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ABSTRACT The fault tolerant control problem is investigated for a class of uncertain networked control
systems (NCSs) subject to actuator faults and actuator saturation in this paper. System parameter uncertain-
ties are considered and a sector condition method is employed to deal with the saturation problem. Based
on the network transmission environment, the NCSs can be modeled as a class of saturated discrete-time
systems with time-varying delays and actuator faults. By using Lyapunov-Krasovskii (L-K) stability theory,
a sufficient condition for the fault tolerant controller design of NCSs is derived in the form of linear matrix
inequalities. Finally, simulation results are given to demonstrate the effectiveness of the proposed method.

INDEX TERMS Networked control systems, induced delays, actuator saturation, actuator faults, linear

matrix inequalities.

I. INTRODUCTION

Networked control systems are one type of distributed control
systems whose feedback paths are interconnected through
wired or wireless communication network [1], [2]. NCSs
have received increasing attention in recent years because
of many advantages, such as low cost, easy maintenance,
simplicity in installation and so on [3]. As a result, NCSs
are widely applied in manufacturing plants, aircraft, vehi-
cles and remote surgery [4]. The analysis and design of
NCSs are complicated because of the use of a communi-
cation network shared among different devices. Due to the
non-ideal behavior of the network, network-induced delays
are usually encountered. Similarly, due to the measurement
error, unmodeled dynamics and some other factors, NCSs
often suffer uncertainties [5]. On account of physical limita-
tions, actuator saturation frequently exists. Meanwhile, NCSs
usually work in some poor environment, actuator fault is
inevitable. Thus, investigations on fault tolerant control for
uncertain NCSs with induced delays and actuator saturation
are necessary.

In NCSs, uncertainties usually lead to system instability.
Uncertain NCSs have been widely investigated in recent
years. In [6], the stabilization problem was studied for uncer-
tain networked control system with random but bounded
delay. The robust stability and stabilization problem was
investigated for uncertain networked flight control system
with random time delays in [7]. The problem of H oo output

tracking control was discussed for networked control systems
with random time delays and system uncertainties in [8].
Except for system uncertainties, networked-induced delay is
one of the typical characteristics of NCSs and also needs to
be discussed.

Since networked control systems are usually connected
by communication network, network-induced delays always
exist and can affect system performance. So far, various
achievements on induced delays have been obtained. In [9],
the delay-dependent Hoo controller design was studied for
a class of uncertain networked control systems. In [10],
a new delay system approach was presented for network-
based control which was suit for a new time delay model. The
problem of designing guaranteed cost controller was studied
for a class of uncertain time-delay network control systems
in [11]. In [12], a design technique was investigated for
the observer-based output feedback controller of continuous
networked control systems with sensor delays. The stochastic
stability and stochastic stabilization problem was discussed
for time-varying delay discrete-time singular Markov jump
systems in [13]. In general, NCSs with time delays were
widely investigated. However, as mentioned before, satura-
tion problem in NCSs also can not be ignored in the control
analysis of NCSs.

In recent years, saturation problems have been extensively
investigated in some existing works. In [14], the problem of
networked control was considered for delta operator systems

2169-3536 © 2016 IEEE. Translations and content mining are permitted for academic research only.

6574 Personal use is also permitted, but republication/redistribution requires IEEE permission.

VOLUME 4, 2016

See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



L. Zhang et al.: Fault Tolerant Control for Uncertain NCSs

IEEE Access

with actuator saturation. The quantized H oo filtering problem
was investigated for NCSs with multiple influencing factors
such as randomly occurring nonlinearities and sensor satura-
tion in [15]. In [16], a neural network state observer-based
adaptive saturation compensation control was proposed for a
class of time-varying delayed nonlinear systems with input
constraints. Even though some recent works had considered
both induced delays and saturation, actuator faults problem
was seldom taken into account in these works.

In practical applications, because of poor work environ-
ment and complicated structure of NCSs, actuator faults fre-
quently occur and have bad influence on system performance.
Thus, it is of great importance to explore a suitable controller
to guarantee the performance of NCSs with actuator faults.
Fault tolerant control problem has been a hot topic in the past
decades. In [17], the stabilization problem was studied for
uncertain networked control systems with stochastic actua-
tor failures. A study of fault tolerant control was given for
wireless networked control systems in industrial automatic
processes in [18]. Quantized H oo fault tolerant control was
concerned for NCSs with partial actuator faults in [19]. Gen-
erally speaking, it is of great necessity to study the fault
tolerant controller design problem for uncertain networked
control systems with induced delays and actuator saturation.

