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ABSTRACT In this paper, we propose the mitigating scheme to reduce the effects of phase noise in multi-
input multi-output-orthogonal frequency division multiplexing system with independent oscillator in each
RF chain. Our proposed schemes consist of two stages; channel estimation stage and data decoding stage.
In the first stage, we propose the channel estimation algorithm based on maximum a posteriori (MAP)
estimator and a method of selecting the training sequence for channel estimation and we provide the
mathematical analysis of our proposed scheme. In the second stage, MAP estimators are used to jointly
estimate phase noise at TX and RX and detect data symbols. For analysis of mean square error (MSE)
performances, we derive Bayesian Cramér-Rao bound for multi-parameter estimation problem in each
stage. At the end of this paper, we demonstrate from our simulation results that our mathematical analysis
is accurate and the proposed algorithm improves the bit-error-rate performance and MSE performance
compared with existing schemes.

INDEX TERMS MIMO, OFDM, phase noise, RF impairment, mmWave, oscillators, channel estimation,
common phase error (CPE), inter-carrier interference (ICI).

I. INTRODUCTION

Multi input multi output (MIMO) orthogonal frequency
division multiplexing (OFDM) system is adopted in many
wireless communication systems such as IEEE 802.11 ac/ad
wireless local area networks (WLAN) [1], [2] and 3GPP
LTE [3] not only to achieve high spectral efficiency using
spatial multiplexing, but also to be robust to frequency selec-
tive channels. However, OFDM systems suffer from phase
noise which is a multiplicative phase distortion and gener-
ated by non-ideal property of the imperfect oscillators dur-
ing up-conversion and down-conversion [4], [5]. While the
single-carrier modulated signals are affected by the phase
error in a symbol unit, OFDM transmits data symbols over
many low-rate subcarriers and their phase noise is con-
volved with data symbols. This makes it more difficult to
estimate and track phase noise. There are two effects of
phase noise on the received OFDM symbols; common phase
error (CPE) and inter-carrier interference (ICI). CPE is a com-
mon phase rotation of all the subcarriers in an OFDM symbol.
On the other hand, ICI violates the orthogonality between the

subcarriers and behaves like Gaussian noise. Those effects are
greatly detrimental to synchronization and deteriorate signal-
to-interference-plus-noise ratio (SINR).

In the traditional low frequency bands (lower than
10 GHz), phase noise is small enough to be ignored [6].
Hence both 3GPP LTE [3] and IEEE 802.11 ac WLAN stan-
dardization documents [1] do not specify options associated
with phase noise. However, note that the variance of phase
noise increases quadratically versus the carrier frequency
generated by oscillators [7]. Therefore, in mmWave wireless
systems such as 60GHz WLAN standards [2] and some can-
didate bands for the 5th generation cellular systems, the large
phase noise compared to relatively low frequency band under
10GHz is one of the critical issues to be solved for the suc-
cessful deployments. For this reason, although there are many
synchronization problems such as timing offset, frequency
offset and IQ imbalance in OFDM systems, we focus on the
phase noise problem in this paper.

Phase noise mitigation algorithms in MIMO-OFDM sys-
tems have been studied in many papers [8]-[12]. All of
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FIGURE 1. Ng¢ x Ny point to point MIMO-OFDM systems with independent oscillators.

the phase noise cancellation algorithms mentioned above
assume that transmit (TX) and receive (RX) antennas share a
common oscillator, so there is only one phase noise process
at TX and RX sides, respectively. In this case, phase noise
mitigation algorithms in single input single output (SISO)
OFDM systems can be extended and modified easily to
MIMO-OFDM systems. However, in many cases of MIMO
systems, independent oscillator may be equipped on
each of RF chains both at TX and RX transceivers,
respectively, as depicted in Fig. 1 [13]. In the case of
line-of-sight (LOS) MIMO environments, which are often
experienced in mmWave systems, as antennas need to be
placed far apart from one another to create full rank chan-
nel, all TX or RX antennas cannot be shared by a single
oscillator [14], [15]. Also, in multiuser MIMO and space
division multiple access (SDMA) systems, each user has a
separate user equipment (UE) and transmits their signals to
a common receiver [13]. For another example, as in [16],
the implementation of massive MIMO in circuit level can be
simplified with the resilience against the phase noise when
the independent oscillators are equipped.

On the other hand, although equipping the independent
oscillators in the RF transceiver becomes more general in
mmWave systems and the effect of phase noise becomes very
serious compared to the relatively low bands under 10GHz,
the studies on solving the phase noise problems in the sys-
tems are scarce. In [17], the effects of phase noise at both
TX and RX sides in MIMO-OFDM systems are analyzed.
In [13], joint estimation of channel and phase noises, and
Cramér-Rao Bound (CRLB) analysis have been proposed.
In [18], authors present expectation and maximization (EM)
based on phase noise estimator. However, all the above papers
made the mathematical analysis or phase noise estimators in
the single carrier systems. In [19], authors propose channel
and CPE estimation algorithm in MIMO-OFDM systems by
using least square (LS) approach. However this algorithm
cannot remove ICI which gives a disastrous effect specifi-
cally in case of independent oscillators. In [20], the authors
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consider independent oscillators equipped only at RX end
but a common oscillator at TX end, which is not a general
implementation.

In this paper, our main challenge is to improve the sys-
tem performances in MIMO-OFDM systems, where each
TX and RX end is equipped with independent oscillators.
It is general consideration on phase noise problem in OFDM
systems compared with existing literature such as [8], [10],
and [21]-[23]. We propose the mitigation schemes of phase
noise in MIMO-OFDM systems, where each TX and RX
end will encounter different phase noise. The schemes can
be divided into two stage; channel estimation and data
decoding. First, for channel estimation in MIMO-OFDM
systems, designing training sequences is a critical issue
to reduce mean squared error (MSE) of channel impulse
response (CIR). In [24] and [25], when using LS channel
estimation, the authors have shown that optimal pilot tone
allocations under absence of phase noise require orthogo-
nality among TX ends in time, frequency or code domain.
However, neglecting the effects of phase noise in design of
the preamble may lead to a significant loss in accuracy of
the channel estimation. In [26], optimal training symbols are
presented in the presence of frequency offset and phase noise.
However, the authors in [26] consider the system that TX and
RX antennas share a common oscillator, and only the case
of LS channel estimation. Thus, in our paper, the effective
training sequence design in our systems will be proposed
through mathematical analysis of MSE. Also, we propose
maximum a posteriori (MAP) estimator of CIR from math-
ematically derived covariance of ICI. In data decoding stage,
we iteratively estimate multiple phase noises and detect data
symbols using MAP estimation.

The rest of our paper is organized as follows. In Section II,
the MIMO system model and phase noise model used
throughout the paper are outlined. Section III introduces
the techniques to estimate channel coefficients and select
training sequences. Also Bayesian CRLB (BCRLB) for
unknown parameter and mathematical analysis are derived.
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In Section IV, our proposed algorithm in data decoding is
presented and BCRLB of phase noise is derived. For the
proof of validation of analysis and comparison of the schemes
given in Section III and IV, Section V shows the bit-error-
rate (BER) and MSE performances from numerical and sim-
ulation results. Finally, Section VII summarizes the paper and
concludes our contribution.

