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ABSTRACT In order to improve the quality of the power injected into a grid, this paper presents a model
predictive control strategy for three-phase four-leg grid-tied inverters. For the convenience of optimization,
the discrete-time model of the inverter in which duty ratios are modeled as continuous control variables
is investigated. A current tracking error oriented cost function is employed as a criterion to optimize duty
ratios of the inverters. In order to eliminate the effects of sampling delay, a model predictive control with
delay compensation method (MPC-DC) is proposed. Because there is a large amount of calculations in
implementing predictive control algorithm, a double-CPU, namely FPGA plus DSP controller, is employed
to implement parallel calculation, so as to reduce the computation time. Simulation and experimental results
demonstrate the effectiveness of the proposed method.

INDEX TERMS Three-phase four-leg inverter, model predictive control (MPC), sampling delay, FPGA plus
DSP.

I. INTRODUCTION
In recent years, distributed new energies, such as solar energy
and wind energy, draw more and more attention from gov-
ernments and researchers. As essential interfaces between
distribution power sources and grids, inverters are used to
inject high quality power into the grids. Control strategy is
vital to energy efficiency and power quality of an inverter.
Therefore, it is extremely significant to study control strategy
of a grid tied inverter.

There are various topologies for grid-tied inverters. Due
to the ability to supply unbalanced load and high utiliza-
tion rate of DC voltage, three-phase four-leg topology is
applied more and more widely in three-phase four-wire
inverters [1]. High utilization rate of DC voltage means
that inverters can output rated AC voltage with low input
DC voltage. Many control strategies have been investigated
for three-phase four-leg inverters. One of the most popular
control strategies is 3D-SVPWM, which is in the mature
stage [2].

Model predictive control (MPC) is a kind of model based
optimal control strategy. It is widely used in process control
area. Because of the ability of optimizing multi-variable,
MPC has been investigated in more and more applica-
tions of power electronics. K. Shen et al [3] present a

strategy of current model predictive control in dq rotating
coordinates according to the characteristics of three-phase
inverters. Hu et al [4]–[6] propose a model predictive direct
power control (MPDPC) strategy for an inverter with unbal-
anced load and the grid used in a photovoltaic system.
A two-step horizon prediction algorithm is developed to
reduce switching frequency of a three-phase three-leg voltage
source inverter [7]. Predictive control scheme is also used
in an active power filter implemented by a four-leg voltage-
source inverter [8], [9]. The dynamic response ability has
been demonstrated by comparing with classical controllers.
Rodriguez and Yaramasu [10]–[14] propose an algorithm of
finite control set model predictive control (FCS-MPC) and
investigate its application to voltage control of three-phase
four-leg inverters [15]. FCS-MPC with two-step prediction
has been presented to improve output voltage quality while
reducing the number of switching state calculations and
switching frequency [16].

However, the above MPC methods are based on finite
control set, and state of each switch is fully on or off in one
control period. As a result, current tracking error won’t be as
small as expected, and it’s difficult to guarantee high quality
of the power injected into the grid. Control precision and
performance will be improved if duty ratio of each switch
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FIGURE 1. Configuration of a three-phase four-leg grid-tied inverter with LCL filter.

is controlled as a continuous variable in the range of [0, 1].
In this paper, model predictive control strategy is investigated
to optimize duty ratio of each switch of three-phase four
leg inverters.

The remaining contents are organized as follows.
In Section II continuous and discrete-time models of the
inverter, in which duty ratios are modeled as continuous
control variables, are presented. This is followed by pre-
senting model predictive control strategy in Section III.
Section IV introduces simulation and experiment results.
Finally, section V concludes this paper.

