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ABSTRACT A t/s-diagnosable system, a generalization of ¢ /z-diagnosable system, refers to such a system
that all the faulty nodes of the system can be isolated within a set of size at most s in the presence of at most
t faulty nodes. In this paper, the ¢ /s-diagnosability of the hypercubes under the PMC model (the comparison
model) is evaluated. First, several novel properties of hypercube are proposed, which are previously unknown
in the literatures. Second, based on the above properties of hypercubes, we show that an n-dimensional
(n > 5) hypercube is (kn — ((k(k + 1))/2) + 1)/(kn — ((k(k + 1))/2) + k — 1)-diagnosable in terms of both
the PMC and the comparison models, where 2 < k < n — 2. Furthermore, we introduce a fast diagnosis
algorithm to isolate the faulty nodes in a subset of the system under the PMC model (the comparison model).
And the time complexity of the algorithm is O(n2") for an n-dimensional hypercube.

INDEX TERMS r/s-diagnosable systems, fault diagnosis, n-dimensional hypercube, isolation algorithm,

PMC model, comparison model.

I. INTRODUCTION

With the rapid development of Multi-Processors, multipro-
cessor computer systems can now contain hundreds and thou-
sands of processors. It is inevitable that some processors in
such a system may fail. On one hand, in order to main-
tain the communication of the multiprocessor system, the
system should have the capability of fault tolerance with a
certain degree, which is relative to the structure of the system.
Some studies on the fault tolerance properties of the system
structures can be found in [14], [17], [18], [23], [27], [28].
On the other hand, to ensure reliability, the system should
have the ability to identify the faulty processors. On fault
identification, a realistic diagnosis method, called system-
level diagnosis, is first proposed by Preparata et al. [1], [2].
In [1], Preparata et al. proposes the first system-level diag-
nosis model, namely the PMC model. In the PMC model,
a system can be represented by a digraph G(V, E), and the
edge (i, j) means node i tests node j. The test outcome of
node i testing node j is represented by w(i, j). w(i, j) = 1(0)
implies that node j is faulty(fault-free) and the outcome of test
(i, ) is reliable only if node i is fault-free. The PMC model
has been adopted in [6]-[13], [15], [16]. Another practical
system-level diagnosis model is the comparison model (also
called MM model), proposed by Maeng and Malek [3], [4].
Sengupta and Dahbura [5] suggested a further modification,

called the MM* model, in which any node has to test other
two nodes if it is adjacent to them. Under the comparison
model, for a system represented by an undirected graph
G(V, E), node k is a comparator for nodes i and j if and only
if (i, k) € E and (j, k) € E. The test outcome of comparator
k testing i, j is denoted by w(k : i, ). w(k : i,j) = 1 implies
that at least one of nodes i and j is faulty and w(k : i,j) = 0
implies that nodes i and j are all fault-free. The test outcome
w(k : i,j) is reliable only if node k is fault-free. If node k is
faulty, then w(k : i, j) can be arbitrary. The comparison model
has been adopted in [12], [19], [21], [23]-[26].

There are two fundamentally different strategies to system-
level diagnosis: 7-diagnosis [1] and t/¢-diagnosis [6], [7].
A system is z-diagnosable if and only if the system can
identify all the nodes within the system correctly in the
presence of at most 7 faulty nodes. And a system is
t/t-diagnosable if and only if it can isolate all of the faulty
nodes to within a set of size at most ¢ in the presence of
at most ¢ faulty nodes. For a system, the ¢/¢-diagnosability
of it is usually larger than it’s ¢-diagnosability. For exam-
ple, under the PMC model (the comparison model), the
t /t-diagnosability of an n-dimensional hypercube is 2n — 2,
which is larger than n, the ¢-diagnosability of it [14]. How-
ever, for a system, if the real number of faulty nodes is larger
than it’s t/z-diagnosability, then the above two diagnosis
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strategies can do little for diagnosis. As a generalization of
the ¢/t-diagnosis, t/s-diagnosis (s > t) can be expected to
diagnose the faulty nodes in the system when the number of
faulty nodes of the system is larger than its 7 /¢-diagnosability.