Throughout this paper, we adopt the following notations:
First Bold face small letters and large letters represent vectors
and matrices like {x, X}. 1) and Oy represent all one and zero
N x 1 vector, and 1y x s and Oy x s represent all one and zero
N x M matrix. (-)p and (-); represent a diagonal matrix
and circulant matrix of vector which are represented by same
alphabet, respectively. And (X),, j is the (a, b)-th entry of X.
In operators, ()7, (-)* and (-)" denote transpose, conjugate
and conjugate transpose operator, respectively. E[-], SR {-}
and J {-} denote expectation, real, imaginary operator, respec-
tively. Notations of %, ®, o and ® denote convolution, circu-
lar convolution, Hardarmard product and Kronecker product
operator, respectively. Finally, diag (-) is an operator to trans-
form an input vector into a diagonal matrix or an input matrix
into a vector using only diagonal elements in the matrix and
circ (+) is an operator to transform an input vector into a cir-
culant matrix. diag (-) denotes an block diagonal operator to
convert matrices with same size to an block diagonal matrix.
In this paper, j has two meaning. When denoted by a letter
subscript such as yj, it means the index of receive antenna.
While denoted by a letter such as j, it represent an imaginary
part.

Il. SYSTEM MODEL

A. MIMO-OFDM

Typically up to four transmit antennas can be handled with
one RF chain. But those antennas usually are used to achieve
diversity gain by beamforming. In our paper, we assume
that each antenna means one baseband port and our system
uses multi antenna to achieve multiplexing gain. We con-
sider a N; x N, point-to-point MIMO-OFDM system where
TX end transmits M data streams (M < min(N,, N,)) to
RX end. As seen in Fig. 1, each antenna is connected to the
independent local oscillator.

Let s5;(k) be the data symbol at the k-th frequency domain
which is transmitted from the i-th transmitter. After normal-
ized inverse discrete Fourier transform (IDFT), the transmit-
ted signal in discrete time domain can be written as

J2mnk

N—-1
xi(n) = % kgos,-(k)e i )

where x;(n) is the n-th transmitted signal in the time domain
of the i-th TX antenna and N is the number of subcarriers in
one OFDM symbol.

The baseband signal is converted into the analog signal
and upcoverted by the local oscillator, which generates
phase noise by difference between carrier signal and
the local oscillator. After experiencing multipath channels

VOLUME 5, 2017

gi = [gi(0),gi (1), -, gi (L — 1] € CE*, the channel
impulse response (CIR) vector with L length between the ith
TX and the jth RX, the downconverted baseband signal at the
Jjth RX antenna is given by

Ny
¥ =Y xime™ ™ @ giime ™ +wim), ()

i=1

where y;(n) is the n-th received signal in the time domain
of the j-th RX antenna, and 6; (n) and ¢; (n) represent TX
phase noise of the i-th TX antenna and RX phase noise of
the j-th RX antenna, respectively. Also, in (2), wj(n) is the
n-th additive white Gaussian noise (AWGN) of the j-th RX
antenna modeled as the complex Gaussian random variable
wj(n) ~ CN (0, av%).

To simplify the received signals in the j-th RX ends, (2) can
be rewritten in vector form as

yj = Py, pF"H;Fy, pPy pX + W, 3)
and the total received signal vector is given by
y =Py pF} ,HFy, pPypx + w, )

where yi = [yj(o)’y](l)’ ’yj(N_ 1)]T c (CN><1 and

y = [y{,sz,...,erT}T € CNNxI denote the received
signal vector of the j-th RX antenna and the total
received signal vector in the time domain, respectively,
and x; = [x©0),x (), -, 5N —-D]T € CV*! and
X = [Xff xJ ..., XNtTF e CMNx1 denote the transmitted
signal vector of the i-th TX antenna and the total trans-
mitted signal vector in the time domain, respectively, and
w, = [w©,w@), -, wKN-1]" e C¥! and
W= [wf, wl .., WN,T]T € CMN*1 denote the noise vec-
tor of the j-th RX antenna and the total noise vector in
the time domain, respectively. Note that in (3) and (4),
T

¢, = [¢0). (1), . ¢(N—-1] € RV and ¢ =
[(blT, o7, ¢NVTF € RNV are the phase noise vector
of the j-th RX antenna and the total phase noise vector,
respectively. Denoting py, and py as the phase error vector,
exp(j¢;) and exp(j@), respectively, we denote Py, p and Py p
as the diagonal phase error matrices, diag (p¢j) and diag (p¢),
respectively. TX phase noise vectors, # and 8;, have the same
structure with RX phase noise vectors , ¢ and ¢;. Fy, p and H;
represent the block discrete Fourier transform (DFT) matrix
and the channel matrix in j-th RX end given by

Fy,p = diag( [F.F,--- F] )
\—/—/
N,

H = [Hjl,D’ Hpp, -, HervD] ’

where is F a nomalized DFT matrix, h; = v/NFg;; € CV*!
is the channel frequency response (CFR) with between the
i-th TX and the j-th RX antennas, and Hj; p is the diagonal
matrix of the vector hy;, diag(hy;). Finally, the total channel
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matrix, H, is given by
T
H= I:HTyHTy,.. HJT\}] .

B. PHASE NOISE MODEL

In this paper, we consider the oscillator without a phase
locked loop (PLL), which is often called as free-running
oscillator [21]. In this case, the phase noise is modeled as
Wiener process, given as

¢j(n) = ¢j(n — 1) + £(n), &)

where ¢ (n) is a independent and identically distributed (i.i.d.)

Gaussian random variable following ¢(n) ~ N (O, 04?).

Its variance is given by crgz = 2”£T°', where 8 denotes the

two-sided 3-dB bandwidth of Lorentzian spectrum of the
oscillator [22]. From (5), we can figure out that ¢ i is modeled
as a Gaussian random vector N/ (0, P ,'), where the covariance
matrix ®; is shown to be given as [27]

(CD.,')k’l = 0{2 min (k, [) . (6)

As the phase noise with independent and identical distribution
occurs at each antenna, the distribution of ¢ is given by

¢~ N (0, D), d=diag ([@1, P2,-- . Dy, ]). D

Also, in the case of TX phase noise, 6 follows the same
distribution as RX phase noise given in (7) and thus we have

0 ~N(0,0),0 =diag([01,0s,---,0y]). ®

However, other systems may implement the oscillators
controlled by PLL, where phase noise process can be approx-
imately as a zero-mean colored Gaussian process [23]. As the
covariance matrix of the Gaussian process, ® and ®, can be
calculated from specification of the oscillators, our proposed
algorithm can be applied by substituting the covariance matri-
ces of phase noise.

C. FRAME STRUCTURE AND TWO STAGE OF ESTIMATION
In this paper, we assume that transmitted signal experiences
a block fading channel that does not vary within a frame.
Hence, the entire system procedure is based on one frame,
which consists of two different types of symbols; the block-
type pilot symbol and the comb-type pilot symbol, as illus-
trated in Fig. 2. Many papers [12], [19], [21], [23], [25], [26]
and standards of OFDM systems [1], [3] adopt the similar
frame structure depicted in Fig. 2.

