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ABSTRACT In this paper, a new robust Student’s t-based stochastic cubature filter (RSTSCF) is proposed for
a nonlinear state—space model with heavy-tailed process and measurement noises. The heart of the RSTSCF
is a stochastic Student’s t-spherical radial cubature rule (SSTSRCR), which is derived based on the third-
degree unbiased spherical rule and the proposed third-degree unbiased radial rule. The existing stochastic
integration rule is a special case of the proposed SSTSRCR when the degrees of freedom parameter tends to
infinity. The proposed filter is applied to a maneuvering bearings-only tracking example, in which an agile
target is tracked and the bearing is observed in clutter. Simulation results show that the proposed RSTSCF can
achieve higher estimation accuracy than the existing Gaussian approximate filter, Gaussian sum filter, Huber-
based nonlinear Kalman filter, maximum correntropy criterion-based Kalman filter, and robust Student’s
t-based nonlinear filters, and is computationally much more efficient than the existing particle filter.

INDEX TERMS Nonlinear filter, heavy-tailed noise, student’s t distribution, student’s t weighted integral,

outlier, nonlinear system.

I. INTRODUCTION

Nonlinear filtering has been playing an important role in
many applications, such as target tracking, detection, sig-
nal processing, communication and navigation. Under the
Bayesian estimation framework, the nonlinear filtering prob-
lem is addressed by calculating the posterior probability
density function (PDF) recursively based on the nonlinear
state-space model. Unfortunately, there is not a closed form
solution for posterior PDF for nonlinear state-space model
since a closed PDF for nonlinear mapping doesn’t exist [1].
As a result, there is not an optimal solution for nonlinear
filtering problem, and an approximate approach is neces-
sary to obtain a suboptimal solution. In general, the pos-
terior PDF is approximated as Gaussian by assuming the
jointly predicted PDF of the state and measurement vectors
is Gaussian, and the resultant Gaussian approximate (GA)
filter can provide tradeoffs between estimation accuracy and
computational complexity [2], [3]. Up to present, many vari-
ants of the GA filter have been proposed using different
Gaussian weighted integral rules [3]-[9]. However, in some
engineering applications, such as tracking an agile target that

is observed in clutter, the heavy-tailed process noise may
be induced by severe manoeuvering and the heavy-tailed
measurement noise may be induced by measurement outliers
from unreliable sensors [10]-[12]. The performance of the
GA filters may degrade for such engineering applications
with heavy-tailed noises since they all model the process and
measurement noises as Gaussian distributions so that they are
sensitive to heavy-tailed non-Gaussian noises [11].

Particle filter (PF) is a common method to address non-
Gaussian noises, in which the posterior PDF is approximated
as a set of random samples with associated weights based on
sequential Monte Carlo sampling technique [13]. The PF can
model the process and measurement noises as arbitrary distri-
butions, such as the Student’s t distributions for heavy-tailed
non-Gaussian noises [14], [15]. However, the PF suffers from
substantial computational complexities in high-dimensional
problems because the number of particles increases expo-
nentially with the dimensionality of the state [16]. Gaussian
sum filter (GSF) is an alternative method to handle heavy-
tailed non-Gaussian noises, where the heavy-tailed process
and measurement noises are modelled as a finite sum of
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Gaussian distributions, and the posterior distribution is then
approximated as a weighted sum of Gaussian distributions
by running a bank of GA filters [17]-[19]. However, for the
GSF, it is very difficult to model the heavy-tailed process
and measurement noises accurately using finite Gaussian
distributions since the heavy-tailed non-Gaussian noises are
induced by the unknown manoeuvering or outliers, which
may degrade the estimation performance of the GSE.

To solve the filtering problem of nonlinear state-space
model with heavy-tailed non-Gaussian noises, the Huber-
based nonlinear Kalman filter (HNKF) has been proposed by
minimising a Huber cost function that is a combined /1 and l»
norm [20]. A larger number of variants of the HNKF have
been derived based on a linearized or statistical linearized
method, such as the Huber-based extended Kalman filter [21],
the Huber-based divided difference filter [22], the Huber-
based unscented Kalman filter [23], the nonlinear regression
Huber Kalman filter [24] and the adaptively robust unscented
Kalman filter (ARUKF) [25]. However, the influence func-
tion of the HNKFs don’t redescend, which may deteriorate
the estimation performance of the HNKFs [12]. The max-
imum correntropy criterion based Kalman filter (MCCKF)
has been proposed by maximising the correntropy of the pre-
dicted error and residual [26]-[29]. However, there is a lack
of theoretical basis to develop the estimation error covariance
matrix of the MCCKEF, which may degrade the estimation
accuracy [12].

A reasonable approach to improve the estimation perfor-
mance is utilizing a Student’s t distribution to model the
heavy-tailed non-Gaussian noise. The Student’s t distribu-
tion is a generalized Gaussian distribution but has heavier
tails than the Gaussian distribution, which makes it more
suitable for modelling the heavy-tailed non-Gaussian noise.
A general framework of the robust Student’s t based nonlinear
filter (RSTNF) has been proposed, in which the jointly pre-
dicted PDF of the state and measurement vectors is assumed
to be Student’s t, and the posterior PDF is then approximated
as Student’s t [30]. The heart of the RSTNF is how to cal-
culate the Student’s t weighted integral, and the estimation
accuracy of the associated RSTNF is determined by the
employed numerical integral technique. Many variants of the
RSTNF have been derived based on different numerical inte-
gral methods, such as the robust Student’s t based extended
filter (RSTEF) using the first-order linearization [10], the
robust Student’s t based unscented filter (RSTUF) using the
unscented transform (UT) [30], [31], and the robust Student’s
t based cubature filter (RSTCF) using the third-degree Stu-
dent’s t spherical radial cubature rule (STSRCR) [32]. How-
ever, the existing Student’s t integral rules can only capture
the third-degree or fifth-degree information of the Taylor
series expansion for nonlinear approximation, which may
result in limited estimation accuracy. Although the Monte
Carlo approach can be used to calculate the Student’s t
weighted integral, it has low accuracy and slow convergence
when the integrand is not approximately constant and the
number of random samples is finite [33]. Therefore, there is
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a great demand to develop more accurate numerical integral
approach for the Student’s t weighted integral to further
improve the estimation accuracy of the existing RSTNFs.