Hypercube is an important network topology in modeling
multiprocessor systems, and has been applied to the paral-
lel computer systems for commerce and research, such as
Intel iPSC/2, nCUBE/10, CM-2, SGI/Cray Origin2000, may
be a general method for designing nanocomputers, a future
computer system. Hypercube has been widely studied (see
[14], [15], [18], [27], [28]). However, the research about
the t/s-diagnosability of the hypercube is unknown in the
previous literatures. In this paper, we introduce some novel
properties of the hypercube and apply them to discuss the ¢ /s-
diagnosability of the hypercube under the PMC model (the
comparison model).

The rest of this paper is organized as follows: Section 2
outlines the preliminaries for a system-level diagnosis.
In section 3, some novel important properties of hypercube
are derived. In section 4, by using properties of hypercube
proposed in section 3, the r/s-diagnosability of
hypercube is presented under the PMC and comparison mod-
els. In section 5, an algorithm is proposed to locate a subset
such that all faulty nodes can be isolated in this subset for an
n-dimensional (n > 5) hypercube, whose time complexity is
0O(n2"). Section 6 draws a conclusion.

Il. PRELIMINARIES

We begin our paper by doing the following preliminaries.
For convenience, the following graphs Gs are all undirected
graphs.

For a graph given by G(V, E), let V(G) be the set of all
nodes of graph G. The connected subgraph set of G is denoted
by Cup(G) = {C1, Ca, ..., C|C; is connected(1 < i < k)
and C;, G is disconnected(l < i,j < k) and V(Cp) U
V(C)U...UV(Cy) = V(G)}. Especially, if G is connected,
the Cy(G) = G.

For a subset X C V, the induced subgraph of X in graph
G can be denoted by G;q(X) = (V', E’) where V' = X and
E' ={(i,)))i,j € X and (i, )) € E}

Let Cardy(Csup(G)) = {CilCi € Cyup(G) and [V (Cy)| = k}
be the set of k nodes connected subgraph in G.

For example, consider a graph G shown in Figure 1,
Can(G) = {C1,C2,C3} where C1 = Gipg({v1, v2}),
Cy = Gina({v3,va,vs}) and C3 = Gina({ve, v7, v8, vo}).
Cardy(Cop(G)) = {C1}, Card3(Cap(G)) = {C2} and
Cardy(Cyup(G)) = {C3}).

Definition 1: Under the PMC model, for a system given
by G(V,E) and a syndrome o, a set X C V is called an
allowable fault set (AFS) of the system for syndrome o if for
any two nodes i, j such that (i, j) € E,

i)Ifi,j eV — X then w(i, j) = 0, and

ii)IfieV—-XandjeX then w(i,j) = 1.

Definition 2: Under the comparison model, for a system
given by G(V, E) and a syndrome o, a set X C V is called
an allowable fault set (AFS) of the system for syndrome o
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FIGURE 1. An interconnection topology graph G.
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if for any three nodes i,j, k such that (i,k) € E and
(., k) € E,

DIfkeV —Xandi,jeV —X thenw(k : i,j) =0, and

ii)Ifk eV —Xand {i,j}NX # & then w(k : i,j) = 1.

Foranodev € V, let N(v) = {u|(u, v) € E} denote the set
of the all neighbors of node v. And for a subset X C V, let
NX) =U,exN() — X.

Lemma 3: A system is given by undirected graph G(V, E)
with at most t faulty nodes. For a connected subgraph of G,
say G', then following conditions hold:

i) Under the PMC model, if the test results are all O and
[V(G)| =t + 1, then all the nodes of G’ are fault-free.

ii) Under the comparison model, if the test results are all 0
and |V(G)| > t + 1 and each node of G' has at least two
neighbors in G/, then all the nodes of G’ are fault-free.

Proof: For condition i), assume that there exists some
node, say u, is faulty, then the nodes of N(u) are all faulty.
Similarly, N (N (u)) are all faulty. Furthermore, the nodes of G’
are all faulty which implies that the system has at least ¢ 4 1
faulty nodes, which is a contracdiction to the assumption that
the system has at most ¢ faulty nodes.

