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ABSTRACT This paper investigates the problem of fault detection for 2-D systems with lock-in-place sensor
faults. Our attention is focused on detecting sensor faults in the presence of disturbances. To this end, a fault
detection filter is designed, through which a residual signal is generated for both the fault-free and faulty
cases. In light of the generalized Kalman—Yakubovich—Popov lemma for 2-D systems and matrix inequality
techniques, convex filter design conditions are derived. Based on these conditions, an algorithm is proposed
to calculate the parameters of a desired fault detection filter. Moreover, a residual evaluation function and
a threshold are proposed for 2-D systems. Finally, an example is employed to illustrate the effectiveness of
the proposed fault detection method.

INDEX TERMS Fault detection, 2-D systems, sensor faults.

I. INTRODUCTION
During the past decades, two-dimensional (2-D)
systems [1]-[8] have received a large amount of attention
due to their close relation to many engineering fields such
as image processing, multi-dimensional signal processing,
multi-dimensional digital filtering, thermal process, etc. 2-D
system theory has been greatly developed and applied since
the well-known Roesser model [1] and Fornasini & March-
esini (FM) model [2] were proposed. Recently, fault detection
and isolation (FDI) of 2-D systems has been reported in the
literature, e.g., [12]{17]. An observer-based FDI method for
2-D systems was developed in [12] and [13]. A geometric FDI
scheme for discrete-time 2-D Roesser systems was proposed
in [14]. The generalized H» fault detection for 2-D Markovian
jump systems was investigated in [15]. A Kalman-based
fault detection algorithm was proposed for 2-D FM sys-
tems in [22]. It should be noticed that the FDI problems
in [12]-[22] were investigated in full-frequency domain.
By contrast, a finite-frequency fault detection method was
developed for 2-D Roesser systems in [17] and [18].
Lock-in-place faults, or namely stuck faults usually occur
in practical systems [9], [10], [19], [20]. However, fault
detection of 2-D systems with stuck faults has not been well
investigated in the literature. This motivates the present paper.
To detect stuck faults, a fault detection filter is designed,
through which a residual signal is generated. The residual

signal directly reflects the fault information and can therefore
be used to determine whether a fault occurs. By satisfying
a set of performance indices simultaneously, the influence
of disturbance on residual signal is minimized while the
influence of fault on residual signal is maximized. It is worth
noting that most faults including stuck faults have a property
of finite frequency. By the generalized KYP lemma [11]
and bounded real lemma, the fault detection filter design is
formulated as a multiobjective optimization problem. Convex
filter design conditions are derived by using matrix inequality
techniques. Based on these conditions, an algorithm is pro-
posed to calculate the parameters of the fault detection filter.
Moreover, a residual evaluation function and a threshold are
proposed for 2-D systems. Finally, an example is given to
illustrate the effectiveness of the proposed method.

The rest of the paper is organized as follows. Section II
gives the problem statement and preliminaries. Section III
presents the main results of the paper. In this section, a fault
detection filter is designed in detail. Moreover, a residual
evaluation function and a threshold are given for 2-D systems.
Section IV gives an example to illustrate the effectiveness
of the proposed method. Finally, conclusions are given in
Section V.

Notations. We use standard notations throughout this
paper. For a matrix M, MT, M1 denote its transpose and
orthogonal complement, respectively. M > O0M < 0)
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means that M is positive definite (negative definite). The
symbol * will be used in some matrix expressions to induce a
symmetric structure. The Hermitian part of a square matrix M
is denoted by He(M) := M + M. 6,3;u(G), max(G) denote
the minimum singular value and the maximum singular value
of the transfer matrix G, respectively. I denotes an identity
matrix with appropriate dimension.

Il. PRELIMINARIES AND PROBLEM FORMULATION

A. SYSTEM MODEL

Consider the following 2-D discrete-time system described
by the Roesser model:

i+ 1L, [ )) ..
[xV<i,j+ 1)} = [xV(i,j)] +Bd(.))
N P () .

y(lv.]) - C I:Xv(l,])} +Dd(lv]) (1)

where x"(i,j) € R™, x"(i,j) € R™ are the horizontal
state and the vertical state, respectively, y(i,j) € R is the
measured output, d(i, j) € R™ is the disturbance, and A, B,
C, D are known real matrices.

B. FAULT MODEL
In this paper, we consider a common type of sensor faults,
i.e., lock-in-place faults or namely stuck faults.