Motivated by the discussions above, we aim to solve the
fault tolerant controller design problem for uncertain net-
worked control systems with induced delays and actuator
saturation. By introducing a sector condition, the saturation
can be transformed into a particular form. The closed-loop
model of NCSs with actuator faults is modeled as discrete-
time systems with unknown parameters which are related
to the boundary values of actuator faluts. By employing the
L-K functional approach, sufficient conditions are estab-
lished for asymptotical stability analysis and stabilization of
NCSs with system uncertainty, induced delays, actuator faults
and saturation. The main contributions of this paper lie in:

1) System parameter uncertainties, time-varying network-
induced delays, time-varying actuator faults and actu-
ator saturation are considered together which may
increase the difficulty of analysis and control.

2) By using sector condition, the actuator saturation can
be transformed into a linear part and a nonlinear part
satisfying the sector condition. By introducing some
particular matrices, the NCSs with time-varying actu-
ator faults can be modeled as systems with uncertain
parameters.

3) By employing an appropriate L-K functional and using
the discrete Jensen inequality, a fault tolerant control
scheme is obtained for the NCSs with system uncer-
tainty, induced delays, actuator faults and saturation.

The organization of this paper is organized as follows.
Section 2 details the problem formulation. Stability criteria
and controller design of NCSs without actuator faults are
obtained in Section 3. Fault tolerant controller is designed in
section 4. Simulation studies are presented in Section 5 to
demonstrate the the effectiveness of our approach.
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NOTATIONS

Throughout the paper, superscript (o)’ stands for the
matrix transposition, R" and R"*™ denote the n dimensional
Euclidean space and the set of all n x m real matrices, respec-
tively. The notations P > O(P < 0) mean that P is a real
symmetric positive (negative) definite matrix. / represents
the identity matrix. diag{...} stands for a block-diagonal
matrix. The expression A > B means that matrix A — B is
positive definite. The symbol * within a matrix represents the
symmetric part.

—v|Act)a/Lor jC —'I Plant l—v| Sensor |—
uf (k)

Faults Saturation x(k)

u(k) ,—IA
Controller
]

FIGURE 1. NCSs model.

Il. PROBLEM FORMULATION
The structure of NCSs with actuator faults and actua-
tor saturation is shown in Figure 1. The components of
NCSs are connected by communication network. There exist
induced delays in the communication links between sensor-
to-controller and controller-to-actuator.

The discrete controlled plant of NCSs with actuator faults
and actuator saturation shown in Figure 1 can be described as

x(k + 1) = Ax(k) + Bsat(u® (k)) )

where x(k) € i" is the state vector of the system and u’ (k) €

M is the control input signal subject to actuator faults. A and
B can be written as [5]

A=A+ AA, B=B+AB 2)

where A and B are known constant matrices with appropri-
ate dimensions; AA and AB are the time-varying parameter
uncertainties which satisfy [5]

[AA  AB]=DA()[EI E:] €)

where D, E; and E, are known constant matrices and
A(k) is a time-varying unknown matrix which satisfies
AT()AK) < 1.

The control input u(k) is required to meet the saturation
constraint and sat(-) is a saturation function defined as [20]

sat(u) = [sat(uy), sat(up), --- , sat(um)]T 4)

with sat(uj) = sign(uj)max{ujmax, | uj 1},j=1,...,mand a
saturation boundary #jqy.

As presented in Figure 1, network-induced delays exist
in both sensor-to-controller and controller-to-actuator. The
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induced delay generated from sensor to controller is denoted
as Te(k) and satisfies 0 < Ty (k) < Tg. Similarly, 7.4(k)
is the induced delay generated from controller to actuator
which satisfies 0 < tq(k) < Tgq. Tse and 7., are positive
integers. The computational delay t. of sensor, controller and
actuator can be ignored because it is small enough compared
with the other two kinds of delays. To design the fault tolerant
controller, the following assumptions are needed:

Assumption I [20]: The system data of networked control
system (1) is transmitted with a single packet and full state
variables are available for measurements.

Assumption 2 [21]: For the networked control system (1),
the sensor is time-driven. The controller and actuator are
event-driven.

Assumption 3: There exists stabilization controller for the
networked control system (1) subject to actuator saturation
and actuator faults.

According to Assumption 1 and Assumption 3, a static
state-feedback controller can be designed. The control signal
u(k) can be formulated as

uk) = Kx(k — tyc) &)

where K € R™*" is the control gain matrix which needs to be
designed.