For condition ii), assume that there exists some node,
say u, is faulty. By assumption, for each neighbor of u,
say v, there exists one node u; € V(G'), u; # u, such that
w( : uy, u) = 0, which implies that v is faulty. Furthermore,
the nodes of N(v) are all faulty and the nodes of N(N(v))
are also all faulty, which implies all nodes of G’ are faulty.
Therefore, the system has at least t 4 1 faulty nodes, which
is a contracdiction to the assumption that the system has at
most ¢ faulty nodes. (|

lIl. PROPERTIES OF HYPERCUBE

An n-dimensional hypercube Q, has 2" nodes and each node
is labeled by an n-bit binary string. Two nodes are adjacent if
and only if their labels differ in exactly one bit position.

A 4-dimensional hypercube is shown in Figure 2.

Lemma 4 [20]: Let G(V, E) be the graph of a hypercube
of dimensionnand X C Vwith|X| =k, 0 <k <n+1, then
NX) = kn—k(k+1)/24+ 1.

Lemma 5: Let G(V, E) be the graph of a hypercube of
dimensionn(n = S)and S = {vi,va, ..., Vk|vi, V2, ...,V €
V and vy, va, ..., vk have one common neighbor}(k < n).
Then IN(S)| = kn — KEFD 1,
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FIGURE 2. A 4-dimensional hypercube.

Proof: For convenience, let add(vg) be the address of
node vy. Without loss of generality, let node vg be their com-
mon neighbor and add(vo) = ajay . ..an(a; = 0 or 1 and if
a; = 0(1), then a; = 1(0)). It is easily seen that the addresses
of the nodes in S can be presented as follows: add(vi) =
aiay...ay, add(vy) = aiay...ay,...,add(vy) =
aiay ...agag+1 - .. a,. Now we consider the addresses of
node v;.s neighbors. The addresses of N (v;) can be represented
byajay...a;...ay, a1a2a3 . ..4G; . ..ay, ..
Therefore, for any different i,j, N(v;) N N(vj) = {vo, u}
where add(u) = aiay...q;...q;...a,. Hence, IN(S)| =
k(n—1) — C}+ 1 =hkn — XED 1, O

Lemma 6 [22]: Let G(V, E) be the graph of a hypercube
of dimension n (n > 3) and let S be a set of nodes S C 'V
withn < |S| < 2(n — 1) — 1. Suppose that Giug(V — S) is
disconnected and let Cyyp(Ging(V —S8)) = {C1, Ca, ..., Cyl.
Then following conditions hold:

i) il Cardi(Coup(Gina(V — )| < 1.

ii) There exists only one C; € Cgp(Ging(V — §)) with
V(G| = 2.

Lemma 7: Let G(V,E) be the graph of a hypercube of
dimension 5 and let S be a set of nodes S C V with |S| <
Sk — XD < k< 3). Suppose that Gina(V — S) is
disconnected and let Cyp(Ging(V —S)) = {C1, Ca, ..., Cy}.
Then following conditions hold:

i) 22 il Cardy( Cuun(Gina (V — S)] <k — 1.

ii) There exists only one C; € Cgp(Ging(V — §)) with
IV(Ci| > k.

Proof: When k = 1, we have |S| < 4, therefore, the
claim is true. According to Lemma 6, the claim also holds
for k = 2. Next, we consider the situation that k = 3. Note
that when £k = 3, |S| < 9. For convenience, divide Qs to
two 4-dimensional hypercubes denoted by Qﬁ and fo . Let
Si = SNQL and Sg = SNOX. Consider the following cases:

Case 1:|Sp| > 4k—*5FD = 6or |Sg| > 4k— &) — 6.

Without loss of generality, let |Sz| > 4k — w = 6,
then |Sg| < 3, which impiles that fo — Sk is connected. Note
that there exist 2* > 3 edges between Qﬁ and Qf. Then at
most (3 — 1) nodes can be surrounded by S. Hence the claim
1S true.
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,al1ay ...d...ay.

