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ABSTRACT This paper is concerned with the problem of robust decentralized output-feedback control
for a class of continuous-time large-scale nonlinear systems. Each nonlinear subsystem, described by a
Takagi—Sugeno model, involves in the interconnections and parametric uncertainties of the large-scale
systems. The main focus of this paper is to design a robust decentralized static output-feedback (SOF)
fuzzy controller, such that the resulting closed-loop system is asymptotically stable with a prescribed
Ft% disturbance attenuation level. Based on some matrix inequality linearization techniques and the
descriptor system approach, sufficient conditions for the existence of a robust decentralized SOF 7%,
fuzzy controller are presented in terms of linear matrix inequalities. From different perspectives, the desired
controller is designed to analyze the degree of conservatism induced by considering various limitations.
The effectiveness and superiority of the proposed method are finally demonstrated by two numerical
examples.

INDEX TERMS Decentralized control, static output-feedback (SOF) control, descriptor system, large-scale

systems, robust control, Takagi-Sugeno (T-S) model.

I. INTRODUCTION

Many practical systems, for example, communication net-
works, transportation systems, industrial processes, and
power systems, are increasingly large in the dimensional-
ity and strongly interconnected in the structure, and such
complex systems can be considered as a class of large-scale
systems [1]-[4]. Generally speaking, a large-scale system is
comprised of several subsystems with evident interconnec-
tions, and two essential difficulties: high dimensionality and
strong interconnections. A natural way is to decompose the
overall system into several subsystems as well as their inter-
connections, such that the control of the overall system can be
implemented by a cluster of independent controllers instead
of a single controller, which referred as decentralized control
approach [5]. During the past few decades, as an effective
control approach of large-scale systems, the decentralized

control has attracted a great deal of attention from con-
trol communities, and a large number of results have been
reported for large-scale systems. See for instance [6]-[9] and
the references therein.

On the other hand, it has been confirmed that
Takagi-Sugeno (T-S) model is a powerful tool to approxi-
mate any smoothly nonlinear systems with arbitrarily high
accuracy [10]-[13]. The main advantage of T-S fuzzy models
is that the fuzzy logic theory can be combined with linear
system theory as an unified framework. Firstly, the T-S fuzzy
model makes use of a family of IF-THEN fuzzy rules to
describe the local linear input-output information about a
nonlinear system. The global dynamics of the nonlinear sys-
tem can be represented by these local linear models that are
smoothly blended in virtue of fuzzy membership functions.
Then, a variety of linear control methods are developed
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to fulfill the control design of the presented T-S fuzzy
model. Up to now, the T-S fuzzy approach has been exten-
sively studied in the literature [14]-[20]. More recently, the
T-S fuzzy method has been extended to the area of
large-scale nonlinear systems, and some significant results
have been reported in the open literature [21]-[27]. To
mention a few, the problem of decentralized state-feedback
controller design for large-scale T-S fuzzy systems has been
investigated in [21]-[24]. The authors in [25] and [26] pre-
sented the delay-dependent stability criterion and decentral-
ized %, filtering design result for large-scale T-S fuzzy
systems with time-varying delay, respectively. Moreover,
the decentralized %%, filtering design for large-scale T-S
fuzzy systems with multiple constant time delays has been
conducted in [27].

In addition, it is well-known that usually only the mea-
surement output information, rather than the full state infor-
mation, is available for feedback control design of dynamic
systems [28]. Thus, the static output-feedback (SOF) con-
troller is more realistic and useful than the state-feedback
one in practical applications. There have been, however, sur-
prisingly few attempts to address the robust decentralized
SOF %, fuzzy controller design for the large-scale T-S
fuzzy systems, which is the first motivation of this study.
Moreover, it is also noted that the SOF control design is often
formulated as a nonconvex problem representing the form
of bilinear matrix inequalities (BMIs) or nonlinear matrix
inequalities, which is, in general, difficult to solve using
the existing numerical software. Recently, there have been
some valuable results on the SOF 7%, controller design
for T-S fuzzy dynamic systems in the form of linear matrix
inequalities (LMIs) [29]-[32]. However, these results given
in [29]-[32] are obtained by imposing some constraints on
the systematic input or output matrices. For instance, it is
assumed that all local linear models share a common output
matrix in [29] and [30]. In [31], the strict limitation that
the output matrices are common is relaxed, while the out-
put matrices must satisfy some matrix-equality constraints.
It seems that the problem of SOF controller design for
T-S fuzzy dynamic systems can be solved efficiently
via LMIs technique in [32], nevertheless, the proposed
approaches are not applicable to the case when uncer-
tainties emerge in the system input and output matrices.
Hence, it remains an open issue on how to obtain LMI
conditions for robust decentralized SOF fuzzy controller
design without making any restrictive assumptions on sys-
tem matrices, which is the second motivation of the present
study.

In this paper, we focus on the problem of robust
decentralized SOF 7%, control for a class of continuous-
time large-scale nonlinear systems. Each nonlinear subsys-
tem is of interconnections and parametric uncertainties in the
large-scale systems, and can be represented by a T-S model.
First, we will make use of some constraints on the system
matrices, and the decentralized SOF 7%, fuzzy controller
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design issue will be reformulated in the form of LMIs using
some linearization techniques of matrix inequalities. Then, in
order to relax all restrictive assumptions as much as possible,
the descriptor system approach is used in this paper such
that the closed-loop fuzzy control system could be repre-
sented in the form of descriptor systems, the corresponding
LMI conditions will be derived to design the robust decentral-
ized SOF 7%, fuzzy controller for the large-scale T-S fuzzy
system under consideration. Finally, two numerical exam-
ples are given to illustrate the effectiveness of the proposed
method.

The remainder of this paper is organized as follows.
Section II formulates the problem under consideration. The
main results for the robust decentralized SOF 7%, fuzzy
controller design are given in Section III. Two numerical
examples are presented in Section IV to demonstrate the
effectiveness of the proposed methods, which is followed by
some conclusions in Section V.