According to Figure 1, in the presence of actuator faults
and induced delay 7.,, we have

uf (k) = M(kyutk — ) (©6)

where M (k) = diag{m;,m;...,my} is actuator failure
matrix and m; = 1 represents that the i actuator is running
without failure; m; = 0 means that the i actuator can not
work; 0 < m; < 1 represents that the i"'actuator has partial
failure. For the actuator failure matrix m(k), we have the
following definitions.

Definition 1 [21]: The upper bound of fault matrix is
defined as

my = diag{my1, My, ..My}, 0 < my; <1
while the lower bound of fault matrix is given by

my = diag{my1, mp, ..., mpy}, 0 <my; < 1
That is to say, M(k) € [my, m,] which is time-varying.

We define My = diag{mo1, moy ..., mom}, mo;i = m”’TW
Furthermore, the following matrix is introduced:
G(k) = diag{g1(k), g2(k), ...gm(k)}
with
mi(k) — mo;
giltk) = ——
mo;
Obviously, we have
Jp < Tk = mi(k) — mo;
moj; mo;
< my; — mo; _ myj — mj; <1 %)
mo; my; + my;
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Based on (7), we have —I < G(k) < I. Naturally, we obtain
M (k) = Mo + G(k)) (®)

According to (5) and (6), the two parts of networked-induced
delays can be lumped together as 7(k) = 1.4+ T for analysis
purpose, and then the fault tolerant controller is expressed as

uf (k) = M(k)Kx(k — t(k)) ©)

where 7(k) = t5(k) + T, Which satisfies0 < (k) < 7,7 =
Tse + Teq. For simplicity, we use M represents for M (k) in the
later analysis. Then, the closed-loop system of NCSs can be
written as

x(k + 1) = A(k) + Bsat(MKx(k — t(k))) (10)

To develop our results, the actuator saturation can be trans-
formed into a particular form, and the following definition is
needed to deal with the saturation problem.

Definition 2 [22]: A nonlinearity W (e) is said to satisfy
a sector condition if

¥ ) — Hv)T (¥(v) — Hav) <0.¥v € R’

for real matrices H{, H, € R"™*", where H = H, — H; is a
positive definite symmetric matrix. In this case, we say that
W belongs to the sector [ Hy Ha |.

As shown in [23] and [24], we assume that there exist
diagonal matrices F1 and F3, suchthat 0 < F| <[ < F»,
then the saturation function sar(u” (k)) can be expressed as

sat(u (k)) = Fiu® (k) + W (u® (k)) (11)

where Fiuf (k) is a linear function and W(uf (k)) is a non-
linear function satisfying the sector condition with H; = 0,
H, = F, which can be described as follow [23] [24]:

W W (k) (W @F (k) — Fu® (k) <0 (12)

where FF = F> — F. As mentioned before, the closed-loop
system can be written as

x(k + 1) = Ax(k) + BF\MKx(k — t(k)) + BY (u’ (k))
(13)

Before presenting the main results of this paper, we need to
introduce the following lemmas which are crucial to develope
our main results.

Lemma 1 [25]: For a given matrix Z = ZT > 0 € ™",
two positive integers y1, y» satisfying y» > y; > 1 and
a vector function w : [yi, 2] — R”", then the following
inequality hold:

Y2
=+ o HZol)

=y
T
Y2 Y2
<= Do z| ) o)
i=y1 i=y1
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Lemma 2 [26]: Given the symmetric matrix ® =
|:®11 O

T , the following statements are equivalent:
®12 622

1.©<0
2.0 <0,05 - 065L,67'0, <0

3.0 < 0,01 — 00,01, <0
Lemma 3 [27]: Given matrices I', A and symmetric
matrix Y with appropriate dimensions, then

Y +TFkA+ATFT T <0

holds for any FT(k)F(k) < I, if and only if there exists a
scalar @ > 0 such that

Y4+aolTT +a7'ATA <0

IIl. STABILITY ANALYSIS AND CONTROLLER
DESIGN WITHOUT ACTUATOR FAULTS
In this section, for the sake of designing the fault tolerant
control scheme, we firstly assume that there are no actuator
faults. A sufficient condition for the asymptotical stability of
uncertain networked systems (1) and the control law without
faults are developed.