In this paper, the Student’s t weighted integral is decom-
posed into the spherical integral and the radial inte-
gral based on the spherical-radial transformation. A new
stochastic STSRCR (SSTSRCR) is derived based on the
third-degree unbiased spherical rule (USR) and the proposed
third-degree unbiased radial rule (URR), from which a new
robust Student’s t based stochastic cubature filter (RSTSCF)
is obtained. The existing stochastic integration rule (SIR) [8]
is a special case of the proposed SSTSRCR when the degrees
of freedom (dof) parameter tends to infinity. The proposed
SSTSRCR can achieve better approximation to the Student’s
t weighted integral as compared with existing Student’s
t integral rules. As a result, the proposed RSTSCF has higher
estimation accuracy than the existing RSTNFs. The pro-
posed filter and existing filters are applied to a manoeu-
vring bearings-only tracking example, where an agile target
is tracked and the bearing is observed in clutter. Simulation
results show that the proposed RSTSCF can achieve higher
estimation accuracy than the existing GA filter, GSF, HNKF,
MCCKF and RSTNFs, and is computationally much more
efficient than the existing PF.

The remainder of this paper is organized as follows.
In Section II, a general frame of the RSTNF is reviewed.
In Section III, a new SSTSRCR is derived based on the
proposed third-degree URR, from which a new RSTSCF
is obtained. Also, the relationship between the proposed
SSTSRCR and the existing SIR is revealed in Section III.
In Section 1V, the proposed filter is applied to a manoeuvring
bearings-only tracking example and simulation results are
given. Concluding remarks are drawn in Section V.

Il. PROBLEM STATEMENT
Consider the following discrete-time nonlinear stochastic
system as represented by the state-space model [30]

Xy = fr_1(Xx—1) + Wr—1 (process equation) @))

7 = hi(Xx) + v (measurement equation), 2)

where k is the discrete time index, x; € R”" is the state vector,
z; € R™ is the measurement vector, and f;_(-) and hg(-)
are known process and measurement functions respectively.
wi € R" and vy € R™ are heavy-tailed process and mea-
surement noise vectors respectively, which are induced by
process and measurement outliers, and their distributions are
modelled as Student’s t distributions, i.e.,

p(w) = St(wg; 0, Qg, vy) 3)
p(Vi) = St(vi; 0, Ry, 1), 4

where St(-; u, X, v) denotes the Student’s t PDF with mean
vector u, scale matrix X, and dof parameter v, Qi and v; are
the scale matrix and dof parameter of process noise respec-
tively, and Ry and v, are the scale matrix and dof parameter
of measurement noise respectively. The initial state vector xg
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is also assumed to have a Student’s t distribution with mean
vector Xg|o, scale matrix Pgjo, and dof parameter v3, and Xo,
wy and vj are assumed to be mutually uncorrelated.

To achieve the filtering estimation, a general framework
of RSTNF is derived for the nonlinear system formulated
in equations (1)-(4), where the jointly predicted PDF of the
state and measurement vectors is assumed as Student’s t, then
the posterior PDF of the state vector can be approximated as
Student’s t [30]. The time update and measurement update of
the recursive RSTNF are given as follows:

Time update

Xijk—1 =/ o1 (k- DStk 15 X —1jk—1, Pr—1jk—1, v3)
]Rn
X dXp—1 (5
V3 — 2
/ £t (xe—DE_ (Xe—1)
V3 R?

X St(Xk—15 Xk—11k—1, Pr—1jx—1, v3)dXp_1

vy —2 ~ vi(v3 —2)
xk|k—1x1{\k_1 + ka—ly (6)

Pijp—1 =

where (-)7 denotes the transpose operation, X x—1 and Pyjx—1
are respectively the mean vector and scale matrix of the one-
step predicted PDF p(x¢|Zk—1), Zi—1 = {z,-}]’.;—l1 is the set of
k — 1 measurement vectors, and v3 denotes the dof parameter

of the filtering PDF.

Measurement update

Ak =@ — 2T @) —fe-) (D)
Ki = P (P ®)

Xk = Xpk—1 + Ki(ze — Zkje—1) )

(v3 = 2)(v3 + AD) r

P = P.i—1 — KiP¥, K;), (10

klk o2+ m—2) (Prjk—1 kP K, (10)

where (-)’1 denotes the inverse operation, X x and Py are
respectively the mean vector and scale matrix of the filtering
PDF p(x¢|Zy), Zkjk—1 and Pizlk_l are respectively the mean
vector and scale matrix of the likelihood PDF p(zy| Zy_1),
and kaz|k—1 is the cross scale matrix of state and measurement
vectors, which are given by

Zhh—1 = / hy (x)St(Xg; Xeje—1, Prjk—1, v3)dxi (11)
Rn
22 vy —2 T N
Plic-1 = s hy (xp)hy (xX5)St(Xe; X k-1, Prjg—1, v3)
Rn
vz —2. AT (v —2)
X dxXg — Zkk—12g k-1 + ——=— Ry
| klk—1 (12 — 23
(12)
vy —2 o
P, = xeh] (0)StXe; Zx—1, Prie—1, 13)
| V3 n
vz —2, .
X dXp — xk|k_1z,{|k_1. (13)

The recursive RSTNF is composed of the analytical com-
putations in equations (7)-(10) and the Student’s t weighted
integrals in equations (5)-(6) and (11)-(13). The key problem
in the design of the RSTNF is calculating the nonlinear
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Student’s t weighted integrals formulated in equations (5)-(6)
and (11)-(13), whose integrands are all of the form nonlinear

functionxStudent’s t PDF. Therefore, the numerical integral

technique is required to implement the RSTNF, which deter-
mines the estimation accuracy of associated RSTNF. Next, to
further improve the estimation accuracy of existing RSTNFs,
a new SSTSRCR will be proposed, based on which a new
RSTSCEF can be obtained.

Ill. MAIN RESULTS

A. SPHERICAL-RADIAL TRANSFORMATION

The Student’s t weighted integrals involved in the RSTNF can
be written as the general form as follows

I[gl = / gX)SUx; 1, X, v)dx, (14)
R}’L
where the Student’s t PDF is given by
redn
Stx; p, T, v) = —F— ——=
['(3) VIvrX]
1 Ty—1 —F
X 1+;(X—M)Z (x—p) ;
(15)
where I'(-) and | - | denote the Gamma function and deter-

minant operation respectively. To derive the SSTSRCR, the
Student’s t weighted integral in equation (14) requires to be
transformed into a spherical-radial integral form.