Notations: The notations used in this paper are standard.
M and MM are the n-dimensional Euclidean space and the
set of n x m matrices, respectively. The matrix P € R"*",
P > 0(> 0) denotes P being positive definite (or positive
semidefinite). Sym{A} denotes A + AT. 1, and 0,5, are
the n x n dimensional identity matrix and m x n dimen-
sional zero matrix, respectively. The subscripts n and m x n
could be omitted when the size can be directly determined in
accordance with the context. For a matrix A € R, A~1
and AT denote the inverse and transpose of the matrix A,
respectively. diag{- - -} is a block-diagonal matrix. L,[0, co)
denotes the space of square integrable vector functions over
[0, 00). The notation * indicates the terms that can be induced
by symmetry.

S /
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FIGURE 1. Large-scale interconnected systems.

Il. MODEL DESCRIPTION AND PROBLEM FORMULATION
In this section, we consider a class of continuous-time
large-scale nonlinear systems, which is composed of N
nonlinear subsystems with interconnections and parametric
uncertainties, as shown in Fig. 1. Here, the i-th nonlinear
subsystem could be represented by the following T-S fuzzy
model:
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Plant Rule %!: IF ;1 (1) is F),, ¢o(t) is FL, - - -, and (1)
is 7., THEN

xi(0) = Aixi () + 31 i At (8) + Buu; (1)
+ Dipw; (1)

yi(t) = Cixi(t) + Miw; (¢)

zi(t) = Lyx;(t) + Fyu; (1),

ey
le Z:={1,2,...,ri}

where A; := Ay + AAy, By = By + ABjyi, i € N =
{1,2,...,N}. For the i-th nonlinear subsystem, %ll denotes
the /-th fuzzy inference rule; r; is the number of inference
rules; ﬁilqﬁ (@p=1,2,...,g) are fuzzy sets; x;(t) € N™
denotes the system state; u;(r) € R"™ is the control input;
yi(t) € M™ is the measurement output; z;(¢) € R is the reg-
ulated output; w;(r) € N™ is the disturbance input belong-
ing to L»[0, 00); &i(1) = [Li1(2), §ia(?), . . ., Lig(?)] are some
measurable variables; the pair (A;, Bi;, Dy, Ci1,Mj1, Li1, Fij)
denotes the I-th local model; Aj;; denotes the intercon-
nection matrix between the i-th and the k-th subsystems;
AA;; and ABj; denote the uncertainty terms of the /-th local
model satisfying

[ AAy ABy | = HygAu(t)[Ha Hyir ), 1 €%

@

where Hy;;, H>j;, and Hj3; are known real matrices with
appropriate dimensions. As studied in [33], A;(t) € RS>
are unknown time-varying matrix functions with Lebesgue
measurable elements satisfying

AT apn <1, e 4. 3)

Remark 1: In this paper, for brevity, we only consider
the uncertainty terms AAy and ABj,l € %. However,
the methods proposed in this paper can be easily extended
to the case where the uncertainty terms simultaneously
appear in the system matrices Aix, Dit, Cit, My, Ly, and
Fi,leX.

Defining the inferred fuzzy set .#] = Hizlﬁf(b and
the normalized membership function w; [¢;(¢)], it yields
that

[T5— 1 rito [Cip ()] -
Y Tgomise [Cip]

where 414 [§i¢(t)] is the grade of membership of ¢;y(¢) in
ﬂ\il(ﬁ, and ) ;" wir [5i(H] = 1. In the following we will
denote w;; := wi [¢i(¢)] for the sake of convenience.

By fuzzy blending, the global T-S fuzzy dynamic
model of the i-th subsystem can be obtained as

follows:

wir [ (D] == 4

N o _
Xi(t) = (Ai(u) + AA () xi () + Y- Ap(u)xe(t)
k=T k#i

+ (Bi(wi) + AB;(;)) u; (1) + Di(iw; (1)

yit) = Ci(ui)xi(t) + Mi(u)wi (1)
zi(t) = Li(uxi(t) + Fi(uu; (1), i€ N

)
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where

ri ri
Ai(ui) ==Y miAi, AA () ==Y ni AAir,
=1 =1
- ri _ ri
Aic(ui) ==Y waAie,  Bi(wi) :== Y paBi,
= =1

I
ABi(u) ==Y niABj,
=1

ri ri
Ci(ui) :== Y_ waCi, Mi(w) := Y maM;,
= =i

i i
Li(i) := Y ki, Fi(pi) == ) wiFi.
=1 =1

ri
Di(u;) == Z wirDit, (6)
=1

Given the large-scale T-S fuzzy system in (5), a class of
decentralized static-output-feedback (SOF) fuzzy controller
is considered in the following:

Controller Rule ?]’f IF ¢;1(2) is 521.11, Lin(t) is le, cee,
Cig(t) is FL, THEN

ig’
u; (1) = Kyyi(1),

where K;; € RWwixmi | ¢ %, i € N are controller gains to
be determined.

Similarly, the overall SOF fuzzy controller of the i-th sub-
system can be inferred as follows:

u; (1) = Ki(u)yi(®),

le (N

ieN )

i
where K;(i;) := IZ:I wiuki, i e N.

Let 2() = [F 0@ -], and w(r) =
[wli @) wh @ - wh @ ]T. The robust decentralized
SOF %%, fuzzy control problem of the large-scale T-S fuzzy
system (5) to be addressed in this paper can be formulated as:

Given the large-scale T-S fuzzy system in (5), and for a
prescribed disturbance attenuation level y > 0, design a
decentralized SOF fuzzy controller in the form of (8) such
that the closed-loop fuzzy control system is asymptotically
stable, and under zero initial conditions the 775, disturbance
attenuation level y satisfies

f T (zndr < y? / Wl () (t)dt )
0 0
for any nonzero w € L, [0 00).

