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ABSTRACT This paper studies the performance of the analog multi-tap (MT) canceller, where the tap coef-
ficients are calculated based on the estimated self-interference (SI) channel state information (CSI). In this
paper, both the time-invariant and the time-varying SI channels scenarios are investigated, considering the
dynamic range of the analog-to-digital converter (ADC) and the linearity of the receiver chain. Closed-form
expressions are first developed to calculate the residual SI power after the MT cancellation, characterizing
the joint effects of the imperfect SI CSI, reconstruction errors on the estimated SI CSI, and the variation
of the SI channels. Then, the achievable rate of the full-duplex transceivers is derived as a function of the
residual SI power after the MT cancellation, dynamic range of the ADC, and the linearity of the receiver
chain. Theoretical and simulated results show that with imperfect SI CSI, deploying more taps may harm the
amount of analog SI cancellation. The sensitivity of the canceller to the doppler frequency shift reduces the
amount of analog SI cancellation, and thus brings rate gain loss evenwith a doppler negligible in conventional
communications.

INDEX TERMS Full duplex, self-interference cancellation, time-varying channels, channel state
information.

I. INTRODUCTION
The ever-increasing demand for the high speed transmissions
of mobile data has pushed the evolutions of wireless commu-
nication systems toward higher spectrum and energy efficien-
cies with lower end-to-end latency [1]–[3]. Among various
technologies, full-duplex (FD) has recently attracted exten-
sive attentions in both the academia and industry for its ben-
efits of potentially doubling the spectral efficiency [3], [4],
reducing the feedback delay [5], [6], and improving the
network secrecy [7], [8]. Efficient self-interference (SI)
cancellation at the FD radios is the key to realize these
aforementioned advantages.

In general, a typical three-stage cancellation technique,
including the propagation-domain, analog-circuit-domain,
and digital-domain cancellation, is adopted for SI cancella-
tion [3]. The propagation-domain SI suppression is imple-
mented in twoways: 1) Isolate the transmit and receive chains

by the separate-antenna architecture with SI reduction meth-
ods, such as absorptive shielding [9], cross-polarization [10],
antenna directionality [11], and beam-forming [12]; and
2) share the antenna for transmission and receiving with
a circulator [13], directional couplers [14], or hybrid
transformers [15]. The analog-circuit-domain and digital-
domain cancellation respectively reconstruct the SI signal and
subtract it from the received signal based on the estimated
SI channel state information (CSI) [13], [16], [17] or self-
adaptive algorithms [18], [20]–[22].

The popular analog-circuit-domain SI (ASI) cancellation
is usually deployed at the input of the receiver chain. For
cancelling wide-band SI signals, the channel-aware multi-
tap (MT) ASI canceller [13], [18], [20] is preferred, which
takes into account both the direct- and reflected-path com-
ponents of SI. A typical MT-ASI canceller is designed in a
tapped-delay-line (TDL) architecture with a tap-dependent
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transmission line for delaying the input signal, a variable
attenuator, and a variable phase shifter on each tap. The
MT-ASI canceller can be controlled according to the esti-
mated SI CSI [13], [23]: 1) During the initial stage, only SI
with a relatively small power is transmitted to estimate the SI
CSI, based on which, the tap coefficients of the canceller are
calculated. Then, 2) FD transmission is carried out with the
variable attenuator and the variable phase shifter on each tap
tuned according to the calculated tap coefficients. Another
alternative tuning method for the canceller is to adopt the
adaptive filter algorithms [18], [20]. Both the two tuning
methods exhibited effective SI reduction in previous exper-
imental trials [13], [18], [21].

In general, for ASI cancellation, adopting sophisticated
filtering techniques is unaffordable due to the complexity of
implementing such algorithms in analog circuit domain [3].
As a result, the performance of the ASI cancellation is more
susceptible to the tap delay alignment error, i.e., the error
between the corresponding tap delay of the canceller and
that of the SI channel, imperfect SI CSI, and the varia-
tion of the SI channels, etc. However, the ASI cancella-
tion is of essential importance for FD receivers which only
have limited dynamic range of the ADC and linearity in
the receiver chain. The ASI cancellation should provide an
adequate amount of SI cancellation, or the residual SI after
cancellation would result in significant nonlinearities at the
receiver chain and raise the power of the quantization noise
induced by the ADC. Thus, even if the transmitted SI could be
perfectly cancelled after the digital-domain cancellation, the
resultant nonlinearities and quantization noise would remain
in the received signal and harm the signal-to-interference-
plus-noise ratio (SINR) of the intended signal [3]. Examples
in [3], [13], and [24] regarding the required amount of ASI
cancellation had been explained concisely in link budget
in order to achieve a SINR equal to that of a half-duplex
counterpart.

Despite the research advances in ASI cancellation, cur-
rent literature mainly presents simulation- and experiment-
based results regarding the MT-ASI cancellation [13],
[18], [20], [21], [28]. Theoretical analysis and insight
is missing from the current literature about the MT-ASI
canceller:

No theoretical expressions are developed to characterize
the performance of the MT-ASI cancellation scheme. The
effect of reconstruction errors on the achievable amount of
ASI cancellation is not clear. Reconstruction errorsmay result
from the tap delay alignment error, imperfect SI CSI, and
the variation of the SI channels, etc. The lack of analytical
results and insight leads to a dilemma in determining what
achievable gain to be expected from FD radios. For example,
deploying FD-capable mobile devices has recently attracted
new attentions to fully capitalize on the benefits of FD
radios [28], [29]. In this scenario, the time-varying SI channel
becomes another prominent challenge for ASI cancellation
in experimental trials to support FD-capable mobile devices.
However, the effect of time-varying SI channels on ASI

cancellation and on the achievable rate of FD communica-
tions is unclear.

Motivated by the above issues, this paper studies the perfor-
mance of the MT-ASI cancellation scheme, considering the
residual SI power for both the cases of the time-invariant and
time-varying SI channels. Then, the achievable SINR, which
is closely related to the residual power after ASI cancellation,
is obtained for FD receivers with limited dynamic range of
the ADC and linearity in the receiver chain. The achievable
rate gain over half-duplex (HD) communications is presented
in time-invariant and time-varying SI channels. The contribu-
tions are summarized as follows.

