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ABSTRACT This paper is concerned with the exponential stability analysis for time-delay systems. First, two
new weighted integral inequalities are presented based on the auxiliary function-based integral inequalities.
In the new weighted integral inequalities, unlike previous studies, exponentially weighted integral vectors
are used to find the lower bounds of the weighted integral quadratic terms. Then, by utilizing the new
weighted integral inequalities, a new linear matrix inequality (LMI) condition is derived for the exponential
stability of the considered time-delay systems. Finally, the numerical examples are conducted to validate the
effectiveness of the new LMI condition. The example results show that the LMI condition derived in this
paper is less conservative than existing ones in analyzing exponential stability of the considered systems.

INDEX TERMS Time-delay systems, exponential stability analysis, Lyapunov—Krasovskii functional, linear

matrix inequalities.

I. INTRODUCTION

Many practical systems, such as network control systems,
chemical engineering systems, and biological systems, can be
modeled as linear systems with time delay. The appearance of
time delay in these systems may make them unstable. Hence,
for time-delay systems, stability analysis is an important issue
to be considered [1]-[27]. In general, the stability analysis
can be grouped into two classes, namely the asymptotic sta-
bility analysis [1], [7], [18], [21]-[23] and the exponential
stability analysis [2], [3], [5], [6], [19], [25], [28]-[30]. The
goal of the asymptotic stability analysis is just to derive the
sufficient conditions of the asymptotic stability of time-delay
systems, whereas that of the exponential stability analysis is
further to determine the decay rates of these systems.

This paper focuses on the issue of the exponential stabil-
ity analysis of time-delay systems. With the help of linear
matrix inequalities (LMlIs), the Lyapunov—Krasovskii func-
tional (LKF) approach has become one of the most effective
ways to address this issue [2], [3], [6], [28]-[34]. In [2],

Liu transformed the exponential stability analysis of a time-
delay system into the asymptotic stability analysis of another
time-delay system by using a state transformation. In [3],
Mondie and Kharitonov introduced an exponential weighted
functional into the LKF to investigate the exponential stability
of time-delay systems. Later, Xu et al. [6] improved the
results of [2] and [3] by using a more complicated LKF func-
tional and the state transformation. Recently, Cao [29] intro-
duced slack matrices for LMIs to obtain a novel exponential
stability criterion. Very recently, based on Jensen’s integral
inequalities, Van Hien and Trinh [30] proposed two weighted
integral inequalities for both single and double exponential
weighted functionals. Then, these two integral inequalities
were successfully applied to the exponential stability analysis
of several kinds of time-delay systems.

In this paper, based on the auxiliary function-based integral
inequalities given by Park et al. [23], we present two new
weighted integral inequalities. Instead of the commonly used
integral vector, exponentially weighted integral vectors are
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used to derive the new weighted integral inequalities. We then
establish a new LMI condition of the exponential stability
of time-delay systems by using the new weighted integral
inequalities. It is also worth mentioning that to our knowl-
edge, we are the first to introduce weighted integral states
into the augmented state vector of LKF functional. Finally,
we provide two numerical examples to demonstrate the effec-
tiveness of the proposed exponential stability condition.

The rest of this paper is organized as follows. In Section II,
we presented two new weighted integral inequalities, which
will be applied to analyze the exponential stability of time-
delay systems in Section III. Section IV reports the compari-
son results for two examples. Finally, the conclusion is given
in Section V.

Notation: Throughout this paper, R” and R"*” denote the
n-dimensional Euclidean space and the set of all n x m real
matrices, respectively; I and 0 denote the identity matrix
and zero matrix of appropriate dimensions, respectively; the
superscript “7T”’ denotes matrix transpose; | - || denotes
the Euclidean vector norm; A,(+) and A () denote the
minimum and maximum eigenvalues of a symmetric matrix,
respectively. Note that matrices are assumed to have com-
patible dimensions for algebraic operations, if not otherwise
stated.