Ill. MAIN RESULTS
In this section, a series of results on robust decentralized
SOF % fuzzy controller design are presented for the
continuous-time large-scale T-S fuzzy system in (5) by using
different approaches.

In order to facilitate the SOF fuzzy controller design, we
first consider a special case of the large-scale T-S fuzzy
system (5), in which the assumptions on the measurement
output of each subsystem are given as follows.

Al. The measurement outputs y;(tf) are noisy-free,
ie,M;=0,le.%;

A2. the output matrices Cy, [
ie., Ciy = Cj;

€ % are common,
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A3. the parametric uncertainties do not appear in the output
matrices C;;

A4. the output matrices C; are of full row rank.

Fori € NV, since the output matrices C; are of full row rank
for each subsystem, there exist nonsingular transformation
matrices T,; € N gatisfying [34]

CiTei = [ Ty O (g |- (10)

Based on the above assumptions, and by combining the
large-scale T-S fuzzy system in (5), with the decentralized
SOF fuzzy controller in (8), the closed-loop fuzzy control
system can be expressed as

N _
xi(t) = i(uixi (1) + D Ap(uixi(t) + Di(piw; (1)
k=1

k_;éi) (11)
zi(t) = Gi(pixi(t), ieN
where
(i) = Ai(ui) + AA; (i) + (Bi(pi) + AB;i())
x Ki(i)C; (12)

(i) = Li(ni) + Fi(ui)Ki(ui) Ci.

Now, on the basis of the closed-loop fuzzy control system
in (11), we will present the following synthesis result.

Theorem 1: Consider the large-scale T-S fuzzy system
in (5) with the assumptions Al-A4. A decentralized SOF
fuzzy controller in the form (8) exists, and can guarantee
the asymptotic stability of the closed-loop fuzzy control sys-
tem (11) with an 7 disturbance attenuation level y, if there
exist matrices 0 < Xj1) = Xt(l) € MW 0 < X0 =

X(Tz) e 9 (ni—nyi)x (nxi—nyi) LKy € Wwixmi and scalars

0 < 10 < 71,0 < &5, such that for all i € N the following
LMIs hold:

Qi <0, 1<I=<r (13)
D+ Py <0, 1<I<j<r (14)
where
(i)il' — llj + glllellHltl H2ll/
j N eyl |
[—toN -D7'¢ 0 AuTaXT]
1 _ 2 (22)
q)ll‘] - * _V I qDZ[] )
N N FYED)

ilj

T _ T (22)
Wl =[00 B, |, ®5 = LTuXiT] + FkyT],

Hyijj = | 0 0 HyyTeiXiT) + H3yKyTY; ]

33)
q)l(lj ) = = Sym {A aTeXiTL + BilKijTCT-} + tul + Dy D},

g dlag{ Ny ©° In”}’Kljz [I_{U O]’
[N ———
N-—1
Xiy 0 - T AT i1t
Xl:[ 0 X ’Ak':[A”MA""*"#MAN"] '
N-—1
(15)
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Moreover, the corresponding controller gains are given by
Ki = KXy,

1(1)’ le %, ielN. (16)
Proof: Consider the following Lyapunov function,

N N
V)= Vi)=Y x| (1) Px; (1) (17)
i=1 i=1
where 0 < P; = PI' € ®WmiXmi j e N,
Taking the time derivative of V;(¢) along the trajectories of
the closed-loop fuzzy control system in (11), one has

N
(i) (1) + Y Anpo)x(t)

k=1
ki
T

N
V(t) = Z 2
i=1

+Di(uwi (1) | Pix; ()

N
= " {214 O + Dituoyws 01 Pixi ()}

i=1

T
N N
+y 12 ZA,k(Moxk(t) Pixi(t)¢.  (18)
=1 k;éz
Note that
27y <k % T x + 63y (19)

where x, y € " and the scalar « > 0.
In addition, define A;; > ||A,~k(u,~)||. Then, by using
Lemma 1 as given in the Appendix, we also have

T
N N N
DO D At || D0 Awluax(e)
i=1 k=1 k=1
k#i ki
p— T —
N
<> ZAszk(t) ZAszk(t)
=1 k7’:1 k;ét i
- T
N N N
=Y 3| D Awxit) > Aixi(t)
i=1 k=1 k=1
| ki ki
N
<> - I)Zx (DAL A1) - (20)
i=1 k=1
ki
Based on the inequalities (19) and (20), and by introducing
ri
scalar parameters 0 < 179 < 7(u;), T(Wi) = > WirTi,
=1
8253
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i € N, ityields
N

v = Y- {21 0 + Diow 01 Puxi 0]
i=1
T

N N
+ o) | D Ao
= =%
N -
x| 2 Awlpx(0)

k=1
k#i

N
+ Y- {ad @ PP 0}

i=1

= Y {21 ) + Dituaws 017 Poxi 1)

i=1

N
2
i=1

N
7o (N = 1)) x] (DA Awxi(t)
ki

N
+ 3 {utwo! @ PP 0} @

i=1

Consider the following performance index

N
VOEDINO

i=1
N oo

= Z/ {y‘zziT(t)z,-(t) — w,-T ) w; (t)}dt. (22)
i=1 70

Under zero initial conditions, we have V;(0) = 0 and
Vi(co) > 0. Then, it follows from (21) and (22) that

N
J(t) < Y Ji(t) + Vi(oo) — Vi(0)

i=1

N o
= Z/ {Vz(t) + y—zziT(t)z,-(t) — WZT (1) wi (t)} dt
i=1 70
[ ®;(n;)) P;Di(u;
<Y [ (t)[ )P _,<IM,>};Q e )
where 5 (1) = [/ (1) w] (0], and

N
Oi(i) = Sym (P} + 75 (N — 1) Y ALA
o
+ ()PP + ¥ T2 ET () Ei(w). 24)