Case 2: |Sp| < 4k — "D — 6 and |Sg| < 4k —
KD — 6.

2

Since |S7| < 5 and |SR| < 5. Let A (respectively, B) be the
largest component of Qﬁ‘ — S1 (respectively, fo — Sg) and
A’ (respectively, B) be the union set of the remaining small
components of Q‘LL — S, (respectively, fo —SR). According to
Lemma 6, we have that |A’| < 1 and |B’| < 1, which implies
that the condition i) is true. Note that |A] >2* —5—1 =10
and |B’| + |Sg| < 5, which implies there exists an edge from
A to B. Therefore, condition ii) is true. O

Lemma 8: For any two
1+ab>(a+b).

Proof: Letf(a, b) = (14 ab)— (a+ b). After factoriza-
tion, f (a, b) = (a— 1)(b — 1), then f(a, b) > 0 when a, b are
all positive integers. Therefore, for any two positive integers
a,b,1+4+ab > (a+b). O

Lemma 9: Let G(V, E) be the graph of a hypercube of
n(n = 5) dimension and let S be a set of nodes S C V with
S| < kn—"EED (1 <k < n—2). Suppose that Gina(V —S) is
disconnected and let Cyp(Ging(V —8S)) = {C1, Ca, ..., Cy}.
Then following conditions hold.:

i) 20 ilCardi(Coup(Gina (V = SN <k — 1.

ii) There exists only one C; € Cgp(Ging(V — §)) with
IV(CI = k.

Proof: We prove the claim by induction on n. According
to Lemma 7, we have that the claim holds for n = 5. And
assume that the claim holds for some (n — 1), n — 1 > 5.
Next, we will show that it holds for n. For convenience, divide
0Oy, to two (n — 1)-dimensional hypercubes denoted by Qﬁ_l
and OF | Let S, = SN QL | and Sg = SN QR . Let
A (respectively, B) be the largest component of Qﬁ_l - SL
(respectively, OF | — Sg) and A’ (respectively, B') be the
union set of the remaining small components of Qﬁ_l - SL

(respectively, QX | — Sg). We consider following cases:
Casel:|S.| > k(n—l)—@ or |Sg| = k(n_l)_k(k;r]).

positive  integers a, b,

Without loss of generality, let |Sz| > k(n — 1) — @,
then |Sg| < k < n — 2, which implies that fo_l — Sp is

connected. Note that there exist 2"~! > k — 1(n > 5)
edges between Qﬁ_l and fo_l. Then at most k nodes can
be surrounded by S. According to Lemma 4, we have that if
there are k nodes surrounded by S, then |S| > kn— @ +1,
which is a contradiction to that |S| < kn — w Hence the
claim is true.

Case 2: 11| < k(n—1)— *&D and |Sg| < k(n—1) -
k(k+1)

éase 21:k < n—2.

Since k < (n — 1) — 2, according to the induction hypoth-
esis, |[A'| < kK —1and |B| < k — 1. We claim that A
and B are connected. According to the induction hypothesis,
Al = 21— [k(n—1)— 2Dk — 1), similarly, QR | —
B| < k(n—1)— &0 1 (k —1). Note that |A| — |QR | —B| >
2" 2k 424+ k(k+1) = 2" —n?+n+8 > 0(n > 5).
Therefore, there exists at least one edge from A to B, which
implies A and B are connected. Let |[A'| = k, < k — 1,
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|B’| = kp < k — 1. Suppose, to the contrary, |A’ U B'| > k.
Then || = IS1] + [S¢l > (ko + kp)n — 1) — gD _

&l 1 2. We claim that kg, ky > 1. Otherwise, |A’ U
B'| < k which is a contradiction to the hypothesis. Accord-
ing to Lemma 8, |S| = |S.| + Skl = (kg + kp)(n — 1) —
bt ) oty g 5 (1, 4 kyyn — GathdlathotD) |y
Let kl/] =k— ka Note that kb kp and kb(n— 1)— M <
kp(n — 1) — ©%ED Therefore, S| = |S.| + Skl = (ka +

kp)n = 1) — "a“‘g*“ — B 4 2> (kg + k) — 1) —
ka(ka+1) b(k +1) > (k, +k i — (kg +kb)(k +k,+1) +1=

kn — k(k; Dy 1 Wthh is contradiction to the hypothems that
S| < kn — KEFD,

Case2.2: k=n—2.