Il. WEIGHTED INTEGRAL INEQUALITIES
In this section, based on the auxiliary function-based integral
inequalities (AFIIs, for short) established by Park et al. [23],
we presented two new weighted integral inequalities for expo-
nential stability analysis. We first review the AFIIs with the
following two lemmas.

Lemma 1 [23]: For an n x n matrix R > 0 and a vector
Sfunction w € C([a, b], R"), the following inequality holds:

b
b — a)/ a)T(u)Ra)(u)du

b b
> (/ a)T(u)du)R<[ a)(u)du)
+3QTRQ + 5Q1 R, 1)

where

b 2 b rb

Q =/ a)(u)du—m/ f w(u)duds,
ab 6 ab Sb

Q) =/ a)(u)du——/ f w(u)duds
(b—a)z_/ / / w(u)dudsdy.

Lemma 2 [23]: For an n x n matrix R > 0 and a vector
Sfunction w € C([a, b], R"), the following inequality holds:

_ N2 b b
® 2a) / / o' (W Rw(u)duds

> ( / ’ / ba)T(u)duds>R< / ’ / bw(u)duds)

+8Q% R, 2

6232

where

b b 3 b pb b
Q3 = / / w(u)duds — —— / / / w(v)dvduds.
a K b—a a K} u

The above AFIIs were developed originally for the asymp-
totic stability analysis of time-delay systems. Next, we extend
them for exponential stability analysis. To do so, two new
weighted integral inequalities are established as follows:

Lemma 3: For ann X n matrix R > 0, a scalar § > 0, and
a vector function v € C([a, b], R"), the following inequality
holds:

b
b — a)/ P40 T (W Rw(u)du

> ’ b u=a o’ (u)du )R ’ eg(”ﬂ)w(u)du
( )&( )

a a

+3QFRQs + 5QITRQs, A3)
where

b g
Q4 —/ 2D (u)du

/ / 62(“ De(u)duds,
b—a
Qs = / €209 () du
6 b b

/ / e%(’“”)w(u)duds
b—a

/ / f %= () dudsdy.

(b—a)

Proof: Let @(u) = 2= 5. it follows that
() = e 7D (u), )

Then, substituting e~ G- Déy(u) for w(u) in the left side of
inequality (3), we obtain

b
b — a)/ P U0 T () Rw(u)du

b
=(b-a) / &7 (WR&(u)du. (5)
a
By Lemma 1, we can rewrite Eq. (5) as

b
b — a)/ P9 T (WRw(u)du

b
=0b-a) f &T (W)R&(u)du

b b
> (/ J)T(u)du)R(/ c?)(u)du)
+3QIRQ + 5QTRQ, (6)

where

Q =/ a)(u)du——/ / @(u)duds,
Q —/ a)(u)du——/ / (u)duds
+(b—a)2/a /v /S @(u)dudsdy.
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Finally, inequality (3) can be obtained directly by replacing

() with e 7@ Do) in (6). 0
Lemma 4: Forann x n matrix R > 0, a scalar § > 0, and
a vector function w € C([a, b], R"), the following inequality

holds:
bh—a? [P (b
( 2a) / / PU=D4T (1) Rep(u)duds
a s

> Q¢ R + 82 R, )

where

b rb P
Q¢ =/ / 2“9 o (u)duds
a S
b prb P
Q7 =f f €2 "= o(u)duds
a N
b pb b
- 3 f / / eg(”_”)a)(v)dvduds.
b—a a s u