We investigate the schemes mitigating phase noise in both
channel estimation and data decoding. In channel estimation
stage, we consider the block-type pilot symbols as the training
symbols which are transmitted in the beginning of a frame.
Due to the fact that phase noise is usually varying much faster
than the channel, only one OFDM symbol in time domain is
used to estimate the channel because the estimated channel
can be differently rotated at each symbol by time varying
phase noise. Thus, the number of subcarriers, N, is larger
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FIGURE 2. Frame structure of proposed shemes.

than the total taps of CIR to be estimated at each RX end,
L x N;. In data decoding stage, the pilot subcarriers, which
are inserted in the intervals of the comb-type pilot symbol,
are utilized to estimate TX and RX phase noises.

Ill. CHANNEL ESTIMATION

When estimating the channels in the presence of phase noise,
we take two steps to reduce the effects of phase noise.
The first step is to estimate the channel based on Bayesian
approach and the other step is to select the combination of
training symbols to be robust against phase noise.

A. BCRLB OF CIR
Prior to proposing algorithms, it is important to find out the
lower bound of MSE performance in the estimation problem.
As we estimate random parameters using Bayesian approach
in Section III-B, we derive BCRLB of parameters to be
estimated in this section.

Let us define the unknown parameter vector n; as

[I>

T
m [ 707 gl gf,-m] ©)

T .
where g; = [gﬁ, g].Tz, S g;\,t] is CIR of the j-th RX end,

and g, and g;;, denote R {gj} and J {gj}, respectively.
In [28], Bayesian information matrix (BIM) is defined as

B = E,, [[1]+Ey, [~Agnp (m)] (10)
where

I = Eyi\ﬂl [_AZ:IHP(YJ' | ’71)] (11)

T
is Fisher information matrix (FIM) and AZ{ f £ % [%

denotes the second order partial derivative of function f with
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respect to the vector ;. In order to easily partial differentiate
negative log-likelyhood function in (11) with respect to each
parameter, we need to make signal term of (3) be divided into
each parameter vector of ; and remainder matrix. Hence,
(3) can be rewritten as

yj = Eipo + W; = A1py; + W; (12)
where
B = P¢)j’DFHHjFN[,DXD?
A1 = diag (FH HjFN,,DXDPO)
and Xp denotes diag (x). Also, the signal part of (3) is divided
into g;; and the rest as

N
yj =Py, F* > " diag (Vgs:) FLgji + W), (13)

i=1

where is F; a N x L partial DFT matrix, and vy, and
Vg, denote /T/NFpy, and circ (vq,), respectively. Also
in (13), s; = [5:(0),s;(1),---,s;(N—1)] € CV*! and
s = [s?, sd, ..., sN[T]T € CNNx1 (denote the transmitted
signal vector of the i-th TX antenna and the total trans-
mitted signal vector in the frequency domain, respectively.
To remove summation term in (13), we can rewrite (13)
as

yj = P@.,DFHSFL’ng =+ W = Plﬁ_;‘.Dng + Wi, (14)
where
S = [diag(Ve,s1) . diag(Ve,s2) , - - - ., diag(Vay, sw,)].

Frp = diag([FL, e ,FL]>-
[N ——

Ny

In the existence of AWGN, I'; is given by [29]

where u; denotes P¢yy DFH H;Fy, pPs px. The partial deriva-
tive of p with respect to each parameter can to be approxi-
mately calculated as

o, AL (v + ¢))

7 & =JjA1,
0¢] ¢,
o ~ 98 Uw, +6) (L, +6) =g
307 307 ’
oun ~ o ] ~
7 =PyoQ - =PyoQ  (16)
agj,re 8gj,im

where phase noise is assumed to be approximated by %) ~
1+j¢; (n) by Taylor series expansion of exponential function.
Using (16), we can obtain I'y as given in (17), as shown at the
bottom of this page.

Then, with the phase noise model given in (7) and (8) and
power delay profile of the channel, ¢, € RE*1 we can obtain
BIM given in (18), as shown at the bottom of this page, which
is derived in the Appendix A in detail. In (18), C,, D,Ci,vf’,.r and
C are respectively defined as

T
o T T LN, xLN,
Cg,D_dlag([cg,...’cg] >€R i XLN;
— ——
N;

N ~ '" N xNN,
Cg;-, = I:Cg,cir» ) Cg,cir:l eR L

Ny
C, = [cy, - ,cXJT € RV*NN: (19)

N

T
where ¢, = [Cg, 0;_1‘] € R¥*! is a zero-pedded power

delay profile, C,, = circ (&) € RY*N denotes the cir-
culant matrix of &, and ¢, = diag (Io (xx/7)) e RMVix!
represents the power vector of the transmitted signal. In (18),
E, [QH Q] can be derived as

9 H
Iy = G%m [ainll gnLlTl] , (15) By [@7Q] = Bk, [§75] kv, @0)
[ AfA, AfE AP, pQ APy pQ
M= m| SA o STE EPy0QE P00 (17)
o | Q'P§ A QFPY LB QTQ jQQ
| —Q"PY a1 —jQYPY B —Q¥Q  QQ
[diag {é’gvgi, e +CY (10@) cx} +o, ) oc, OvxLv, Oy 2,
1 (éNf, C )T IXAXp+@ 0 0
B = R geir © Cx N, ADAD NN, x LN, NN; x LN; (18)
v 0L, xN Ovowv, By {Q7Q}+1Cen  JE, {Q7Q}
L 0Ly, xN 0Ly, xNN, —Ey {Q7Q}  E,{Q#Q} +iCep
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where
E[S"S]
diag <V:§1 s} o Vglsl) - diag (VZ1 st oV, sN,)
diag (V;N, sy, © Vo, sl) -diag (VZM sy, © Voy, SN[>
1)

E, [diag (Vis} o Vjs))]
%{diag (sisi) + Io{Fdiag (x;) ©;diag (x}) F7 },if i =
diag (s7s)), ifi#j
(22)

Finally, by calculating the inverse matrix of BIM matrix,
BCRLB for 71 (k) can be obtained as

BCRLB (1 (k)) = (Bfl)k ) (23)

Hence, utilizing explicit statistical knowledge of channel
and phase noise, we can derive the BCRLB of unknown
parameters.

B. PROPOSED CHANNEL ESTIMATION ALGORITHM

It is difficult to jointly estimate the phase noise and the chan-
nel impulse response in the channel estimation stage. This
is because there are more parameters to jointly be estimated
than the number of received signals at the j-th RX end. Hence,
the solution involves an analysis of ICI caused by phase
noise and incorporating its result in channel estimator. The
mathematical analysis of ICI will be presented in detail in
Section III-C.