It is easy to see from (23) that the resulting closed-loop
system in (11) is asymptotically stable with an 7%, distur-
bance attenuation level y under zero initial conditions for any
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nonzero w € L [0 00), if the following inequalities hold:

* —1I
By applying Schur complement to (25), we have
19N — 1)71 & 0 A
* —y T %) | <0, (26)
* * (@3, 3)
where
©(@, 3) = Sym {P;;(u)} + ti(ui)PiPi + PiDi(11;)
x D! (1P,

T
1 AT AT AT
Aii = [Ali"'Aki,k;éi"'ANi] ’

N-1
& = diag{L,, L} 27)
\—,—/
N-1
Then, by defining I' := diag{ &1 P;] } and performing a
congruence transformation to (26) by I', it yields

—mN-D7'¢ 0 AP
* -1 GupP;' | <0. (28)
* * T(373)

where Y(3,3) 28ym{ ()P | + T l+Di (DY ().
For Vi € N, to carry out the SOF fuzzy controller design,
we specify Pl._1 as

Pl =TuXTE (29)
with
_ | Xy O
Xl - [ 0 Xi(z) £ (30)

where 0 < Xi(]) = Xl{l) € 57{"—""><’1>'i, 0 < Xi(z) = X}‘z) €
o (nxi—nyi) < (ni=nyi) " and T,; are defined in (10).

Now, by substituting Pl._1 given by (29) into (28) and
extracting the fuzzy basis functions, the inequality (28) can
be rewritten as

ri ri—1 i
D owa®a+ Y Y i [P+ @] <0, (31
=1 =1 j=I+1
where
—oWN-D'¢ 0 AuTuXTE
by = * -1 GyTaXTE |,
* * (Dll](3’ 3)

(32)
i = Ay + AAi + (Bi + ABy) K;iCi,

@3, 3) = Sym { Ay TeiXiTL } + wal + DD},
¢uj = Li + FuK;;C;.
It follows from (10), (30), and (32) that

Xy 0
KiCiTiXi = K; [10] [ 5 X'Q)}
1

VOLUME 4, 2016



Z. Zhong et al.: Robust Decentralized Static Output-Feedback Control Design

IEEE Access

= [KiXi) 0]
= [K; 0]
=Ky, je L ieN. (33)

Substituting (33) into ®;; given by (32), together
with (2) and (3), it gets

Gy = Y + Sym {Hiy Ay(t)Hi ) (34)
where
(1L 1) 0 ATuXiT!
o)) = =y eple3) |,
* o3, 3)

ilj
o} (3, 3) = Sym (Mg TaXi T} + BaKyTT} + 7l
+DyDY, B4 (2,3) = LaTaXiT) + FaKyT7,
. T
HE, =[oo0n], | Ky =[kK;0],
‘) =-nW-17"e,

a
(Dilj
Hhij = [O 0 HQiZTCiXiTCY; + HSiIKijTCY;] )

_ _ _ _ T
éazdiag {I"xi "'Inxi}’-Aki = [AlTi"'Alz;,kyéi"’A]{’i:I .
[ ———

N-1 N-1
(35)

In addition, by introducing scalar parameters g;; > 0,
(1,j) € %, i € N and using Schur complement lemma and
Lemma 2 given in the Appendix, the inequalities (13) and (14)
can be obtained, thus completing this proof. [ |

It is noted that the LMI conditions given by Theorem 1
are based on some assumptions on the measurement output
of the large-scale T-S fuzzy system (5). We can also make
the following assumptions on the input of each subsystem to
derive the LMI conditions similar to Theorem 1.

AS. The regulated outputs z;(#) do not contain the input
signal information, thatis F;; = 0, € .%;;

A6. the input matrices Bj,! € % are common,
i.e., Bij = Bj;

A7. the parametric uncertainties do not appear in the input
matrices B; ;

AS8. the input matrices B; are of full column rank.

Due to the assumption that the input matrices B;, i € N are
of full column rank, there exist nonsingular transformation
matrices Tp; € RWhi*%i j € N satisfying [32]

Inm'

0(’1xi —Nyi) X Ny

TbiBi=[ :|,i€./\/. (36)

It follows from the assumptions in A5-A8 that the closed-
loop fuzzy control system consisting (5) and (8) can be
expressed as,

Ri(1) = ()i (6) + gy i Aixic () + Bii)wi (1)
zi(t) = Li(upxi(t), i € N

(37)
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where
i(11i) = Ai(pi) + DA + BiKi(ui) Cil1as)
PBi(wi) = BiKi(ui)Mi(1i) + Di(1:).

Based on the closed-loop control system in (37), it is
easy to derive the LMI-based results similar to Theorem 1.
Due to the page length consideration, the corresponding
results are omitted here.

Remark 2: It is noted that the assumptions AI-A8 on the
system matrices are very restrictive in practical applications,
such as a well-known fuzzy model, i.e., inverted pendulum on
a cart, do not share a common input matrix. Thus, apart from
assumptions Al-A8, the method considering these system
matrix constraints is inapplicable to the decentralized SOF
fuzzy controller design.

In order to relax all restrictive assumptions on the system
matrices, a descriptor system approach [35], [36] is developed
to derive the LMI-based results for the robust decentralized
SOF %, fuzzy controller design.

By introducing virtual dynamics in the measurement
output, and using the descriptor system approach, the
closed-loop system consisting of (5) and (8) can be rewritten
as

(38)

N _
xi(1) = (Ai(ui) + AAi(u) x; (1) + k_%#'Aik(Mi)xk(t)

+ (Bi(wi) + ABi(1i) Ki(ui)yi(t) + Di(uiw; (¢)
0 - yi(#) = Ci(uxi(t) — yi(t) + Mi(ui)w; (t)
(1) = Li(u)xi(t) + Fi(u)Ki(u)yi(t), ieN.
(39)

Define x; (1) = [x] (1) y! (1) ]T,the closed-loop dynamics
in (39) can be expressed as the following descriptor system:

E\%i(t) = (i (6) + Ri Y-y g Aik ()i (1)

+ Bi(uiwi (1) (40)
(1) = Ciu% (1) i e N
where
7 A + M) AP (i
) = (i) + (1) () ’
Ci(ui) -1

| 0 I = | Di(ud)
E1—|:O 0:|, Rl—|:01|, %I(Ml)_[Mi(Mi)]’
Gi(pi) = | Li(jsy) Fi(ﬂi)Ki(Mi)]v
AP (i) = Bl + ABi(i)) Ki(po).