Since |Sz| < k(n— 1) — l=m—-2)(n—-1)—
(n=D(=2) _ | _ (n—l)z(n—Z) 1= 13%3” = (n—3)n—
- %”_3)# According to the induction hypothesis, |A’| <
k—1and |B'| < k —2 = n — 4. We claim that A and B
are connected According to the induction hypothesis, |A| >
ol (n_4) similarly, |QF | —B| < 32 +(n—4).
Note that |A| |OR | —B| > 27! 2["2—3" n—4)]=
21 _p2484n > O(n 5). Therefore, there exists at least
one edge from A to B, which implies A and B are connected.
Let |A| = k, < k —2, |B'| = kp < k — 2. Suppose, to the
contrary, |[A’ U B'| > k. Then |S| = |S.| + ISkl = (ks +
kp)(n — 1) — Kalbatl) _ BletD) 45 We claim that kg, kp > 1.
Otherwise, |A’ U B'| < k which is a contradiction to the
hypothesis. Then according to Lemma 8, |S| = [Sz| + |Sgr| =
(ky + kp)(n — 1) — llgtD — BBED 19 > (k, + ky)n —
bathp)batlotD 4 4 et k) = - ka. Note that kj < kp

k(k+1)
2

and kj(n — 1) — 2850 < g n — 1) — 2EED Therefore,
IS = 1SL1+ISk| > (ka+hp)(n—1)—KaliatD _eletD 4 5 >
(ka + kp(n — 1) — RatletD _ BEED o 5 ey iy —

w +1=kn— @ + 1 which is contradiction
to the hypothesis that |S| < kn — @ And our proof is
done. g

With above preliminaries, we shall discuss the diagnosabil-
ity of ¢/s-diagnosable of the n-dimensional hypercube.

IV. DIAGNOSABILITY OF T/S-DIAGNOSABLE
OF THE HYPERCUBE

Definition 10: A system S is t/s-diagnosable (s > t) if
and only if all the faulty nodes can be isolated within a
set of size at most s in the presence of at most t faulty
nodes.

Lemma 11: Fora system givenby G(V, E), let X C V with
X ={vi,va,...,wyand (vi,v) ¢ E(1 < i,j < k,i#))
(k > 3). Let « = |N(X)|, then the system is not (o + 1)/[c +
(k — 1)]-diagnosable under the PMC model.

Proof: Let F = N(X) U {v;} be the real fault set in the
system, then |F| = o + 1 and |[N(X) U X| = o + k. Consider
the following syndrome o for each pair of nodes i, j € V such
that (i, j)) € E(Shown in Figure 3).
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FIGURE 3. A syndrome o of Theorem 13 under the PMC model.

DIfi,jeV—F —{vy,..., v}, then w(i,j) =

iWifieV—-—F—{vy,...,wx}andj e F —{vy,..., v},
then w(i, j) = 1.

iii) The test results from X to F' — {vo, ..., v} are 1s.

iv) The test results from X to V — F — {vy, ..., v} are Os.

v) The other possible test results are arbitrary.

For above syndrome o, N(X) U {v;}(1 < i < k) are all
allowable fault sets. Since |Uk l[N(X)U{v,}]| =a+k > a+
k —1, we conclude that the system is not (@ +1)/[a+(k — 1)]-
diagnosable. ]

Lemma 12: Forasystem givenby G(V, E), let X C V with
X ={vi,va,...,wiyand (vi,v)) ¢ E(1 < i,j < k,i#))
(k = 3). Let o« = |[N(X)|, then the system is not (o + 1)/[oc +
(k — 1)]-diagnosable under the comparison model.