1) Closed-form expressions are developed to calculated
the residual SI power after the MT cancellation, which
characterize the joint effect of the imperfect SI CSI
and reconstruction errors on the SI CSI. Three cases
to minimize/reduce the power of the residual SI are
discussed over the time-invariant SI channels. Then the
results are extended to the time-varying SI channels.
It is demonstrated that the optimal number of taps for
the canceller, which minimizes the residual SI power,
should be the least number of taps that covers the
bandwidth of the received SI. Deploying more taps will
enlarge the effect of the imperfect CSI, and thus, harm
the ASI cancellation. In addition, the tap delay align-
ment of the canceller is shown to be the critical issue
for the canceller. A delay alignment error larger than
1% implies that the reconstruction error dominated the
performance of the canceller. In this case, increasing
the accuracy of the SI channel contributes little to the
cancellation.

2) The achievable rate gain over HD transceivers is dis-
cussed conditioned on imperfect SI CSI, imperfect
reconstruction of the estimated CSI, as well as the
time-varying SI channels for FD receivers with limited
linearity and ADC dynamic range. In order to maintain
the rate gain over HD transceivers, the residual SI
power after ASI cancellation should be upper-bounded.
However, this bound is reduced in time-varying SI
channels, implying the maximum allowed transmit
power (MATP) of the SI should also be reduced. The
sensitivity of the channel-aware ASI canceller to the
doppler frequency shift limits the amount of ASI can-
cellation, and thus leads to rate gain loss or lower
MATP for FD receivers with limited dynamic range of
the ADC and linearity in the receiver chain.

The remainder of this paper is organized as follows.
In Section II, the system model is presented. Then, the resid-
ual SI power after ASI cancellation is derived over time-
invariant and -variant SI channels in Section III. Next, the
achievable rate gain over HD transceivers are demonstrated.
Lastly, conclusions are drawn in Section V.

II. SYSTEM MODEL
In this section, the structure of a multi-tap analog SI
canceller, which enables effective ASI cancellation in
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FD radios [3], [13], [18], [23], is first reviewed, as well as
the method to calculate the tap coefficients of this canceller.
Then, the resultant SINR for FD transceivers is derived,
considering the dynamic range of the ADC and the linearity
of the receiver chain.

FIGURE 1. Diagram of a FD transceiver with a general MT canceller,
where τn denotes the tap delay, an denotes the variable attenuator,
φn denotes the phase shifter, and Nt is the number of the taps.

A. MULTI-TAP ANALOG SI CANCELLATION
Fig. 1 depicts a general TDL-based MT canceller with one
transmit and one receive antennas. In this paper, the can-
celler is tuned according to the estimated SI CSI [13], [23]:
1) During the initial stage, only SI with a small power is
transmitted to estimate the SI CSI. Based on the estimated
CSI, the tap coefficients of the canceller are calculated. Then,
2) FD transmission is carried out with the canceller deployed
for SI reduction. The input signal of the canceller is coupled
with the transmit antenna feed. As the nth (0 ≤ n ≤ Nt − 1)
signaling tap shown in Fig. 1, the coupled signal first goes
through a path-dependent transmission line with delay τn
(τn ≥ 0). Then its amplitude and phase are adjusted according
to the calculated tap coefficients by a variable attenuator an
and a variable phase shifter φn individually. Finally, combine
the Nt paths’ outputs and generate the output of the consid-
ered MT canceller for SI reduction. The received signal after
the ASI suppression is given as

r (t) = x (t) ∗ [hSI (t)− hc (t)]+ xint (t)+ n (t) , (1)

where x(t) denotes the transmitted SI signal, hSI (t) denotes
the SI channel, hc (t) is the impulse response of the canceller,

xint (t) is the received signal from the intended terminal, and
n(t) is the additive white Gaussian noise.
In this paper, the SI channel is described by a uniformly-

spaced TDL model [33], [34], i.e.,

hbSI (t) =
∞∑
i=0

hiδ
(
t −

i
B

)
, (2)

where hbSI (t) is the complex baseband equivalent form of
hSI (t), hi denotes the tap gain of the SI channel, B is the
bandwidth of the SI signal, and δ (t) is the impulse function.

The impulse response of the canceller can be modeled as
the summation of the Nt paths’ responses [18], i.e.,

hc (t) =
Nt−1∑
n=0

anδ (t − τn)⊗hφn (t) , (3)

where ⊗ denotes the convolution operation, hφn (t) is the
impulse response of the nth phase shifter and can be modeled
as an all-pass filter with

hφn (t) = cos(φn)δ(t)+ sin(φn)
1
π t
. (4)

By combining (3) and (4) and performing the Fourier trans-
formation, the frequency response of the canceller is given
by [18]

Hc (jω) =



Nt−1∑
n=0

ane−jφne−jωτn , ω ≥ 0

Nt−1∑
n=0

anejφne−jωτn , ω < 0,

(5)

with ω representing the angular frequency. Formula (5) cap-
tures the key parameters of each tap more conveniently in the
frequency domain, and will be adopted in rest of the paper.
With a sampling interval of 1w = 2πB/K , the sampled
versions of (5) can be written as [23]

Hc (k) = Hc (j1wk) = 9T
k W , (6)

where K is the total number of samples, 9k =[
e−j1wkτ1 , · · · , e−j1wkτNt

]T , W = [
a1ejφ1 , · · · , aNt e

jφNt
]T ,

and (·)T represents the transposition of a vector or matrix.
Since 9k is determined by time delays {τn}, 9k is a constant
with fixed τn.

In what follows, themethod to calculate the tap coefficients
of this canceller according to the estimated SI CSI is given in
details.

1) IMPERFECT SI CHANNEL ESTIMATION
In this paper, channel-aware ASI cancellation technique is
adopted [3], [13]: Based on the estimated SI channel, the
parameters {an} {φn} are determined for the canceller accord-
ing to the minimum mean-squared error criteria.

In the sequel, the orthogonal frequency division multiplex-
ing (OFDM) modulation is adopted, and pilot-aided channel
estimation with the LS estimator [35] is utilized to obtain the
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CSI of the SI channel.1 Consider an OFDM system with K
subcarriers and KG points of the cyclic prefix. Supposing that
the duration of one OFDM symbol is T , the received signal
is then sampled at rate 1/Ts, where Ts = T/(K + KG). For
the case that the SI channel is quasi-static over one OFDM
symbol duration, the received signal at the kth subcarrier is
given as

R (k) = H (k)X (k)+ N (k) , (7)

where X (k) is the transmitted signal at the kth subcarrier,
treated as known information, N (k) is the circularly sym-
metric complex Gaussian (CSCG) noise with zero mean and
variance σ 2, and H (k) is the frequency-domain SI channel
expressed as [38]

H (k) =
Lf−1∑
l=0

hle−j2πkl/K , (8)

with hl representing the l-th tap gain of the SI channel
shown in (2) and Lf representing the length of the SI channel
response identified by the channel estimator.