Proof: Based on Lemma 2, we can obtain inequality (7)
in a similar way as we did in the proof of Lemma 3. 0
Remark 1: By setting f = 0, the new weighted integral
inequalities (3) and (7) reduce to the AFIls (1) and (2),
respectively. That is to say, the AFIIs (1) and (2) are special
cases of the new inequalities (3) and (7), respectively.
Remark 2: It is noted that in the weighted inte-
gml inequalities of [30], the integral vectors, such as
f " w)du and [ f w(u)duds, were used to bound the

wezghted mtegral quadratic terms f PU=D T (W Rew(u)du

and |, f PU=D T (WRw(u)duds; whereas, in the new
weighted integral inequalities (3) and ( 7), the exponentially

wezghted integral vectors, such as f e2“Doy(u)du and

f f 62(” “)a)(u)duds are used instead. To our knowledge,
this is the first time that such exponentially weighted integral
vectors have been used in integral inequalities to find the
lower bounds for the weighted integral quadratic terms.

1. EXPONENTIAL STABILITY ANALYSIS
OF TIME-DELAY SYSTEMS
Consider a time-delay system of the following form:

X(1) = Ax(t) + Agx(t — d),
x(t) = ¢(1),

where x(¢) € R" is the system state; ¢(¢t) € C([—d, 0], R") is
a continuous function called the initial function of x; d is the
time delay that takes a positive value; A and Ay € R"™" are
constant matrices.

Let x(#, ¢) denote the solution of system (8) with the initial
condition ¢, and let

¢lla = sup_g<g<oll@@OIl. €))

Now we give the definition of exponential stability for sys-
tem (8) as below.

Definition 1: System (8) is said to be exponentially stable
with a decay rate o if there exist scalars 0 > 0 and y > 0

t>0,

t €[—d,0], ©
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such that for every solution x(t, ¢) of system (8), the following
inequality holds:

Ix(t, )l < ye ™ liplla, t = 0. (10)

Note that the above definition is adapted from [3] and [6].

With the help of the proposed integral inequalities given by
Lemmas 3 and 4, we obtain the following theorem.

Theorem 1: For a given B > 0, system (8) is exponentially
stable with a decay rate 0 = B/2 if there exist symmetric
positive definite matrices P € R and R; € R™"
i =0,1,2, such that the following LMI holds:

O = (EITPEZ +3IPy, + ,BElTPEl)

_ 2
+ elT (eﬂdRo + eﬂdde + Pl 7R2)e] — e£R062:|

— _61—163 Riez + 3(63 — ;m)TRl (63 - %84)]

7o Gt ) Ta(ea= oo+ )

— d22 ey Roeq + ;S <e4 — 365>TR2(64 — 365)i|

< 0, (11)
where
e = [Onx(lfl)n Il’l 0n><(57i)n], l= 1’ 29 (RS 57
gd di! .
81 =e?2 (i — 1)'61 — €+l — E€z+2’ 1= 15 27 35
8 = Aey +Ager,
El = [el ’ eg’ 647;5 eg]T’
¥, = [&7, 87,81, 6177,
Proof: Let
_ (1) _
/ ez (S_H'd)x(s)ds
1) = 0 , (12
) = / / 261+ (5)dsdd (12)
—d Jt+6
0 0 pt )
/ / / 261Dy (5)dsdodB
dJp Jt+0 _
and
_ ) _
x(t —d)

g
f e20= 1+ )y (5)ds

o) = o (13)
/ / e20 1y (5)dsd
—d Jt+6
0 0 pr,
/ / / 261+ (5)dsdodB
| J—d Jp Ji+6 _
Note that from (12) and (13), we have
n(t) = Z1(1). (14)
6233
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B Ax(t) + Agx(t — d) 7]

gd Lo d
erx(t)—x(t —d)— = €267y (5)ds
2 Ji—a

Lo 0 pr —
n() = de%x(t) . ftt—d eg(s_z+d)x(s)ds _ g / / eg(“”d)x(s)dsde = Zoo(1). (16)
—d Jt+6
dz d 0 t P 0 0 pt P
—e 7 x(t) — / / e267 Ty (5)dsdg — p / / / 21Dy (5)dsdodp
L 2 —d Ji+o 2 ) alg Jive _
0
To prove the theorem, we first construct an LKF as follows: _ / |: PG—t+d), T ($R1x(s) t i|d9
—d t+6