Proof: Let F = N(X) U {v} be the real fault set in the
system, then |F| = o + 1 and |[N(X) U X| = o + k. Consider
following syndrome o, for three nodes i, j, k € V such that
(i, k), (, k) e E:

DIfi,j,keV —F—{vy,...,n}, thenw(k : i,j) = 0.

iIfi,k e V—F —{v,...,vw}andj € F — {v}, then
wk:i,j)=1.

i) Ifj,k e V—F —{v,...,w}andi € F — {v}, then
w(k:i,j)=1.

iv)IfkeX,andi,je F — {v},thenw(k : i,j) = 1.

v) The other possible test results are arbitrary.

For above syndrome o, N(X) U {v;}(1 < i < k) are all
allowable fault sets. Smce|Uk 1[N(X)U{v,}]| =a+k > a+
k — 1, we conclude that the system is not (¢ +1)/[a +(k—1)]-
diagnosable. |

Next, we present the diagnosability of ¢/s-diagnosable
of the n-dimensional hypercube by the following
theorems.

Theorem 13: Under both the PMC model and comparison
model, an n-dimensional (n > 5) hypercube is not kn —
KEED 42 /kn — *&HD 4 k-diagnosable (2 < k < n).

Proof: According to Lemma 5, 11, 12, the claim is
true. |

Theorem 14: Under the PMC model , an n-dimensional
(n > 5) hypercube is [kn—@—}-l]/ k(k+l)+k— 1]-
diagnosable (2 < k < n—2and kn— k(kH) +1< n—n > —1).

Proof: Let F C V be the real fault set with
|F| < kn @ + 1 in the system and
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Caw(Ging(V — F)) = {C1,C3,...,Cy}. According to
Lemma 9, the following conditions hold:

i) S il Cardi(Coup(Gina(V — F)| < k.

ii) There exists only one C; € Cyp(Ging(V — F)) with
IV(C)H| = k + 1.

For convenience, let § = U*_ Cardi(Cyup(Gina(V — F)))
and o = |S| < k. Itis obvious that V — F — § is connected
since |[V—F S| > 2"—[kn—*&0 4 11—k > kn—*EH 4
where n > 5.

According to Lemma 3, the test results of V — F —§ are all
0s, which implies that all nodes of V — F' — § are fault-free.
Consider the following cases:

Case l: a0 < k —1.

Note that |[F US| < kn— *&+D 4k — 1. Therefore, the all
faulty nodes can be isolated within F' U S.

Case2: a0 =k — 1.

We claim that there exists no such a node v € F such that
N(v) C F U S, otherwise, there exists such one node v that
N(SU{v}) € F — {v}. Therefore, [N(S U {v})| < kn — &1
which is a contradiction to Lemma 4. For each node u € F,
there always exists an edge from some nodew € V — F — §
to u, which implies that each node can be identified as faulty
correctly

Case 3: 0 = k.

We claim that there exists no such a node v € F that
N(v) C F US. Otherwise, there exists such one node v that
N(SU{v}) C F —{v}. Therefore, N(S U {v})| < kn— K&
According to Lemmad, [N(SU{v)| > (k+1)n—EHEED
1. Note that (k + Dn — EEUEED 1 gy — KEEDY =
n —k > 0 which is a contradiction. Therefore, for each
node u € F, there always exists an edge from some node
w € V — F — § to u, which implies that each node can be
identified as faulty correctly. 0

Theorem 15: Under the comparison model, an n-
dimensional(n > 5) hypercube is [kn — @ + 1]/[kn —
@ +k —1]-diagnosable(2 < k < n—2 and kn— @ +
1<),

Proof: Let F C V be the real fault set with |[F| <
kn — XD 4y in the system and Cyp(Gina(V — F)) =
{Cy, Ca, ..., Cp}. According to Lemma 9, the following con-
ditions hold:

i) B il Cardi(Coup(Gina(V — FI)I < k.

ii) There exists only one C; € Cyp(Ging(V — F)) with
IV(C)HI =k + 1.

For convenience, let § = Uff:OCard,-(Csub(G,-nd(V — F)))
and o = |S| < k. Itis obvious that V — F — § is connected
since |[V—F—S| > 2"—[kn—*&0 4 1]k > fn—2EHD
where n > 5.

