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ABSTRACT This paper proposes a hybrid structure for multi-stream large-scale multi-input multi-
output (MIMO) beamforming systems, in single-user scenario, using a Hadamard radio frequency (RF)
codebook with low-bit resolution phase shifters. We show that Hadamard transform can be used in
RF beamsteering/beamcombining to achieve better performance in terms of average achievable spectral effi-
ciency and low hardware cost using 1- or 2-b resolution APSs. In contrast, the state-of-the-art RF codebook
designs available in the literature requires more than 7-b resolution to achieve the same performance as the
proposed scheme, for large antenna arrays with up to 256 elements. The performance gains of the proposed
RF codebook design is thoroughly investigated using MATLAB simulations for typical mmWave MIMO
system, and the simulation results are closely verified by the analytical expressions.

INDEX TERMS Millimeter waves, large-scale antenna arrays, hybrid precoding, finite resolution analog
phase shifters, RF codebook design, compressed sensing, orthogonalmatching pursuit, sparse reconstruction.

I. INTRODUCTION
Millimeter wave (mmWave) frequencies (30-300 GHz) can
facilitate high data rates over cellular networks. However,
mmWave channels experience order of magnitude more
path loss. Therefore, multi-input multi-output (MIMO) and
beamforming systems are indispensable element for com-
munications over mmWave channels due to their high
achievable gains. Traditional MIMO systems employ either
fully analogue beamforming at the radio frequency (RF)
or fully digital precoding at the baseband where one RF
chain (including up converters/down converters, digital-to-
analog (DAC)/analog-to-digital (ADC) converters, mixers,
and power amplifiers) is needed for each transmitting and
receiving antenna. This results in prohibitively high signal-
ing, hardware cost, and increased power consumptions when
implementing large-scale MIMO systems [1].

Asymptotic analysis based on random matrix theory
demonstrates that simple linear precoding structures, such
as a zero forcing (ZF), are virtually optimal and compa-
rable to nonlinear schemes in massive MIMO systems [1].
Methods to reduce the hardware costs have been the subject

of many research efforts in the literature [2]–[7]. For effec-
tive practical implementation of massive MIMO systems, the
designer is thus constrained to consider hybrid precoding-
beamforming strategies, which significantly reduces hard-
ware cost by reducing the required number of RF chains
from the total number of antenna elements (needed in the
fully digital scheme) to at least the required number of
data streams. Hybrid processing is performed through low
dimensional digital baseband precoding in conjunction with
analogue RF beam-steering at the transmitter and analogue
RF beam-combining at the receiver, achieved via analog
phase shifters (APSs).

The authors in [8]–[10] introduced analog beamforming
systems that can be implemented using analog circuitry and
analog phase shifters. The APSs impose a constant modulus
constraint on the beamformer weights which results in poor
performance compared to the fully digital precoding designs.
In [11]–[16], analog beamforming was implemented based
on the antenna subset selection approach, using a network
of simple analog switches to limit the number of RF chains.
On the other hand, hybrid beamforming was first introduced
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in [8] for a point-to-point MIMO scenario, under the name of
antenna soft selection. Each RF chain is connected through
a network of APSs and RF adders to all antenna elements.
Therefore, the number of required APSs is the product of the
number of RF chains and the number of antenna elements.
Recently in [7], we proposed a two-stage multiuser access
scheme based on the hybrid structure which is able to serve a
number of users simultaneously, with the number of required
RF chains limited to the total number of users. After the
seminal work of Marzetta in [17], hybrid beamforming has
received more significant attentions. Marzetta introduced a
new concept of massiveMIMO, where the number of antenna
elements at the base station (BS) and the user equipment (UE)
reaches dozens or hundreds. Therefore, the hybrid structure
is able to realize the optimal unconstrained precoding if
there are at least two RF chains. The numbers of RF chains
and analog phase shifters needed to realize the fully digital
beamforming in wide band channels was addressed in [6].

Over the past three years (especially following the works
in [2]–[4], [18]), dozens of papers have been published
proposing various structures for hybrid beamforming. In [4]
and using a compressed sensing, the authors propose a greedy
algorithm called orthogonal matching pursuit (OMP) for the
sparse scattering mmWave channel. It is shown that the
achievable spectral efficiency maximization problem can be
approximately solved by the minimization of the Frobenius
norm of the difference between the optimal unconstrained
SVD-based precoding and the overall hybrid beamformer.
The OMP algorithm achieved a good performance when
extremely large number of antennas is used at both ends.
The aforementioned hybrid precoding-beamforming algo-
rithm can reach to the optimal unconstrained performance
with only high bit resolution for implementing the analog
phase shifters (i.e. bit resolution should be greater than or
equal log2(N ), whereN is the number of antennas). However,
the components required for realizing accurate phase shifters
with high bit resolution can be expensive. Thus cost-effective
low bit resolution phase shifters are required.

This paper considers the hybrid precoding-beamforming
architecture for single-user multi-stream large-scale MIMO
system for the fifth generation (5G) cellular system operat-
ing at mmWave frequency bands. We propose the design of
hybrid precoding-beamforming scheme for maximizing the
achievable spectral efficiency (SE) with efficient hardware
implementations. We design a novel RF codebook for the
RF beamsteering, and it achieves better performance in terms
of average achievable SE and low hardware cost, using a
1- or 2-bit resolution APSs compared to the state-of-the-art
RF codebook designs that required at least 8-bit resolution
for a 256 antenna array. Moreover, the performance gain of
the proposed RF codebook design is throughly investigate via
numerical simulation.