In (3), the effect of TX phase noise can be expressed as

N;
yi = P¢j,DFH Z Hji,DFPgi,DFHS,' + w;

i=1
Ny

= P@YDFH Z Hji,DVQ,-Si + w;
i=1
Ni

= P¢j,DFH Z H;ip <a9,-l + \791-) s + w;
i=1
Ny

= P¢,ijFH ZO{@;Hji,DSi
i=1

N;
+Pg, pF? > " Hji pVo,si + W, (24)

i=1

where og, is the CPE of 6;, vg, [0], and \79,. denotes the
matrix that the diagonal element is removed at Vg,. The sec-
ond term of (24) is the ICI which is caused by the
TX phase noise. Also, the effect of RX phase noise can be

9652

written as

Ny N,
yj = Oé¢jFH Z agHj; ps; + FHV¢j Z ag,Hji ps;
i=1 i=1
N,
+Py, pF" ) " HjipVe,si + W, (25)
i=1
where the second term is the ICI of RX phase noise. (25) can
be simply rewritten as

N
yj = a¢jFH Zoz@,-Hﬁ,DSi T+ € + € T W
i=1
= FHSFLVng + €+ € + Wi
= Qg +¢+w, (26)

where

S = [diag (s1),diag(sy), - -- ,diag (SN,)]

and g; is the corrupt CIR at the j-th RX end, which is rotated
by g, and O Also, €; and €,, represent ICI of TX and
RX phase noise, and ¢; is total ICI which occurs at the
J-thRX end. Here we need to estimate g; instead of g;, because
we cannot disentangle CIR from the CPE and the rotation
of the channel can be sufficiently compensated by the CPE
estimation in data decoding stage, which is described in detail
in Section IV-C.

In general, the channel is estimated by least square (LS)
algorithm [12], [19], [24]-[26] as

-1
g5 = (QHQ> Qy;. (27)

However, as the power of ICI caused by phase noise increases
in proportional to the signal power, the performance of
LS algorithm can be degraded, in particular, at high SNR.

Therefore, for more accurate estimation of the channel,
we propose the channel estimation technique based on MAP
estimation. From the fact that ICI of TX and RX phase noise
consist of the summation of the CFRs and data subcarriers
in a OFDM symbol, we assume that ICIs follow the Gaus-
sian distribution by the central limit theorem. Let W; denote
w; + €, and we can introduce from the assumption that w;
follows Gaussian distribution A/ (0, 0,21 + C), where C is
the covariance matrix of €; and is derived from mathematical
analysis in Section ITI-C.

The log likelihood function (LLF) of the pdf p (yj, gj) is
given as

L(g)=—Inp(y|g)—Inp(g)
\H o ~ H 1~
= (v - Q)" C;' (v - Q&) +&'C.'g, (28
where C;;, = GMZ,I + C.. Then, MAP estimation of the channel
can be found by maximizing (28), which is equal to taking
the partial derivative of (28) with respect to g; and setting it
to zero, as

—1
gar = (QC;Q+¢Y) QICly. 29
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C. MATHEMATICAL ANALYSIS

In this section, the covariance matrix of ICI and MSE of pro-
posed algorithms is mathematically derived. The covariance
of ICI caused by phase noise is analyzed for proposing the
MAP estimation in (29). Also, mathematical analysis of MSE
can be used to select the combination of the training symbols,
which minimize the MSE performances in a certain group of
sequences.

1) COVARIANCE MATRIX OF ICI

The ICI to be incurred by phase noise is composed of €,
and €,,. As €, and €,, occur by TX and RX phase noise,
respectively, the cross-correlation can be assumed to be zero.
Hence, we only need to derive covariance matrix of €
and €,y, respectively, and the summation of them is the
covariance of total ICI, C.. Let us define the covariance
of €, as

C., =E [e,xeg] . (30)

In (30), substituting €, with the second term of (24), C,, is
given by

E [e,xeg]

Ni Ni

=YY E [Pq)j, F ]y, p Vo sisiVE B, P D]
I=1m=1

Ni
= Y B[Py, oF o Vosisf! VI HE PP ]
=1

N;
— Z E[P@, pF"Hj; pFPy, px,x[' Pl |, x FTHY DFP }

= Eign,0) [P@,DFHHJLDF (XIX?' oK) [f)e, ps; ])
=1

x FHH,DFP } (31)

where pg, denotes the phase error vector, that is, the mean
value subtracted from pg,, and Py p denotes diag (f)gl).

In (31), E [ﬁg,f)g ] which is derived in the Appendix B

using the prior statistical information of phase noise, can be
approximated as

E [f’@lﬁg]
p.q

I\)

3 — 302N + )b+ 3d® — 3a+2N2+3N+1],
(32)

~

where a and b are min (p, g) and max (p, q), respectively.

By substituting D for F (xle’ oE [f)@, f)g]) FA,(31) canbe
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rewritten as

H
E [e,xetx]
Ni

= ZE{@-,hjil"} I:Ptz;j,DFHHj, DDH DFP ]
=1

Ny
=2 _E{gm) [P@DFH (D °Efn) [hﬂhﬁ]) FP@,D]
=1
Ny
= Z E{¢j|hjl} [P@DDIPZD] ; (33)
=1
where

D, = FH (D oEq) [hjlhﬁ]) F.

Assuming that py; ~ 1+ j¢;, (33) can be determined as

Ni

E[enef | ~ Y Dio (luwy + @)). (34)
=1

The covariance matrix of €., Ce,, can be calculated in the
similar process of above equations and can be expressed by

E [erxez]

= Z Z I:FHV@H/'[,D(X@]SZSZO@” Hjm DVHF]

llm—

- Z E [FH V¢jsz,DSIS?Hﬁ,DVgF]
=1

Ny
=Y E [P,,,j, oF Hy, psis{ B FP! D]

N;
= 2 g oy o8 (s By [t
=1
XFIng,D]
- ZDzoE AR (35)

where
D, — F¥ (slsl” oF [hﬂhﬁ]) F.

As we assume that the statistical information of ¢; is equal

to that of 0;, E (6] [p¢j Py, ] can be approximately expressed
as (32) likewise. Therefore, we can calculate the covariance
of ICI, C,, using the statistical information of channel and

phase noise. With (33) and (35), we can estimate the channel
using the proposed algorithm in (29).
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2) MSE OF PROPOSED ALGORITHM

In this section, we derive MSE of estimated CIR mathemat-
ically. When using LS algorithm given in (27), MSE can be
easily calculated as

MSELs = E| (&5~ 8)" (8.5 - )]
—E|w'0(¢"e) ' (¢"e) o]
—k[rf(ee) o) ]

_ tr{(QHQ>_1 QC;iQ (QHQ)_l} SNED)

In (36), C;; have already been derived in (33) and (35), and
Q can be found out by using training symbols.