We shall show that the nodes of V — F — § can be
identified as being fault-free correctly by the following
cases.

Case 1: Eachnode of V — F — S has at least two neighbors
inV-—F-—S§.

According to Lemma 3, the test results of V. — F — S are
all 0, which implies that all nodes of V — F — § are fault-free.
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FIGURE 4. The comparison among three kinds of diagnosabilities on
n-dimensional hypercubes.

Case 2: The other possible situations.

Let X € V — F — § be the susbet such that each node of
X has at least n — 1 neighbors in F and |[X| = B. We claim
that |V —F — S| — 8 > kn — @ + 1 + 1. Otherwise,
V—F—S|—B < kn—"D 41 41 Note that g >
IV —F =S| —|F| > 2" [kn— "0 4 1) — k — [kn —
KEED 4 1) = 2" —2 — 2kn + k® > 2" — n® — 1. Since
each node of X has at least (n — 1) neighbors in F' and for
any twonodes u,v € V, [INw) NNW)| < 2, INX)NF| >
n—DQ"—n?2=1)=22"—n =) =m—-3)2"—n*—1),
which implies that |[F| > (n — 3)(2" — n> — 1). Note that
(n—3)2" —n?— 1)—[kn—@+1] <(n—-3)2"—n?—
1) — [0 4 1] > 3 (n > 5) which is a contradiction to the
hypothesis that |F| < kn — @ + 1. Therefore, |V — F —
S| =B > [kn— 250 441

LetM =V — F — S — X. Then |M| > [kn — *&HD
1] + 1 and each node of M has at least 2 neighbors in
V — F — S, which implies that M can be identified as
fault-free correctly by Lemma 3. Next we shall show that
each node of X can be identified as fault-free correctly.
Let Cyup(Gina(X)) = {X1,X2,...,X;}. Note that M U X is
connected. Therefore, for each X; (1 < i < [), there exist
nodes v; € X; and u € M such that (u,v;) € E, which
implies that v; can be identified as fault-free correctly. And the
neighbors of v; in X; can be identified as fault-free correctly.
Furthermore, each node of X; can be identified as fault-free

correctly.
The remaining argument is similar to the proof of
Case 1, 2, 3 of the Theorem 14. O

It is known that an n-dimensional hypercube is n-
diagnosable and (2n — 2 /2n — 2)-diagnosable. Previous study
shows that an n-dimensional hypercube is kn — @ +
1/kn — @ + k — 1-diagnosable where 2 < k < n — 1.
As a comparison, Figure 4 shows the relationship of their
diagnosabilities.
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V. A FAST T/S-DIAGNOSABLE ALGORITHM

FOR HYPERCUBE NETWORKS

In this section, we shall propose a fast 7 /s-diagnosable algo-
rithm to isolate all faulty nodes within a subset under the
PMC model (the comparison model).

This algorithm consists of two parts. The first part, Depth-
First search (DFS), can find the largest fault-free component
of the system (see Algorithm 1). The second part, Fast Iso-
lation, uses the largest fault-free component to identify the
remaining nodes in the system (see Algorithm 2).

Algorithm 1 Depth-First Search(PMC)
Input:

A system given by undirected graph G(V, E) with 2" nodes

and anodev € V. Let W = {v}.
Output:

A subset W C V.

1: DFS(v):

foreachu € N(v)

if w(u, v) = w(v, u) = 0.

W = W U {u} and DFS(u).

2: Output the nodes set W.

A. T/S-DIAGNOSABLE ALGORITHM

UNDER THE PMC MODEL

Lemma 9 and Theorem 14 can be used to prove that the DF'S
can always output unique set S with |S| > ¢ + 1 for an n-
dimensional hypercube provided the number of faulty nodes
does not exceed ¢ (r < ”25” — 1,n > 5). Next, for a t/s-
diagnosable hypercube of n dimension (f < ”22_ —1,n25),
an algorithm called Fast Isolation is introduced to locate a
subset with size at most s such that the all faulty nodes are
isolated in this subset (see Algorithm 2).