The rest of the paper is organized as follows. Section II
describes the proposed system model and formulates the
problem to be discussed, while section III presents the pro-
posed scheme for our RF codebook design and the solution

for the optimization problem. Numerical results and dis-
cussions are presented in section IV, while conclusions are
presented in section V.

Notations used in the paper are as follows: upper/lower-
case boldface letters denote matrices/column vectors whereas
lower-case letters denote scaler; A{i,j}, AT , A∗, and AH

denote the (i, j)th element ofA, transpose, conjugate and con-
jugate transpose respectively; ‖A‖F , tr(A), |A|, and diag(A)
are the Frobenius norm, trace, determinant, and the vector
formed by diagonal elements of A respectively; IN and 0N
denotes the N square identity and all-zeros matrix respec-
tively; CN (a;A) denotes a complex Gaussian random vector
with mean a and the covariance matrix A; E[.] denotes an
expectation operator; CM×N and RM×N denotes spaces of
M × N matrices with complex and real entries, respectively.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. HYBRID PRECODING-BEAMFORMING
LARGE-SCALE MIMO SYSTEM MODEL
We assume the point-to-point multi-stream mmWave large-
scale MIMO scenario illustrated in Fig. 1. The transmitter
is equipped with Nt antennas and NRF

t RF chains whereas,
the receiver has Nr antennas and NRF

r RF chains. The trans-
mitter and receiver communicate via Ns data streams and
to ensure effectiveness of the communications driven by the
limited number of RF chains, the number of data streams is
constrained to be bounded at the transmitter and receiver by
Ns ≤ NRF

t ≤ Nt and Ns ≤ NRF
r ≤ Nr , respectively. Without

loss of generality, we assume that the number of RF chains at
the transmitter and receiver are equal, NRF

t = NRF
r = NRF .

At the transmitter side (TX), a baseband precoding FBB ∈

CNRF
×Ns is applied in the digital domain followed by an RF

beamstearing FRF ∈ CNt×NRF
in the analog domain using

analog circuitry. Each entry of the RF beamforming matrix
FRF is normalized to satisfy |F{i,j}RF | =

1
√
N t
, where |(∗){i,j}|

denotes the modulus of the {i, j} th element of (∗). Moreover,
FBB is normalized to satisfy the constrained ‖FRFFBB‖

2
F= Ns

on the total transmit power.
Assume a narrowband flat fading propagation environment

as in [3], [4], [19]–[21], the processed received signal ŝ ∈
CNs×1 is given by:

ŝ =
√
γWH

BBW
H
RFHFRFFBBs+WH

BBW
H
RFn, (1)

where s ∈ CNs×1 is the information vector such that
E[ss∗] = 1

Ns
INs , γ =

ρ
σ
is the average received signal-to-

noise ratio (SNR), ρ is the average received signal power,
n ∈ CNr×1 ∼ CN (0, I) is the additive zero-mean circularly-
symmetric complex Gaussian noise vector with unit vari-
ance σ 2 corrupting the received signal. H ∈ CNr×Nt is the
channel matrix such that E[‖H‖2F ] = NtNr . At the receiver
side (RX), the WRF ∈ CNr×NRF

is the RF combining
matrix while WBB ∈ CNRF

×Ns is the baseband combin-
ing matrix. Similar to the RF precoder, the RF combining
matrix is implemented using phase shifters with constant
modulus constraint such that |W{i,j}RF | =

1
√
N r

. To be able
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FIGURE 1. Block diagram for single-user multi-stream mmWave large-scale MIMO system with hybrid analog and digital processing. Analog
beamforming and beamcombining are implemented using a simple 1- or 2-bit resolution phase shifters.

to perform the hybrid precoding-beamforming, we assume
that the channel is known at both the TX and RX. The
channel state information (CSI) is estimated at the RX and
fed back to the TX using limited feedback [2], [4], [22], [23].
In addition, we assume perfect timing and frequency
recovery. In [3], the authors developed an efficient mmWave
channel estimation algorithm that leverage the geometric
nature of mmWave channel. They developed a novel hierar-
chical multi-resolution codebook to construct training beam-
forming vectors with different beamwidths.

B. MILLIMETER WAVE LARGE-SCALE MIMO
CHANNEL MODEL
We assume that the TX and RX both deployed square
uniform planner antenna arrays (UPA). At the mmWave
frequencies, the wireless channel can be characterized by a
limited number of scatterers due to the high free space path
loss [24], [25]. Moreover, the tightly-packed massive
antenna arrays lead to high levels of correlation. The com-
bination of high antenna correlations and sparse scattering in
the mmWave channel makes many of the statistical fading
distributions used in traditional MIMO analysis inaccurate
for mmWave channel modeling. Therefore, based on the
extended Saleh-Valenzuela model [26], we can accurately
model the clustered multi-path channel encountered in the
mmWave channels [4]. Using this approach the normalized
physical downlink (DL) channel matrix H can be written as:

H(t) =

√
NtNr
NpNsp

Np∑
i=1

Nsp∑
j=1

αij3r (φrij, θ
r
ij)3t (φtij, θ

t
ij)