According to the previous statements, no actuator faults
happen means that M (k) = I and u® (k) is replaced by u(k).
Thus, the closed-loop system can be written as follows:

x(k + 1) = Ax(k) + BF 1 Kx(k — t(k)) + BU(u(k)) (14)

Then, the asymptotical stability criteria is given in Theorem 1.
Theorem 1: The closed-loop system (14) with bounded
induced delay 7(k) € (0, T] is asymptotically stable if there
exist symmetric positive definite matrices P, Q, S and matri-
ces L1, Lo, L3, K with appropriate dimensions satisfying
Q. Q. Q3 Q. Qs
x  Qp Q3 Qu Qs

Q= * * 933 934 935 <0 (15)
* * * Qa4 Q45
* * * * Qs5

where

Qu=LIA-D+@A@-DTL+0-5,
Qu=LIBFIK+A—-DTLy,Q13=5,
Quq=LIB Qs=-L +A-D"L; + P,
Qo = LIBF|K 4 (BF 1K) Ly, Q3 = 0,

1 _
Qo = EKTFT + LB,
Q33 = =S — Q, s = —L] + (BFiK)" L3,
Q34 = 0,5 =0, Quq = —1, Qs =B L3,

Qss =P+ 725 — LT — Ls.
Proof: Let y(k) = x(k + 1) — x(k). From (14), we obtain

(A — Dx(k) + BF 1 Kx(k — t(k))
+BW(u(k)) — y(k) =0 (16)

Construct a Lyapunov-Krasovskii functional candidate as

V(k) = Vi(k) + Va(k) + V3(k)
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with
Vik) = xT (k)Px(k)

k—1
Vak) = > xT(Qx()
i=k—7T
-1 k-1
Vi) = Y Y oy ()Sy() (17)
i=—7 j=k+i

The forward difference of V;(k), i = 1, 2, 3 can be written as
follows:

AVi(k) = 2x" (k)Py(k) + y" (k)Py(k)
AV, (k) = x" (k)Qx (k)

—xT(k — ©)Ox(k — T)
AV3(k) = V3(k + 1) — V3(k)

-1 k
=Y > 'O

i=—T j=k+1+i
-1 k-1
=D Y & @Sy (18)
i=—T j=k+i
According to Lemma 1, we obtain

AV3(k) < 7297 (k)Sy(k)

xk) 1 =T xk)
+[x(k—f)i| F[x(k—f)] (19)

=7 4]
From (16), the following equation is true for matrices Ly, Ly,
L3 with appropriate dimensions:
26" L] +x"(k — T(kDLY + Y (K)L3)
x [(A = Dx(k) + BF Kx(k — t(k))
+BY (k) — y(k)] =0 (20)

Considering M (k) = I, u(k) = Kx(k — t(k)), and (12), we
have

where

T (u(k)) [V (uk)) — FKx(k — t(k))] <0 (21)
Then, we obtain

[x(k - r(k))}T
W (u(k))

[l

x(k — t(k))
[ W(u(k)) ] =0 @

where

1T T
E:O ;K'F
* -1

Denote the augmented state (k) as

x(k)
x(k — t(k))
x(k — T) (23)
W (u(k))
y(k)

§(k) =
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Combining (18), (19), (20) and (22), we can obtain that

AV (k) < & (k)QEK) (24)

From the condition (15), we can conclude AV (k) < 0, then
the proof is completed.

Theorem 1 gives the sufficient condition for the stability
of closed-loop system (14). However, it should be noted
that the inequality in Theorem 1 is not LMI and not easy
to deal with. Hence, in the next development, we present a
LMI-based sufficient condition on the basis of Theorem 1
to design a state-feedback controller for the uncertain NCSs
with induced delays and actuator saturation which is included
in Theorem 2.

Theorem 2: For the given scalars T > 0, w1, wy and given
matrices F, F, if there exist § > 0 and positive definite
matrices i’, Q, S and matrices i, Y with appropriate dimen-
sions such that the following inequality holds:

o S S:213 S?14 S:215 $216
* 0 Qo3 24 s S
G| * * 33 Qa5 Q36 -0
* * * Qg Q45 Q6
* * * * Qss  Qse
| * * * * * SAZ66
(25)