II. MODEL OF THE INVERTER
Configuration of the three-phase four-leg inverter with LCL
filters is shown in Fig.1. Three damping resistances Rf are
added to the filter circuit and serially connected to the capac-
itors Cf to eliminate resonance. As we can see, there are
8 power switches in the inverter, which are named as S1 ∼ S8.
Leg A, B, and C are connected to filter inductors L1 of the
corresponding phases, and inject power into the grid through
serially connected inductors L2, respectively. Leg N, namely
the fourth leg, is connected to the LCLfilter and grid through a
neutral inductor Ln. Vdc is the input DC voltage. Three-phase
current of inductor L1 and the three-phase current injected
into the grid are i1a, i1b, i1c, i2a, i2b, and i2c, respectively.
To simplify analysis, voltage and current vectors are defined
as: 

vc =
[
uca ucb ucc

]T
v =

[
uan ubn ucn

]T
eg =

[
ea eb ec

]T
i1 =

[
i1a i1b i1c

]T
i2 =

[
i2a i2b i2c

]T
(1)

where ea, eb, ec and uca, ucb, ucc are grid voltage and filter
capacitor voltage of phase A, B, and C , respectively. uan, ubn,
ucn are voltage of leg A, B, and C related to leg N .

According to Kirchhoff law of voltage and current, math-
ematical model of the grid-tied inverter can be described as
the following equations:

Leq ·
d
dt
i1 + Rf Cf ·

d
dt
vc = v− vc

Cf ·
d
dt
vc = i1 − i2

Rf Cf ·
d
dt
vc − L2 ·

d
dt
i2 = eg − vc

(2)

where

Leq =

(
L1 + Ln Ln Ln
Ln L1 + Ln Ln
Ln Ln L1 + Ln

)
.

Let Ta, Tb, Tc, Tn denote duty ratios of upper switches of
legA,B,C andN , respectively. According to control principle
of the inverter, duty ratio of lower switch of each leg is 1-Ti
(i = A, B, C , and N ). Then the following equations exist:uan = (Ta − Tn) · Vdc

ubn = (Tb − Tn) · Vdc
ucn = (Tc − Tn) · Vdc

(3)

Substituting (3) into (2), continuous model of the inverter
can be written in state-space form as:{

α · ẋ = β · x + γ · u+ δ · eg
y = C · x

(4)

where

x =
(
iT1 vTc iT2

)T
, eg =

(
ea eb ec

)T
,

y =
(
i2a i2b i2c

)T
, u =

(
Ta Tb Tc Tn

)T
,

α =

(
Leq Rf Cf · I3×3 O3×3
O3×3 Cf · I3×3 O3×3
O3×3 Rf Cf · I3×3 −L2 · I3×3

)
,

β =

(
O3×3 −I3×3 O3×3
I3×3 O3×3 −I3×3
O3×3 −I3×3 O3×3

)
,

γ =

 Vdc 0 0
0 Vdc 0
0 0 Vdc
−Vdc −Vdc −Vdc

O4×6


T

,
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δ = CT
=
(
O3×6 I3×3

)T
.

Ii×i and Oi×j are i-order identity matrices and i-row j-column
null, respectively.

Multiplying α−1 at both sides of equations (4), the model
can be rewritten as{

ẋ = A · x + B · u+ D · eg
y = C · x

(5)

where A = α−1×β, B = α−1×γ , andD = α−1×δ. Digital
implementation of the predictive control requires discrete-
time model. The continuous-time model (5) is discretized as:{

x(k + 1) = G · x(k)+ H · u(k)+W · eg(k)
y(k + 1) = C · x(k + 1)

(6)

where G = eATs , H =
∫ Ts
0 eA·t · Bdt ,W =

∫ Ts
0 eA·t ·Ddt , and

Ts is the control period.
Prediction horizon P and control horizonM are two essen-

tial parameters in MPC. The prediction horizon determines
how long into the future the controller predicts the behaviour
of the inverter for computing an optimal control. The control
horizon determines how long into the future the controller
predicts the control variables. They are chosen to get a good
tradeoff between performance and computation time.

State of instant k + p can be predicted at current time k by
using state space equation (6).

x(k + p|k) = Gp · x(k)+ H ·
p∑
i=1

Gi−1 · u(k + i− 1)

+ W ·
p∑
j=1

Gj−1 · eg(k + j− 1)

y(k + p|k) = C · x(k + p|k)

(7)

where p = 1, . . . ,P, and ∀p > M , u(k+p−1) = eg(k+p−
1) = 0M×1.
Equation (7) can be written as:{

X (k) = 8 ∗ x(k)+9 ∗ U (k)+ 0 ∗ Eg(k)
Y (k) = Cs ∗ X (k)

(8)

where

X (k) =

 x(k + 1|k)
...

x(k + P|k)


P×1

, 8 =

 G
...