×ar (φrij, θ
r
ij)a
∗
t (φ

t
ij, θ

t
ij).e

j2π f dij tδ(t − ti), (2)

whereNp is the total number of paths per channel link (i.e. the
total number of scattering clusters), Nsp is the total number of
sub-paths per path (i.e. the total number of rays per cluster),
αij is the complex gain of the jth sub-path in the ith path,
whereas φrij(θ

r
ij) and φ

t
ij(θ

t
ij) are its azimuth (elevation) angle

of arrival (AOA) and angle of departure (AOD) respec-
tively. The functions3r (φrij, θ

r
ij) and3t (φtij, θ

t
ij) represent the

receive and transmit antenna element gain at the angles of
departure and arrival respectively. The vectors ar (φrij, θ

r
ij) ∈

CNr×1 and at (φtij, θ
t
ij) ∈ CNt×1 represent the normalized

receive and transmit array response vectors at an azimuth
(elevation) AOA and AOD respectively. Finally, f dij is the
Doppler frequency. Since, we adopt a narrow-band clustered
channel representation here, the time dependency will be
omitted in our channel model.

Assume that αij are i.i.d. CN (0, σ 2
α,i) where σ 2

α,i repre-
sents the average power of the ith scattering cluster. The
average cluster powers are such that

∑Np
i=1 σ

2
α,i =

√
NtNr
NpNsp

which satisfies E[‖H‖2F ] = NtNr [27]. The azimuth
(elevation) AOD and AOA within the ith cluster are assumed
to be randomly distributed with a uniformly-random mean
cluster angle φti (θ

t
i ) and φ

r
i (θ

r
i ) respectively, and a constant

angular spread (standard deviation) of σφt (σθ t ) and σφr (σθ r )
respectively. The functions 3r (φrij, θ

r
ij) and 3t (φtij, θ

t
ij) can

be defined by the well-known far field radiation patterns for
commonly used patch antennas.

Assume an N-element UPA configuration in the yz -plane,
the normalized array response vectors can be written as [28]:

a(φ, θ) =
1
√
N
[1 · · · ejkd(m sin(φ) sin(θ )+n cos(θ ))

· · ·

ejkd((Ny−1) sin(φ) sin(θ )+(Nz−1) cos(θ ))]T , (3)

Where N = NyNz is the number of antenna element with
Ny and Nz elements on the y and z axis respectively and
0 ≤ iy ≤ Ny (0 ≤ iz ≤ Nz) are the y (z) indices of an
antenna elements. Whereas k = 2π/λ is the wave number,
λ = c/fc is the wavelength corresponding to the operating
carrier frequency fc. Assume the inter-element spacing d =
λ/2 then kd = π . Note that 1

√
N

is the normalization factor

such that ‖a(φ, θ)‖22 = 1. In the mmWave large-scale MIMO
systems, the main advantages of UPA are smaller antenna
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array dimensions that leads to packing more elements in
a reasonably sized array and enabling beamforming in the
elevation domain (known as 3D beamforming).

The achievable spectral efficiency in (bits/s/Hz) when
Gaussian symbols are transmitted over the channel and with
uniform power allocations will be given by:

I(s, ŝ) = log2

∣∣∣∣INs + γ

Ns
R−1n WH

BBW
H
RFHFRFFBB

×FHBBF
H
RFH

HWRFWBB

∣∣∣∣ (4)

where Rn = WH
BBW

H
RFWRFWBB is the noise covariance

matrix.
The design of hybrid precoders and combiners can be

achieved by formulating a joint optimization problem tomax-
imize the mutual information I(s, ŝ) as:

RHP = max
FRF,FBB,WRF,WBB

I(s, ŝ)

s. t.‖FRFFBB‖
2
F= Ns

FRF ∈ FRF

WRF ∈WRF (5)

where FRF(WRF) is the set of feasible RF precoders
(combiners) with all constant modulus entries. Due to the
non-convexity constraints on FRF andWRF, this type of joint
optimization problem is often intractable [4], [29]. Therefore,
a viable approach is to construct the optimal unconstrained
SVD-based precoder/combiner matrices (Fopt/Wopt) allow-
ing a fully digital structure then try to find the practical near-
optimal precoders/combiners that can be implemented in the
system of Fig. 1 such that Fopt = FRFFBB and Wopt =

WRFWBB [4]. To do this, we start by introducing the optimal
unconstrained SVD-based precoding problem.

C. OPTIMAL UNCONSTRAINED SVD-BASED
PRECODING DESIGN PROBLEM
The design of optimal precoder/combiner can be achieved by
solving the following optimization problem [30]:

Ropt = max
F,W

Ī(s, ŝ)

s. t. ‖F‖2F= Ns (6)

where Ropt is the optimal achievable spectral efficiency,

Ī(s,Os) = log2

∣∣∣∣INs + γ
Ns
R−1n WHHFFHHHW

∣∣∣∣ and

Rn = WHW. We assume that the channel matrix H
is well-conditioned to transmit Ns data streams such that
rank(H) ≥ Ns. The optimal solution Fopt ∈ CNt×Ns ,Wopt ∈

CNr×Ns for the problem in (6) can be obtained by calculating
the SVD of the channel matrix such that H = U6VH , where
U ∈ CNr×Nr and V ∈ CNt×Nt are unitary matrices, and
6 ∈ CNr×Nt is a diagonal matrix with singular values on its
diagonal entry in descending order. Considering the uniform
power allocation strategy, the optimal precoder/combiner are
constructed with the first Ns columns of the unitary matrices

such that Fopt = V{:,1:Ns} and Wopt = U{:,1:Ns} and the
optimal spectral efficiency will set the upper bound for the
hybrid precoding structure in (5) and this is given by:

Ropt
a
= log2

∣∣∣∣INs + γ

Ns
6{1:Ns,1:Ns}

2
∣∣∣∣

b
=

Ns∑
is=1

log2(1+
γ

Ns
6{is,is}

2
). (7)

D. HYBRID PRECODING-BEAMFORMING
DESIGN PROBLEM
In this section we will focus on the problem formulation of
the hybrid precoder FRF,FBB at the transmitter. The design
can be simplified by decoupling the joint optimization prob-
lem in (4) by solving the following optimization problem at
transmitter [4]:

argmax
FRF,FBB

¯̄I(s, y)

s. t. ‖FRFFBB‖
2
F= Ns

FRF ∈ FRF (8)

where y ∈ CNr×1 =
√
γ HFRFFBBs + n, is the received

signal before processing at the receiver, and ¯̄I(s, y) is the
mutual information achieved by Gaussian signaling over the
mmWave channel and is given by:

¯̄I(s, y) = log2

∣∣∣∣INr + γ

Ns
HFRFFBBFBB

HFRF
HHH

∣∣∣∣ (9)

The authors in [4] showed that the near optimal hybrid pre-
coders that approximately maximize ¯̄I(s, y) in (8) can be
found instead, by minimizing ‖Fopt−FRFFBB‖F . Therefore,
the precoder design problem can be rewritten as:

argmin
FRF,FBB

‖Fopt − FRFFBB‖F

s. t. ‖FRFFBB‖
2
F= Ns

FRF ∈ FRF (10)

This problem can be viewed as finding the projection of
Fopt onto the set of hybrid precoders of the form FRFFBB
with FRF ∈ FRF. Unfortunately, the non-convexity nature
of the feasible set FRF makes finding such a projection
intractable [4].

E. HYBRID COMBINING DESIGN PROBLEM
As we assumed in section II-D that the hybrid precoder FBB
and FRF is designed based on Fopt = V{:,1:Ns}, the optimal
combiner Wopt could be calculated as: Wopt = U{:,1:Ns}.
However, the error ‖Fopt−FRFFBB‖F can never be absolutely
zero, hence the optimal combinerWopt deviate fromU{:,1:Ns}.
Therefore, the linear MMSE combiner will be used instead
to achieve the maximum spectral efficiency with only linear
combination performed. The unconstrained linear MMSE
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combiner will be obtained by solving the following optimiza-
tion problem:

WMMSE

= argmin
WMMSE

E[‖s− ŝ‖22]

=
1
√
γ

(
FHBBF

H
RFH

HFRFFBB+
Ns
γ
INs

)−1
FHBBF

H
RFH

H (11)

Once WMMSE is calculated, the hybrid combiners WRF
andWBB can be evaluated by solving the following optimiza-
tion problem:

argmin
WRF,WBB

‖WMMSE −WRFWBB‖F

s. t. WRF ∈WRF (12)

III. PROPOSED HYBRID PRECODING-BEAMFORMING
SCHEME FOR MMWAVE CHANNEL
To provide near-optimal and low cost solutions to the prob-
lems in (10) and (12), we propose to exploit the sparse nature
of the mmWave large-scale MIMO channels generated in
Section II-B.

For the mmWave sparse scattering channel model
with Nt ,Nr →∞, the relationship between the singular and
steering vectors can be expressed as: vk = at (φtk , θ

t
k ) and

uk = ar (φrk , θ
r
k ), ∀k ∈ {1, . . . ,NpNsp} [31]. Moreover, as

V and U are unitary matrices, their column vectors can be
approximated by any other unitary matrices. Among all pos-
sible unitary matrices, The Fourier and Hadamard Matrices
are standard tools widely used in communications and signal
processing. Both these matrices can be implemented with fast
algorithms that reduce their implementation on N data points
from N 2 to N log(N ) operations.

A. FOURIER AND HADAMARD MATRICES
1) THE FOURIER MATRIX
8FN ∈ CN×N is a unitary matrix with all its entries hav-
ing constant modulus amplitude 1

√
N
. We define the Fourier

matrix as8{n,k}FN =
1
√
N
e−j

2π
N nk , with m ∈ {0, . . . ,N − 1} and

n ∈ {0, . . . ,N − 1}. Accordingly, it can be written as:

8FN =
1
√
N


1 1 · · · 1
1 ω · · · ωN−1

: :
. . . :

1 ωN−1 · · · ω(N−1)(N−1)

 (13)

where ω = e−j
2π
N .

2) THE REAL HADAMARD MATRICES
Can be considered as a complex matrices with only two
phases {0, π} and it’s entires have only two values {−1, 1}.
The real Hadamard matrix can be written in several ways,
firstly as tensor Kronecker product form, secondly via a
recursion and finally via their matrix elements. Assume
N is a power of 2, i.e. N = 2K , for some integer K .