V=Vy+ Wy + W + Wy, (15)
where
Vo = " ()Py(),

t
Wo = / PO DT (9)Rox(s)ds,
t—d
0 t
W, = / PO DT ()R x(s)dsdo,
—d Jt+6

0 0 pt
W, = / / / PETHDLT ()Ryx(5)dsdh; d65.
—d J6Oy Jt+6,

Then, to obtain V + BV, in the following we calculate
Vo + BVoand W; + BW;, i =0, 1,2, separately. Considering
that n(r) = Xje(t) (see Eq. (14)) and n(r) = Xr¢(t)
(see Eq. (16), which is on the top of this page), we have

Vo = (pT(t)(ZlTPZz + 22TP21>¢(t). (17)
From Eq. (17), it follows that
y T T T T
Vo+ BVo = T 02T P2 + ELPE) + BT PE1 ().
(18)

For Wy, we get its derivative by
. t
Wo = eSO (Rox(s)|
t_

t
- B PO DT (9)Rox(s)ds
t—d

= PO T (Rox(s)| — BW.

t
t—d
Further, we have

. t

Wo + BWo = P+ 0x(s) Rox(s)|

t7

ePx ()T Rox (1) — x(t — d)T Rox(t — d)
- (pT(t)(eﬂdelTRoel —el R0e2)<p(z). (19)

Next, the derivative of Wy is calculated as follows:

0
114! =/ |:eﬁ(s_t+d)xT(s)R1x(s)
—d

t

t4-6

t
-8 eﬂ(s_’+d)xT(s)R1x(s)dsi| de
+6
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0 t
—B / / PO DLT ()R x(s)dsdO
—d Jt+6

0
= / ePUXT (R 1 x(1)do

0
_/ PO (1 4L )R x(r + 0)d0 — BW,
d

= dePixT ()R x(1)

t
— / PETFDLT ()R x(s)ds — BW]. (20)
t—d
Based on (20), we have

Wy + BW; = goT(t)(de’gdelTRlel)ﬁO(t)
t
B / PO (DR x(s)ds. (1)
t—d

Similarly, the derivative of W5 is given by

0 0
Wy = / / [eﬁ =4 T ($)Ryx(s)
—d J6

t
_IB eﬁ(sl+d)xT(s)R2x(s)ds:| d@ldez
t+6,

0 0
= / / [eﬁ =1+ T ($)Ryx(s)
—d Jo, t+61

0 0 pt
_,3 / J / / eﬂ(S—l-i-d)xT(S)sz(s)dsdeld92
- 0y J1+46,

0 0
= / / ePxT (1)Ryx(1)d6;d,
—d J6)

t
t+06,

t

:|d91 do,

0 0

— / / POFTDT (1 4 6)Rax(t + 61)d01d62
—d JOy

- BW,

T ﬂddz T
=@ ()|e 7611@261 o(1)

0 t
— / f PETHDT (9)Ryx(s)dsdd — BWs.  (22)
—d Jt+6

Then, we obtain from (22) that
. d?
Wa+ W2 = o' (1) (eﬂdge{Rzel) o(1)

0 t
- / / PETHDLT (O Rox(s)dsdd.  (23)
—d Jt+6
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Combining (15), (18), (19), (21), and (23) yields
V + BV
- goT(t)(ElTPZz +37Pyy + ﬁz{le)go(t)

d2
—HpT(t) |:e1T (eﬁdRo + PR, + P 7132)61} o(t)
T T
- (t)(ez Roez)fﬂ(l)

t
— / PO DT (R x(s)ds

t—d
0 t

— f PEFD LT (9)Rox(5)dsd6. (24)

—d Jt+6
Furthermore, by Lemma 3, we have

'