GP


P×1

,

Y (k) =

 y(k + 1|k)
...

y(k + P|k)


P×1

,

U (k) =

 u(k)
...

u(k +M − 1)


M×1

,

Eg(k) =

 eg(k)
...

eg(k +M − 1)


M×1

,

Cs =

C · · · 0
...

. . .
...

0 · · · C


P×P

,

9 =


H 0 · · · 0

G · H H · · · 0
...

...
. . .

...

GP−1 · H GP−2 · H · · · GP−M · H


P×M

,

0 =


W 0 · · · 0

G ·W W · · · 0
...

...
. . .

...

GP−1 ·W GP−2 ·W · · · GP−M ·W


P×M

.

III. PREDICTIVE CONTROL OF THE INVERTER
A. PREDICTIVE CONTROL STRATEGY
MPC is usually used to predict output trajectory of a process
and compute a series of control actions that will minimize
the error between the predicted trajectory and desired trajec-
tory. A significant advantage of the MPC over other control
schemes is its ability to deal with multi-variables.
Generally, the MPC control process consists of future

states or output prediction, scrolling optimization, and control
signal implementation. An important step is to set a cost
function for optimizing. In this paper, the most important
control objective is to minimize current tracking errors
between desired output and real output of the inverter. As a
result, the cost function is defined as the following.

J (k) = q ·
P∑
i=1

[i∗2a(k + i)− i2a(k + i|k)]
2

+ q ·
P∑
i=1

[i∗2b(k + i)− i2b(k + i|k)]
2

+ q ·
P∑
i=1

[i∗2c(k + i)− i2c(k + i|k)]
2

+ r ·
M∑
j=1

Ta(k + j− 1)2 + r ·
M∑
j=1

Tb(k + j− 1)2

+ r ·
M∑
j=1

Tc(k + j− 1)2 + r ·
M∑
j=1

Tn(k + j− 1)2

(9)

where q and r are weighting factors of output error and
control variable, respectively. i∗2a(k+i), i

∗

2b(k+i), and i
∗

2c(k+i)
are desired output at instant k+ i. i2a(k+ i|k), i2b(k+ i|k), and
i2c(k+ i|k) are predictive output of instant k+ i. Ta(k+ j−1),
Tb(k + j− 1), Tc(k + j− 1), and Tn(k + j− 1) are duty ratios
of upper switches of leg A, B, C , and N at instant k + j − 1,
respectively.

In equation (9), there are two control objectives. As pri-
mary terms, the first three terms deal with tracking of output
currents. Rests of the terms are used to smooth the control
variable. Weighting factors are employed to prioritize the
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objectives. Because the tracking errors of output currents are
the primary terms, q is always greater than r .
The control objectives is to minimize cost function J (k),

which is expressed in vector form as:

min J (k) = [Y ∗(k)− Y (k)]T · Q · [Y ∗(k)− Y (k)]

+U (k)T · R · U (k) (10)

where

Y ∗(k) =
(
y∗(k + 1) · · · y∗(k + P)

)T
P×1,

U (k) =
(
u(k) · · · u(k +M − 1)

)T
M×1,

Q = diag(q . . . q), R = diag(r . . . r),

y∗(k + i) =
(
i∗2a(k + i) i∗2b(k + i) i∗2c(k + i)

)T
,

y(k + i|k) = C · x(k + p|k)

=
(
i2a(k + i|k) i2b(k + i|k) i2c(k + i|k)

)T
,

and i = 1, . . . ,P.
Substituting (8) into (10), and let derivative of the cost

function ∂J (k)
∂U (k) = 0, control variable can be expressed as:

U (k) = (9TCT
s QCs0 − R)

−1
×9TCT

s Q

× [Y ∗(k)− Cs8 · x(k)− Cs0 · Eg(k)] (11)

Let λ = ξ · (9TCT
s QCs9 − R)−1 · 9TCT

s Q, ξ =
[1 0 . . . 0]1×M . Equation (11) can be rewritten as:

u(k) = λ1 · Y ∗(k)− λ2 · x(k)− λ3 · Eg(k) (12)

where λ1 = λ, λ2 = λ · Cs8, λ3 = λ · Cs0. Therefore, Duty
ratios of switches of the inverter can be calculated according
to expression (12).