A change of variable is utilized as follows

X=u+ vy, (16)

where /X is the square-root of scale matrix ¥ satisfying

Y = VIV,

Substituting equation (16) in equations (14)-(15) and using

the identity |[vVvX| = /|vX] yields

gl = [ 13"y Fay, (7)
where I(y) is given by
v+n
y) = —= ) g+ VVEY). (18)
(5)m2

Define y = rs with s’s = 1, then equation (17) can be
rewritten as [34]

+00
Ilg] = / / 1rs)r "1+ ()T (rs)] = 2" do(s)dr
0 Un
+oo v+n
- / / 1rs)r™ (1 + )2 do(s)dr,  (19)
0 .

wheres = [s1, 82, , 8,17, Uy ={s e R" : 57+ 55 +--- +
sﬁ = 1}, and o (s) is the spherical surface measure or an area
element on U,,.

According to equation (19), the Student’s t weighted inte-
gral in equation (14) can be decomposed into the radial
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integral
+00 vn
I[g] = / S+ 72 dr, (20)
0
and the spherical integral
S(r):/ 1(rs)do (s). 21
Un

Next, a new third-degree SSTSRCR will be derived, in
which the spherical and the radial integrals are respectively
calculated by the third-degree USR (Section III. B below)
and the third-degree URR (Section III. C below). Before
deriving the third-degree SSTSRCR, the unbiased integral
rule is firstly defined as follows.

M=

Definition 1: The integral rule [gXp(x)dx =
wig(Xy) is unbiased if and only if [33]

N
/ gp(x)dx = E [Z wzg(xl)}, (22)
=1

where X; and w; are respectively cubature points and
corresponding weights, and E[-] denotes the expectation
operation.

~

B. UNBIASED SPHERICAL RULE

The Stewart’s method is employed to construct the third-
degree USR. If Q is a random orthogonal matrix drawn with a
Haar distribution from the set of all matrices in the orthogonal
group, the third-degree USR can be constructed as [33], [35]

A n
3ry 2 — . .
S,(r) ~ " ;:1 [1(—rQe;) +1(rQe))], (23)

7{ 2
and e; denotes t(hé i-th column of an n X n unit matrix.
To produce a random orthogonal matrix Q, a n X n matrix
U of standard normal variables is first generated, then the
required random orthogonal matrix Q is obtained based on
the QR factorization, i.e., U = QR [35].

Next, a new third-degree URR will be proposed for the
radial integral in equation (20).

where A, = is the surface area of the unit sphere,

C. UNBIASED RADIAL RULE

Generally, the monomials S(r) = 1,S(r) =r,S(r) = r2, and
S(r) = r3 need to be matched to derive the third-degree URR.
However, only monomials S(r) = 1 and S(r) = r? need
to be matched for the third-degree URR since the USR and
the resultant STSRCR are fully symmetry. Thus, two points
{r1, wr 1} and {rp, w, 2} are sufficient to design the third-
degree URR, where one point is used to match monomials
S(r) = 1 and S(r) = r? and the other point is employed to
retain unbiasedness. That is to say, the third-degree URR can
be written as

+00 v+n
/ Sy N1+ 1) 2 dr & w,1S(r1) + @7 28(r2),
0
(24)
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where {rj,w, 1} and {r2, w, 2}
equations

satisfy the following

+OO v+n
Y 4 wp o) = / O+ rz)f%dr (25)
0

+o00 v
w1 4 opr; = / P2+ )T dr (26)
0

00 v+n
f Sryr" ' 1+ T dr
0

= E [0,18(r) + @, 28(r)].  27)

Since there are three equations and four variables in equa-
tions (25)-(27), there is one free variable. In order to get the
STSRCR with the minimum number of points, 7| is chosen
as the free variable and set to zero.

Theorem 1: If ri = 0 and the PDF of random vari-
able r is
n + 2 v_2 ) @8)

2
where B(-, -) denotes the beta function, then the third-degree
URR is given by

ngi~ 2B - —2 |80+ —"— s}
222 (v=2)r; (v —2)2

(29)
rlrla +
r2)_ T'dr is calculated to obtain the right- hand parts 1n
equations (25)-(26). Making a change of variable via t = r2
results in

p(ra) = 27011+ 1)~ 3" /B(

Proof Firstly, a general integral fo

+
+l
[ty i = S . o)
0
where B(-, -) denotes the beta function.
Substituting equation (30) in equations (25)-(26),
we have
1 _nv
w1+ = EB(E’ 5) (31)
1_n+2 v-2
orarf +wrar} = SBG——. ). (32)
Utilizing the identities I'(a + 1) = al'(a) and B(a, b) =
I}(gigjb)) in equation (32) yields
2 2 n nov
w17 +wpar; = mB(E, 5)~ (33)
Employing r; = 0 in equation (33) yields
B 3) (34)
W)= ———— .
"7 2w — 22

Substituting equation (34) in equation (31) results in

I_n v n
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Utilizing 1 = 0 and equations (34)-(35), the expecta-
tion of the third-degree radial rule with respect to p(ry) is
written as

E [0:18(r1) + ©r28(r)]
— lB(E B)E 1— "
T 27272 W —2)r3
x S(0) + 2B(2 2) [WS( 2)] (36)
Using equations (28) and (30), we have

Bl "
v —2)r3

_vtn
/-‘roo 2rn+1(1 r22) 5 ;
= rn
0 (n+2 —2)

v+n

+o00 2}’" 1(1+r22)—7
0 f dr,=0 (37)

)
E —S
v+n

+o00 2rn 1(1 +r22)——
-2 / B a2y O

+oo v+n
= —n - / Sryr" ' 1+~ 2 dr. (38)
(Ev E) 0
Substituting equations (37)-(38) in equation (36) yields

+o0
EloriSt + 0r2802)] = f Sy 1+ ar.
0

(39)
With r; = 0, equations (34)-(35) and (39), the third-degree
URR can be formulated as equation (29). g

Itis very difficult to directly generate random samples from
p(r2) since p(r7) is not a special PDF. To solve this problem,
Theorem 2 is presented as follows.