then the closed-loop system (14) is asymptotically stable and

the controller gain is givenas K = LY~

1

, Where

Qu=w0iA—DL+o LTA-D"+0-§

2 T
+Bw?DDT

Q1» = w1BFY + wnLT(A — DT + BwiwrDDT,

diag{L L L I L}, we have
Q11 5:212 {213 5:214 5:215
) 0 Qo 3 o4 25
Q=| =* * Q33 Q34 Q35 | <0 (20)
* * * Qaq S5
* * * * Qs5
where
Qi=wiA-DL+woLTA-DT +0 -8,
Qi = wBF1Y + oolT(A - 1)T, Q15 =8,
Q14 = a)lB, 5_215 = —a)li + iT(A -+ fA’,
Q) = wBF 1Y + iy YTFI BT Qp3 =0,
_ 1 _ . _
Qs = 5YTFT + wyB, Qs = —wnL + YTFI BT,
Q33 = —8 — 0, Q34 = Q35 = 0,
57244 = -1, §245 ZBT,S_255 :]A)—I-‘L_'zs—i — LT
According to (2) and (3), (26) can be rewritten as
w1D
wyD
Q=Q+| 0 |A®K
0
D
[Eli, E3i 0 E 0]
PT T
LTE]
PT T
Lrey |
+| 0 ATk
T
E)
0
[wDT  @,D" 0 0 D']<0 (27)
where
Qi Qi Qi Qo Qs
* Qo Q3 Qo s
Q=1 % Qa3 Qas Qs
* * * Q44 5245
* * * * Qs5
Q]l =wi(A —I)I: +CO11:T(A —I)T + Q - 3,
Q12 = wBF1Y + ooLT(A - D)7, Q13 =8,
fll4 = w1B, Q15 = —a)II: + I:T(A -+ [c",
sz = w)BFY + a)zYTFlTBT, Qz3 =0,
~ 1 ~ ~
Qo = EYTFT + B, s = —anL + YTF BT,

Qi3 =8, Q14 = w B,

Qis = —oLT + LT(A — 1)+ P+ By DD,

Qm = iTE{

Qo = BF1Y + YT FT BT + pwlDDT,

Q3 =0,Q0 = %YTFT + w1 B,

Qs = —wnl + YTFI BT + BunDDT,

Qo6 = LTET,

Q33 = =8 — 0, Q34 = Q35 = Q36 = 0,

Qus = —1,Q4s5 =B ,Q%ZEZ,

Qss =P+ 725 —L—L" +8DD", Q56 = 0,

Qo6 = —BI.

Proof: Let L = L3_1, Ly = wl; = a)llAfl,
Ly = wls = wzi,_l, P = iTPi, Q = I:TQi,

S = iTSi, Y = KL and w1, wy are given parameters. Then
pre- and post- multiply (15) by diag{ L™ LT LT 1 L } and
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Q33 = =8 — 0, Q34 = Q35 =0,
Quq = -1, 5245 =BT,§~255 =P+728—L-L". (28)
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From Lemma 3, if there exists a scalar 8 > 0 such that the
following inequality (29) is true, then (27) holds.

Q=0
1D
wrD
+8| 0
0
D
[a)1DT a)1DT 00 DT]
TgpT
irer
| BB
+8 0
T
Eé
0
[EiL ;L0 E, 0] <0 (29)

According to Lemma 2, if (25) is true, (29) is held. Then,
AV (k) < 0. Thus, the proof is completed.
Remark 1: In [28] and [29], one part of AV(k) was
-1 k-1

designed as Vi(k) = Y. Y yT(i)Sy(i). During the cal-
i=— 7 ki

k=1
culation of AVj(k), a cross term like — > yT(i)Sy(i)
i=k—T
was produced. In the literatures, this term was simply
k=1
enlarged to — Y y'(i)Sy(i), which may lead to consid-
i=k—t(k)
erable conservativeness. In this paper, we choose Vi(k) =
-1 k=1
> > yT(i)TSy(i), which can lead to a more reasonable
i=—T j=k+i
result.
Remark 2: If (15) holds, the sub-matrices of its main diag-
onal must be negative definite according to matrix theory.
Thus, L3 is non-singular which indicates that L3 is invertible

and assuming L = L3’ !is reasonable.

IV. FAULT TOLERANT CONTROLLER DESIGN
In the previous section, sufficient conditions for the stability
analysis and controller design for NCSs without faults are
obtained. In this section, we will present a LMI-based suf-
ficient condition on the basis of Theorem 1 and Theorem 2
to design a fault tolerant state-feedback controller for the
uncertain NCSs with induced delays and actuator saturation.
By comparison to (14), taking time-varying actuator faults
into consideration, the closed-loop system can be expressed
as (13). Similar with the analysis in Theorem 1, we use
BF MK to replace BF|K and can easily obtained that if the
following inequality is true, the closed-loop system (13) is
asymptotically stable.

Iy I Iz Iyg Igs

* [y Tlaz  Tlpg  Tlps

= * * M3 TIIzq TIzs | <0 (30)
* * * Myy Tlys
* * * * I1ss5

VOLUME 4, 2016

where

My =L{A-D+@-D"Li +0-5,

My, = LIBFIMK +(A - DLy, T3 =8,

My = LITB, s = —LIT +(A — [)TL3 + P,

My = LY BF\MK + (BF1MK)" Ly, To3 = 0,
1 _

My = EKTMTFT + LB,

Mys = —L1 + (BFI1MK)" L3,

M33 = -5 — 0, M3 =0,T35 =0,

My = —1, Tlys = B' L3,

Mss = P+ 725 — LT — Ls.