Definition I (Lock-In-Place Sensor Fault Model): When
lock-in-place sensor faults occur, the output signal is given by

YOG ) = Fpy. )+ —F)fGj), p=1,...N,  (2)

where p denotes the pth fault mode, Ny is the total number of
possible fault modes, and

fo =Tt fpre o Som]" 3)

fokk = 1,2,---,ny) can be zero or certain unknown non-
zero constant which denotes the stuck value of the kth sensor.
The diagonal matrix F), is defined as

Fp = diag{Fp1, Fp2, -+, Fpn,}, “

with Fpp =00r 1,k =1,2,--- ,n,.

Remark 1: Obviously, Fpr = 0, for 1 < k < ny, denotes
that the kth sensor is faulty, whereas Fyr = 1 denotes that
the kth sensor is fault-free.

C. PROBLEM FORMULATION
With lock-in-place sensor faults, 2-D system (1) becomes

X" +1,))
X'+ 1)

_ ﬂ@p} ..
- |:xv(i,j) +Bd(lv])

hoe s

Vi = £ WD+ FyDaG 416,
)

where f (i, j)) = (I — F)fp(i, ).
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The main purpose of this paper is to construct a fault
detection filter
[fcho' + l,j)} _i [fcha,j)

] + By (i, j)

X j+ D X0, )
o [RRG )

to detect whether such sensor faults occur, where
#"(i, j) € R™ and £V (i, j) € R™ are the horizontal and vertical
state of the filter, respectively, 37 (i, /) € R™ is the sensor
output, ¥(i,j) € R™ is the output estimation, and matrices
121, E, C are filter parametgrs to be determined later.
. hee oo | X7 D) N ()

Define £7(i,j) = |:fch(i,j)i| LEV(L,)) = |:fcv(i,j)]’ and
define a residual signal (i, j) := y¥' (i, j) — $(i, /). Combining
system (5) and filter (6), we have the following augmented
system

i+ 1,)] shahﬁ] S
R (%))
r(l9]) =C [Sv(l»])i| +Ddd(l,]) + fo(l’.])
(7
where
. A 07 - B
A_E[mwxdz’ ¢ EB@D}
B = B} ,C =[F,c -C]%",
Dy = F,D, Dy =1
1000
0070
X=10700 ®)
00017

The fault detection problem to be addressed can be
formulated as follows: For a given 2-D system (5) with lock-
in-place sensor faults, design a fault detection filter (6) such
that the augmented system (7) is asymptotically stable and
satisfies the following performance indices

Umin(Gn‘(whv wy)) > B, Vl|wp| < oy, oy < @y, 9
Omax(Gra(wn, wy)) < v, Fp =0 (10)
Omax(Gra(wp, wy)) <y, Fp=1 (11)

where B, y are positive scalars, @y, @, are the frequency
bounds of faults (m;, = @, = 0 for lock-in-place faults),
Gy (wp, wy) = C(diag{e/“t1, el I} — A)_IB,«- + Df is
the transfer function from fault f to residual signal r, and
Gra(wp, wy) = C(diag{e/“"I, e?™ I} — A)"'By + Dy is the
transfer function from disturbance d to residual signal r.

Remark 2: To detect sensor faults effectively in the pres-
ence of disturbances, a finite-frequency H_ performance
index (9) is introduced to maximize the effect of sensor fault
on residual signal. Moreover, two Hso indices (10) and (11)
are used to describe the effect of disturbance on residual
signal in faulty and fault-free cases, simultaneously.
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D. SOME USEFUL LEMMAS
The following lemmas will be used in the sequel.

Lemma 1 (Finsler’s Lemma [21]): Let n € R", P =
PT e R™™ and H € R™™. Let H' be any matrix such
that H-H = 0. The following statements are equivalent:

D 9Py <0,YH p=0,n #0;

2) 3X e R™" P+ HX + XTHT < 0;

Lemma 2 (Generalized KYP Lemma [23]): Given system
matrices (A, B, C, D) and a symmetric matrix T1, the follow-
ing statements are equivalent:

1) The finite frequency inequality

G(wp, wy)

[GT(wh,wV)I]H[ 7 ]<o, (12)

holds for all |wy| < o, oy < @y, where
G(wp, w,) = C(diag{e/“"I, eI} — A)~'B + D;

2) There exist Hermitian matrices P = diag{Py, P,},
Q = diag{Qp, O,} satisfying Q > 0, and

A B]'[-P 0 A B

I ol |o pP—2wol||lrio|™

c pl" _[c D

[0 1} n[o I}<0 (13)
where W = diag{cos (zwp)I, cos(w)I }.

lIl. MAIN RESULTS

In this section, we first derive the fault sensitivity
condition (9) and the disturbance attenuation condi-
tions (10) and (11). Based on these conditions, an algorithm is
proposed to construct a desired fault detection filter. Finally,
a residual evaluation function and a threshold are given for
2-D systems.