(41)

In accordance with the descriptor system in (40), we have
the following synthesis result.

Theorem 2: Consider the large-scale T-S fuzzy system in
(5). Then, given matrices J; € RWi>*™i i ¢ N, a decen-
tralized SOF fuzzy controller in the form (8) exists, and can
guarantee the asymptotic stability of the closed-loop fuzzy
control system with an 7, disturbance attenuation level y,
if there exist matrices 0 < X;(1) = )_(l.{l) € RwiXmi X0 €
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Rwixmi Ky e WuiXmi - and scalars 0 < ng < 0y, 0 < €ilj,
such that for all i € N the following LMIs hold:

Li‘/ill < O, 1 < ) < (42)
\Ilj1j+‘i’ijl<0, l<l<j<r (43)
where
() = =T =T
by = \IJﬂj + ey Hy, H2ilj
' * —Ei[jI ’
—mN-D7'E 0 Akil:)_(i(l) 0]
(¢Y)
\I/zz/ = * _ yzl lI,i(ljl_l) ’
* * \I,i(ljl_Z)

1 - - -
‘I’,<lj ) = [LilXi(l) + FyKiiJ; FilKij],
‘I’(zlz) _ DyD} + il DyM,

Y * MyM] + nil

+Sym AuXi) +B,zl_(l/Jl llKl/
CuXiy — Xiodi —Xipy ||’

=T T T T
Hy, = [0 0 Hm] . Hfy= [lel 0],
HZIIJZ[O 0 Hzilj]y g:dlag{ nx,-"'Inx,'}s
[
N-1
Hyjjj = [H2ilXi(l) + H3; K;iJ; H3ilKij] ,
_ - _ T
Aii = [AlTl Al -AE,-] : (44

N-1

Moreover, the corresponding controller gains are given by
K = Klle(Z)’ le Y, ielN. 45)
Proof: Consider the following Lyapunov function,

N N
Vi)=Y Vi =Y ¥ OE[PXi(t)  (46)

i=1 i=1
with
- P 0 )
py= |- ], ieN 47
’ [Pi@) Pig3) 47

where 0 < Py =
Rixmyi je N

Then, by taking the time derivative of V;(¢) along the
trajectory of the descriptor system in (40), one has

1(1) € (}tnxlxnxt P(Z) e (Rnwxnxl P(3) c

N
Vo = Y| OE P& ) + 5 0T P (1)
i=1
N _ N _
=D 2| Fwdxi () + Ri Y A (uixe(r)
i=1 k=1
k£i

+ Bi(uwi (07 Pixi (1)
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N
Z{ [ () + Biuows 0] P 0]

T

Pi%i(t) p. (48)

N N
+ 2[R A ()
= (%t
Introducing scalar parameters 0 < n;0 < n;(;), ni(ui) ==

ri

> wimi, i € N, and follows (19) and (20) that (48) can be
=1
rewritten as

N
Vi = Y {2 (G 0 + Biuow 0] P o)
i=1
T

N N

+D 307 ) | R Ay | IRy
=1 k=1
ki

A (1)

X
=

k=
ki

+

-

Il
=

(ol @ PTPs )

2 [ (0 + Fiuiws 0] P ()

A
M=

+
™M=

N
g IV = 1) x (DAL Axi(t)

i=1 k=1
k#i
N - —

+ 3 {mosl 0 PTP& )] (49)

1

Furthermore, it follows a similar line as the proof process
in Theorem 1, we have

N
J(t) < Y Jit) + Vi(o0) — Vi(0)

i=1

N o
= Z/ {Vi(t) +y 2L Ozit) — w! () wi (t)} dt
— Jo

N oo - o
=3 [T ][0 A o

i=1
(50)

where %; (1) = [x] (1) w! (1) ]T, and

Oi(pui) = Sym {7 ()P} + 15" (v — 1)ZR1Ak,

k;ét
xALR] +y 2 CT (W) Gi(i) + ni(ui)PT P (51)
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Itis clear to see from (50) that the closed-loop fuzzy control
system consisting of (5) and (8) is asymptotically stable with
a prescribed J#%, disturbance attenuation level y under zero
initial conditions for any nonzero w € Lj[0 00), if the
following inequalities hold:

[ Oi(ui)

*

P?‘?il(“i)] <0ieN. (52)

By applying Schur complement, the inequality in (52) can
be rewritten as

—WN-D"'¢ 0 AuR]
* -y i) | <0, (53)
* * ', 3)

where
LG.3) = Sy | (P} + BT B B ()P
+ ni(w)P! Py,
Aup = [AT - AL AL]

N-1
& = diag{L,, I} (54)
N—————
N—-1

In addition, it follows from (41) and (47) that

T (ui)P; = [Ai(,ui) + AAi(pi) B’i(ui)r (55)

Ci(i) |
5. ATy T (1 \P.
« |:f_)z(l) _0 :| — [4[T(/’L1) & (/’fl)Pl(3):|_ (56)
Pi2) Pi@3) K (u) —Pig)
where Bi(u) = (Bi(wi)+ ABi(w) Kiui). Al (ny) =

(AT Gy + 24T ) Py + CTudPiy K (w) =
K () (BT (wi) + ABT (119)) Pity — Pica).-

Then, it is not hard to get from (55) that the inequality (53)
implies —Pi(g) - I_’iT(3) < 0, thus the Lyapunov matrices P;,
i € \ are nonsingular. Now, defining ' :=diag{ & 1 P; " }
and performing the congruence transformation to (53) by
I" and I'7, respectively, it yields

—nN-D71¢ 0 AuRTP!
* 1 GuaP;' | <0 (57)
* * E(3,3)

where 83,3) = Sym |77 (w)| + Biud AT (ui) +
ni(pi)lL.