2
Theorem 2: If random variable T = Hr_ﬁ, then random
. e 2
variable T obeys the Beta distribution, i.e.,
n+2 v-—-2

_ Beta: _r oo
p(r) = Beta(r; ——, ——) = B2 57
(40)

where Beta(-; o, B) denotes the beta PDF with parameters o
and B. ,
Proof: Since t = 132 and r, € [0, +00), random vari-
2
2

able t € [0, 1). According to T = rp is formulated as

1+2’

= c(t) = /é rel0, 1) (41)

Employing the transformation theorem and equation (41),
the PDF of random variable 7 is given by

p(t) = pry(c(0))C (1), (42)
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where p,(-) denotes the PDF of r, and ¢/(7) denotes the
derivative of c(t) with respect to T given by

(1) = 0.5t72(1 — )72, 43)
Substituting equations (28), (41) and (43) in equation (42)
obtains
n + 2 v—2
T)’ (44)

which proves the theorem. |

p(0) =71 — 1) T B

D. STOCHASTIC STSRCR
A theorem is first presented to derive the unbiased STSRCR.
Theorem 3: If the spherical and radial rules are unbiased,
then the resultant STSRCR is also unbiased.
Proof: 1f the spherical and radial rules are given by

Ny N,
Sy~ Y willrs);  Ilgl~ Y w S, (43)

i=1
then the STSRCR can be formulated as
Nr K
Igl~ Y " we jwe lrys)). (46)
j=1 i=1

where s; and w;; are respectively cubature points and
weights of the spherical rule, and r; and w,; are
respectively quadrature points and weights of the radial
rule.

Since the spherical and radial rules are unbiased, we obtain

Ny
S(r)=E |:Z Ws,il(rsi):|§ Ig] = Z wr jS(17)
i=1
(47)

Using equation (47) yields

Ny
ITgl = Zwr, [Zws,,‘l(rjs»} )
i=1

Since the set {s;, w‘y,,-}i.\il is independent of the set
N,
{r;, Wh.i}j=1’ we have

N, N
Nl =E | > Y wewed(rs) |, (49)
j=1 i=1
which proves the theorem. U

Using Theorems 1-3 obtains

n 1
I[g] = E{[l - m}g(ﬂ)‘i'z(v_—z)rzz
x> [g(u—vaQei>+g<u+r2~/EQei)]}.
i=1

(50)
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By employing the Monte Carlo approach, the right-hand
parts of equation (50) can be approximated as

gl
_LN L P S
TNL —2)21 BT 20—,

X Z[g(ﬂ—rz,lﬁQleiH-g(ﬂ-Hz,zﬁQzei)] } ;
i=1
(51

where N denotes the number of random samples, and Q;
is a random orthogonal matrix, and r; is drawn randomly
from p(r7). The form /, S3 [g] denotes the proposed third-degree
SSTSRCR, and the implementation pseudocode of the pro-
posed SSTSRCR is shown in Table 1.

TABLE 1. The implementation pseudocode of the proposed SSTSRCR.

Inputs: p, 3, v, g(+), n, N.

1. Initialization: I3[g] = 0.

fori=1:N

2. Generate a n X n matrix U; of standard normal variables.
3. Obtain the required random orthogonal matrix Q; using the
= QR;.

4. Draw the random variable 7; from a Beta distribution:
(n+2 v—2
5-)-

QR factorization: U;

7, ~ Betal

5. Calculate the random quadrature point 79 ;:
7]
-7

T2, = 1

6. Update I3[g] at current iteration:
131el = 2lel + & { |1 oty ] 800 + st x

Xn: [g(ﬂ — 12, VIEQue;) +g(p + 7“2,1\/EQ1€¢)] }

i=1
end for

Outputs: I[g] ~ I3[g].

According to the Monte Carlo approach, 153 [g] converges

to I[g] when N tends to infinity, i.e.,
lim 13 =1 . 52
N 1 K [g] [g] ( )

Thus, the proposed SSTSRCR provides asymptotically
exact integral evaluations when N tends to infinity. A new
RSTSCF can be obtained by employing the proposed
SSTSRCR to calculate the Student’s t weighted integrals
involved in the RSTNF, and the implementation pseudocode
for one time step of the proposed RSTSCF is shown in Table
2, where SSTSRCR(-) denotes the proposed SSTSRCR algo-
rithm. The proposed SSTSRCR can achieve better approxi-
mation to the Student’s t weighted integral as compared with
existing Student’s t integral rules. As a result, the proposed
RSTSCF has higher estimation accuracy than the existing
RSTNFs.

Remark 1: The Monte Carlo approach can be also used
to calculate the Student’s t weighted integral, and it provides
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TABLE 2. The implementation pseudocode for one time step of the
proposed RSTSCF.

Inputs: Xy _15_1, Pr_1js—1> Zk» Qu—1, Ry, v1, v2, v3, fr_1(:),
hy(-), n, N.

Time update:

L % p—1 = SSTSRCR(Xg—1jk—1: Pr—1jk—1,v3, Fe—1(-),n, N).
2. Pyjp1 = “-2SSTSRCR(Rp— 1161, P51, V3,
fe_1(IFL 1 (), N) — 1,325‘k|k—15€£‘k 1t l('jlu32)33)Qk 1-
Measurement update:

3. Zg|p—1 = SSTSRCR(Xg|x—15 Prjr—1, 3, hi(-),n, N).

4.Pr 1——L@*QSSTSR(ﬂuﬁkM 1 Pre—1,v3, hp(OhT (),
va(v3—2)

n,N) = SRy 120+ 52 R

5. Pifk L= "3;32SSTSRCR(xk|k_1,Pk‘k_l,ug,xkhk(-),n,N)

5T

—1%k|k—1"
6. Ak = /(2 — 2r1—)T (P, 1)~ (2% — i)
7. K, =P

—1
k-1 (PEfe_1) ™
8. Rijk = Rpjk—1 + Kk (2K — Zrjr—1)-
(v3—2)(v3+A37) T
9. Pk‘ki v3(v3+m— 2;& (Pk‘k 1 K P k\k lKk)
Outputs: Xy, Py

asymptotically exact integral evaluations when the number
of random samples tends to infinity. However, it has low
accuracy and slow convergence when the integrand is not
approximately constant and the number of random samples
is finite [33]. Fortunately, the proposed SSTSRCR is at least
exact up to third-degree polynomials for any number of ran-
dom samples, and it can capture more and more higher-
degree moment information as the number of random samples
increases.