FIGURE 2. Sampling delay of real signal.

B. COMPENSATION OF SAMPLING DELAY
In order to optimize control variable, it’s necessary to sample
output current and voltage of each phase. In practical appli-
cation, the current and voltage are transformed into analog
signals by Hall sensors, and are sampled by a digital signal
processor (DSP) after filtering. There is time delay in the
process of signal processing and acquiring, which have a
negative effect on accuracy of MPC. Sampling delay of real
signal gotten through oscilloscope is shown in Fig. 2.
td is the time delay caused by signal processing and acquir-

ing. It is noticed that sampling delay of the inverter is about
150µs. It means that the signal sampled by the controller at
instant k is output signal of the inverter at instant k − 3. As a

result, the state variable obtained by the controller at instant
k is x(k − 3), not x(k).
In order to enhance control performance, aMPCwith delay

compensation (MPC-DC) is presented to eliminate the effect
of sampling delay.

The time delay is about triple of control period, we
can rewrite the prediction expression (7) as the following
equation.

x̃(k) = G3
· x(k − 3)+ H ·

3∑
i=1

Gi−1 · u(k + i− 4)

+W ·
3∑
j=1

Gj−1 · eg(k + j− 4) (13)

where x̃(k) is the estimation value of x(k). In expression (12),
x(k) is substituted by x̃(k).

u(k) = λ1 · Y ∗(k)− λ2 · x̃(k)− λ3 · Eg(k) (14)

Parameters q, r , P, and M can be given. Matrixes λ1, λ2
and λ3, are constant and can be calculated directly. There-
fore, All essential conditions for solving u(k) are known, the
proposed MPC-DC can be realized through software.

C. IMPLEMENTATIONS
This section primarily discusses the implementation scheme
of MPC-DC strategy. There are primarily two schemes for
MPC-DC of an inverter:
(1) DSP-based control scheme. This is a traditional

method, but it’s difficult to guarantee calculation speed.
(2) FPGA (Field Programmable Gate Array) plus DSP

hybrid architecture. This scheme is designed for
MPC-DC strategy specially.

Because control period is usually dozens of microseconds,
the inverter has a strict requirement about calculation speed.
However, MPC-DC involves a large number of matrix calcu-
lations. For scheme (1), DSP has abundant of hardware inter-
face, but it is hard to meet the requirement about computing
speed. Contrarily, an FPGA has powerful parallel operation
capacity. As a result, dual CPU hybrid architecture, namely
DSP plus FPGA are employed to design the controller. The
implementation diagram is shown in Fig. 3.

Parallel data communication is deployed between DSP and
FPGA. They can exchange data through a virtual double port
RAM (DPRAM) built in FPGA. The output current, grid
voltage, current of L1 and voltage of Cf are sampled by DSP
and transferred to FPGA. In succession, FPFA calculates duty
ratios of the switches according to equation (11), and trans-
fers the computing results to DSP. Finally, DSP generates
PWM signals based on the received duty ratios and control
the IGBTs.

In the controller, MPC-DC is programmed in FPGA as an
individual module. The MPC-DC module reads data from
DPRAM, and gets angles of phase A, B, and C according
to phase-locked loop (PLL). Reference Y ∗(k) can be cal-
culated by using the phase angles. Control variable u(k) is
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FIGURE 3. Implementation diagram based on FPGA plus DSP hybrid
architecture.

FIGURE 4. Flow chart of model predictive control strategy.

computed after delay compensation. Finally, MPC-DCwrites
duty ratios to DPRAM, and then waits for next step. Detail
flow chart is shown in Fig. 4.

IV. SIMULATION AND EXPERIMENT
In this section, effectiveness of the proposed MPC-DC strat-
egy is verified by simulation in MATLAB/ Simulink and
experiment of inverter prototype. The parameters used in the
simulation and experiment are given in Table 1.