If 8H2 =
1
√
2

[
1 1
1 −1

]
, then 8HN = 8H2 ⊗ ... ⊗ 8H2 =

⊗
K8H2 . Also in terms of matrix elements, it can be written

as: 8{n,k}HN =
1
√
N
(−1)a

T
n bk with m ∈ {0, . . . ,N − 1} and

n ∈ {0, . . . ,N − 1} and an,bk are vectors whose entries
are the binary expansions of the matrix positions{n, k}, where
k =

∑L
l=1 ak (l)2

l−1 and n =
∑L

l=1 bn(l)2
l−1. For instance,

assuming {n, k} = {0, 3} then a0 = [0 0]T ,b3 = [1 1]T

such that aT0 b3 = 0. Therefore, 8{2,3}HN =
1
√
N
(1). Both

Fourier and Hadamard matrices have the following proper-
ties, 8FN8

H
FN = IN , 8−1FN = 8H

FN and 8HN8
H
HN = IN ,

8−1HN = 8
H
HN . Finally,

8
{:,k}
FN

H
8
{:,k ′}
HN =

1
N

N−1∑
n=0

ej
2π
N nk (−1)

∑L
l=1 an(l)bk′ (l)

= ej
(
π
N k(N−1)+

π
2
∑L

l=1 bk′ (l)
)

×

L∏
l=1

cos
(
π

N
k2l−1 +

π

2
bk ′ (l)

)
(14)

3) THE SEQUECNY-ORDERED COMPLEX
HADAMARAD TRANSFORM (SCHT)
Is a discrete transform which is orthogonal in the com-
plex domain and strictly confined to four complex
values {±1,±j}. Sequency is analogous to frequency in the
discrete Fourier transform [32]–[35]. The SCHT matrices
are generated based on the products of the row vectors of
complex Rademacher matrices as follows:

8
{n,k}
HN =

K−1∏
l=0

R{l,k}K
a(l)

(15)

where R{l,k}K ∈ CK×N is the (l th, k th) element of the complex
Rademachermatrix, a(l) is the l th element of the vector whose
entries are the binary expansions of the matrix position n and
K = log2(N ). The complex Rademacher matrices are the dis-
crete version of complex Rademacher functions (CRAD) and
they can be generated by sampling the complex Rademacher

functions as: R{l,k}K = CARD
(
l, 4k+1

2K+2

)
. The CRAD func-

tions are defined over the time interval 0 ≤ t ≤ 1 as follows:

CRAD(0, t) =



1, t ∈ [0,
1
4
)

j, t ∈ [
1
4
,
1
4
)

−1, t ∈ [
1
2
,
3
4
)

−j, t ∈ [
3
4
, 1)

(16)

and CRAD(0, t + 1) = CRAD(0, t). For non-negative
integer l, the CRAD functions can be defined as follows:
CRAD(l, t) = CRAD(0, 2l t).

Interestingly, these Hadamard matrices can be used to
approximate the array response gain of the Fourier matrices
used in literature but with lower number of bit-resolution for
analog phase shifters as shown in Fig. 2.
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FIGURE 2. Array gains towards different spatial directions
ψn ∈ {−π +

π(n−1)
N |n = 1, . . . ,N} with w∗RF based on the RF codebook

designs with N = 16 uniform linear array (ULA). (a) Quantized codebook
design with 4-bit resoltion. (b) Proposed real Hadamard codebook design
with 1-bit resoltuion. (c) Proposed SCHT codebook design
with 2-bit resoltuion.

B. ACHIEVABLE SE FOR HYBRID
PRECODING-BEAMFORMING STRUCTURES
The mutual information ¯̄I(s, y) in (9) achieved by the hybrid
structure can be expressed as:

¯̄I(s, y) a
= log2

∣∣∣∣INr + γ

Ns
U6Q6HUH

∣∣∣∣
b
= log2

∣∣∣∣INr + γ

Ns
62Q

∣∣∣∣
c
≈ log2

∣∣∣∣INs + γ

Ns
6{1:Ns,1:Ns}

2
G1GH

1

∣∣∣∣
d
≈ log2

∣∣∣∣INs + γ

Ns
6{1:Ns,1:Ns}

2
∣∣∣∣

+ log2
∣∣INs − (INs −G1GH

1 )
∣∣

e
≈

Ns∑
is=1

log2(1+
γ

Ns
6{is,is}

2
)+ log2

∣∣G1GH
1

∣∣ (17)

where (a) is written in terms of SVD of H, Q ∈ CNt×Nt

is a positive semidefinite matrix, with Q = GGH , and
G = VHFRFFBB. Using some standard matrix identities
we can rewrite (b) as shown in (c). The simplification
in (c) follows from assuming that G = [G1 G2]T where

G1 = V{:,1:Ns}HFRFFBB and G2 = V{:,Ns+1:Nr }HFRFFBB,

then Q =
[
G1GH

1 G1GH
2

G2GH
1 G2GH

2

]
.

Assuming that G2 ≈ 0, this comes from the fact that the
singular values in the matrix 6{Ns+1:Nr,:} are small due to the
sparse nature of the mmWave channel [4].
By defining A = γ

Ns
6{1:Ns,1:Ns}

2
and B = G1GH

1 in
Eq. (17c) then using the following identity: I + AB =
(I + A)(I − (I + A)−1A(I − B)) and assume high SNR
such that (I + A)−1A = I we can write log2

∣∣I + AB
∣∣ =

log2
∣∣I+A

∣∣+ log2
∣∣(I− (I−B))

∣∣. Therefore, the achievable
spectral efficiency can be expressed as in (17d). If we are
able to design the hybrid precoder such that G1 ≈ INs ,
which implies that the high-resolution RF codebook and the
hybrid precoders can bemade sufficiently close to the optimal
unconstrained precoder, then using the following approxima-
tion: limX→0 log2(I − X) ≈ −tr(X), we obtain log2

∣∣INs −
(INs −G1GH

1 )
∣∣ ≈ −tr(INs −G1GH

1

)
= −Ns + tr(G1GH

1 ) =
−Ns+‖G1‖

2
F= 0 which indicates that the rate loss due to the

hybrid precoding is equal to zero. Consequently, our problem
is to maximize ‖G1‖

2
F or to minimize ‖V{:,1:Ns}−FRFFBB‖

2
F

which is equivalent to the problem in (9).
In the following sections we will develop a hybrid beam-

forming structures with Ns = NRF and calculate the lower-
bound on the achievable spectral efficiency for three different
cases: high-resolution PSs based on the Fourier matrix, low-
resolution PSs based on the Fourier matrix, 1- and 2-bit
resolution PSs based on the Hadamard matrix.