It is noted that the whole OFDM symbol can be treated as
known pilots to estimate the SI channel, since the receiver
has perfect knowledge of the transmitted symbols. As such,
utilizing the LS estimator, the estimated channel response is
obtained as [35], [38]

Ĥ (k) =
R (k)X∗ (k)

|X (k)|2

= H (k)+ N̄ (k) , (9)

where |·| denotes 2-norm of a vector, (·)∗ denotes the conju-
gate operation, and N̄ (k) is the equivalent CSCG noise with
zero mean and variance σ̃ 2.

2) RECONSTRUCTION OF THE SI CHANNEL RESPONSES
Adopting the estimated SI channel, the tap coefficients are
then calculated. For given {τn}, n = 0, 1, · · · ,Nt − 1,
McMichael’s method [23] can be utilized to compute the
optimum parameters {an} and {φn} to match the SI channel.

1In the estimation process, the non-ideal components of the SI, such as the
non-linearities produced by the power amplifier and phase noise, is simply
treated as Gaussian noise [36], [37].

The key idea in [23] is to minimize the mean-square
error of the reconstructed SI channel response. Denote Ĥ ={
Ĥ (0) , · · · , Ĥ (K − 1)

}T
. For given {τn}, the optimal tap

coefficients of the canceller for imitating Ĥ is a Wiener
solution [23], [39]

W0 = R−1P, (10)

where R is given in (11), as shown at the bottom of
this page, and P is a complex cross-correlation matrix
defined as

P =
1
K

K−1∑
k=0

Ĥ (k)9∗k . (12)

Therefore, based on the imperfect SI CSI, the recon-
structed frequency response of the MT canceller is given
as Hc=

{
9T

0 W0, · · · , 9
T
K−1W0

}T . Denote the SI channel as
a vector form H = {H (0), · · · , H (K − 1)}T and the SI
signal by X = diag {X (0), · · · ,X (K − 1)}. The power of
the residual SI is represented by the average subcarrier-wise
power of the SI signal after the ASI cancellation [27] and can
be computed as

prd =
1
K
E
{
|X(H − Hc)|2

}
, (13)

which will be given in closed-form expressions in the next
section.

B. ACHIEVABLE SINR OF FD TRANSCEIVERS
This paper considers a FD direct-conversion transceiver
model [24] shown in Fig. 1. After the ASI cancellation and
following the signal processing along the receiver chain, r(t)
first passes through a low-noise amplifier (LNA) and is down-
converted by the mixer. After the lowpass filtering and gain
adjustment by the VGA, the signal at the interface of the ADC
input can be approximately written as [24]

rA,in (t) =
√
grxrbrd (t)+

√
grxxbint (t)

+ x2 (t)+ x3 (t)+ nA,in (t) , (14)

where
√
grx denotes the total gain of the RF chain, rbrd (t) =

LPF
{
{x (t)⊗ [hSI (t)− hc (t)]} e−jwct

}
is the complex base-

band form of the downconverted residual SI signal after
ASI cancellation with wc being the carrier frequency and

R =
1
K
< =

1
K



K
K−1∑
k=0

ej1wk(τ0−τ1) · · ·

K−1∑
k=0

ej1wk(τ0−τNt−1)

K−1∑
k=0

ej1wk(τ1−τ0) K · · ·

K−1∑
k=0

ej1wk(τ1−τNt−1)

...
...

. . .
...

K−1∑
k=0

ej1wk(τNt−1−τ0)
K−1∑
k=0

ej1wk(τNt−1−τ1) · · · K


(11)
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LPF denoting the lowpass filtering, xbint (t) is the complex
baseband form of the downconverted intended signal, x2 (t)
and x3 (t) are respectively the 2nd- and 3rd-order nonlinear
distortion produced at the RX chain, and nA,in (t) denotes the
accumulated CSCG noise before the ADC.

After sampling rA,in (t) by the ADC and deploying digital
cancellation to cancel SI [25], [27], the obtained signal can
be written as

rD,in (n) = rrdSI (n)+
√
grxxbint (n)

+ x2 (n)+ x3 (n)+ nA,in (n)+ nQ (n) , (15)

where rrdSI (n) = rbrd (n) − rbc (n) is the residual SI
signal after the digital cancellation, with rbc (n) being the
digital-domain reconstructed SI signal, and nQ (n) denotes
the quantization noise due to the limited dynamic range of
the ADC.

In this paper, the 2nd- and 3rd-order nonlinear distor-
tion produced in the receiver chain are respectively modeled
by adopting the 2nd- and 3rd-order input referred intercept
points, i.e., IIP2 and IIP3 figures [32]. The power of the 2nd-
and 3rd-order nonlinear distortion can be respectively written
as [24]

p2 ≈ g2LgMgV p
2
in

(
1

ip2M
+

gM
ip2V

)
(16)

and

p3 ≈ gLgMgV p3in

×

[(
1

ip3L

)2

+

(
gL
ip3M

)2

+

(
gLgM
ip3V

)2
]
, (17)

where gL , gM , and gV respectively denote the gain of the
components of LNA, Mixer, and VGA, ip2L , ip2M , and
ip2V respectively denote the 2nd-order input intercept point
of LNA, Mixer, and VGA, ip3L , ip3M , and ip3V respec-
tively denote the 3rd-order input intercept point of LNA,
Mixer, and VGA, and pin ≈ prd since the residual SI sig-
nal after ASI cancellation is generally the dominant signal
component.

Following the well-established theory on ADCs [32],
the power of the quantization noise induced by the ADC,
i.e., nQ(n) in (15), is modeled as

Pqn,dB = PTarget − 6.02b− 4.76+ ρ dBm, (18)

where Pqn,dB is the quantization noise mearsured in dBm,
b denotes the effective number of bits (ENOB) of the ADC,
PTarget denotes the maximum allowed average power of the
signal at the ADC input and ρ is the peak-to-average power
ratio. PTarget in (18) is an ADC-dependent constant. By using
PTarget , grx can be approximated as [24]

grx ≈
pTarget
prd

, (19)

where pTarget = 10PTarget
/
10−3.