In order to cast the inequality (56) into LMI conditions, we
define X; = P, 1, and it follows from (47) that X; is specified
as

= X,'(]) 0 :| .
Xi=|3 - JieN 58
l [Xia)Ji Xi) ©8)
where 0 < X1y = }_(l.{l) € MmixXmi Ji e RWiXMhi X0 €
Rixmi e N,

VOLUME 4, 2016

Now, by substituting X; given by (57) into (56) and extract-
ing the fuzzy basis functions, the inequality (56) can be
rewritten as

ri ri—1 ri
Z,U«,'zz‘yill + Z Z wirii [Wig + W] <0, (59)
=1

I=1 j=i+1
where
[ —poN—-D"'¢ 0 AuRTX;
Wy = * -y X |,
i * * Wyi(3, 3)
o Air + AAi - (Bi + AByp) Kyi| (60)
= ,
Ciy —1I
_ [ Dy _
B = _Mlﬂ}’ Cuj = [Lil FilKij]~

where Wy;(3,3) = Sym {Xfmf}ﬂ + By BTy + il
It can be seen from (57) and (59) that the matrix )_(,-(2)

can be absorbed by the controller gain variable K;; by
introducing

Kij = KjXi).j € L ieN. (61)

Then, by introducing scalar parameters €;; > 0, ([,)) €
%, i € N, and it follows a similar line as in the proof of
Theorem 1 that the inequalities (42) and (43) can be obtained,
thus completing this proof. [ ]

In the followings, motivated by [37], we will introduce an
alternative descriptor representation to the robust decentral-
ized SOF 7%, controller design. An auxiliary system is firstly
given by

0-%®) =x; (1) —x; (1) (62)

Combining with (39) and (61), we can also obtain the
following descriptor representation,

N _
xi(t) = (Ai(u) + AA () xi () + D Ap(uixe(t)
k=T ki

+ Bi(ui) + ABi() Ki(ui)yi(t) + Di(uiw; (1)
0-%()=x () —x; ()
0-yi(1) = Ci(u)xi(t) — yi(t) + Mi(pw; (1)
zi(t) = Li(pni)xi(t) + Fi(ud)Ki(wi)yi(t), i€ N.

(63)

Define %; (1) = [x] (1) x] () yl.T(t)]T , the closed-loop
dynamics in (62) is rewritten as

Exxi(t) = (pi (0) + Ro 30 g A (i (1)
+ Bilpywi (1) (64)
() = Gun%i (1), i€ N
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where
) 0 @u)1.2)  Fi(ui)1.3)
du)=| 1 -1 o |
Ci(i) 0 |

()1, 2) = Al(ui) + AA(y),
T
Ry, = [I 0 O] ,
A1, 3) = Bi(wi) + ABi(w)) Ki(w),

I 0 0 i D;(j;)
Ex=10 0 0|, SBiuw)= 0 ;
0 0 O M;(pi)

G =0 LiGw)  FiludKiu |
(65)

In terms of the descriptor system in (63), we consider the
following Lyapunov function:

N N
Vi) =Y Vi)=Y ¥ OEJPE () (66)
i=1 i=1
with

Piq 0 0

Pi=| Py Pz P |,

Pisy  Piey Pimy

ieN (67)

where 0 < Pi(l) = i)z?gl)’ {Pi(l)’Pi(Z),Pi(?s)} € RMmixi
i)i(4) € N XMyi {i’,’(s),i)iw)} € MNMixTi 13,'(7) € NmixMyi
ieN.

Similarly, it can be known that the Lyapunov matrices

Pi,i € N are nonsingular; NO\lV, in order to de~rive an
LMI-based result, we define X; = Pi_l, and specify X; as

. Xia) 0 0
Xi=| Xiep  Xigy Xiw | i€N - (68)
Xisyi Xisyli Xis)

where 0 < X;q) = Xi{l)’ {Xi(l),Xi(Z),Xi(3)} € MhiXii
f(i(4) € Ry jl‘ € Rixii f(i(S) € WX je N,

Based on (63)-(67), and following a similar line as the
derivations in Theorem 2, we can readily obtain the suc-
ceeding results on the decentralized robust SOF 2%, fuzzy
controller design for the large-scale T-S fuzzy system (5).

Theorem 3: Consider the large-scale T-S fuzzy system in
(5). Then, given matrices J; € W™ i e N, a decen-
tralized SOF fuzzy controller in the form (8) exists, and can
guarantee the asymptotic stability of the closed-loop fuzzy
control system with an #% disturbance attenuation level

v, if there exist matrices 0 < X1y = Xl.{l) € NhiXMhi,

{5([(2),5(1.(3)} € WU, Kigy € MU, Kigs) € g,

Ki € Wi and scalars 0 < po < pi;, 0 < vyj, such that
forall i € N the following LMIs hold:

Qu <0, 1<l<r (69)

Qi+ Qu <0, 1<l<j<r (70)
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where
(1 mro T T
Qil' = Qllj + vilelilHlil HZ[Z/ i
! * —v,-le
1 -
ng)(l’ D 0 Agi [Xi(l) 0 0]
ilj
(12)