1) HIGH-RESOLUTION APSs BASED ON
THE FOURIER MATRIX
Another challenge in designing the hybrid precoding struc-
ture is the finite resolution analog phase shifters. Assume
q-bit resolution phase shifters are employed such that q ≥
log2(Nt ). The discrete phases will be in the set θ̂n,k ∈
{0, 2π2q , . . . ,

2π
2q k, . . . ,

2π
2q (2

q
− 1)}. To design the hybrid pre-

coders FRF,FBB such that it maximize ¯̄I(s, y), we seek to
diagonalize G1 = V{:,1:Ns}HFRFFBB, therefore, we will start
by calculating V{:,1:Ns}HFRF. Assume that Ns = NRF with
large antenna arrays, and assume that F{n,k

′
}

RF = 8
{n,k ′}
FN =

ejθ̂n,k′ . Let δn,k = θ̂n,k − 6 V{n,k} where π
2q ≥ δn,k ≥

−π
2q .

vHk fRF,k ′
a
=

Nt∑
n=0

|V{n,k}|e−j
6 V{n,k}ejθ̂n,k′

b
=

Nt∑
n=0

|V{n,k}|ejδn,k , k = k ′

c
=

Nt∑
n=0

|V{n,k}|
(
cos(δn,k )+ j sin(δn,k )

)
d
≈

{
cos(

π

2q
)
∑Nt

n=0
|V{n,k}| if k = k ′

= 0 if k 6= k ′

e
≈

{
cos(

π

2q
) if k = k ′

= 0 if k 6= k ′
(18)
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where vk is the k th column vector of the matrix V and fRF,k ′
is the k ′th column vector of the matrix FRF. Equation in (c)
follows from assuming high resolution phase shifters and θn,k ′
can be approximated as θn,k ′ = 6 V{n,k}. In addition, FBB
should be diagonal matrix such that FBB = INs .

Therefore, the upper bound on the achievable rate due
to high resolution phase shifters can be evaluated from
(17e) and (18e) as:

RF,high-res ≈
Ns∑
is=1

log2(1+
γ

Ns
6{is,is}

2
)+ 2Ns log2(cos(

π

2q
))

(19)

where, the first term in (b) is equal to the optimal uncon-
strained SVD-based precoder rate.

2) LOW-RESOLUTION APSs BASED ON
THE FOURIER MATRIX
In the case of q-bit resolution APSs are employed, such
that q < log2(Nt ), the diagonal elements will be exist with
probability p = 2−(log2(Nt )−q). Therefore,

vHk fRF,k ′ ≈

{
2−(log2(Nt )−q) cos(

π

2q
) if k = k ′

= 0 if k 6= k ′
(20)

then, the upper bound on the achievable rate due to high
resolution phase shifters can be evaluated as:

RF,low-res ≈
Ns∑
is=1

log2(1+
γ

Ns
6{is,is}

2
)+ 2Ns log2(cos(

π

2q
))

− 2Ns
(
log2(Nt )− q

)
(21)

where, the last term in (21) is the rate loss due to the low
resolution phase shifters.

3) 1- AND 2- BIT RESOLUTION APSs BASED
ON THE HADAMARD MATRIX
Assume that F{n,k

′
}

RF = 8
{n,k ′}
HN and FBB = INs and assuming

as mentioned before that vk = 8
{:,k}
FN we will get:

vHk fRF,k ′ =
Nt∑
n=0

8
{n,k}
FN

H
8
{n,k ′}
HN (22)

then applying (17e) where G1 = V{:,1:Ns}HFRFFBB, we
obtain an upper bound on the achievable rate using Hadamard
matrix with 1-bit resolution phase shifter as:

RH,1−bit
a
≤

Ns∑
is=1

log2(1+
γ

Ns
6{is,is}

2
)

+ log2

( Ns∑
is=1

ej
(
π
N is(N−1)+

π
2
∑L

l=1 bis (l)
)

×

L∏
l=1

cos
(π
N
is2l−1 +

π

2
bis (l)

))
b
≤

Ns∑
is=1

log2(1+
γ

Ns
6{is,is}

2
)

+ 2Ns log2(0.45) (23)

where the value of 0.45 is the average over all the diagonal
elements of G1.
For the 2-bit Hadamardmatrix case we evaluated it numeri-

cally since there is no explicit mathematical formula available
for vHk fRF,k ′ .