Remark 2: The Student’s t distribution is a generalized
Gaussian distribution but has heavier tails than the Gaussian
distribution, which makes it more suitable for modelling the
heavy-tailed non-Gaussian noise. In the proposed RSTSCF,
the Student’s t distributions are utilized to model the heavy-
tailed process and measurement noises, which mitigates the
negative effect of heavy-tailed process and measurement
noises. Therefore, the proposed RSTSCF is robust to heavy-
tailed process and measurement noises.

E. RELATIONSHIP BETWEEN THE PROPOSED SSTSRCR
AND THE EXISTING SIR [8]

Theorem 4: The proposed SSTSRCR will degrade to the
existing SIR when the dof parameter v — 400, i.e.

lim I3[g]

v——+00

gl

2pl

x Z [g(u—pn/szeng(qupn/szei)]},
i=1

(53)

where the right-hand side of the equation (53) is the SIR for
the Gaussian weighted integral, and p; is drawn randomly
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from p(py) that is given by

2
P
plpp) o pf e (54)
Proof: Make a change of variable as follows

r = c(p) = o

Substituting equation (55) in equation (51) results in

gl
N
=—Z{[ ]g(u)+—[2;

x[g(u ol —EQzez)+g(ﬂ+P1 —EQzez)“
(56)

s.t. v — +o0. (55)

Taking the limit of equation (56) when the dof parameter
v — 400, we can obtain equation (53).

Using the transformation theorem and equation (55), the
PDF of random variable p; is given by

p(p1) = pry(c(pD)C’ (01), (57)

where p,(-) denotes the PDF of r; , and ¢/(o;) denotes the
derivative of c(p;) with respect to p; given by

1
d(p)) = . 58
(0) = == (58)
Substituting equations (28), (55) and (58) in equation (57),
we obtain

n+1 1

plor) =20, lim 32
TE (0 = 2) B, 1)
2\~
. Py
X vlgr_loo <1+ v—2> . (59)
Utilizing the identity B(a, b) = 1}(25_2};) , the first limit in
equation (59) can be formulated as
li !
im
St n+2 n42 )
TR (v =-2) 7 B(T’ VT)
T FeE
= T2y~ =2y v=2,152 (60)
L7 vt r2) (53T
Using the property of Gamma function lim ];((’t;‘;‘) =1
t—+00
in equation (60) gives
, 1 "3
lim 5o (61)
V—>—+00 (U 2) B(n+2 ;2) F(%)

The second limit in equation (59) can be reformulated as

o2 -
lim <1+ ! ) = lim s()4®
v—+00 v—2 v—+00

[ lim d(u)]
= lim s(v)Llv=+> , (62)

V—>+00
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where the functions s(v) and d(v) are given by

v—2

2\ 7
s(v) = (1+ il ) : (63)
v—2
2
_ b (v+n)
d) = =2 (64)

Using the identity hm (1 + —) = e and equa-

tions (63)-(64), equatlon (62) can be rewritten as

2 _vT 02
lim <1+ il ) —e T (65)

™

v——+00 v—2

Substituting equations (61) and (65) in (59), we can
obtain (54), which proves the theorem. U

Considering that the Student’s t PDF turns into the Gaus-
sian PDF as the dof parameter v — 400, we obtain

lim I[g]:/ g(x) lim St(x; u, X, v)dx
V—>+00 R V——+00

= / g(x)N(x; pu, X)dx. (66)
Rn

According to the Theorem 4 and equation (66), we can
conclude that the proposed SSTSRCR with v — +o00 can be
utilized to calculate the Gaussian weighted integral. Thus, the
proposed SSTSRCR is a generalized SIR, which can calculate
not only the Gaussian weighted integral but also the Student’s
t weighted integral.

IV. SIMULATION STUDY

In this simulation, the superior performance of the proposed
RSTSCF as compared with existing filters is shown in the
problem of manoeuvring bearing-only tracking observed in
clutter. The target moves according to the continuous white
noise acceleration motion model [8]

Xy = Fxp—1 + Gwi—y, (67)

where X = [xx Yk Xk V], and x, yk, Xx and y; denote the
cartesian coordinates and corresponding velocities respec-
tively; F and G denote respectively the state transition matrix
and noise matrix given by

F— |:12 At121|

| r 0251
0 I,

0251 r :| (68)

where At = 1min is the sampling interval, and I, is the two
dimensional identity matrix, and 0, is the two dimensional
zero vector, and T = [0.5A72 Ar]T.

The target is observed by an angle sensor installed in a
manoeuvring platform. If the platform is located at (x,[: , yi)
at time k, then the measurement model is given by

— Y%
xk_xg

where zi is the angle between the target and the platform at
time k. Outlier corrupted process and measurement noises are

R Gl (69)
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generated according to [10], [12], and [30]

N, ) w.p. 0.95 a0)
N(0, 100%,,) w.p.0.05
N, Z .p. 0.95

Vk ~ ( k] V) Wp 9 (71)
N(0,50%,) w.p. 0.05,

where N(u, ¥) denotes the Gaussian distribution with mean
vector  and covariance matrix X, w.p. denotes ““with proba-
bility”’, the nominal process noise covariance matrix is X, =
10_612km2 / min2, and the nominal measurement noise vari-
ance is ¥, = (0.02rad)2. Process and measurement noises,
which are generated according to equations (70)-(71), have
heavier tails.

In our simulation scenario, the initial positions of the
target and the platform are respectively (3km, 3km) and
(Okm, Okm). The target moves at a constant speed of 180
knots (1 knot is 1.852km/h) with a course of —135.4°.
The platform moves at a constant speed of 50 knots with
a initial course of —80°, and the course reaches 146°
at time k = 15min by executing a manoeuvre [8].
The initial estimation error covariance matrix is Pgo =
diag[16km? 16km?, 4km?/min®, 4km?/min’], and the ini-
tial state estimate Xg|o is chosen randomly from N(xg, Pojo),
where x( denotes the initial true state.