. * * $2ij
Q1L D= —poN - D76,

11 11 11 ~ _
2" = [ 24 1.1 2§ 1.2 L + Fuks |
Q4" (L 1) = LaXio) + FuKyl,,

1 - o -

Qz('z,' '(1,2) = LiyXi3) + FiuKiiJi,
_DilDiTl +poul 0 DaM}
2y = ) pul 0
r <uﬁ am Aﬁmﬁtﬁgﬂ
~Qilj (1: ) Qilj ~(17 2) Qilj ~(1, 3)
+Sym Xi(ll)z— Xi(2) — i(3)_ —Xia) ,
L szj ‘G —Xisli —Xi(s)
QEI;Z)(L 1) = Ay X + BuK;J;,
12 - _ .
Qz('lj '(1,2) = AuXi3) + BaKijl.
12 - _
Qz(zj )(1» 3) = AiuXiw + BuKjj,
2 ~ ~ _
Qt(l; ‘3.1 = CiuXiqy — Xis)Ji,

il =[ooal, ], Al =[uf,00],
My = [0 0 Izlzizj],

(1, 1) = HauXi) + HuKyjJi,
Hoiy(1,2) = HauXi3) + HuKyjli,

Hoij(1, 3) = HouXiay + HziKyj,

oy = | Foig(1, 1) Pl (1, 2) Fogg(1,3) ).

. i AT AT ir |’
& =diag (L. L}, A= AT AL AR
—

T —~
(71
Moreover, the corresponding controller gains are given by
Ki = ffilf(,fsl), le %, ieN. (72)

Remark 3: Compared with the conditions obtained in The-
orem 2, more variables are considered in Theorem 3 due
to the introduction of (67), which implies that the results
obtained via solving (68)-(71) offer more freedom and will be
accordingly less conservative in achieving a better 7% dis-
turbance attenuation performance. The explicit verification
on it will be achieved in the next section.

IV. NUMERICAL EXAMPLES
In this section, two illustrative numerical examples are uti-
lized to verify the effectiveness of the developed robust
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decentralized SOF .77, fuzzy controller design methods in
this paper.

Example 1: Consider a double-inverted pendulums system
connected by a spring, the modified equations of the motion
for the interconnected pendulum are given by [26]:

Xl =X
. kr? +kr2_() +2 +1
Xip = ———xj1 + — sin(xj))xpp + —xi2 + —u;
2 4Ji ;l 4~2]i i1)Ai2 Ji 2 Ji i
r
+ Y x1,i={1,2}
j=1,i 8Ji

where x;; denotes the angle of the i-th pendulum from the
vertical; x;; is the angular velocity of the i-th pendulum.

SOF Controller

FIGURE 2. A concise framework on the decentralized SOF control.

The objective here is to design a robust decentralized SOF
fuzzy controller in the form of (8) such that the resulting
closed-loop system is asymptotically stable with an 7%,
disturbance attenuation level y. A concise framework on the
decentralized SOF control is shown in Fig. 2. In this simula-
tion, the masses of two pendulums are chosen as m; = 2 kg
and my = 2.5 kg; the moments of inertia are J1 = 2 kg - m?
and J, = 2.5 kg-mz; the constant of the connecting torsional
spring is k = 8 N/m; the length of the pendulum is r = 1
m; the gravity constant is ¢ = 9.8 m/s?>. We choose two
local models, i.e., by linearizing the interconnected pendulum
around the origin and x;; = (£88°,0), respectively, each
pendulum can be represented by the following T-S fuzzy
model with two fuzzy rules.

Plant Rule %!: IF x;1(t) is %}, THEN

2 _
xi(t) = Aix; (t) + Y Aux(t) + Byu; (t) + Dyw; (t)
ot
yi(t) = Cyxi(¢)

zi(t) = Lyxi(t) + Fyu; (1), [ ={1,2}, i={1,2}
where
[A11 A2 Az By |
To 1l o 1 o o o
~ 1881 0| 538 0| 025 0] 05
0
D11=[0'5] Cu=[1 1],
Ly=[1 0], Fy=1
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for the first subsystem, and

[A21 An Ay By

“To 1 o 1 o o o
— 1901 0] 558 0| 020 0| 05
0
DZ’:[OS}’ Cy=[11],
Ly=[10], Fy=1

for the second subsystem.

0.8f

0.67

---ruleil
rule i2

0.47 ’

02+

0

=T 0 T
Ti1 (t)

FIGURE 3. Membership functions in Example 1.

The normalized membership functions are shown in Fig. 3,
where r; = 88°. The parameter uncertainties are assumed to
be the form of (2) as follows:

AAj = [0(_)1]sin(z)[o.2 0], 1={1,2}, i={1,2}.

For the control design result given in Theorems 1-3, des-

11
o]
Ji=J,=[11],J; =J, =[11], and the measurement
noises M;; = 0.1, (i,1) = {1, 2}, considering the measure-
ment noises or not, the minimum .73, performance ypi, and
the corresponding controller gains are calculated respectively
as listed in Table 1.

Given the initial conditions x1(0) = [1.2,0]7, x(0) =
[0.8,0]7, Fig. 4 shows that the double-inverted pendulums
system is not stable in the open-loop case. Taken the con-
troller gains resolved by Theorem 3, Fig. 5 shows the state
responses for the closed-loop large-scale system. Then, con-
sidering the external disturbances w1 (t) = 0.8e70% 5in(0.2¢)
and wr(t) = 0.6e~0-% sin(0.2¢), it can be observed from
Fig. 6 that the desired .77%, performance is satisfactory under
zero initial conditions, which fully demonstrates the effec-
tiveness of the developed decentralized SOF .7, fuzzy con-
troller design method.

Example 2: Consider a continuous-time large-scale
T-S fuzzy system in the form of (1) with two interconnected
subsystems as follows:

ignating the transformation matrices 7,1 = Ty =
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TABLE 1. Values of minimum 7, performance indexes and controller gains for different cases in Example 1.