/ DT (R x(s)ds > ¢ (OTg(), (25)
t—d

where

T
I' = leTR1€3 + E ez — ze4 Rile3 — Ee4
d? d d d
5 6 12\’ 6 12
+2 e = e + 72 Ri|es — 7 + 7 )

and by Lemma 4, we also have

0 t
/ / PO DT (9)Rox(s)dsdd
—d Jt+6
0 0
- / / PFDLT (4 L WRyx(t + u)dudd
—d JO
> T 2 TR
> @' (1) peatoes @(t)
16 3 \T 3
T JE— —_ —_
+o (t)[ (s = Ses) Ra(es dés)}ﬂ(t) (26)

d
Substituting (25) and (26) into (24), we obtain the following
inequality
V() + BV () < " (1)Op(0), 27
where © is defined in (11).
Let
a1 = Amin(P),
@ = [14 @+ d* +de™ | dan(P) + deP ppan (Ro)
+d? dpax(R1) + d* P ha (R2).
I_f inequality (11) holds, then we obtain from (27) that
V() + BV(t) <0, which yields
V(1) < e PV(g) < e 19115,
At the same time, it follows from (15) that
V(6) = arlln®|* = anllxt, §)I*, > 0. (29)

Then, the combination of (28) and (29) leads to
ay _ B
lx(z, P < ,/a—le ipllg, 1=0. (30)

Finally, by Definition 1 and inequality (30), we have that
system (8) is exponentially stable with a decay rate o = /2.
This completes the proof. 0

t>0. (28)
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Remark 3: As discussed in Remark 2, unlike previous stud-
ies, the new weighted integral inequalities (3) and (7) use
the exponentially weighted integral vectors instead of the
commonly used integral vectors. We find that the use of the
exponentially weighted integral vectors poses a challenging
problem in establishing the exponential stability condition.
Fortunately, this problem is successfully solved by the intro-
duction of the quadratic form Vo = nT(t)Pn(t), in which
the augmented state vector 1n(t) consists of not only the sys-
tem state x(t) but also the weighted integral states, such as
/ 0 4 fzt+9 36 ~t+d x(5)dsdb. Note that the use of the weighted
integral states in Vy is also different from previous studies, but
is consistent with the new inequalities (3) and (7) that utilize
the exponentially weighted integral vectors.

Remark 4: It is worth mentioning that the way to derive
Theorem 1 is clearly different from the state transformation
approach applied in [2] and [6]. To establish an exponen-
tial stability condition, in [2] and [6], the authors first set
2(t) = eP'x(t), and then transformed system (8) into a new
system as follows:

20) = (A + BL)z(t) + Pl Azt — d). (1)

As stated in [30], the state transformation approach usually
introduces conservatism in exponential stability conditions.
This is because that the state transformation approach can
only obtain the asymptotic stability condition of (31), which
is more restrictive than the boundedness condition of (31),
i.e., the exponential stability condition of (8). The derivation
of Theorem 1 is based on system (8), not on (31), thus can
avoid introducing such extra conservatism.

IV. EXAMPLES

In this section, we present two numerical examples to show
the effectiveness of the new exponential stability condition
given by Theorem 1. In both examples, the proposed stability
condition is compared with those obtained in [2], [3], [6],
[29], and [30] in terms of the decay rate for various time
delays. The solutions of the examples are achieved by using
the YALMIP toolbox of MATLAB.