A. FAULT SENSITIVITY CONDITION

Theorem 1: For system (7) and given scalars f > 0,
o > 0, the finite-frequency index (9) is satisfied if
there exist symmetric matrices Py = diag{Pis, P1y},
Py = diag{P3, P3,}, Q1 = diag{Qin, O}, O3 =
diag{Q3p, @3y}, matrices P, = diag{Py, P2y}, Q» =
diag{Q>p, 02}, X1, X2, X3, Y1, Y2, Z1, A, B, C satisfying the
following inequalities:

01 Q| <1
=X ¥ >0 14
0 [* 0 (14)
a>—CT <0 (15)
—P—Xi — X' =P, —XI —X3 T';3 T4 T'is
* —P3— X3 — X1 T3 Tas I'os
* * I'33 T34 T35 | <O
* * * Taa Tas
* * x % I's5
(16)

where

'z =01 - Y1T +X1A, Ty =0 — Y2T +A,
Tis = —Z] +B, Ty =00 —xI' + X4,
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Iy = 03 —X3T +A, s =B

T3 = P1 — 201 + Y1IA+ (NA),

T34 = Py — 20, + A+ (4)",

'35 = B+ (ZlA)T, Iyy = P3 —203 — o’ +A +AT,
Tys = CT + B, T'ss = 21 — 1. (17)

Proof: In Lemma 2, let TT = -0 and

0 B%I
o, = 0, @, = 0, then the inequality (12) becomes

Gl (@n. )Gy (wn, wy) > 1 (18)

which is further equivalent to (9). By Lemma 2, the
H_ performance index (9) is satisfied if there exist symmetric
matrices P, Q such that inequality (13) holds. Inequality (13)
is equivalent to

T

A B I 0 I 0
10| (o 1 [‘QP P—QZQ} 0 1| +
0 I 0 0 0 0
fo 0] o o]" i B
Ct o|m|C" ofl)[r o0]<o. (19)
| Df I Df 1 0 I
Inequality (19) can be further rewritten as
ATPA <0 (20)
where
- = T
A B I 0lr_p 0 I 0
A=|I 0 |,P=|0 I 0 P_20 0 I
0 I 0 0 0 0
0 0 o o]
+|CT ojm|CT 0 1)
Df 1 Df 1

Therefore, n” Py < 0, where n = A¢, and ¢ is any nonzero
vector. Define H! :=[—I A By], then we have

HIn=HAC =0. (22)
By Lemma 1, (20) is equivalent to
P+HX+XTHT <0 (23)

where X’ is a multiplier. To make the problem tractable,

X1 X

— T yT T — 1 A3 T
we choose X = [X Y 7z ],WhereX =X |:X2 X3i| >4,
vy =3 |N X157 7 — [z 0]=7. Meanwhile, introduce

Yy X3
the following matrices

P Pt 4 Q1 DT
P_E[Pg P3j|2 ,Q—Z[Qg Q3]E' 24)

Combining (22) and (23), we have (25), as shown at the
top of the next page. Pre- and post-multiplying (25) by
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—-P-Xx-—XxT o-Y"+xA4
* P—20—-CTC+YA+YAT
* *

_ _—ZT +_XBf .
—CTDy +YBs +(ZA" <0. (25)
—Df Dy + B*I + ZBy + (ZBy)"

diag{X, ¥, I} and its transpose, and substituting the corre-
sponding matrices into (25), we can obtain the following
inequality:

—P—Xi — X! =P, —XI — X3 T13T14 Tys
* —P3 — X3 — X1 T'p3 To4 T'as
* * 3334 '35 <O
* * * l:‘44 Is4s
* * * % I'ss

(26)

where ['44 = P3—203 —CTC+A +AT  and other parameters
were given in (17). To linearize inequality (26) an upper
bound can be imposed on the coupled term CTC in Ty.
Therefore, (26) can be guaranteed by (16) and

CTC > oI (27)

Note that (27) corresponds to the outer region of a ball of
radius « in the objective variable C and hence the feasi-
ble set is non-convex. Here we adopt the linearized method
in [24] and [25]. Since C is a row vector, CT — ||T||% =0
with ||T||2 = « is a hyperplane tangent to the ball (27), and
the search of a convex feasible subset of (27) can be achieved
by imposing the following constraint o> — CT <0, ie., the
condition (15). The proof is completed. ]

B. DISTURBANCE ATTENUATION CONDITION
The Ho, performance indices (10) and (11) are introduced to
minimize the effect of disturbance on residual signal. In this
subsection, we will derive convex conditions under which the
performance indices (10) and (11) are guaranteed.