In this simulation, the stochastic integration filter (SIF) [8],
the ARUKF with free parameter k = 0 [25], the MCCKF
with kernel size ¢ = 5 [29], the RSTEF [10], the 3rd-
degree RSTUF with free parameter xk = 3 — n [30], the 3rd-
degree RSTCEF [32], the fifth-degree RSTUF [31], the robust
Student’s t based Monte Carlo filter (RSTMCF), the Gaus-
sian sum-cubature Kalman filter (GSCKF) [18], the PF with
10000 particles [13], the PF with 2000 particles [13], and the
proposed RSTSCF are tested. In the RSTMCE, the Student’s t
weighted integral is calculated using the conventional Monte
Carlo approach with 10000 random samples. In the GSCKEF,
the process and measurement noises are modelled as p(wy) =

5

Yooy aiN (Wi 0, 4:Z,,) and p(g) = 3 aiN (vk; 0, A 5),
where the weights «; = 0.8 and aé_lz o3 = o4 =
as = 0.05, and the scale parameters A1 = 1, A» = 50,
A3 = 100, A4 = 500 and A5 = 1000. Moreover, to
prevent the computational complexity of the GSCKF increas-
ing exponentially as the time, the posterior distribution is
approximated as a weighted sum of five Gaussian terms with
the highest weights. In the PF, the process and measurement
noises are modelled as Student’s t distributions. In the exist-
ing RSTEF, 3rd-degree RSTUF, 3rd-degree RSTCEF, fifth-
degree RSTUF, RSTMCE, PF and the proposed RSTSCEF, the
dof parameters are all chosen as vi = v» = v3 = 5 and
the scale matrices are all set as Qy = X, and R, = X,.
In the SIF and the proposed RSTSCEF, the number of random
samples is selected as N = 100. The proposed filter and
existing filters are coded with MATLAB and the simula-
tions are run on a computer with Intel Core 17-3770 CPU
at 3.40 GHz.
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FIGURE 1. RMSEs of the position from the proposed filter and existing
filters.
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FIGURE 2. RMSEs of the velocity from the proposed filter and existing
filters.

To compare the performances of the proposed fil-
ter and existing filters, the RMSEs and the averaged
RMSEs (ARMSE:s) of the position and velocity are chosen
as performance metric. The RMSE and ARMSE in position
are respectively defined as

2
RMSEpos(®) = | =3 (5 = 5)°+ 01 —=3)) " (2

ARMSE s =

A\ k=1 s=1
(73)

where M = 1000 denotes the number of Monte Carlo runs,
and 7 = 100min denotes the simulation time, and (x7, y;)
and (%}, J;) respectively denote the true and estimated posi-
tions at the s-th Monte Carlo run. Similar to the RMSE and
ARMSE in position, we can also formulate the RMSE and
ARMSE in velocity.

The RMSEs and ARMSEs of position and velocity from
the proposed filter and existing filters are respectively shown
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TABLE 3. ARMSEs and implementation times of the proposed filter and
existing filters.

Filters ARMSEpos (km)  ARMSE,, (km/min)  Time (ms)
SIF 22.85 0.83 45.46
ARUKF 2.57 x 1025 2.41 x 1024 0.41
MCCKF 26.86 0.88 0.13
RSTEF 3.51 x 106 6.51 x 10* 0.09
3rd RSTUF 88.86 243 0.53
3rd RSTCF 29.90 1.12 0.50
5th RSTUF 16.29 0.65 1.0
RSTMCF 53.65 1.65 193.7
GSCKF 19.23 0.58 54.6
PF (10000) 7.89 0.30 773.0
PF (2000) 17.82 0.61 93.8
RSTSCF 12.08 0.56 482
450
5th-degree RSTUF|
400 RSTSCF
350
300
B
éw 250
%8
2 200
['4
150 -
100
50

n . .
0 50 100 150 200
Time (min)

FIGURE 3. RMSEs of the position from the existing 5th-degree RSTUF and
the proposed filter when T = 200min.

in Fig. 1-Fig. 2 and Table 3, where PF (10000) and PF
(2000) denote the PF with 10000 particles and the PF with
2000 particles respectively. The implementation times of the
proposed filter and existing filters in single step run are given
in Table 3. Note that the existing ARUKF and RSTEF diverge
in the simulation, as shown in Fig. 1-Fig. 2 and Table 3.

It is seen from Fig. 1-Fig. 2 and Table 3 that the RMSEs
and ARMSEs of the proposed RSTSCF are smaller than
the existing SIF, ARUKF, MCCKF, RSTEF, 3rd-degree
RSTUEF, 3rd-degree RSTCF, 5th-degree RSTUF, RSTMCE,
GSCKF and PF with 2000 particles but larger than the
existing PF with 10000 particles. Furthermore, it can be
also seen from Table 3 that the implementation time
of the proposed RSTSCF are greater than the exist-
ing SIF, ARUKF, MCCKF, RSTEF, 3rd-degree RSTUF,
3rd-degree RSTCF, 5th-degree RSTUF but significantly
smaller than the existing RSTMCF, GSCKF, PF with
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FIGURE 4. RMSEs of the velocity from the existing 5th-degree RSTUF and
the proposed filter when T = 200min.

10000 particles and PF with 2000 particles. Therefore, the
proposed RSTSCF has better estimation accuracy than the
existing SIF, ARUKF, MCCKF, RSTNFs and GSCKEF, and
is computationally much more efficient than the existing PF.

To further compare the performance of the existing
Sth-degree RSTUF and the proposed RSTSCEF, Fig. 3-Fig. 4
show the RMSEs of the existing Sth-degree RSTUF and the
proposed RSTSCF when the simulation time 7 = 200min.
We can see from Fig. 3-Fig. 4 that the RMSEs of
the existing Sth-degree RSTUF increase sharply after
90min and the proposed RSTSCF has significantly
smaller RMSEs than the existing 5th-degree RSTUF
after 90min. The ARMSEs of position and velocity
from the existing Sth-degree RSTUF and the proposed
RSTSCEF are respectively 122.48km, 1.17km/min, 44.07km
and 0.58km/min. Thus, the proposed RSTSCF has sig-
nificantly better estimation accuracy than the existing
Sth-degree RSTUF after 90min.

To study the performance of the proposed RSTSCF
when the initial state estimate Xoo is drawn randomly
from non-Gaussian distribution, four RSTSCFs with dif-
ferent ways of generating initial state estimate are tested.
The initial state estimate is drawn randomly from four
different distributions with the same first two moments,
including Gaussian distribution, Student’s t distribution,
uniform distribution and Gaussian mixture distribution.
The utilized Gaussian distribution, Student’s t distribu-
tion and Gaussian mixture distribution are respectively
N(X(), Po‘o), St(Xo, 0.8P0|0, 10) and 0.95N(X0, 0.81P0|0)
~+0.05N(x9, 4.61Pg|p), where St(u, X, v) denotes the Stu-
dent’s t distribution with mean vector u, scale matrix X
and dof parameter v. The employed uniform distributions
for initial estimates of positions and velocities are respec-
tively U(—3.93,9.93), U(-3.93,9.93), U(-7.37, —0.44)
and U(—7.42, —0.49), where U(a, b) denotes the uniform
distribution with location parameters a and b.