Therefore, the achievable SINR for the intended sig-
nal after the digital-domain cancellation can be written
as [24]

βD,in =
grxpint

grxσ 2
in + prdSI + p2 + p3 + pQ

=
βhf

1+ prdSI+p2+p3+pQ
grxσ 2in

, (20)

where p2, p3, pQ, and grx are given respectively in (16)–(19)
with Pqn,dB = 10log10

(
pQ × 1000

)
, pint denotes the power

of the intended signal, σ 2
in denotes the power of the CSCG

noise, i.e., nA,in (n), βhf = pint/σ 2
in denotes the signal-to-

noise ratio (SNR) achievable in HD communications, and
prdSI denotes the power of residual SI after the digital-domain
cancellation.

It is noted that recent efforts in SI cancellation have kept
prdSI negligible around the noise floor [13], [28]. Thus,
prdSI is omitted in this paper and the effects of the nonlin-
ear distortions and quantization noise in the receiver chain
resulting from the residual SI after ASI cancellation are
focused on. Therefore, substituting (18) and (19) into (20)
yields

βD,in =
βhf

1+
prd (p2 + p3)

pTargetσ 2
in

+
prdqadc
σ 2
in︸ ︷︷ ︸

βINR

, (21)

where qadc = 10
ρ−6.02b−4.76

10 . As shown in (16), (17), and
(21), βINR, which characterizes the powers of the nonlinear
distortions and quantization noise, is the function of prd . In
the next section, prd is derived in closed-form expressions
for both the time-invariant and time-varying SI channels
scenarios.

III. ANALYSIS ON RESIDUAL SI POWER
AFTER ASI CANCELLATION
In this section, the subcarrier-wise power of the residual
SI after ASI cancellation is calculated. The joint effect of
estimation errors and reconstruction errors on the resid-
ual SI power is first analyzed and the design criterias for
the MT canceller are discussed over the time-invariant SI
channels. Then the results are extended to the time-variant
SI channels.

A. RESIDUAL SI POWER OVER
TIME-INVARIANT CHANNELS
1) JOINT EFFECT OF ESTIMATION AND
RECONSTRUCTION ERRORS
The SI channel is considered time-invariant within a frame or
longer period as in [31] and [40]. Then, the performance of
the canceller is affected by error Ec = H − Hc. Denote the
correlation matrix of Ec by

CW−S = E
[
(H − Hc) (H − Hc)H

]
. (22)
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The power of the residual SI is represented by the average
power of the SI signal after ASI cancellation, i.e.,

prd =
1
K
E
{
|X(H − Hc)|2

}
=

1
K
E
{
tr
[
(H − Hc) (H − Hc)HXHX

]}
=

1
K
tr {CW−S} , (23)

where E
[
|X (k)|2

]
= 1 with E

[
X (k1)X∗ (k2)

]
= 0,

k1 6= k2, and tr(·) denotes the trace of a matrix. The following
proposition about CW−S is firstly presented to calculate prd .
Proposition 1: For the given SI channel H , the correlation

matrix of Ec is given as

CW−S = σ̃ 2�<−1�H
+ HHH

−�<−1�HHHH

+�<−1�HHHH�<−1�H
− HHH�<−1�H .

(24)

Proof: Denote � =
[
9T

1 , 9
T
2 , · · · , 9

T
K

]T , and formula
(12) can be rewritten as

P =
1
K
�H Ĥ . (25)

The reconstructed frequency response of the MT canceller
can be written as a vector form

Hc = �<−1�H Ĥ . (26)

Substitute (9), (6), (25), and (26) into (22), and it yields the
result given in (24).
Remark 1: Formula (24) depicts the joint effect of estima-

tion and reconstruction errors that affects the performance of
the canceller. The first term in (24), i.e., σ̃ 2�<−1�H , is the
composition error which results from the imperfect SI CSI Ĥ
and the reconstruction process for reproducing Ĥ . The other
terms, named as reconstruction errors, are the by-products for
imitating H . Proposition 1 shows that both the two types of
errors are affected by the design matrix of the MT canceller,
i.e., �<−1�H .
According to proposition 1, the power of the residual SI

given in (23) is then obtained as follows.
Proposition 2: The residual SI power given in (23) is

written as

prd =
Nt
K
σ̃ 2
+

1
K
tr
(
HHH

−�<−1�HHHH
)
. (27)

Proof: Calculate �H�, and it yields

�H� = <. (28)

From (28), it follows
1
K
tr
(
σ̃ 2�<−1�H

)
=
Nt
K
σ̃ 2 (29)

and

tr
(
�<−1�HHHH�<−1�H

− HHH�<−1�H
)

[−3pt] = tr
(
HHH�<−1�H�<−1�H

− HHH�<−1�H
)

= 0. (30)

Thus, by substituting (29), (30), and (24) into (23),
the residual SI power given in (23) can be simplified
as (27).
Remark 2: In (27), the first term, i.e., Nt

K σ̃
2 depicts the

residual SI power resulting from the composition error dis-
cussed in Remark 1. It increases linearly with the num-
ber of the taps regardless of the design matrix �<−1�H .
Whereas the second termwhich denotes the residual SI power
caused by the reconstruction errors in Remark 1 is affected
intensely by �<−1�H . According to (27), �<−1�H should
be designed for removing or minimizing the reconstruction
errors with the least number of taps Nt .

2) MINIMIZING THE RESIDUAL SI POWER
As discussed in [13] and [23], achieving a general solution for
minimize

{an},{φn},{τn},Nt
prd is quite demanding. In this paper, with (27),

three cases are discussed about the residual SI power. Case
1 considers the canceller holds perfect CSI of the SI channel
and that the tap delays {τn} of the MT canceller are consistent
with those of the SI channel, i.e., τi − i

B = 0. In case 2,
the residual SI power is discussed conditioned on imperfect
SI CSI and perfect delay alignment as case 1. In case 3,
imperfect delay alignment is considered. It is demonstrated
the effect of the delay alignment error i.e., τi− i

B 6= 0, can be
completely removed at the cost of increasing Nt .
Case 1: Perfect CSI for SI Channel and Perfect Delay

Alignment
In this case, the tap delays {τn} of the MT canceller are

consistent with those of the SI channel, and the canceller
holds perfect SI CSI. It is intuitive that the optimal tuning
Wop contains

Wop = {h0, h1, . . . , hLf−1, 0, 0, . . .}
T , (31)

and that the SI propagating throughH is completely removed,
implying its residual power prd = 0.
Remark 3: It is noted that < approaches matrix KINt [23]

and the calculation ofW0 given in (10) reduces to the inverse
fourier transform of H , bringing inW0 = 1

/
K�HH = Wop.