Lemma 3 [26]: Given system matrices (A, B, C, D) and a
given scalar y > 0, system matrix A is asymptotically stable
and the disturbance attenuation condition

Omax(G(wp, wy)) <y (28)

is satisfied, where G(wp, wy) = C(diag{e/“"l, e/ 1} —
A)~'B + D, if there exist a symmetric matrix P =
diag{P;, P,} > 0 and a matrix G satisfying the following
inequality
-P 0 PA PB
* -1 C D
* * —P 0
* * * —)/21
Remark 3: When sensors are fault-free or get faulty, the
effect of disturbance on residual signal is attenuated via
the following two theorems. Theorem 2 considers the distur-
bance attenuation performance for the faulty case, whereas
Theorem 3 considers the disturbance attenuation perfor-
mance for the fault-free case.

<0. (29)
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Theorem 2: For system (7) and a scalar y > 0, assume
that some sensors get faulty, which implies that F, = 0,
then the Hoo performance index (10) is satisfied if there
exist symmetrlc matrices P11 = dlag{P“h,PUV} P13 =
d1ag{P13h,P13v} matrices P12 = dlag{P]zh,Plzv} G, Gy,
X3, A, B, C such that (30) and (31), shown at the top of the
next page.

Proof: By using the slack variable techniques in [27],
it is easy to prove that for system (7), system matrix A is
asymptotically stable and the disturbance attenuation con-
dition (10) is satisfied if there exist a symmetric matrix
P = dlag{Plh, P1V} and a matrix G such that:

-G-G" 0 G'A G'B4
* -1 C D,
* * —P; 0 <0 G2
* * * —)/21

Piy Pip

Define P1 = E[ « Pis

}ET, Py = diag{Pi, P},

G X3
Gy X3
multiplying (32) by diag{X, 7, ¥, I} and its transpose, and
substituting the corresponding matrices into the inequality,
(31), is obtained. Therefore, (30) and (31) are sufficient
conditions for the Hy, performance index (10). The proof is
completed. [ ]
Theorem 3: For system (7) and scalar y > 0, assume that
sensors are fault-free, which implies that F), = I, then the
Hoo performance index (11) holds if there exist symmetric
matrices 1_°21 dlag{P21h, P21V} P23 = dlag{P23h, P23V}
matrices Py, = dlag{szh, Pzzv} A B H, Hp, X3, C satis-
fying the inequalities (33) and (34), as shown at the top of the
next page.
Proof: The proof is similar to that of Theorem 2. It is
omitted here for brevity. [ ]

k = 1,2,3, and GT = 2|: ]ET. Pre- and post-

C. FAULT DETECTION FILTER DESIGN ALGORITHM

In the previous subsections, the fault detection problem has
been formulated as a multi-objective optimization problem.
One has to make trade-offs between the sensitivity and robust-
ness performances. Based on Theorems 1-3, an algorithm, as
shown on the next page provides a way to construct a desired
fault detection filter.

D. RESIDUAL EVALUATION FUNCTION AND THRESHOLD

For model-based fault detection, a residual evaluation
function is introduced to distinguish whether a fault has
occurred [28]. Since the residual signal may be corrupted by
disturbances, it is necessary to evaluate the residual over an

VOLUME 4, 2016



Y. Ren, D.-W. Ding: Fault Detection for 2-D Roesser Systems with Sensor Faults

IEEE Access

Py = |:P: gi} =T>0
f_’ll—Gl—GlT Plz—Gg—X3
* 1313—X3—X3T
k %
% *
* %
k k
IZED> [le ﬁjﬂ =T >0
P21—H1—H1TP22—H2T—X3 0
* I_)23—X3—X3?w 0
* * —1I
* % %
* %
ES *

(30
0 GA A G\B
0 GA A G»B
-0 - 04 _y 31)
*  —Pn —Pp 0
* * —Pi3 0
* * * —v2
(33)
HiA+BC A HB+BD
H)A+BC A H)B+BD
¢ ¢ D <. (34)
—Py =Py 0
* —Py3 0
* * —y2

evaluation window. For 2-D systems, an evaluation window
should be defined by both horizontal and vertical directions
to reflect the two-dimensional evolvement of variables [22].
Like in [22], the evaluation window is defined by a rectan-
gular plane with the horizontal range from i — s to i and the
vertical range from j — ¢ to j. Then we define the residual
evaluation function and the threshold as follows:

Ky t
Y Y rTi—pj—q@ri—p.j—q

.. p=04¢=0
J(i,) =
() s+ D@+ 1)
Jin = sup J.(@,)) (35)
£=0,d 0

Finally, the occurrence of faults can be detected according
to the following logic rules:

Jr(i,j) > Jy, = with faults = alarm,;

Jr(i,j) < Jip = fault free = no alarm. (36)
IV. EXAMPLE

Consider the stationary random field in [29], which can be
modeled by the following 2-D system

x@+1,j+ 1) =ax(,j+ 1)+ ax(i+1,))

—ayaxx(i, j) + (i, j) 37

where x(i, j) is the state of the random field at spatial coor-
dinate (i, j), w(i, j) is a disturbance input, a% < 1, a% < 1,
and ay, aj are, respectively, the vertical and horizontal corre-
lations of the random field.

Denote x"(i, j) := x(i, j + 1) — axx(i, j), x* (i, j) := x(, J),
and d(i,j) = w(i,j). It is easy to see that the equation
(37) can be described by a 2-D Roesser model (5) with

VOLUME 4, 2016

a; 0 1
A= [o a2:|,B= M.Letal =03,ap=0.2,C=[01],

and D = 1. It is assumed that a lock-in-place sensor fault
occurs in this system. The purpose here is to design a fault
detection filter to detect the fault effectively in the presence
of disturbances.

Algorithm 1

Step 1: Give a positive scalar o and a vector T satisfying
T2 = a.
Step 2: Given S, solve the following optimization problem:

min

s.t. (14), (15), (16), (30), (31), (33),(33)  (38)

If the above optimization problem is feasible, then the param-
eters of a desired fault detection filter can be obtained by

A=Xx;'A, B=x;'B, ¢ =C. (39)

Give T = [0.1194 0.6073]T, a = 0.6189. To ensure that
the augmented system (7) is sufficiently sensitive to faults,
let B = 0.8367. By Algorithm 1, we can obtain the following
parameters:

4 [0-3550  —02123] 5 [-0.5866
~ (11347 —0.0299|° " T [ -0.2141 "
¢ =[0.1079  0.6096]

with the H, performance index y = 1.5867.
Next, simulation is carried out to evaluate the effective-
ness of the fault detection strategy for this system. In this
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m
,

i 0 o0 i

FIGURE 1. The fault f(i, j).

FIGURE 2. The disturbance d(i, j).

| Threshold J, =0.6334

0.6

0.4 4|

\l\\‘ iyl
VA
02 i I“u“

FIGURE 3. The residual evalution function J; (i, j) and the threshold Jg, in
three-dimensional space.

simulation, consider the following fault

07, 20<i<27,20<j<120
fG.j)=1408, 40<i<45;j>50 (40)

0, otherwise

and a disturbance d(i,j) = 0.1sin(0.57) 4+ 0.1 cos(0.5j),
which are shown in Figs. 1 and 2, respectively. Let the initial
and boundary conditions be x"(i, 0) 0, x"(0,))

&1, 0) 0, x%(0,)) 0, Vi, j. The residual evaluation
function is selected by (35). The threshold is chosen as
Jin = 0.6334 by using [28, Algorithm 2] with § = 0.1414.
The 3-D and 2-D plot of residual evaluation J,(i, j) and the
threshold Jy, are shown in Fig. 3 and Fig. 4, respectively.
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09

08

0.7

Threshold J,,=0.6334

J,(15)
J,23)
———,85))
J(44))

FIGURE 4. The residual evalution function J (i, j) and the threshold J;, in
two-dimensional space.

Fig. 3 shows that the residual evaluation is within the thresh-
old limit when there is no fault and it exceeds the threshold
value when the fault occurs. Variation of the residual evalua-
tion J,(i, j) at several spatial points can be clearly examined
in the 2-D plot as shown in Fig. 4. It can be easily seen
from Fig. 4 that, at points i = 15, 35, the residual evaluation
curve are below the threshold curve, which means that no
fault occurs; at points i = 23 and i = 44, the residual
curve are above the threshold curve when 20 < j < 120
and j > 50 respectively, which means that the fault can be
detected effectively.

V. CONCLUSIONS

This paper has investigated the problem of fault detection
for 2-D Roesser system with stuck sensor faults. A fault
detection filter has been designed to detect whether a sensor
fault has occurred. This problem has been formulated as a
multi-objective optimization problem, and an algorithm has
been proposed to construct a desired fault detection filter.
A residual evaluation function and a threshold have also been
proposed for 2-D systems. The effectiveness of the proposed
method has been shown by an example about stationary
random field.
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