Fig. 5-Fig. 6 and Table 4 show the RMSEs and ARMSEs
of the position and velocity from the proposed RSTSCF
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TABLE 4. ARMSEs of the proposed filter with different distributions of
initial state estimate.

Distributions ARMSEpos (km)  ARMSE, (km/min)

Gaussian distribution 12.08 0.56
Student’s t distribution 13.89 0.60
Uniform distribution 11.67 0.54
Gaussian mixture distribution 13.53 0.60
45
=== RSTSCF (Gaussian distribution)
40 RSTSCF (Student's t distribution) ]
RSTSCF (Uniform distribution)
351 RSTSCF (Gaussian mixture distribution) 7

0 1 1 1 1

0 20 40 60 80 100
Time (min)

FIGURE 5. RMSEs of the position from the proposed filter with different
distributions of initial state estimate.

3

\ e RSTSCF (Gaussian distribution)
m— RSTSCF (Student's t distribution)
250 e RSTSCF (Uniform distribution) i
. RSTSCF (Gaussian mixture distribution)
2l ]
3
=
»
Lu%. 15F q
»
=
4

0.5 h 1

0 . . . .
0 20 40 60 80 100

Time (min)

FIGURE 6. RMSEs of the velocity from the proposed filter with different
distributions of initial state estimate.

with different distributions of initial state estimate, where
RSTSCF (Gaussian distribution), RSTSCF (Student’s t dis-
tribution), RSTSCF (Uniform distribution) and RSTSCF
(Gaussian mixture distribution) denote the proposed RSTSCF
with initial state estimates that are respectively drawn from
Gaussian distribution, Student’s t distribution, uniform distri-
bution and Gaussian mixture distribution. It can be seen from
Fig. 5-Fig. 6 and Table 4 that the proposed RSTSCF (Gaus-
sian distribution) and RSTSCF (Uniform distribution) have
almost identical estimation accuracy and outperform slightly
the proposed RSTSCF (Student’s t distribution) and RSTSCF
(Gaussian mixture distribution). Thus, the performance of the
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proposed RSTSCF degrades slightly when the initial state
estimate Xo|p is drawn randomly from the Student’s t distri-
bution and Gaussian mixture distribution. Fortunately, we can
see from Tables 3 and 4 that the proposed RSTSCF (Student’s
t distribution) and RSTSCF (Gaussian mixture distribution)
have significantly better estimation accuracy than the existing
SIF, ARUKF, MCCKF, RSTNFs and GSCKF.

V. CONCLUSION

In this paper, anew SSTSRCR was derived based on the third-
degree USR and the proposed third-degree URR, from which
a new RSTSCF was obtained. The existing SIR is a special
case of the proposed SSTSRCR when the dof parameter tends
to infinity. Simulation results for a manoeuvring bearings-
only tracking example illustrated that the proposed RSTSCF
can achieve higher estimation accuracy than the existing GA
filter, GSF, HNKF, MCCKF and RSTNFs, and is computa-
tionally much more efficient than the existing PF.

REFERENCES

[1] B.D. O. Anderson and J. B. Moore, Optimal Filtering. Englewood Cliffs,
NJ, USA: Prentice-Hall, 1979.

[2] Y. Huang, Y. Zhang, X. Wang, and L. Zhao, “Gaussian filter for nonlinear
systems with correlated noises at the same epoch,” Automatica, vol. 60,
no. 10, pp. 122-126, Oct. 2015.

[3] I. Arasaratnam and S. Haykin, “Cubature Kalman filters,” IEEE Trans.

Autom. Control, vol. 54, no. 6, pp. 1254-1269, Jun. 2009.

Y. Zhang, Y. Huang, N. Li, and L. Zhao, “Interpolatory cubature Kalman

filters,” IET Control Theory Appl., vol. 9, no. 11, pp. 1731-1739,

Sep. 2015.

K. Ito and K. Xiong, “Gaussian filters for nonlinear filtering problems,”

IEEE Trans. Autom. Control, vol. 45, no. 5, pp. 910-927, May 2000.

[6] S.J.Julier and J. K. Uhlmann, “Unscented filtering and nonlinear estima-

tion,” Proc. IEEE, vol. 92, no. 3, pp. 401-422, Mar. 2004.
[7]1 B. Jia, M. Xin, and Y. Cheng, “High-degree cubature Kalman filter,”
Automatica, vol. 49, no. 2, pp. 510-518, Feb. 2013.

[8] J. Dunik, O. Straka, and M. Simandl, “Stochastic integration filter,” /EEE

Trans. Autom. Control, vol. 58, no. 6, pp. 1561-1566, Jun. 2013.

Y. Zhang, Y. Huang, N. Li, and L. Zhao, “Embedded cubature Kalman

filter with adaptive setting of free parameter,” Signal Process., vol. 114,

no. 9, pp. 112-116, Sep. 2015.

[10] M. Roth, E. Ozkan, and F. Gustafsson, “A Student’s t filter for heavy tailed
process and measurement noise,” in Proc. IEEE Int. Conf. Acoust., Speech
Signal Process. (ICASSP), May 2013, pp. 5770-5774.

[11] Y. Huang, Y. Zhang, N. Li, and J. Chambers, “A robust Gaussian approx-
imate fixed-interval smoother for nonlinear systems with heavy-tailed
process and measurement noises,” IEEE Signal Process. Lett., vol. 23,
no. 4, pp. 468-472, Apr. 2016.

[12] Y. Huang, Y. Zhang, Z. Wu, N. Li, and J. Chambers, “A
novel robust Student’s t based Kalman filter,” IEEE Trans.
Aerosp.  Electron. Syst., to be published. [Online]. Available:
http://ieeexplore.ieee.org/document/7814285/

[13] M. S. Arulampalam, S. Maskell, N. Gordon, and T. Clapp, “A tutorial
on particle filters for online nonlinear/non-Gaussian Bayesian tracking,”
IEEE Trans. Signal Process., vol. 50, no. 2, pp. 174—188, Feb. 2002.