RH,2−bit ≤
Ns∑
is=1

log2(1+
γ

Ns
6{is,is}

2
)

+ 2Ns log2(0.76) (24)

C. PROPOSED HYBRID PRECODING-BEAMFORMING
STRUCTURE VIA ORTHOGONAL
MATCHING PURSUIT (OMP)
By exploiting the spatial structure of the mmWave channel
and formulating the hybrid precoding design problem in (10)
as a sparse reconstruction problem of the optimal uncon-
strained SVD-based precoder, Fopt, the hybrid precoders can
be obtained by restrictingFRF to be the set of column vectors
of Hadamard matrix, 8HN and solving:

argmin
FRF,FBB

‖Fopt − FRFFBB‖F

s. t. ‖FRFFBB‖
2
F= Ns

fRF,k ∈
{
8
{:,k}
HN ,∀k

}
(25)

therefore, the problem aims to select the best NRF column
vectors of8HN that correspond to column vectors of Fopt and
then finding their optimal baseband combination that mini-
mizes ‖Fopt−FRFFBB‖. By embedding the constraint on fRF,k
into the optimization objective and solving the equivalent
problem:

argmin
FRF,FBB

‖Fopt −8HN F̂BB‖F

s. t. ‖8HN F̂BB‖
2
F= Ns

‖diag(F̂BBF̂HBB)‖0= NRF (26)

where F̂BB ∈ CNt×Ns and 8HN ∈ CNt×Nt are auxiliary
variables. The second constraint is the sparsity constraint
which state that F̂BB cannot have more than NRF nonzero
rows. Therefore, only the best NRF columns of the matrix
8HN will be selected. Accordingly, the hybrid baseband and
RF preoders will be given by the NRF nonzero rows of F̂BB

and the corresponding NRF column of 8HN , respectively.
This optimization problem is equivalent to the prob-
lem of sparse signal recovery with multiple measurement
vectors (MMV). Therefore, a well-known numerical algo-
rithm based on matching pursuit [4] will be used here. The
orthogonal matching pursuit (OMP) algorithm is presented in
Algorithm 1. In step 4 and 5 of Algorithm 1, we find the
column vectors from the dictionary matrix 8HN , that corre-
sponds to the maximum projection of the optimal precoding
matrix, Fopt. In step 6, we append the selected column vectors
to the RF precoder, FRF. Then in step 7, the nonzero entries
of F̂BB are obtained by solving a least square (LS) problem
using pseudo-inverse of FRF. In step 8, the contribution of the
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TABLE 1. Hardware cost at TX side for the various MIMO-beamforming structures assuming NRF = 8 RF chains and Ns = 4 data streams
in 256× 16 mmWave large-scale MIMO system.

selected vectors are removed. Finally, step 10 ensures that the
transmit power constraint is exactly satisfied.

Algorithm 1 OMP Algorithm for Hybrid Design

1: Input: Fopt, 8HN , N
RF

2: Initialization: FRF = [ ], F(1) = Fopt
3: for n = 1 : NRF do
4: 9 = 8∗HNF(n),
5: k = argmax

[
diag(99∗)

]
6: FRF = [FRF|8

{:,k}
HN ]

7: FBB = FRF\Fopt,
8: F(n+ 1) = Fopt−FRFFBB

‖Fopt−FRFFBB‖F
, Update the residual

9: end for
10: FBB =

√
Ns

FBB
‖FRFFBB‖F

11: Output: FRF, FBB

D. HARDWARE COMPLEXITY
Table 1 shows the hardware complexity comparison between
various beamforming structures. Analog beamforming sys-
tems that can be implemented using analog circuitry and only
APSs have lower hardware complexity in terms of number
of RF chains and there is no digital baseband processing.
On the other hand, it results in poor performance compared
to the optimal unconstrained precoding (fully digital) and
hybrid precoding designs [8]–[10]. Optimal unconstrained
SVD-based precoding at the baseband, where Nt and Nr RF
chains are needed at TX and RX sides respectively, results
in prohibitively high signaling, hardware cost, and increased
power consumptions when implementing large-scale MIMO
systems. The proposed hybrid precoding-beamforming struc-
ture has same number of RF chains in [4], however the
advantage in the proposed scheme is the lower number of bit
resolution needed to implement APSs.

The computational load at the TX side in the digital base-
band processing is primarily a function of the number of data
streams Ns, the number of antennas Nt and the number of RF
chains NRF . The computational complexity considered here
is expressed in terms of the total number of flops.1 In real
arithmetic, a multiplication followed by an addition needs
2 flops. With complex-valued quantities, a multiplication
followed by an addition needs 8 flops. Thus, the complexity
of a complex matrix multiplication is nearly 4 times its real

1A flop stands for floating point operation. Operations such as addition,
multiplication, subtraction, division and compare are considered as one flop.

counterpart. For a complex m × n matrix A, we summarize
the total FLOPs needed for the matrix operations as shown
follow: (1) Multiplication of m × n and n × p complex
matrices = 8mnp − 2mp. (2) Pseudo-inversion of an m ×
n(m ≤ n) complex matrix = 4

3m
3
+ 7m2n − m2

− 2mn.
Therefore, the digital complexity in flops can be summarized
in table 1 based on the step 4 and 7 from algorithm I. It is
worth noting that the complexity of the proposed scheme is
the same as complexity in [4]

IV. SIMULATION RESULTS AND DISCUSSION
In this section, several numerical simulations are carried out
to test the performance of the proposed RF codebook in the
hybrid precoding-beamforming architecture for single user
multi-stream mmWave large-scale MIMO system and also
to compare them with the existing schemes and the optimal
unconstrained SVD-based precoding structure. The propa-
gation environment between the transmitter and receiver is
described in section II-B. It is modeled as a geometric channel
with Np = 8 clusters and Nsp = 0 rays. Further, we assume
a square UPA antenna configuration. In the simulation we
consider a 64 × 8, 64 × 16 and 256 × 16 massive MIMO
systems and it is assumed to operate at mmWave frequency
band with carrier frequency of fc = 60 GHz. The angle
AOAs/AODs are uniformly distributed in [0, 2π ]. The system
is assumed to have a bandwidth of 100 MHz, and with path
loss exponent (PLE) of n = 3.6 for non-line-of sight (NLOS)
scenarios which models typical peer-to-peer urban areas [36].
The signal to noise ratio which is defined as γ = ρ

σ 2
is

controlled by varying the average received power ρ while
keeping the noise power σ 2

= 1. The average achiev-
able spectral efficiency is plotted versus received SNR over
1000 channel realizations.