Also, MSE of the channel using proposed algorithm can
be derived through similar procedure of (36). Before deriving
the MSE of estimated CIR using proposed algorithm, we can
rewritten (29) as

-1
gur = (Q7C;'Q+C,5)  Q7C; 108
-1
+(Qcile+cyh) QL. 67
By the matrix inverse lemma [30], (37) can be expressed by
g/ MAP

_ {1 _ (QHCV;IQ)_l (Cg,D + (QHC;VIQ)_I>}§./

—1
H~—1 -1 H~—1 &
+(Qfcile+cyh)  Qic LW,

=g — T1g + Tow;, (38)

where
T - (Q"c;')  (Con+ (QHC;IQ)])_1

-1
T, = (Q7c;'e+ ;) Qe
Using (38), MSE of estimated CIR based on MAP algorithm
is given by

= tr {11 pTf | + tr 120,14}

—om for B [wgl | T} (39)

tr{(T1g — ToW) (T — o)} |

Note that in (39), E [ﬁ'jng ] is not calculated appeared in the
third term, which can be represented by

E[Wg |=E[e g’ ]| +E[end] |
N,
=E |:P¢_,.,DFH ZaeiHji,Dsig]Hi|
i=1
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N
+E |:P¢j,DFH Z Hji,DFPQi’DX,'g/H:|
i=1

L\
=E |:Ol;;jf’¢j,DFH Z Hji,DSing:|

i=1

Ny

+E |:a:]k§jP¢j,DFH ZHji,DFangei,Dxigfl:| .
i=1

(40)

Assuming that ag, ~ exp (j ZI,:]:] oy (n)), E I:Ol;/_f'@’[)] can
be calculated as '

(E [a;;jf)%D])m =E [(ef‘ﬁi(i) - aq,j) a(’;f]
~E [e/(%‘)—zflv:l ¢;m) _ 1}
~ 0. (41)

Hence, we can get rid of the third term of (39) in calculating
the MSE of proposed algorithm, and (39) is approximated as

A ~\H [/~ ~
MSEyap = E [(gj,MAP —g) (&.mar — gj)]
~ tr {Tlcg,DT{’} Ftr [TQCWTQ’} 7))

Through the simulation results in Section V, it will be proved
whether the assumption is valid and the mathematical analy-
sis can be close to real value.

D. SELECTION OF TRAINING SEQUENCE

In order to reduce the effect of phase noise in channel esti-
mation, it is important to design the training sequences to be
robust against phase noise. In Section III-C, we have analyzed
the MSE of CIR when using LS algorithm and proposed
algorithm. If we can solve an optimization problem, where the
solution is equal to minimizing mathematical MSE of chan-
nel, we can find out the optimal training sequence design with
regard to MSE. However, solving the optimization problem is
so difficult that we propose an alternative method.

As the design of training sequences proceeds offline,
the complexity of designing algorithm is not considered
important. Hence, we propose the exhaustive searching in
certain group of sequences considering a low MSE as the
criterion. In this paper, Hadamard sequences and frequency
orthogonal sequences are considered as the training sequence.

IV. PHASE NOISE MITIGATION

From now on, we introduce the schemes mitigating phase
noise in data decoding. The pilot subcarriers of the comb-
type pilot symbols are used to jointly estimate TX and RX
phase noise. Generally, the remaining synchronization errors
on the payload can be processed after channel equalization.
However, to estimate phase noise easily in our paper, channel
equalization is processed after estimating phase noise like
existing literatures, which researched phase noise problem,
such as [19], [21], and [22].
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A. BCRLB OF TX AND RX PHASE NOISE
In this section, we introduce the BIM and BCRLB for joint
estimation of TX and RX phase noises, which is derived
in [31], assuming the perfect estimation of CIR. Let us define
the parameter vector 3 to be estimated as

n 2 [¢T, 0T]T. 43)
BIM of 5 is defined as
B=E,[[1+E,[-Ajlnp (], (44)
where
I =Eyy [-Ajlnp (y | )] (45)

is FIM of 5. From (4), the received vector can be rewritten as
y=Epg+w=Apy + W, (46)
where

T =Fy ,HFy, pXp,
8= P¢,DT, A= diag (Tpg) .

Note that u denotes P¢,DF1’\§MDHFN,,DP9,DX. Using (15),
we can express I as

ol o opf au
r— iiﬁ 96 99T 06 soT
T o27 | ot op o op |
w 00 59T 00 59T
where
0 oA (1yn, +J
lLT o (NN,T j9) _ A a7
a9 a¢
ow  OE (lwn, +j0 .
— ~ —( 7 ) =jE. (48)
00 00

Hence, we can derive FIM given by (49), as shown at the
bottom of this page. As real operation can be changed to
expectation, the expectation of I is given by

[ ] -nor
E, [diag (Y* (1y,v —j0)) diag (Y (1y,n +0))]
= E, [diag (T*Ly,y —jT*0) o (Y1y,y +/76))]
= diag((T*lN, ) (Y 1y,
diag ((*0) o (Y*0)

E,[
= dlag ((T*IN N) (T*th
ag (

\_/\_/\./\_/

)
]
) + diag (diag (T@TH ))
)

and
ot op . . .
’][WBO_T}% E, [diag (Y*(1y,v —j#)) +jdiag (¢)) Y]
= diag (Y*1yn) Y
a[.LH o o ~H 1
[_80 _8¢Tj| ~ T diag (Y1y,n)
o o HeH
50 307 = XpFy pH"HFy, pXp. (5D

Using (50), (51) and the second order statistic of phase noise,
we can rewrite (44) as (52) shown in the bottom of this
page. Then, by inverse matrix of (52), BCRLB for » can be
calculated as (23).

B. MATHEMATICAL ANALYSIS OF CHANNEL ERROR
Generally, channel estimation error is often assumed to be
slight enough not to be considered in data decoding stage.
However, as the influence of the channel error increases under
the presence of phase noise, neglecting the channel error will
lead a significant loss in data decoding. The solution proposed
in our paper is to analyze the power of the error through
mathematical derivations and incorporate the result in the
phase noise estimator.

In order to analyze the effect of channel error, (24) can be
transformed into

Ny
y; = Py pF" Z diag (Vo,si) Frgji + W;
i=1
Ny
= Py pF" Z“giagjdiag (Vo:si) FL&jimap
i=1
+e, + wj, (53)

where

N
e, = P¢,DFH Z a;‘ia;‘jdiag (Vgl.si) Fr A,
i=1

Ag = ji—&ji MAP-

Here, € is the term that arises because of the channel estima-
tion error. If we denote the power of e, as

I
(T 1) o (T*Iy)) + Iy o (TOTH)  (50) o7 = ZE[ele]. (54)
2 [R{AFA} R{AfE}
U= 07 [ m{=hA) R XOF HIHEy, pXo| (49)
2 [9t{diag (Y*1y,n o Y1yn) + Iyy o (YOTH)} + 07! R {diag (Y*1y,n) Y}
B=— H % HpH qH —1 (52)
o2 R {TH diag (T*Ly,v) ) % (XY HYHFy, pXp| +©
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we can derive o2 as

Y

N;
02 = %ZE[AQF{’diag( st diag (Vasi) FLA |
=1

N;
- % > E [AfF{’E [diag (Vj,s} o Va,s1)] FLAg] _
=1
(55)

To simplify (55), E [diag (Vzls}k o Vglsl)] can be approxi-
mated by Taylor series expansion as

E [diag (Vs o Vg,s1)]

~ E [diag (FX;,p)" (1n, —j6:) o FX; p (Ly, +81))]
= E[diag (s} os;)] + E [diag ((FX;,p)" 8, 0 FX; p8;)]

N
= E1+E Y E[6,)°]1
i=1

Zw) I, (56)

=E; (1 + 0!

where Ej represents the signal energy and is considered as
unit energy. Finally, through approximation of (56), 03 can
be approximately calculated as

NN +1
oezzES(l—i—af%

) MSEyap. &)
We assume that w, = w + e, is effective noise which
follows i.i.d Gaussian noise with variance, ov% = U»% + aez.
This assumption is reasonable because e, behaves like the
Gaussian noise.