Obviously, (30) is also not LMI and not easy to deal with.
Thus, we need to present a LMI-based criteria to design a fault
tolerant state-feedback controller for the uncertain NCSs with
induced delays and actuator saturation. The main result of the
fault tolerant controller design of NCSs can be summarized
as the following theorem.

Theorem 3: For the given scalars T > 0, €1, &, and given
matrices F, F if there exist « > 0, A > 0 and positive
definite matrices P, Q, S and matrices L, Z with appropriate
dimensions such that the following inequality hold:

D11 P2 i3 Py Di5 Pis P17 Dis
x Doy Doz Doy Pos5 Pog P27 Dog
kD33 D3y P35 P3g P37 D3y
G| ¥ *ox Dyy Pys Pus P47 Pag <0
* % x  x D55 Psg Ds7 Dsg
* * * * * &)66 &)67 &)68
* * * * * * &377 &)78
| * * * * * * * &)gg_
(31)

then the NCSs (1) with actuator faults can be stabilized by
fault tolerant controller u(k) = Kx(k — t(k)) with gain
K =ZL™!, where

P =eA—DL+el"@A-D"

+0 — S+ relDDT
&1y = e|BF\MyZ + &2LT (A — )T + re1e2DDT
&)13 = —Sli +Z4T(A - I)T +i) + )»ElDDT,
di6 = 0, P17 = ae1BF 1My, d15 = (E1L)T,
®p = e2BFI1MyZ + e2(BF\MyZ)" + re3DDT,
Pz =0, Py = %ZTMOTFT + &8,
®ps = —eL +ZTF{ M{ B" + re2DDT,
o6 = 2", dy7 = ae2BF 1My, $os = (E2F1MoZ)",
P33 = —§ — 0, D3y = D35 = D3 = P37 = 33 =0,
Byy = —1, P45 = BT, By =0, dy7 = %OlFMo,
&348 = EZT,&)55 :i’+f2§—Z—I:T +)\DDT,
P56 = 0, D57 = 0, Dsg = 0, s = —al, g7 = 0,
ez = 0, D77 = —al, D73 = (@ELF1Mp)”,
&)gg = —Al.
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[0 L{BF\MyG(k)K 0 0 0
1 _
e C 0 EKTGT(k)MoTFT (BFy\MyG()K) Ls
=T+, % 0 0 0
0 0
L * 0
0
KT
=M+ 0 |G k)
0
L 0
L{ BF 1M
L] BF M)
[MI{FIB'L, MIFTB'L, 0o IMIFT MIFIB'L3]+ 0 Gk)[0 K 0 0 0]
lFM()
Lz BF 1My

Proof: According to (8) and (30), we have matrix IT, as
shown at the top of this page, where

I:III I:IIZ 1:[13 1:114 1:115

* 1:[22 1:[23 1:124 1:125
l:I = * * 1:133 1:[34 1:135
* k * l:[44 1:I45
k k *k k 1:155

My=LlA-D+A-D"Li+0-5,
M = LTBFIMoK +(A—1)TL,, T3 =S,
My=LIBMs=-LT +@A@-D"L;+P,
M = L) BFiMoK + (BF\MoK)" Ly, Tp3 = 0,
_ 1 _
Moy = 5KTMOTFT + LB,
Mos = —L1 + (BFIMoK) L3, T35 = —S — Q,
34 = 0, [35 = 0, [4g = —1, [ys = B' L3,
Mss = P+ 725 — LT — L3,

C = LTBF\MyG(k)K + (BF{MoG(k)K)' L.

Considering GT(k)G(k) < I and by using Lemma 1 and
Lemma 3, we have I1 < O if there exists « > 0 such that
the following inequality holds:

[y My M3 iy s 0 LTBF M)
% Ty Tpz Tlpg Tps KT LQTBFlMo
* * 1:133 1:134 ﬁ35 0 0
O=| % % % Mufls 0 1FMy | <0
* ok ok ok 1:155 0 L3TI_5’F1M0
¥ x %  x % —al 0
L ox % % % % % —a
where Tl; = T ij = 1,2,....,5. Let L = L;l,
L = el = Slz_l, L, = el = SZZ_I,
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P=LTPL,Q = LTQL,S = LTSL,Z = KL and ¢, &,
are given parameters. Then, pre- and post-multiplying IT
bydiag{ LT LT LT 1 LT I ol }anddiag{L L L 1 L I oI},
we have