[14] N.J. Gordon and A. F. M. Smith, “Approximate non-Gaussian Bayesian
estimation and modal consistency,” J. Roy. Statist. Soc. B (Methodol.),
vol. 55, no. 4, pp. 913-918, Apr. 1993.

[15] S.Li, H. Wang, and T. Chai, “A t-distribution based particle filter for target
tracking,” in Proc. Amer. Control Conf., Jun. 2006, pp. 2191-2196.

[16] J. Loxam and T. Drummond, “Student-# mixture filter for robust, real-
time visual tracking,” in Proc. 10th Eur. Conf. Comput. Vis. III, 2008,
pp. 372-385.

[17] D. L. Alspach and H. Sorenson, “Nonlinear Bayesian estimation using
Gaussian sum approximations,” IEEE Trans. Autom. Control, vol. 17,
no. 4, pp. 439-448, Aug. 1972.

[4

[5

—

9

—

7973



IEEE Access

Y. Huang, Y. Zhang: Robust Student's t-Based Stochastic Cubature Filter for Nonlinear Systems

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

7974

I. Arasaratnam, S. Haykin, and R. J. Elliott, “Discrete-time nonlinear fil-
tering algorithms using Gauss—Hermite quadrature,” Proc. IEEE, vol. 95,
no. 5, pp. 953-977, May 2007.

I. Bilik and J. Tabrikian, “MMSE-based filtering in presence of
non-Gaussian system and measurement noise,” IEEE Trans. Aerosp.
Electron. Syst., vol. 46, no. 3, pp. 1153-1170, Jul. 2010.

X. Wang, N. Cui, and J. Guo, “Huber-based unscented filtering and
its application to vision-based relative navigation,” IET Radar, Sonar,
Navigat., vol. 4, no. 1, pp. 134-141, Jan. 2010.

F. El-Hawary and Y. Jing, “Robust regression-based EKF for tracking
underwater targets,” IEEE J. Ocean. Eng., vol. 20, no. 1, pp. 31-41,
Jan. 1995.

C. D. Karlgaard and H. Schaub, “Huber-based divided difference filter-
ing,” J. Guid., Control, Dyn., vol. 30, no. 3, pp. 885-891, Apr. 2007.

L. Chang, B. Hu, G. Chang, and A. Li, “Multiple outliers suppression
derivative-free filter based on unscented transformation,” J. Guid., Con-
trol, Dyn., vol. 35, no. 6, pp. 1902-1906, Jun. 2012.

C. D. Karlgaard, “Nonlinear regression Huber-Kalman filtering and fixed-
interval smoothing,” J. Guid., Control, Dyn., vol. 38, no. 2, pp. 322-330,
Feb. 2015.

Y. D. Wang, S. Sun, and L. Li, “Adaptively robust unscented Kalman filter
for tracking a maneuvering vehicle,” J. Guid., Control, Dyn., vol. 37, no. 5,
pp. 1696-1701, May 2014,

B. Chen and J. C. Principe, ‘““Maximum correntropy estimation is a
smoothed MAP estimation,” IEEE Signal Process. Lett., vol. 19, no. 8,
pp. 491-494, Aug. 2012.

B. Chen, J. Wang, H. Zhao, N. Zheng, and J. C. Principe, “Convergence
of a fixed-point algorithm under maximum correntropy criterion,” IEEE
Signal Process. Lett., vol. 22, no. 10, pp. 1723-1727, Oct. 2015.

Y. Wang, W. Zheng, S. Sun, and L. Li, “Robust information filter based on
maximum correntropy criterion,” J. Guid., Control, Dyn., vol. 39, no. 5,
pp. 1126-1131, May 2016.

R. Izanloo, S. A. Fakoorian, H. S. Yazdi, and D. Simon, “Kalman fil-
tering based on the maximum correntropy criterion in the presence of
non-Gaussian noise,” in Proc. 50th Annu. Conf. Inf. Sci. Syst., 2016,
pp. 500-505.

Y. Huang, Y. Zhang, N. Li, and J. Chambers, “Robust Student’s t based
nonlinear filter and smoother,” IEEE Trans. Aerosp. Electron. Syst.,
vol. 52, no. 5, pp. 2586-2596, Oct. 2016.

F. Tronarp, R. Hostettler, and S. Sarkkd, ““Sigma-point filtering for nonlin-
ear systems with non-additive heavy-tailed noise,” in Proc. 19th Int. Conf.
Inf. Fusion (FUSION), Jul. 2016, pp. 1859-1866.

Y. Huang, Y. Zhang, N. Li, S. M. Naqvi, and J. Chambers, “A robust
Student’s t based cubature filter,” in Proc. 19th Int. Conf. Inf. Fusion
(FUSION), Jul. 2016, pp. 9-16.

(33]

(34]

(35]

A. Genz and J. Monahan, “Stochastic integration rules for infinite
regions,” SIAM J. Sci. Comput., vol. 19, no. 2, pp. 426-439, Feb. 1998.
A. H. Stroud, Approximate Calculation of Multiple Integrals.
Englewood Cliffs, NJ, USA: Prentice-Hall, 1971.

G. W. Stewart, “The efficient generation of random orthogonal matrices
with an application to condition estimators,” SIAM J. Numer. Anal., vol. 17,
no. 3, pp. 403—409, Mar. 1980.

YULONG HUANG received the B.S. degree from
the Department of Automation, Harbin Engineer-
ing University, Harbin, China, in 2012, where he is
currently working toward the Ph.D. degree in con-
trol science and engineering. Since 2016, he has
been a Visiting Graduate Researcher with the Elec-
trical Engineering Department, Columbia Univer-
sity, New York, NY, USA. His current research
interests include signal processing, information
fusion and their applications in navigation technol-

ogy, such as inertial navigation and integrated navigation.

YONGGANG ZHANG received the B.S. and
M.S. degrees from the Department of Automation,
Harbin Engineering University (HEU), Harbin,
China, in 2002 and 2004, respectively, and the
Ph.D. degree in electronic engineering from
Cardiff University, U.K. in 2007. He was a Post-
Doctoral Fellow with Loughborough University,
U.K., from 2007 to 2008, where he was involved in
adaptive signal processing. He is currently a Pro-
fessor of Navigation, Guidance, and Control with

HEU. His current research interests include signal processing, information
fusion and their applications in navigation technology, such as fiber optical
gyroscope, inertial navigation, and integrated navigation.

VOLUME 5, 2017