C. PROPOSED ALGORITHM

In data decoding stage, it is difficult to detect data symbol
and estimate TX and RX phase noise at the same time.
Hence, we preferentially correct CPE [19] and find out ini-
tial x©, because CPE affects the system performance more
critically than ICI. Also, in channel estimation stage, since
the rotated channel impulse response by CPE, gj,-, has been
estimated, the CPEs which have arisen in the channel esti-
mation stage need to be corrected simultaneously. In this
section, we denote the CPEs to arise in channel estimation
g, pre and ag, pre to distinguish them from the CPEs in data
decoding, oy, and ag,. The entire process of our proposed
algorithm is similar with the algorithm presented in [31],
but we additionally consider problems incurred by channel
estimation.

1) CPE CORRECTION

In order to easily estimate the CPEs, we use the signals in the
frequency domain. After normalized DFT operation, (2) can
be transformed into

N
r (k) =Y si (k) ® vg, (k) hji (k) ® vy, (k) +mj (k). (58)

i=1
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where r; (k) and n; (k) are the k-th normalized DFT output of
y; and w;, respectively. As only knowing the rotated channel,
we can rewritten (58) as

N,
P (k) =y si (k) @ v, (k) g, B () 0 e @ vy ()
i=1
+n; (k) , (59)
where
- . - - - T
By = Fogi = [l ) i (D), B V=)
We can also represent (59) in matrix form as

N—-1N-1

Iy = Z Z Ap k—1HIAG |- mSm + g
1=0 m=0
N-1
= Ay, 0HrAg o5k + Z Ag k—1HiAg 1Sk
1=0,1#k
N-1 N-1
+ Z Z Ay k—1HIAg |—mSm + g, (60)
=0 m=0,m#k
where 1x = [r1(k), (k) ry, ()] € CVxlis
the received vector , sy = [s1(k),s2(k), -+, 5N, (k)]T c
CNex1 is the data vector, and ny = [ng (k), a2 (k),---,

ny, (k)]T € CNr<1 is the AWGN vector. Note that in (59)

both Agx € CNixNi and Apr € CN-*Nr are the diagoanl

matrix with the diagonal elements given as (Ag’k)i’l. =

@, preve; (k) and (A‘/’vk)i,i @y Ve (), respectively.

Also, Hy € CN-*Ne in (59) is CFR matrix with the element

given as (ﬁk> = fzij (k). Both the second and third terms
i.j

in (60) are ICI terms which can be considered as AWGN.
Then we can rewrite (60) simply as

re = Ag 0HiAg 08k + Dp = o o Hysy + Ny, (61)
where
* * * *
U1 Oy @010, pre ™ "Op1 %, e, a(?N[ pre
o= . .
* * * *
Xon, Xy, pre®01%g) pre Eon, Yy, pre®On, X6y, pre
T
= e a2, o] .

Note that S, is the set of pilot subcarriers given as S, =
[91. 92, -, qu], where N, is the number of pilot subcarriers.
Applying least square using S,, we can estimate the CPE
matrix, o, as [19]

-1
~ _(wH . . cH o
o= (Hpilot,jH[’lZOl‘J> H o1 jTpilor j» (62)

where

i1 (q1) s1(q1)
Hpilot,j = :

i, (q1) s, (q1)

hjl (qu) S1 (qu) T ﬁth (qu) SN, (CINp)
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and Fpjjorj = [rj (q1) . 1 (q2) -+ . 1 (qu)]T is the received
signal of the j-th RX antenna from all the pilot subcarrier.
After equalization using CFR and &; estimated from (62),
we can decide the initial value X© of the data.

2) JOINT ESTIMATION BASED ON MAP ESTIMATOR
Although the CPEs can be easily estimated and compensated
using pilot subcarriers, residual phase noises still remain.
Hence, we propose the iterative algorithm to estimate the
residual phase noise based on MAP estimation.

First, using the effective noise derived in Section IV-B and
the CPE matrix estimated in (62), (4) can be transformed into

¥ = @) ® Py pFl (& @Iy o H)
xFy, paj @ 1yPg pX + We, (63)
where

,a¢N,]T,

,aaW]T

Xy = [O‘¢1’0‘¢z""

oy = [ael’agz,

and H has the same structure with H but is composed of
g map instead of gj. Also, we assume that « is perfectly
estimated. The assumption can be sufficiently vaild by using
the enough number of pilot subcarriers. From the fact that the
phase noise can be slight enough for CPE to be approximated

as og; ~ exp (j quv: 1 D (n)), we can approximate (63) as

&
-]
S

DF]fVIr’D (& ®Iyo I:I) FN,,DP@DX + W,
pj + We = Apj + W, (64)

y

I
o

where

E= PJ;,DF%,,D& ® INﬁFN,,DXD

A = diag (Py FH p (& @ Ly o ) B, oP; x)
both ¢ and 6 are residual phase noises at TX and RX, respec-
tively, that is, the mean value subtracted from ¢j and ; at
each antenna. o

The log likelihood function (LLF) of the pdf p (y, é. 0) is

given as

L(Js,é) =—1np(y|<i),é)—1np(<$)—1np(é). (65)

Both ¢ and 6 follow zero mean Gaussian distribution, and
their covariance matrices, C; and C;, are derived in (32).
Note that from (64), we can find LLF in (65) as

L(6.0) = > (v—2m) (- 3w)

o5
+%<})TC;$ + %éTcg‘é
= — (v -2 {p; &y + Bl E" By
We
+%<}ch§‘$ n %éTcgf‘é (66)
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Assuming pg ~ 1y,n + jO by Taylor’s series expansion,
we can rewrite (66) as

L) =yl AT 2

1 AT =2H & 5
+U—2 (ljf,tN —Jjo ) el g <1NtN +]0>
+1aTC g+ 17 a 67)
2 ¢ 20 6
Taking the partial derivative of (67) with respect to 6 and
setting it to zero, we obtain 6 as
} 1N,N) :

n ~H =~ O-V%e 1_1~ H ~ H
oz(m{a a}+7cg) (J{ y}—J{
(68)

Following the similar procedures as the case of TX phase
noise, we can obtain ¢ as

$=<§R {Z\HZ\}Jr%C;‘)l(J {Z\Hy}—ff {IN\HZ\} IN,N) :