Thus, tuning {an} and {φn} according toW0 leads to prd = 0,
which means the effect of the reconstruction errors discussed
in Remark 1 and 2 is removed in this case, i.e.,

1
K
tr
(
HHH

−�<−1�HHHH
)
= 0. (32)

In case 1, the optimal number of taps is Nt ≥ Lf with taps
coefficients given in (31) or (10).
Case 2: Imperfect SI CSI while Perfect Delay Alignment
In this case, the tap delays {τn} of the MT canceller are

consistent with those of the SI channel. However, the can-
celler holds imperfect SI CSI shown in (9). From Remark 3,
with imperfect SI CSI but perfect delay alignment, formula
(32) still holds since the estimation errors exert no effect on
the second term in (27). Thus, the residual SI power shown in
(27) only contains the power resulting from the composition
error and can be reduced to

prd =
Nt
K
σ̃ 2. (33)
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Remark 4: As discussed in [4], it is required that the
maximum and minimum delays of the canceller should cover
the delay spread of the SI channel. That is,Nt ≥ Lf is required
for imitating H accurately. Thus, in this case, the SI power
given in (27) is minimized as (33) withNt = Lf . Additionally,
case 2 with Nt = Lf demonstrates the global optimal design
for the canceller since case 2 with Nt = Lf simultaneously
minimizes tr

(
HHH

−�<−1�HHHH
)
as well as Nt

K σ̃
2.

Remark 5: The SI CSI is obtained via the LS estimator.
As discussed in Remark 3, with perfect delay alignment, the
canceller is in fact carrying out the inverse discrete Fourier
Transform (DFT) on the estimated SI CSI. Comparing the
analysis in Section III.A and (38)–(40) of [38], the whole
procedure for reconstructing the SI channel response is equiv-
alent to the Maximum Likelihood (ML) estimator given
in [38]. Thus, the accuracy for reconstructing the SI channel
of the MT canceller is superior to a single LS estimator.

As the delay alignment becomes non-ideal, the orthogo-
nality of between entries of �H and H is destroyed. The MT
canceller suffers from the reconstruction error indicated by
1
K tr

(
HHH

−�<−1�HHHH
)
.

For small delay alignment errors, the residual SI power can
be calculated via (33). The tolerance for the alignment errors
will be discussed in numeral results in this section.
Case 3: Imperfect SI CSI and Imperfect Delay Alignment
In this case, the canceller only holds imperfect SI channel

CSI and the tap delays of the canceller are not aligned with
the ones of the SI channel, i.e, τi − i

B 6= 0.
As in [13] and [23], a general solution that minimizes prd

in this case is infeasible. It is noted that conditioned on large
alignment errors, 1

K tr
(
HHH

−�<−1�HHHH
)
resulting

from the reconstruction errors may dominate the residual SI
power. In this case, it is demonstrated that using the following
proposition, 1

K tr
(
HHH

−�<−1�HHHH
)
= 0 is achiev-

able without considering the delay alignment errors.
Proposition 3: The design matrix�<−1�H of theMT can-

celler can be converted to an identity matrix with uniformly-
spaced tap interval

1t = τi+1 − τi = 1/B (34)

and number of taps

Nt = K . (35)

Proof : See Appendix.
Therefore, 1

K tr
(
HHH

−�<−1�HHHH
)
= 0 holds if

(34) and (35) are satisfied. The residual SI power becomes
prd = σ̃ 2.
Remark 6: Nt = K consists with the critically fitted model

for Wiener filtering, which is a preferred design strategy to
match the number of taps of Wiener filters to the order of the
regression model [39]. In fact, the results in (34) and (35) can
be treated as the application of sampling theorem regardless
of the offset between each corresponding tap delay.

For large delay alignment errors due to practical engineer-
ing implementation, the residual SI power is determined by
the reconstruction errors. Formulas (34) and (35) provide a

method for completely removing the reconstruction errors at
the cost of enlarging the effect of the imperfect CSI.

For wide-bandwidth SI, the sampled versions of the SI
channel should increase for enhanced suppression of SI.
However, the number of taps can not be increased due to
varieties of reasons such as space limitations, insert loss
and complexity [13], [18]. Thus, the design indicated by
(34) and (35) may only work for SI signals with a relatively-
narrow bandwidth.

B. RESIDUAL SI POWER OVER TIME-VARYING CHANNELS
In previous contributions, the SI channels were usually
treated as time-invariant ones. However, for analog SI can-
cellation, the time-variant property of the SI channel should
be taken into account. It is reasoned as follows. The channel-
aware analog SI cancellation requires strictly real-time tuning
for tracking the SI channel. There exists a processing delay
from obtaining the SI CSI to producing the expected fre-
quency response of the MT canceller for cancellation. This
delay includes the consuming time of signal processing for
calculating the tap coefficients, as well as the response time
(setting time) of analog devices for generating the expected
tap coefficients.2 In brief, the frequency response of the
canceller generated at t1, however, is used for imitating the
SI channel at time instant t2 (t2 > t1) due to the processing
delay. The delay, i.e., 1td = t2 − t1, may bring considerable
performance loss of the canceller over time-varying channels.

In this paper, modeling the characteristics of1td is beyond
the scope of this paper. Thus,1td is treated as a variable and
denoted by the multiples of Ts, i.e., 1td = 1TTu with 1T
being an integer and Tu = KTs. The delay effect is evaluated
by considering that the tap parameters of the canceller remain
unchanged while the channel varies such that there is a delay
1td between the reconstructed SI channel and the SI channel.
Conditioned on a time-varying channel, which varies from

symbol to symbol, (7) still holds [41], and the autocorrela-
tion of the F1th and F2th sub-carriers at the m1th and m2th
symbols can be written as [41]–[43]

E
{
H (m1) (F1)

[
H (m2) (F2)

]∗}
=

1
Kf + 1

{
Kf +

J0 [2π1T fdTu]
1− j2π1Fη

}
, (36)

where 1T = m1 − m2, 1F = F2 − F1, Kf is the Ricean
K-factor, J0 (·) is the Bessel function of the first kind of
order 0, and η represents the normalized mean delay spread
measure [42], [44]. Thus, the correlation matrix can be
expressed as

4(1T ) = E
[
H (m1)

(
H (m2)

)H]
, (37)

with the (F1,F2)th entry defined in (36).