A. SIMULATION
The three-phase four-leg grid-connected inverter is shown
in Fig. 1, and a predictive controller was implemented by
MATLAB/Simulink based on the parameters given in Table 1.

Prediction horizon and control horizon directly affect not
only the amount of calculation, but also rapidity and stability
of the inverter. A MPC with smaller P and larger M has
greater rapidity and worse stability. On the contrary, larger P
and smallerM will cause worse rapidity and greater stability.
P andM were set as 2 to gain good tradeoff between rapidity
and stability.

The weighting factors, named q and r , have close relation-
ship with tracking error and power quality. The guidelines
proposed in [17] were used to determine weighting factors.

TABLE 1. Parameters of the inverter.

FIGURE 5. Relationship of current THD and θ .

Let θ = r/q. In the cost function, there is a growing influence
of control variables with the increasing θ . However, if θ is
too small, there are weak optimization effects on control
variables, and the stability of the inverter will become worse.
If θ is too large, we can’t guarantee minimum tracking errors.
Therefore, q and r should be chosen reasonably. The relation-
ship of current THD and θ is shown in Fig. 5.
In Fig. 5, θ gradually increases from zero to 10−2, but THD

of the output current doesn’t change monotonically. When
0 < θ < 10−5, THD decreases from 6.08% to 0.53% rapidly.
When 10−5 ≤ θ ≤ 10−4, THD is nearly constant. When
10−4 < θ ≤ 10−2, on the contrary, THD increases from
0.52% to 5.56% step by step. Hence, the ratio of weighting
factors r and q should be in the range [10−5, 10−4]. Accord-
ing to this rule, θ is set as 10−5. Correspondently, r and q
were set as 0.1 and 10000, respectively.

The simulation results of MPC,MPC-DC and PI controller
are shown in Fig. 6. The PI parameters (p and i) were set as
40 and 2, respectively.

In the simulations, the inverter operated at rated power, and
the reference current of each phase was 15A. As shown in
Fig. 6, Fig. 7, and Fig. 8, there are significant differences
among three methods. Tracking errors of MPC-DC and PI
are less than that of MPC. The current tracking error of MPC
is 2.02A, which is almost one- sixth of the reference current.
However, MPC-DC injects higher quality power into the grid.
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FIGURE 6. Simulation results of MPC: (a) Output current. (b) FFT analysis.

FIGURE 7. Simulation results of MPC-DC: (a) Output current.
(b) FFT analysis.

FIGURE 8. Simulation results of PI controller: (a) Output current.
(b) FFT analysis.

It means that the proposed method of delay compensation is
effective.

In [13], a method of FCS-MPC with two-step prediction
was presented. Current THD of this method is more than 2%,

FIGURE 9. Current tracking errors: (a) Phase A. (b) Phase B.

FIGURE 10. Output current of phase C with a varied amplitude reference
current: (a) MPC-DC. (b) PI controller.

which is higher than that of MPC-DC, approximately 0.5%.
It shows superiority of MPC-DC.

Compared with PI control, output current of MPC-DC is
obviously smoother. What’s more, MPC-DC reduces THD
by 0.54% and increases the RMS (Root Mean Square) of
fundamental by 0.5A compared with PI control. Output cur-
rents of MPC-DC are closer to expected currents. Hence, the
MPC-DC strategy provides higher quality power.

Current tracking errors of Phase A of MPC-DC and PI
control are denoted as ei2a_MPC and ei2a_PI , respectively.
Similarly, current tracking errors of Phase B of MPC-DC and
PI control are denoted as ei2b_MPC and ei2b_PI , respectively.
Current tracking errors of phase A and B are shown in Fig. 9.

Current tracking error is the difference between output
current and expected current. In Fig. 9 (a), current tracking
error of phase A of PI control (ei2a_PI ) is approximately
sinusoidal, and the maxium value is 1.5A, which is bigger
than that of MPC, 0.6A. As a result, steady state performance
of MPC is better than PI control.