(69)

sl
sl
o

However, x, (]) and @ are needed for us to calculate (68)
and (69), respectively. Therefore, our proposed algorithm is to
iteratively estimate the k-th values such as x%), <;5(k) and é(k)
by using previous values, x*~1, $(k_1) and 9(k_1). In itera-
tive algorithms, first of all, it is important to set initial value,
x(O), @(0) and 6§ First, x© is calculated by equalizing
with estimated CFR and & and detecting the symbol. In case
of é(o), as we do not know the initial value of residual RX
phase noise, we need to modify the MAP estimator of 8 given
in (68). Considering €,, incurred by q~5, as Gaussian noise,

we can derive the covariance of €,, by converting s;sf{ into
. C . ~(0)
E Iy in (35), and set the initial value, @ °, as

8" :(m{é”é;jéh%cgl)l
X (3 { @Hévaely}—J {éHé;el é} lN,N) , (70)

where C;Ve =C, + Uv%e Iy,n. Then, substituting @(0) and x©
into (69), we can find out initial value of residual RX phase
noise, $(0). Defining that e®) is the k-th sum of the squared
error between the demodulated data, §; = FX;, in S, and the
pilot symbols, we iterate our algorithm until the sum of square
error increases compared to the previous value. Our proposed
algorithm is summarized in Table 1.

V. SIMULATION RESULTS

For our simulations, we consider OFDM system with 64 sub-
carriers, thatis, N = 64, and set the cyclic prefix length as 16,
which is one of the often adopted systems such as in [1].
We also consider two different types of symbol, block-type
pilot symbols and comb-type pilot symbols. The block-type
pilot symbols are the first symbol of one frame and consist
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TABLE 1. Joint data detection and phase noise estimation.

Initialize 5&(0), é(o), (}5(0) , k=0 and e = o
Repeat
1. Find out x(k+1)

e Multiply y by ~(k)*.

o After DFT operation, Equalize CFR.

e Multiplying equlized datas by circulant matrix of

DFT{(OZ')*} each TX ends, find out §§k+1) and x(F+1),
2. Using (68) with x(*+1) and (ﬁ(k), update é(k+1).
3. Using (69) with &*+1) and 8" update Y.

4. o(k+1) — qusp <§gk+1) _ Sq)H <§gk+1) _ Sq).

5 k=Fk+1.
Until e*+1 > e(*) and return §(%)

of only 64 pilot subcarrier. Otherwise, the comb-type pilot
symbols are followed by the block-type pilot symbol and
have 16 pilot subcarrier, so there are 48 data subcarriers.
The data modulation is given by 16-QAM, while the pilot
modulation is BPSK. The channel has 6 taps with each tap
independently Rayleigh distributed. The power profile of the
channel is specified by 3-dB decay per tap and the total power
is normalized to have unit energy. Also, the channels among
all the TX and RX antennas are assumed to be independent.
Note that we consider the same number of antennas at TX
and RX (N; = N, = L) and L data streams are spatially
multiplexed. The phase noise model is Wiener process with
the variance, given as 28Ty = 5 x 1073(rad)?. Also, in our
paper, we consider Hadamard sequences as only training
sequences, and Hadamard n denotes the n-th column vector of
Hadamard matrix, whose size is 64 x 64. Note that the optimal
training sequences under the absence of phase noise [25] are
used to training sequences for comparison, where frequency
division multiplexing (FDM) is only considered in this paper.

First, we introduce the simulation results that validate our
mathematical analysis and MSE performances in channel
estimation stage. Figs. 3, 4 and 5 compare the MSE from sim-
ulation with the mathematical analysis in (36) and (42) versus
transmit SNR when using LS algorithm (27) in 2x2 MIMO-
OFDM, MAP algorithm in (29) for 2x2 MIMO-OFDM and
for 4x4 MIMO-OFDM, respectively. Also, Fig. 6 illustrates
the comparison between MSE of simulation result and math-
ematical derivation versus phase noise variance. From above
figures, the mathematical results are almost the same with
actual MSE of estimated CIR regardless of SNR, phase noise
variance and the number of TX antennas. Hence, we can
conclude that the mathematical analysis can be utilized when
selecting the combination of training sequence and estimating
the residual phase noise in proposed algorithm.

Due to good auto and cross correlation characteristics of
Hadamard type codes, it is often adopted in estimating the
wireless channel and requiring orthogonality [32]. There-
fore, in our paper, we choose the combination of training
sequences in the group of Hadamard sequence, which has
the same length with OFDM size of 64, and consists of total
64 codes. Using exhaustive searching with the mathematical
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FIGURE 3. Comparison between MSE of mathematical analysis and
simulation result using LS algorithm in 2x2 MIMO.
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and simulation result using MAP algorithm in 2x2 MIMO.
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FIGURE 5. Comparison between channel MSE of mathematical analysis
and simulation result using MAP algorithm in 4x4 MIMO.

MSE, we select the training sequences minimizing the MSE
of channel in Hadamard group. As designing preambles
proceeds off-line, the complexity and processing time of
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FIGURE 6. Comparison between channel MSE of mathematical analysis
and simulation result using MAP algorithm in 2x2 MIMO.

TABLE 2. The optimal combination of training sequences.

N, Index channel estimation scheme
LS algorithm | MAP algorithm
2 1 Hadamard 43 Hadamard 16
2 Hadamard 48 Hadamard 48
1 Hadamard 38 Hadamard 19
3 2 Hadamard 63 Hadamard 13
3 Hadamard 60 Hadamard 7
1 Hadamard 45 Hadamard 16
4 2 Hadamard 56 Hadamard 30
3 Hadamard 51 Hadamard 42
4 Hadamard 42 Hadamard 12

algorithm to find out solution of optimization problem are not
considered. In Table 2, there are the optimal training sequence
in Hadamard sequences each TX antenna depending on esti-
mation algorithms and the number of TX antennas. Also,
we can find out the optimal training sequences in different
group of sequences if the channel statistic and phase noise
model will be given.

In Fig. 7, we compare the MSE performance of our pro-
posed scheme with one of LS channel estimation as well
as BCRLB for different combination of training sequences.
Note that there is significant performance gain with proposed
scheme compared with the LS algorithm, and we can clearly
see that the MSE performance can be more closed to BCRLB
by using our proposed preamble design than FDM which is
optimal sequence in the absence of phase noise. As you can
see in Fig. 7, there is about 3 dB gap between MSE and
BCRLB at low SNR. We think that the reason is that there
are much more unknown parameters such as channel impulse
response, TX and RX phase noise than the number of training
sequences.

After channel estimation, in date decoding stage, we show
MSE of phase noise and BER performances to represent the
performance gain of our scheme in Table 1. Fig. 8 compares
the MSE performance of proposed phase noise estimation
scheme with one of the scheme presented in [19] as well
as BCRLB and no correction case. We consider for this
simulation that there exists the phase noise only at RX end for
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FIGURE 7. Comparison between MSE and BCRLB of channel
in 2x2 MIMO-OFDM system.
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FIGURE 8. Comparison between MSE and BCRLB of RX phase noise
in 2x2 MIMO-OFDM system.

comparison with the CPE correction scheme given in [19].
This is because the scheme in [19] can only estimate the
CPE matrix, a, where its element is the product of CPEs
at TX and RX phase noise. We observe from Fig. 8 that
the proposed ¢ estimator is closer to BCRLB than other
cases. Also, the MSE performance of the proposed scheme
improves by increasing the number of iterations, and saturates
at a certain iteration 3. Like Fig. 7, there are gaps between
MSE performances and BCRLB in Fig. 8. We think that in
deriving BCRLB we assume that data and pilot subcarriers
have already known, while in our proposed algorithm we only
know pilot subcarriers to estimate phase noise. Hence, it is
impossible to be close to theoretical lower bound.