Algorithm 2 Fast Isolation(PMC)

Input:
A system given by undirected graph G(V, E) with 2" nodes
and a fault bound #(+ < n? — @ — 1) and a syndrome
o.

Output:
A faulty nodes set F, a fault-free nodes set 7 and a possible
faulty nodes set S with FUT US = V.
ILiletS,=20(1<i<2"), T=F =S =0.
For each node u; € V — u]’izls,-(l < i <2M), do DFS(u;)
and Si = DFS(Lti).
If|Si| >t+1,thenT =TUS;and F = F UN(T).
2: If V =T U F,, then output the fault-free nodes set T
and faulty nodes set F.. Otherwise go to step 3).
3:If |F| > t,then T = V — F and output the fault-free
nodes set 7' and faulty nodes set F.. Otherwise,
S=V —-T —F andoutputsets T, F', S.

Theorem 16: The algorithm Fast Isolation has a time com-
plexity O(NlogyN), where N = 2".

VOLUME 5, 2017

Proof: For convenience, let F be the real fault set
in the system and X be the largest component of V — F
and Y = V — F — X. If the selected node (u;) belongs
to the largest component of V — F, then step 1) costs
O(NlogyN) time. If the selected node(u;) always belongs to
Y U F, then step 1) costs 0(”2% + NlogryN) = O(NlogaN)
time. Hence step 1) costs O(NlogaN) time. step 2) and step
3) cost O(N) time. Hence the total time of Fast Isolation
is O(Nlog>N). U

B. T/S-DIAGNOSABLE ALGORITHM UNDER

THE COMPARISON MODEL

Similar to the part A, we present the ¢/s-diagnosable algo-
rithm under the comparison model for an n-dimensional
hypercube network as follows (see Algorithm 3, 4).

Algorithm 3 Depth-First Search(MM)
Input:
A system given by undirected graph G(V, E') with N nodes
andanodev e V.Let W = {v}.
Output:
A subset W C V.
1: DFS(v):
for any two nodes ug, u; € N(v) withug ¢ S oruj ¢ S.
if (v : ug, u;) = 0.
W = W U {up} and DFS(up).
2: Output the nodes set W.

Algorithm 4 Fast Isolation(MM)
Input:
A system given by undirected graph G(V, E) with 2" nodes
and a fault bound ¢(r < n*— @ —1) and a syndrome o.
Output:
A faulty nodes set F, a fault-free nodes set 7 and a possible
faulty nodes set P with FUT UP = V.
LiletSi=29(1<i<2"), T=F=P=2.
For each node u; € V — Ui_ Si(1 <i < 2"), do DFS(u;)
and Sl' = DFS(M,’).
If|S;| > t+ 1,then T =T U S;. Go to step 2).
2: Identify each node w € N(S;) by using test result
w(wo : w, wi) where wg, wy € S;.
If wis faulty F = F U {w}, otherwise S; = S; U {w}.
Repeat step 2), until N(S;) C F.
3: If V. =T U F, then output the fault-free nodes set T
and faulty nodes set F. Otherwise go to step 4).
4:If |F| > t,then T = V — F and output the fault-free
nodes set 7' and faulty nodes set F. Otherwise,
P=V —T — F and output sets 7', F', P.

Similar to Theorem 16, we have that the algorithm Fast
Isolation has a time complexity O(n2") for an n-dimensional
hypercube.
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VI. CONCLUSIONS
In this paper, we do a further study on the n-dimensional
hypercube (n > 5). Some new important properties of
hypercube are proposed. Based on the novel properties of
hypercube, we show that an n-dimensional hypercube is
(kn — KEED 1 1) /(kn — HEED 4k — 1)-diagnosable under
the PMC model (the comparison model), which is much
larger than n, the classical diagnosability of n-dimensional
hypercube (2 < k < n— 2 and kn — @+1 < "22_" -
1). Furthermore, an O(n2") algorithm is proposed to isolate
faulty nodes within a set for an n-dimensional hypercube.

A future addition to this work would be to develop the
t /s-diagnosability of other interconnection networks such as
n-dimensional star graph, the exchanged hypercube, and their
identification algorithms.
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