Example 1: Consider the system (8) with

-3 -2 -0.5 0.1
A—[ 10 ] Ad—[ 03 0 ]

This example was used in [6] and [29]. As done in
[6] and [29], the time delay d investigated here ranges from
0.8 to 2.0. The compared results of this example are listed in
Table 1. It is shown from Table 1 that among the six compared
conditions, Theorem 1 achieves the largest decay rate in all
cases except for d = 0.8 and d = 1.0. Note that when
d = 0.8 and d = 1.0, only the decay rate of [29] is slightly

larger than that obtained by Theorem 1.
Example 2: Consider the system (8) with

0 1 0 0
A=[—2 0.1}’ Ad:[l 0]
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TABLE 1. Decay rate o for various d for Example 1.

d 0.8 1.0 1.2 1.4 1.6 1.8 2.0
[2] 0.9366 0.5903 0.3400 0.1813  0.0752  0.0014 -
[3] 0.7344  0.6715  0.6145 0.5642  0.5202  0.4818  0.4481
[6] 09366 09192 0.8990 0.8115 0.6990 0.6148  0.5494
[29] 0.9429  0.9220 0.8894 0.7951 0.7043  0.6313  0.5719
[30] 0.9366 09192  0.8990 0.8712 0.7493  0.6573  0.5856

Theorem 1~ 0.9366 0.9192  0.8990 0.8734  0.7511  0.6589  0.5870

TABLE 2. Decay rate o for various d for Example 2.

d 03 05 038 .0 5 6
2] - - - - - -
E] - - - - - -
[6] - - - - - -
[29] - - - - -
[30] 0.1022 02148 04195 04978 0.1108
Theorem 1 0.1022 02156 04322 05210 0.1151

0.0496
0.0556

This example was used in [30]. Also, as done in [30],
the time delay d investigated in this example ranges from
0.3 to 1.6. The results are reported in Table 2. It is surprising to
see that the stability conditions of [2], [3], [6], and [29] cannot
obtain any result when solving their LMIs for each time delay.
Note that while in Example 1, the condition of [6] obtain the
best results for d = 0.8 and d = 1.0. The significantly differ-
ent performance of the condition [6] in these two examples
indicates that it is, in fact, sensitive to different examples.
However, both the stability conditions of Theorem 1 and [30]
still work well in the example. Furthermore, the decay rate
of Theorem 1 is not smaller than that of [30] in all cases.
Especially, the decay rate of Theorem 1 is 4.66% and 12.09%
larger than that of [30] ford = 1.0 and d = 1.6, respectively.

To sum up, the above two examples show that the condition
of Theorem 1 is, on the whole, less conservative than those
of [2], [3], [6], [29], and [30].

V. CONCLUSION

In this paper, we have studied the exponential stability of
time-delay systems. The main contributions of this paper are
as follows:

(1) Based on the AFIIs (1) and (2) [23], two new
weighted integral inequalities have been derived for
exponential stability analysis. To improve the lower
bounds of the weighted integral quadratic terms,
the exponentially weighted integral vectors (such
as fabeg(“*“)a)(u)du and fabfxb eg(“’“)w(u)dudS),
instead of the integral vectors (such as f ab w(u)du
and | ab i) Yb w(u)duds), are used in the new inequali-
ties (3) and (7). As far as we know, this is the fist
time that such exponentially weighted integral vec-
tors have been used in integral inequalities. Besides,
note that the AFIIs were originally presented for
asymptotic stability analysis, and can be regarded
as special cases of the new weighted integral
inequalities.

(2)  With the help of the inequalities (3) and (7), a new
LMI condition has been established for the expo-
nential stability of time-delay systems. To solve

6236

the problem raised by the use of the exponen-
tially weighted integral vectors in (3) and (7), a
new quadratic form given by Vo = nT(t)Pn(t)
is introduced into our Lyapunov—Krasovskii func-
tional. It is worth noting that in the augmented
state vector 7(t), the weighted integral states (such
as f?d ftt-l—O eg(s_t"’d)x(s)dsdé‘) are used. To our
knowledge, this has not been done before. Two
examples have also been provided to show that
the new stability condition is less conservative than
existing ones in determining the decay rate for the
considered systems.

In this paper, the new weighted integral inequalities have
only been applied to the exponential stability analysis of the
constant time-delay systems. Our future work is to extend
the application of these inequalities to varying time-delay
systems.
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