Cases without measurement noises

[ Kin Kiz Ko1K |

Vmin

Theorem 1 —134470 —96951 —5962.4 —4375 | 2.2086
Theorem 2 —57.9661 —57.4094 —50.0527 —49.4973 3.8435
Theorem 3 —92.7592 —92.7251 —84.4707 —82.6375 1.5924
Cases with measurement noises [ K11 K2 Ko1 Koo | Ymin
Theorem 1 infeasible —
Theorem 2 —48.7841 —46.9999 —39.0832 —37.7832 7.3177
Theorem 3 —51.2052 —45.0926 —53.2875 —47.8572 6.9660
10
3.5 x 10 1.5
—T11
3r 1b - =-=-212
2.5¢
ol 0.5¢ 1
1.57 o L TETm
1t
—0.5} '/ |
0.5+ "
\
0 . . . -1 . . . .
0 2 4 6 0 2 4 6 8 10
Time in Seconds Time in Seconds
10
35 x 10 08
— 21
3t oer\ |- 292 |1
2.5¢ 0.4t l
2r 0.2+ 1
1.5+ Or IR
1t -02t 7 1
0.5+ -0.4} ,-" i
N .I
R
0 L L L -0.6 . . . .
0 2 4 6 0 2 4 6 8 10

Time in Seconds

FIGURE 4. State responses for open-loop double-inverted pendulums
system.

Plant Rule %Z!: IF x;1(t) is %}, THEN
(1) = (A + M) xi (1) + Y j—y gosi Aivi k(1)
+ Biju; (1) + Dyw; (1)
yi(t) = Cixi(t)
zi(t) = Laxi(t) + Fyui (1), 1={1,2}, i={1,2}

where

A1 Az D Dip
ald a1.6/04/0.3] O

[1411 Az B B Hllli|

| o o o oloslo4]o.1
0.15 0[0.14 0] 0] 0
0 0 0 0]0.5]0.4

8260

Time in Seconds

FIGURE 5. State responses for closed-loop double-inverted pendulums
system based on Theorem 3.

[Cll Ly Fyy H211]
—[1 o 08 o0 1] 02 0]
for the first subsystem, and
A A» By Bn  Hiy
A1 A2 D2y D2
al.6 a1.4/0.3|104| O
0 0 0 0/0.5/0.6/0.2
0.14 0]0.13 0] 0] O
0 O 0 0/0.5|04

[ Car Loy Foy Hooy |
=[10[0.80]1]0.30]

for the second subsystem.
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TABLE 2. Values of minimum 7, performance indexes and controller gains for different cases in Example 2.

Cases without measurement noises [ K11 Ki2 Kor Koo | Ymin
Theorem 1 infeasible —
Theorem 2 —2.3303 —2.6441 —2.3338 —1.6800 1.2157
Theorem 3 —4.7888 —5.5571 —5.1245 —3.9754 1.5924
Cases with measurement noises [ K11 Ki2 K21 Koo | Yimin
Theorem 1 infeasible —
Theorem 2 —2.3796 —2.6001 —2.3833 —1.7163 3.2739
Theorem 3 —6.2099 —7.2946 —6.8982 —5.4341 2.2530
TABLE 3. Comparison of minimum %, performance indexes for different cases of Example 2.
Methods Cases | a=0.1 | a=0.2 a=0.3 a=04|a=05]|a=06| a=0.7
Theorem 2 | v,y 3.2739 6.5389 296.7036 oo 0 00 o0
Theorem 3 | vin 2.2530 24718 2.7150 2.9949 3.3296 3.7448 4.2797
1.2 continuous-time large-scale T-S fuzzy systems. A descriptor
system approach by considering different virtual dynamics is
1t adopted to derive the results with less conservatism. Through
some matrix inequality linearization techniques, it has been
0.8/ shown that the SOF fuzzy controller gains can be calculated
by solving a set of LMIs, and the resulting closed-loop fuzzy
0.6 control system is asymptotically stable under a prescribed
' T % disturbance attenuation level. Two illustrative examples
Jo 2T ()2 (t)dt ) . .
04 — have been provided to verify the effectiveness of the devel-
: fg @7 (t)w(t)dt oped methods. An interesting problem for future research
is to deal with the robust decentralized SOF control design
0.2 for large-scale systems with the aid of non-deterministic
switched system approach including dwell time switching
00 2 4 6 8 10 [38], average dwell time switching [39] and persistent dwell

Time in Seconds

FIGURE 6. Response of /%, performance based on Theorem 3.

It is straightforward to see that these two open-loop sub-
systems are not asymptotically stable. The objective here is
to design a decentralized robust SOF fuzzy controller in the
form of (8) such that the closed-loop fuzzy control system
is asymptotically stable with an J#, disturbance attenuation
level y.Givena =0.1,Jy =L =[11], /=L =[11],
and the measurement noises M;; = 0.1, (i,1) = {1, 2}, the
values of optimal /%%, disturbance attenuation level yp;, and
the desired controller gains are obtained in Table 2 consider-
ing the cases with measurement noises or not, respectively.

For the system with M;; = 0.1, designating J1 = J, =
[1 1] and J; = J, = [1 1], a more detailed comparison
between the obtained minimum 2%, performance indexes,
which based on different methods, is summarized in Table 3
for different parameters a. It can be seen from Table 3 that
Theorem 3 gives much better results than the ones calculated
via Theorem 2, which clearly verifies the conjecture given in
Remark 3.

V. CONCLUSIONS
In this paper, the robust decentralized SOF J7%, fuzzy
controller design has been investigated for a class of

VOLUME 4, 2016

time switching [40].

APPENDIX

Lemma 1 (Jensen’s Inequality [41]): For any constant
positive semidefinite symmetric matrix W € %" Wl =
W > 0, two positive integers dr and d satisfy d» > dy > 1,
the following inequality holds

d T dy

d.
Zx(k) w Zx(k) 55_122:xT(k)Wx(k),

k=d, k=d, k=d,

whered = dp — d; + 1.
Lemma 2 [42]: Let matrices M = MT, S, N, and A(t) be
real matrices of appropriate dimensions, the inequality

M + Sym {SA()N} <0

holds for all AT (t)A(t) < 1 if and only if for some positive
scalar ¢ > 0 such that

M +eSST +e7'NTN <.
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