[ @1, P D3 P D5 P D7 |
oDy D3 Doy D5 Dy Doy
* * D33 Py D35 D3p Dy
= * * * Dyq Dys Dy Dyy
* * * * D55 D5 D5y
* * * * * D5 Dg7
| * * * * * @77 |
<0
where

by =efA-DL+eLl"A-D"+0-35,
@1 = eiBFIMyZ + 2L (A — )T, @15 = S,
®1y =B, &;5=—L+LTA-1)T +P,
P16 = 0, @17 = ae1BF 1 My,

®yy = e2BFIMoZ + e2(BF1MoZ)", @23 = 0,
Dyy = %ZTMOTFT + £2B,

®ys = —eal + ZTFIMJ B, dy6 = 27,

®y7 = aersBF 1My, 33 = —S — 0,

D3y = P35 = 36 = P37 =0,

Byy = —1, Pys = BT, Oy =0, dy7 = %OZFMO»
®ss =P+ 725 —L—L", 56 =0,

®s57 = aBF My, gs = —al, D7 = 0,

O77 = —al.
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According to (2) and (3), ® < 0 can be rewritten as

D
& D
0
d=>0+| 0 |A®K)
D
0
- O -
[EiL  ExFiMoZ 0 Ex 0 0 aE2FiMo]
CEL
(E2xF1MoZ)"
0
+ ET AT (k)
0
0
| (@E2F1Mop)" |
[e:DT &DT 0 0 DI 0 0]<o0
where
All (:DIZ (i)l?: (%14 c,I;)IS C,I;)lﬁ %17
* Dy ?23 ?24 ?25 (?26 c}’27
* * P33 D3y P35 D3 Py
d = * * * &344 cf>45 ci>46 ci>47
k k k k &)55 &)56 &)57
* * * * * (i)66 &)67
| x * * * * * &)77_

S =eA-DL+eL"A-DT+0-38,
®1p = e1BFIMyZ + e2LT(A — )T, &13 = S,
D1y =eB, &5 =—eL+LTA-DT +P,
®16 = 0, ®17 = ae1BF1 Mo,

&22 = g BF\MyZ + 82(BF1MOZ)T, &)23 =0,
2 1

Doy = EZTMOTFT + &8,

&)25 = _82Z4 +ZTF1TM0TBT, &)26 = ZT,

&)27 = aeyBF My, &)33 - _S— Q,

&)34 = &)35 = &)36 = &)37 =0, &)44 =1,

R R . 1

D45 = BT, Dy =0, Dy7 = EaFMo,

dss = P+ 7285 —L — LT, ds56 = 0,

&)57 = oBF 1My, C,I\)66 = —ual, ci>67 =0,

(/1377 = —al.

According to Lemma 3, if there exists a scalar A > 0 such
that the following inequality (32) is true, then, ® < 0 holds.

[ &1D] _81D_T
eyD eD
0 0
d+a| 0 0
D D
0 0
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- - T
E L E L)
(ExFIMoZ)T | | (ExFiMoZ)T
0 0
427! ET ET <0 (32)
0 0
0 0
| (@ExFiMo) | L (@ExFiMy)T

According to Lemma 2, if (31) holds, (32) is held. Then
AV (k) < 0. Thus, the proof is completed.

Target
Object

Q Antenna

Goal: 6=6,

Motor -
. Angular
sensor

Motor

Fault tolerant
controller

FIGURE 2. The angular positioning system.

V. NUMERICAL SIMULATION
In this section, to illustrate the effectiveness of the obtained
results, a classical angular positioning system [30] is con-
sidered and presented in Fig 2, which consists of a rotating
antenna at the origin of the plane and the antenna is driven
by an electric motor. Assume that the angular position of the
antenna 6, the angular position of the moving object 6, and
the angular velocity of the antenna 6 is measurable. The state
variables are chosen as x = [0 6 ]T.

The motion of the antenna can be described by the follow-
ing discrete networked control system :

Ok + 1) 101
e+ 1D = |:é(k+1)]_|:0 0.99}6(’6)
|:—0.0787 0

0 0.0787 } sat(u(k))

We assume that the beforementioned system is an uncertain
system with saturation level u,,, = 0.3 and norm-bounded
parameter uncertainties (3), where

D = 0.2 Ak) = sin(k
=lo1 " (k) = sin(k),

Er=[0 001],E,=[001 0]

The state response of open-loop system (u(k) = 0) is shown
in Figure 3 and it is clear that the open-loop system is
unstable.
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state

_1 I I I I I I 1 1 1
0 10 20 30 40 50 60 70 80 90 100
k

FIGURE 3. State trajectories of open-loop system.

induced-delay
N

-
o

°©
&)

|| L | |

(o} 50 100 150 200 250 300

(=]

FIGURE 4. Induced delay.