2Although this paper focuses on the MT canceller based on the estimated
CSI, the delay also exists in theMT canceller based on other algorithms, such
as adaptive algorithms.
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Consider the SI CSI obtained based on the m1th symbol is
used for SI suppression at the m2th symbol with m1 < m2.
Hence, following similar derivation, CW−S given in (23) is
modified as

CW−S = E
{[
H (m2) − H

(m1)

c

] [
H (m2) − H

(m1)

c

]H}
= σ̃ 2�<−1�H

+4(0)−�<−1�H4(1T )

+�<−1�H4(0)�<−1�H
−�<−1�H4(1T ) ,

(38)

where 4(1T ) = 4H (±1T ) is used since J0 (·) is an even
function. From the proof of proposition 2, the residual SI
power is obtained as

prd =
Nt
K
σ̃ 2
+

1
K
tr
[
4(0)+4(0)�<−1�H

]
−

2
K
tr
[
4(1T )�<−1�H

]
. (39)

Remark 7:As seen in (39), the first term, i.e., NtK σ̃
2 depicts

the residual SI power resulting from the composition error,
which has been discussed in Remark 2. Whereas, the other
terms in (39) are associated with the reconstruction errors
and the time variability of the SI channel due to the delay
effect. The effect of the time-varying SI channel is included
in 1

K tr
[
4(0)+4(0)�<−1�H

]
−

2
K tr

[
4(1T )�<−1�H

]
through4(1T ), which enlarges prd and will be shown in the
next subsection.

Recall that as discussed in remarks 3 and 5, with perfect
delay alignment, �<−1�H is equivalent to performing DFT
and inverve DFT. Thus, with perfect delay alignment,

tr
[
4(1T )�<−1�H

]
= tr [4(1T )] . (40)

TABLE 1. Residual SI power for the three cases.

Utilizing (40) for cases 1 and 2, and following similar
analysis in proposition 3 for case 3, the residual powers over
time-variant SI channels for the three cases in Subsection A
are summarized in Table 1 with the gain of the SI channel
normalized to 1.

C. SIMULATION AND NUMERAL RESULTS
In all the simulation, the OFDM-based FD links with 2048
subcarriers are adopted. The subcarrier spacing is 15 kHz and
the length of cyclic prefix is 144 with the sampling time Ts =
3.3× 10−8s. The total subcarriers are utilized for estimation
for better estimation performance. The multipath channel
with power profile of 0 dB, −25 dB, −30 dB, −35 dB,
−40 dB, −45 dB, −50 dB, −55 dB, −60 dB, −65 dB,
−70 dB, and −75 dB for delays of 0, 1, · · · , and 11 samples
(i.e., Lf = 12) is considered. The power profile is modified
from [27] considering the first tap is normalized to 0 dB after
antenna isolation and that the other taps are the results of
reflected paths.

FIGURE 2. Cancellation ability versus number of taps with perfect delay
alignment to the observed SI channel, where SNR denotes the estimator
SNR for estimating the SI CSI. As a comparison, the number of taps is
extended to K .

In this paper, the cancellation ability is evaluated by
GASI = −10log10prd since the power of the transmit SI is
normalized to 1. Fig. 2 depicts the achievable cancellation
GASI with perfect delay alignment considered in case 2. For
Nt < Lf , especially a smaller Nt , the operational bandwidth
of the canceller has not covered the SI channel adequately
as discussed in [18]. Thus, the canceller provides limited
cancellation. As shown in (21), in this case, the residual
SI power includes the components resulting from the com-
position error and the reconstruction error. It is the large
reconstruction error, i.e. 1

K tr
(
HHH

−�<−1�HHHH
)
that

restricts the cancellation when Nt < Lf . As Nt ≥ Lf , the
residual SI power resulting from the reconstruction error can
be completely removed as discussed in Remark 4, and only
the power of the composition error σ̃ 2�<−1�H remains,
which denotes the power of the residual SI after ASI cancel-
lation and increases linearly with Nt . Thus, a global optimum
for the canceller with Nt = Lf is obtained in Fig. 2.

The tolerance for the normalized delay alignment errors is
also discussed. Here, the error between the corresponding tap
delay of the canceller and that of the SI channel is referred to
as the delay alignment error. For simplicity, these delay align-
ment errors are kept identical in simulations. Fig. 3 shows
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FIGURE 3. Deteriorated cancellation versus the normalized alignment
errors with Nt = Lf and Nt = K .

the deteriorated cancellation versus this normalized align-
ment errors with Nt = Lf . In an estimator SNR range of
20 dB to 50 dB, which denotes the SNR for obtaining the
SI CSI, a delay alignment error larger than 1% implies that
the reconstruction error dominates the performance of the
canceller. For a more accurate SI CSI, the tolerance for the
delay alignment errors gradually descends if it is expected to
maintain the benefit from the accurate SI CSI. For example,
the cancellation is approximately unchanged for alignment
errors less than 0.5% with an estimator SNR of 20 dB,
whereas this range becomes less than 0.1% for an estimator
SNR of 30 dB.

As a verification for proposition 3, the case for Nt = K
is also presented in Fig. 3. It is shown that for a large delay
alignment error, Nt = K benefits the canceller because at this
point, the reconstruction error is the dominant and Nt = K
can completely removes the reconstruction error at the cost
of making the canceller reduce from a ML estimator to the
LS one. However, Nt = K is engineering-infeasible for wide
bandwidth SI signals. Proposition 3 can be only considered
for a relatively-narrow SI bandwidth. This leads to the trade-
off between the SI bandwidth, Nt and practical alignment
errors in FD SI cancellation.

In Fig. 4, the achievable cancellation is depicted versus
Doppler in Hz. The Ricean Kf−factor is a constant of 10 dB,
which implies an extreme SI channel with a strong reflected
path component [45]. The very case adopted for ASI cancel-
lation is case 2 as an example, which implies the alignment
error is kept negligible to achieve better cancellation. The
Doppler frequency shift is up to 10 Hz, covering the Dopplers
resulting from humans walking around with a signal carrier
frequency of ∼ 2.4 GHz. Fig. 5 presents the cancellation
versus Ricean Kf -factors with case 2. In Fig. 5, 1T = 4
and 1T = 24 are chosen, which respectively correspond
to a short and long delay of ∼ 0.3 and 2 milliseconds on
the order of the response time (convergence time) of current
cancellers [13].