In Fig. 9, the BER performances of proposed scheme and
CPE correction are compared depending on whether channel
is perfectly known. The case of no correction and with-
out phase noise are used as upper bound and lower bound,
respectively, for criterion of comparison. We observe from
Fig. 9 that significant BER performance improvement can
be achieved by using our proposed algorithm, compared to
the scheme in [19] and no correction case. Although our
proposed algorithm has high complexity because of requiring
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FIGURE 9. Comparison of BER performances in 2x2 MIMO-OFDM system.

inverse matrix operation, our algorithm makes about 7dB gain
compared with CPE correction algorithm [19] at SNR 30dB,
which is a significant gain to make the success of commu-
nication. Also, considering that the phase noise variance in
simulation condition is significantly large compared to phase
noise at low carrier frequency, the performance of proposed
algorithm is sufficiently close to the lower bound. In addition,
although the estimated channel using MAP estimator and
proposed combination of training sequence in Table 2 are
used instead of perfect channel, there is only at most 3dB
loss at SNR 30dB for both CPE correction and proposed
algorithm. Finally, we confirm that the performance saturates
only in 3 iterations for most of time in our simulations. Hence,
our iterative algorithm does not require the large number of
iterations.

VI. COMPLEXITY ANALYSIS

In this section, we analyze the complexity of our algo-
rithms proposed in Section III and IV. First, in channel
estimation stage, we propose the MAP estimator given
in (29). In (29), the complexity is mainly determined
by a N;L x N;L matrix inversion, whose complexity is
0 (N,3 L3), because the other matrix can be calculated in
advance from the statistical information of phase noise
and channel. Also, as we need to estimate the channel
impulse response at all receive ends, the total computa-
tional complexity is approximately O (NrN,3 L3) in channel
estimation.

In data detection stage, our proposed algorithm is summa-
rized in Table 1. As seen in Table 1, many operation and
process are required to mitigate the effect of phase noise.
However, the factor to mainly determine the complexity
of our algorithm is (68) and (69), because (68) and (69)
require high rank matrix inversion. Therefore, the com-
plexity of (68) and (68) are approximately O (N;> N3) and
0 (Nr3 N 3) respectively. Assuming that Ny = N, and the
number of iteration is 3, which saturates the system per-
formance in Fig. 9, the total complexity required in data
decoding stage is approximately O (6Nt3 N 3).
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VIi. CONCLUSION

In this paper, we proposed the scheme mitigating the effects
of phase noise in MIMO-OFDM with independent oscilla-
tors. The proposed scheme consists of channel estimation
stage and data decoding stage. In channel estimation stage,
we proposed channel estimation algorithm based on MAP
estimator and the optimal training sequences in a certain
group of sequences through mathematical analysis. Then,
in data decoding stage, we proposed the iterative algorithm
with MAP estimator of phase noises and the estimated chan-
nel. In addition, we derived BCRLB, which is important in
estimation problem because of presenting the lower bound of
estimators, for each stage. From simulation results, we con-
firmed that the proposed scheme can improve the system
performances in terms of MSE and BER compared with the
existing schemes.

APPENDIX

A. DERIVATION OF BCRLB

To derive the BCRLB of 5, we first find out BIM in (10).
Since the second term of (10) can be calculated by the sta-
tistical information of channel and phase noise, expectation
of (17) need to be found out, which is given by

ol oy o opy Ol oy 9l opy ]
96 9¢] ¢ 96" 99 agl 9% og,,
owy’ opy Omy oy 0wy oy O o
a0 3¢jT 90 597 a0 ang” a0 ngT,im

et opy owl opy omt oy o
0g;i re d¢]T 0gj. re 207 0g; re 3ngﬂ, 0g; re Bg}:im
opt opy onf’ opy omi owy oy om,

| 08j.im 0¢] Ogjim 00" 9iim dgl , 08jim dg/,, |

(A.1)

The terms related to only phase noise in (A.1) can be
calculated by (16) below as

autl 5
E[ﬁ#} zE[A‘;’Al]
8¢j 8¢]

~ E[diag((FH HjFN,,DXD)* a —j0))
xdiag(FHH/FN,,DXD a +J'0)>i|

=E [diag ((FHHJFN,,DX)* ° (FHH/FM,DX»]
+E [diag ((FH HjFN,,DXDo)* o (FH HjFN,,DXDO)>]

— diag (Cfgvgircx +CY (10 ©) cx> (A2)
aull 9
E|LL2EL g [A{’ El]
09; 00
3
~ E|:diag ((FHHjFN,,DX> a —j0))
x (I+ jdiag (¢;)) F"H;Fy,, DXD}
—E [diag ((FH H;Fy, Dx>*> ¥ HjFN,,DXD]
=C) oC, (A3)
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We can derive the Fisher information between channel and
phase noise in (A.1) as

ot Buy :| H A
E ~—jE|A P(p.,DQ
|: 8¢] ] re [ ' ]

= —jE [diag ((FHHjFN,,DX)* a _j0)> P¢f’DQ]

= OvxLn,,

(A.5)

because the correlations between channel and phase noise is
zero. The rest terms regarding g;, ¢; and 6 in (A.1) also can
be approximated as zero.

Lastly, the Fisher information about only channel is given
by

3”1 3#1 ~HpH A AH A
= E[Q"P!] ,Py,0Q] =E[Q"Q].
ag]’re 3gj’re— ¢;,.D* ¢
8"’“7 8”’1 ] . ~H A
E | =E[Q7Q].
8gj,re 8gj,im_
atl du, | <~
sily E[Q Q]. (A.6)
8gj‘im agjyim_

As, in (10), the second term can be obtained from the sec-
ond order statistic of channel and phase noise, BIM of 3,
given in (18) can be obtained.

B. DERIVATION OF COVARIANCE

Here, the covariance of residual phase noise ,pg,, is derived.
By Taylor’s series expansion, the covariance can be approxi-
mated as

(o[t

N N *
—g | e Ly o (oo L oion
N n=1 N m=1
1 N N
iE (Z 01 (p) = 61 (n)) (Z 01 (q) = 6 (m))
n=1 m=1
(A7)

Assuming that phase noises follow the Wiener process such
as 6 (n) =06;(n — 1)+ ¢ (n), (A.7) can be rewritten as (A.8),
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as shown at the top of this page. As ¢ (n) follows independent
Gaussian distribution, (A.8) can be finally written as

N N
(Z 01 (p) — 61 (n)) <Z 01 (q) — 61 <m))
n=1

m=1
N—-b

1 o )
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