Example 1: Firstly, we assume that the actuator faults do
not happen. The parameters in (25) are given as

03 0 07 0
F:[o 0.3] Fl:[o 0.7]
w] = wy =0.1

Considering the induced delay bound T = 3 and saturation

level u,,, = 0.3, we obtain the following controller gain
according to Theorem 3:
K — 0.2735 0.0053
— | —0.0877 —0.2630
and
i— 0.0060  0.0020
[ —=0.0000 0.0065 |’
0.0017 —0.0005
- [—0.0005 —0.0015] +# =0.0016

In Figure 4, time-varying induced delays are shown. With a
initial condition x(0) = [—1; 1], simulation results are shown
in Figure 5 and Figure 6. The state response of NCSs is shown
in Figure 5 and the control input signal is shown in Figure 6.
From which we can see that the system is asymptotically
stable and the control signal satisfies the actuator saturation.
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system states x

. . . . . .
0 50 100 150 200 250 300 350
k

FIGURE 5. State trajectories of x without actuator faults.

controller input u

_04 1 I I I 1 1
0 50 100 150 200 250 300 350
k

FIGURE 6. Trajectories of u without actuator faults.

Example 2: When there exist time-varying actuator
faults, we assume that the actuator failure matrix M =
diag{m, my}, where 0.7 = m‘frlin < m < m™ =1,
0 = m™ < my < my™ = 0.8. Then, we have My =

0.85 0
|: 0 04
delay bound and u,,,, are the same as in Example 1. When we
[0.2735 0.0053

]. The parameters in Theorem 3 and the induced

use the controller gain K = obtained

—0.0877 —0.2630
in Example 1, the induced delay is shown in Figure 7. Then,

we can have that the states response x(k) and control signal
uf (k) are displayed in Figure 8 and Figure 9.
Then, from Theorem 3, we obtain a fault tolerant controller

as

Fo [ 06216  0.1892 B

. (k)_[—0.0314 —0.6806 | ** ~ k)
i 7  [0:0091 0.0022 [ 0.0158 0.0008
W2 =10.0022 —0.0064 |* " = | —0.0040 0.0093 |’

o = 29547, % = 0.0392. Induced delay is shown in
Figure 10. The system state response and control signal
obtained by the fault tolerant controller are given in Figure 11
and Figure 12.

From Figure 11 and Figure 12 we can see that by the fault
tolerant controller obtained in Theorem 3, the system can
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35

N
N )] w

N
[

induced-delay

0.5

. .
° 50 100 150 200 250 300
k

o

FIGURE 7. Induced delay.

1.5F 4

0.5 ‘\ 4

system states x

_10 50 100 150 200 250 300 350
k

FIGURE 8. State trajectories of x with actuator faults by the controller in
Example 1.

control input u

L L L L L
o 50 100 150 200 250 300 350
k

FIGURE 9. Trajectories of u* with actuator faults by the controller in
Example 1.

be asymptotically stable and the control signal satisfies the
actuator saturation. In Figure 8 and Figure 9, we can see that
the system become stable at about k=350, while in Figure
11 and Figure 12, the system become stable at about k=200,
which means the fault tolerant controller can improve the
system performance.

In conclusion, the performance of NCSs can be well
maintained by the designed fault tolerant controller, which
demonstrates the effectiveness and feasibility of the proposed
method in this paper.
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FIGURE 10. Induced delay.

1 T T T T T T

0.8 - H

0.6 q
0.4r t B
0.2F e, |

or ee---TTE

system states x

-0.2+ 4

-0.4}F 4

-0.6 4
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-1 I I . . . .
0 50 100 150 200 250 300 350
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FIGURE 11. State trajectory of x with actuator faults by the fault tolerant
controller.

0.3

o
N
N =T

©
o

control signal uf

_0'40 50 100 150 200 250 300 350
k

FIGURE 12. Trajectory of uf with actuator faults by the fault tolerant
controller.

VI. CONCLUSION

In this paper, the fault tolerant stability analysis and stabi-
lization problem have been studied for uncertain NCSs with
networked-induced delays and actuator saturation. We choose
an appropriate L-K functional and sufficient conditions in
terms of LMIs are derived to ensure the existence of a fault
tolerant state feedback controller which can stabilize the sys-
tem. Simulation examples are given to illustrate the effective-
ness of the proposed approach. In the future, random packet
dropout and communication constraint problem of NCSs can
be further considered.
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