googol tech GBB1004 platform, the utilized
energy comparison among FOSMC, SOSMC(STW), ISMC
and FTSMC is performed using the criteria presented in [1]:

J =

15∫
0

u2dt (61)

which is proportional to the energy delivered to the sys-
tem. While comparing the energy utilization of these four
algorithm, it comes out that ISMC utilizes minimum energy.
The second minimum energy is utilized by the FTSMC. The
third position is occupied by the SOSMC (see for details,
Table 3). The overall observations are summarized in the
form of Table 4 while examining different features in the
experimental and simulation results.

Based on the attributes presented in Table 4, it can be
claimed that ISMC proves itself to be an appealing control
protocol for the class of underactuated electro-mechanical
systems.

V. CONCLUSION
A comprehensive comparative simulation and experimental
study of the FOSMC, ISMC, SOSMC and FTSMC has been
carried out in this work. The experimental step which was
considered in this work was the ball and beam system. Before
the design, the system was transformed to a controllable
canonical form and then the control inputs were designed
via the aforesaid strategies. The experimental and simulation
study was carried out in the MATLAB environment. Having
analysed, it was decided that ISMC carries marks in case of
robustness and fast convergence with considerable suppres-
sion in chattering. However, in case of precision and chat-
tering suppression the FTSMC can be preferred. The named
FOSMC exhibits high frequency vibrations with considerable
magnitude and with substantial steady state error whereas the
SOSMC suffers from robustness issues in the reaching phase
with considerable steady state error. The benefits of this study
is to analyse the appealing attitude of FTSMC and ISMC in
electromechanical systems.
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