FIGURE 4. Cancellation versus Doppler with a Ricean Kf of 10 dB and an
estimator SNR of 40 dB, where the markers and solid lines denote
simulation and analytical results, respectively.

FIGURE 5. Cancellation versus Ricean Kf , where the doppler ranges from
2 Hz to 10 Hz and the estimator SNR is 40 dB.

The impaired ASI cancellation is quantified in
Fig. 4 and Fig. 5 with time-varying SI channels. As shown
in Fig. 4 and Fig. 5, a small Doppler which usually can be
neglected in conventional HD communications [46] harms
the ASI cancellation severely. The impaired ASI cancellation
may lead to significant lifting of nonlinearities and quan-
tization noise in the receiver chain [24], and thus result in
capacity loss for the intended signal. In this paper, the effect
of larger Doppler frequency shifts on ASI cancellation is not
presented specially since a Doppler frequency shift of 10 Hz
with 1T = 24 already leads to significant cancellation
deterioration as shown in Fig.4 and 5.

In the next section, the achievable rate gain of FD receivers
with limited ADC dynamic range and linearity in the receiver
chain is discussed, considering the effect of the impaired ASI
cancellation over time-varying SI channels.
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IV. CAPACITY OF FD TRANSCEIVERS WITH LIMITED
ADC DYNAMIC RANGE AND LINEARITY
As shown in (21) in Section II, βINR, which characterizes the
powers of the nonlinear distortions and quantization noise,
is the function of prd given in Section III. The nonlinear
distortions at the receiver chain and the quantization noise
induced at the ADC may be raised due to the residual SI
after ASI cancellation, and thus, harm βD,in. In what follows,
this effect is quantized from the point of rate gain over HD
receivers.

In this paper, the capacity comparison is considered
over half- and full-duplex communication links (seen
in Fig. 2 and 3 in [47]). The rate of an FD transceiver is
written as

RFD = RFD,up + RFD,dw
= 2× log

(
1+ βD,in

)
, (41)

where RFD,up and RFD,dw are respectively the rate for the
uplink and downlink and for simplicity, the SINRs for the
reverse links are symmetric, i.e., RFD,up = RFD,dw. This
paper considers βhf as a constant regardless of the power of
the transmit signal. It implies that the ratio of the received
power of the intended signal to the thermal noise power
is fixed. In this manner, βhf , which depends on the path
loss and transmit power of the intended signal, is separated
from specific combinations of values of the path loss and the
transmit power of the intended signal.
Proposition 4: For FD transceivers with limited ADC

dynamic range and linearity in the receiver chain, the FD
transceiver outperforms the half-duplex one if

β2INR < βhf + 1. (42)

Proof: The FD transceiver outperforms the half-duplex one
if

RFD > log
(
1+ βhf

)
. (43)

Solving (43) yields the result in (42).
Remark 8: As indicated by (16)–(21), βINR is closely

related to prd , approximately, βINR ∝ prd . From (16),
(17), and (21), βINR is an increasing function of prd . Thus,
the power of the residual SI signal after ASI cancellation,
i.e., prd , should be upper-bounded in order to satisfy (42).
To further clarify this bound, consider the state-of-the-

art wideband RF transceivers. The quantization noise is the
limiting factor with the presence of SI after ASI cancellation,
which means that the power of the quantization noise is much
larger than the 2nd-/3rd-order nonlinear distortions [24].
Thus, (42) is approximately modified as

p2rd <
βhf + 1
%2

, (44)

where % = 10
ρ−6.02b−4.76

10 /σ 2. This indicates the required
upper-bound of prd for quantization-noise-limited
FD transceivers that outperform the HD ones.

Due to the imperfect reconstruction of the SI channel
and the time-varying SI channels, whose effect on the ASI
cancellation has been demonstrated in Section III, the power
of the residual SI after ASI cancellation may go beyond this
required bound.

Considering that the power of the residual SI after ASI
cancellation increases with the power of the transmit SI signal
when limited ASI cancellation is achieved, the maximum
allowed transmit power (MATP) of the SI, above which, the
HD receiver will outperform the FD one, should also be
bounded.

It is noted that β2INR is quite nonlinear with prd . Solving
(42) to determine the MATP is not feasible. In what follows,
the MATP as well as the rate gain over HD receivers are
quantifiedwith imperfect reconstruction over time-varying SI
channels.

TABLE 2. Parameters I: LNA Mixer and VGA.

TABLE 3. Parameters II: ADC and PAPR.

A. NUMERAL RESULTS
The specified parameters for the FD receiver are given in
tables II and III, which are modified from [24] for state-of-
the-art receivers, and case 2 is adopted for ASI cancellation
as an example.

TheMATP is obtained as follows. The upper-bound for prd
is first determined with (42). Then, MATP is calculated as
a sum of the upper-bound, the amount of ASI cancellation
given in Section III, and a gain provided by propagation-
domain suppression.3

Fig. 6 and 7 depict the maximum allowed transmit power
in time-varying SI channels with imperfect SI reconstruction
and limited ADC dynamic range and linearity in the receiver
chain shown in tables II and III. In both figures, βhf indicates
the achievable SNR for the intended signal. The ENOB of

3Note that in Section III, the transmit SI power is normalized to 1. The
amount of ASI cancellation can be simply obtained.
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FIGURE 6. Maximum allowed transmit power in time-varying SI channel
with imperfect SI reconstruction, limited receiver linearity, and limited
ADC dynamic range, where the parameters are shown in tables II and III
with an ADC bit of 8, the estimator SNR is 40 dB for obtaining the SI CSI,
and the doppler frequency shifts are 2, 6 and 10 Hz.

FIGURE 7. Maximum allowed transmit power in time-varying SI channel
with imperfect SI reconstruction limited receiver linearity, and limited
ADC dynamic range, where the parameters are shown in tables II and III
with an ADC bit of 12, the estimator SNR is 40 dB for obtaining the SI CSI,
and the doppler frequency shifts are 2, 6 and 10 Hz.