In the first simulation, we consider 64 × 8 MIMO system
with Ns = 8 data steams. In the proposed hybrid architecture,
we assume that the number of RF chains at each end is
NRF
t = NRF

r = 8 and one-bit and two-bit resolution analog
phase shifters are used. Fig. 3 shows that the proposed RF
codebook design with only 2-bit has better performance com-
pared to hybrid beamfomring structure with 5-bit resolution
APSs in [4] by more than 10 bits/s/Hz spectral efficiency
gain at SNR = 40 dB. Moreover, the theoretical upper-
bound performance of the proposed structure is close to the
rate of optimal unconstrained SVD-based precoding scheme.
In addition, the gain loss of our proposed scheme from the
sub-optimal scheme that is proposed with 6-bit resolution
in [4] is around 2 bis/sec/Hz at SNR = 40 dB.
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FIGURE 3. Achievable SE versus received SNR in 64× 8 mmWave
large-scale MIMO system with UPAs at the transmitter and receiver for
various precoding-beamforming schemes. the propagation channel
consists of Np = 8 clusters, and Ns = 8 data streams are transmitted.
The number of RF chains are set to NRF

t = NRF
t = 8.

FIGURE 4. Achievable SE versus received SNR in 64× 16 mmWave
large-scale MIMO system with UPAs at the transmitter and receiver for
various precoding-beamforming schemes. the propagation channel
consists of Np = 8 clusters, and Ns = 2,4,8 data streams are transmitted.
The number of RF chains are set to NRF

t = NRF
t = 8.

Next, we analyze the performance of the proposed hybrid
precoding scheme with tow-bit resolution against the optimal
unconstrained SVD-based structure and hybrid precoding
scheme in [4] when Ns = 2, 4, 8 data streams are trans-
mitted while NRF

t = NRF
r = NRF

= 8 RF chains over
64 × 16 MIMO system. As shown in Fig. 4, as we increase
the number of data streams the achievable spectral efficiency
is improved significantly thanks to the multiplexing gain. the
gap between the proposed scheme and optimal unconstrained
scheme increases as we increase the data streams and this
gap can be reduced by increasing the number of RF chains
as shown in Fig. 5 or increasing APSs bit resolution as

FIGURE 5. Achievable SE versus received SNR in 256× 16 mmWave
large-scale MIMO system with UPAs at the transmitter and receiver for
three system settings at NRF = 8,12,16 RF chains with the proposed 2-bit
resolution RF complex Hadamard codebook. the propagation channel
consists of Np = 8 clusters, and Ns = 8 data streams are transmitted.

FIGURE 6. Achievable SE at SNR = 20 dB versus RF codebook resolution
in 256× 16 mmWave large-scale MIMO system with UPAs at the
transmitter and receiver for various precoding-beamforming schemes.
Three system settings at NRF = 8,12,16 RF chains are simulated and the
propagation channel consists of Np = 8 clusters, and Ns = 8 data streams
are transmitted.

shown in Fig. 6. In addition the proposed HP scheme with
two-bit resolution is again better than HP scheme with 5-bit
resolution that is proposed in [4].

The proposed HP scheme with two-bit resolution is com-
pared in Fig. 5 against the optimal scheme when Ns = 8,
and NRF

= 8, 12, 16 RF chains at both the transmitter and
receiver are employed. Although we use only one or two
bit resolution analog phase shifters, the achievable spectral
efficiency increases significantly with increasing the number
of RF chains which To the best of the authors knowledge, this
is not the case for almost all other hybrid schemes available
in the literature with a finite bit resolution APSs.
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Finally, Fig. 6 shows the impact of RF system limitations
on the achievable spectral efficiency. Three of the proposed
system models at Ns = 8 data streams are compared with
the unconstrained system and HP system in [4], one with
NRF

= 8 and the other two with NRF
= 12 and 16 RF

chains, respectively. The achievable spectral efficiency is
simulated with different number of quantization bits of
analog phase shifters. Numerical simulation results show
that the proposed hybrid precoding-beamforming scheme
that include Hadamard matrices can achieve better perfor-
mance with increasing the number of quantization bits and
also by increasing the number of RF chains. Also these
results show that only two-quantization bits may be suf-
ficient to accomplish more than 75 % of the maximum
gain.

V. CONCLUSION
In this paper, we proposed a hybrid precoding-beamforming
structure for multi-stream single-user large-scale MIMO
system operating at mmWave frequency bands. We show
that the proposed RF Hadamard codebook with only one or
two bit-resolution phase shifters can achieve performance
close to the optimal unconstrained SVD-based precoding
scheme with increasing the number RF chains. Further-
more, the numerical results show that the proposed architec-
ture with only one-bit resolution analog phase shifters can
improve the performance significantly better than almost all
the state-of-the-art RF codebook design in the literature with
high bit resolution phase shifters. The proposed structure
will be very useful for 5G systems operating in mmWave
bands.
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