Tracking errors in Fig. 9 (b) is much bigger than that in
Fig. 9 (a) at beginning. The reason is that the inverter was tied
to the grid when grid voltage of phase A was zero. Settling
time of MPC and PI control, ts_MPC and ts_PI , are 1ms and
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FIGURE 11. Photo of the grid tied inverter.

FIGURE 12. Experimental results of MPC: (a) Output current.
(b) FFT analysis.

14ms, respectively. Dynamic performnace of MPC is better
than PI control. Overshoot of MPC is also much smaller than
that of PI control, 8A.

To get better comparison of dynamic perforamce of MPC-
DC and PI, we changed amplitude of reference currents, and
the output current of phase C is shown in Fig. 10.

Tracking time ofMPC-DC is 0.7ms , which is much shorter
than that of PI controller, about 1.2ms. Moreover, overshoot
of MPC-DC is only 1.8A, which is much smaller than over-
shoot of PI, almost 5A. It demonstrates that the MPC-DC has
better dynamic performnace than PI controller.

In conclusion, the MPC-DC strategy has smaller steady-
state error, less overshoot and faster response speed.

B. EXPERIMENT
To further validate the feasibility of MPC strategy, a three-
phase four-leg grid-tied inverter was set up according to Fig. 1
and Table 1. Infineon IGBTs were employed. A FPGA plus
DSP control board was used to implement the real-time con-
trol algorithm. The type of FPGA is EP4CE115F23I7 pro-
duced by Altera, and the DSP is TMS320F28335 produced
by TI. A sampling board with three-channel AC voltage
sampling, single-channel DC voltage sampling and three-
channel AC current sampling was connected the FPGA plus
DSP control board. Four IGBT driver modules were used to

FIGURE 13. Experimental results of MPC-DC: (a) Output current.
(b) FFT analysis.

FIGURE 14. Experimental results of PI controller: (a) Output current.
(b) FFT analysis.

receive the PWM signals fromDSP, and drive the IGBTs. The
inverter is shown as Fig. 11.

After assembling of the inverter, it is found that calculation
time of MPC in FPGA is 8µs, and the communication time
between FPGA and DSP is less than 6µs. Therefore, total
operating time of each control period is less than 20µs, which
satisfies the requirement about speed of the three-phase four-
leg inverter.

The PI parameters used in experiment were set as 24
and 1.2, respctively. These parameters have been used in an
inverter prototype.

Fig. 12, Fig. 13 and Fig. 14 are the experimental results
of three strategies, respectively. Compared with MPC, MPC-
DC reduces THD by 6.46%, and increases the RMS of funda-
mental by 1A. The output current of MPC strategy contains
a large number of harmonics, even more than PI control
strategy. Therefore, sampling delay compensation method
has significant effect on inverter performance.

The experimental result of MPC-DC and PI control are
very similar to simulation results. Compared with PI control,
MPC-DC strategy decreases THD by 1.18%, and increases
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the RMS of fundamental by 0.64A. The experimental results
show that MPC-DC strategy has better performance than
PI controller. Compared with THD of FCS-MPC, which was
6%[14], MPC-DC is also better.
The experimental results are similar to simulation results,

but the simulation results are better. The reason is that the
grid voltage is sinusoidal and constant in simulation, but
the inverter is connected to the real grid, which has lots
of disturbance. Nonetheless, the experimental results have
demonstrated that the proposed MPC-DC strategy is feasible
and effective.

V. CONCLUSIONS
A model predictive control strategy has been proposed for
a three-phase four-leg grid-tied inverter with output LCL
filters. Firstly, a novel discrete-time state-space predictive
model, in which duty ratios are control variables, is presented.
In succession, in order to solve the sampling delay problem,
the MPC-DC strategy is investigated. A hardware scheme
based on FPGA plus DSP hybrid architecture is employed
to implement the proposed MPC-DC strategy. Finally, sim-
ulation and experiment results are provided to demonstrate
MPC-DC strategy. According to the comparison between
PI control and MPC-DC, it is found that MPC-DC can sig-
nificantly improve steady state and dynamic performance of
the inverter. We will focus on constrained model predictive
control to further improve performance of an inverter in the
future.
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