ADC is 8 and 12 for Fig. 6 and 7, respectively. The Reciean
factors of 10 and 40 dB are chosen [45] for both figures,
which respectively represents an SI channel with strong time-
varying reflected-path components and with a strong line-
of-sight path. Again, 1T = 4 and 1T = 24 are adopted
as an example, and an estimator of 40 dB for obtaining
the SI CSI is assumed. The gain provided by propagation-
domain suppression is 20 dB which denotes the propagation-
domain cancellation (antenna isolation) for FD radios. This
value lies in the reasonable value interval of antenna isolation

for both the single-antenna and the separated-antennas FD
transceivers [9], [13].

As shown in Fig. 6 or 7, the MATP increases with βhf in
the range from 10 dB to 40 dB. A higher βhf implies the
intended signal has a higher power, thus, the tolerance for
prd is improved, i.e., the maximum allowed transmit power
can be raised. On the other hand, the MATP decreases fast as
the Doppler goes from 2 Hz to 10 Hz, especially when the
SI channel has a lower Kf and the ASI cancellation suffers
from a larger 1T . The sensitivity of the channel-aware ASI
canceller to the doppler frequency shift limits the amount of
ASI cancellation, and thus implies critical requirements on
higher linearity and numbers of ADC bits or lower transmit-
ted SI powers. In addition, comparing Fig. 6 with 7, in large
βhf region, increasing the ENOB of ADC contributes little
to improving the MATP because the nonlinearities resulting
from the residual SI signal become the dominant component
(An example about the power of the nonlinearities and the
quantization noise can be found in [24]).

FIGURE 8. Rate gain over HD transceivers, where the parameters are
shown in tables II and III with an ADC bit of 8, the estimator SNR is 40 dB
for obtaining the SI CSI, and the doppler frequency shifts
are 2, 6 and 10 Hz.

Fig. 8 and 9 depict the rate gains over HD receivers in
time-varying SI channels with imperfect SI reconstruction,
limited receiver linearity, and limited ADC dynamic range.
In both figures, the transmit SI power increases from 0 dBm to
40 dBm, which is attenuated by propagation-domain suppres-
sion of 20 dB and the ASI cancellation. Then the SINR for the
intended signal is obtained using (21) with βhf = 20 dB.
As shown in Fig. 8 and 9, the rate gain decreases as the

transmit power grows. Increasing the transmit SI power raises
the residual SI power, and thus raises the nonlinearities and
quantization noise in the receiver chain, as explained in [24].
As the residual SI power goes beyond the threshold indicated
by (42), the HD receiver outperforms the FD one. For FD
receivers with limited ADC dynamic range and linearity,
the maximum allowed transmit SI power moves left fast as
the doppler frequency shift increases from 2 Hz to 10 Hz
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FIGURE 9. Rate gain over HD transceivers, where the parameters are
shown in tables II and III with an ADC bit of 12, the estimator SNR is
40 dB for obtaining the SI CSI, and the doppler frequency shifts
are 2, 6 and 10 Hz.

especially with a lowerKf and larger1T . Again, these results
imply the sensitivity of the channel-aware ASI canceller to
the doppler frequency shift which brings rate gain loss for
FD receivers with limited ADC dynamic range and linearity.

V. CONCLUSION
The performance of a multi-tap canceller for full-duplex
communications with imperfect self-interference CSI was
analyzed in this paper. Expressions for analyzing the joint
effect of imperfect SI CSI and reconstruction errors for pro-
ducing the estimated response were developed for both the
time-invariant and time-varying SI channels scenarios. The
achievable rate of full-duplex transceivers is derived as a
function of the residual SI power after the MT cancellation,
dynamic range of the ADC, and the linearity of receiver
chains. It was demonstrated that the tap delay alignment of
the MT canceller was the critical issue in the design of the
MT canceller. Deploying more taps would enlarge the effect
of the imperfect CSI, and thus, harm the ASI cancellation.
The sensitivity of the canceller to the doppler frequency
shift reduced the amount of analog SI cancellation, and thus
brought rate gain loss.

APPENDIX
The key idea is to make < and ��H respectively a diagonal
matrix. Matrix �<−1�H becomes an identity matrix if

<ij = 0, i 6= j(
��H

)
ij = 0, i 6= j(

��H
)
ij/<ij = 1, i = j.

(45)

The entries of< except the diagonal ones can be written as

<ij = ej1w(τi−τj) 1− e
j1wK(τi−τj)

1− ej1w(τi−τj)
, i 6= j. (46)

For a uniform interval of tap delay, i.e., 1t = τi+1 − τi, the
entries of < given in (46) can be rewritten as

<ij =


ej1w(j−i)1t

1− ej1wK (j−i)1t

1− ej1w(j−i)1t
, j < i

ej1w(i−j)1t
1− ej1wK (i−j)1t

1− ej1w(i−j)1t
, j > i

. (47)

Matrix��H is calculated as (48) shown at the bottom of this
page. The entries of ��H except the diagonal ones can be
written as

(
��H

)
ij
=


ej1w(j−i)τ0

1− ej1wNt (j−i)1t

1− ej1w(j−i)1t
, j < i

ej1w(i−j)τ0
1− ej1wNt (i−j)1t

1− ej1w(i−j)1t
, j > i,

(49)

with 1t = τi+1 − τi. By substituting (47) and (49) into (45),
it follows 

1wKξ1t = 2pπ
1wξ1t 6= 2qπ
1wNtλ1t = 2uπ
1wλ1t 6= 2vπ
Nt = K ,

(50)

where p, q, u, v ∈ Z , ξ = ±1,±2, . . . ± K − 1, and
λ = ±1,±2, . . .± Nt − 1. By solving (50), it leads to

Nt = K (51)

and

1t =
2pπ
1wK

=
p
B
, (52)

where p should be chosen such that the inequalities in (50)
hold. In particular, p = 1 is adopted, and thus it follows
1t = 1/B.

��H
=



Nt ej1wτ0
1− ej1wNt1t

1− ej1w1t
· · · ej(K−1)1wτ0

1− ej(K−1)1wNt1t

1− ej(K−1)1w1t

e−j1wτ0
1− e−j1wNt1t

1− e−j1w1t
Nt · · · ej(K−2)1wτ0

1− ej(K−2)1wNt1t

1− ej(K−2)1w1t
...

...
. . .

...

e−j(K−1)1wτ0
1− e−j(K−1)1wNt1t

1− e−j(K−1)1w1t
e−j(K−2)1wτ0

1− e−j(K−2)1wNt1t

1− e−j(K−2)1w1t
· · · Nt


(48)
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