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ABSTRACT This paper investigates a multi-pair two-way massive MIMO amplify-and-forward full-duplex
relay (FDR) system over Ricean fading channels, where multiple pairs of full-duplex users exchange
information within pair through a full-duplex relay with a very large number of antennas (M for transmis-
sion and M for reception). First, the zero-forcing reception/zero-forcing transmission and maximum-ratio
combining/maximum-ratio transmission processing matrices with imperfect channel state information at
the relay are presented. Then, the corresponding asymptotic expressions (in M ) of the end-to-end signal-
to-interference-plus-noise ratio are derived. Finally, the asymptotic spectral efficiency (SE) and energy
efficiency (EE) at the general power scaling schemes when the number of the relay antennas tends to infinity
is analyzed. Theoretical analyses and simulation results show that, when M →∞, the effects of channel
estimation error, the self-loop of each user as well as the relay, inter-user interferences, the noise at users
and the relay can be eliminated, respectively, if the power scaling scheme is properly selected. Besides, the
considered multi-pair two-way FDR outperforms the multi-pair two-way half-duplex relaying on SE and EE
performances when M is large. Moreover, a low complexity power control scheme is proposed to optimize
the SE and we analyze the impact of the number of user pairs on the SE.

INDEX TERMS Massive MIMO, full-duplex, Ricean fading channels, imperfect CSI, power control.

I. INTRODUCTION
Massive multiple input and multiple output (MIMO),
is an evolving technology that has been regarded as one of
the key potential technologies for the fifth generation (5G)
mobile communications, which is robust, secure, spectrum
and energy efficient [1].

At the same time, relay networks have generated a wide
interest in the past decade since they can improve the net-
work performance by extending the coverage and increasing
the network capacity [2]. A large number of existing works
considered the half-duplex relaying (HDR), where the relay
transmits and receives using the orthogonal frequency or
time resources [3]. However, full-duplex relaying (FDR) has
recently attracted considerable attention as an approach to

double the spectral efficiency (SE) of the traditional HDR
due to the pre-log factor 1/2 eliminated in ergodic capacity
expression. In FDR, the relay transmits and receives signals
simultaneously over the same time-frequency resource block,
which including one-way [4], [5] and two-way communica-
tion [6]. In one-way FDR, one or more half-duplex (HD)
sources send information to one or more HD destinations
through a full-duplex (FD) relay. The sources transmit signals
to relay and relay transmit signals to destinations at the same
time. However, in two-way FDR, FD terminals on two sides
exchange messages using shared FD relay, which means all
nodes transmit and receive data at the same time and fre-
quency. Thus, two-way FDR can overcome the inherent time
and spectrum resource loss in one-way FDR.
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The main obstacle faced by FDR is the difficulty in
canceling the signal leakage from the relay output to its
input [7], [8]. However, notable SE increase still makes FDR
attractive. Traditionally, loop interference (LI) suppression is
achieved in the antenna domain, which may require sophisti-
cated electronic implementation [9]. Moreover, MIMO pro-
cessing provides an effective approach to suppress the LI in
the spatial domain [9], [10]. Recent works sought to combine
FDR and massive MIMO together to suppress the LI in the
spatial domain [11], [12].

[13] studied the achievable rate and optimal power allo-
cation scheme to maximize the energy efficiency (EE) for
a given SE in a multi-pair decode and forward (DF)-
based massive MIMO FDR system. Since the amplify-
and-forward (AF) relaying is more attractive for its lower
complexity compared with DF relaying, the asymptotic
signal-to-interference-plus-noise ratio (SINR) expression of
the AF based massive MIMO FDR system and a low com-
plexity power control scheme to optimize the SE are investi-
gated in [14]. However, they only consider the one-way FDR
communication.

The asymptotic SE and EE of multi-pair massive MIMO
AF two-way relaying system in Rayleigh fading channels
are obtained analytically in [15], but all nodes operate in the
HD mode. In [16], the asymptotic achievable sum rates when
the number of antennas M →∞ of the multi-pair two way
AF massive MIMO FDR system over Rayleigh fading chan-
nel with four power scaling schemes are investigated analyt-
ically, wherein the perfect channel state information (CSI) is
assumed available.

As we have known that Ricean fading channel model is
the most important model for representing a received signal
comprising of both diffuse scatter components and a line-of-
sight (LOS) component. This type of communication chan-
nel is typical for micro/macro cellular communication, high
altitude platform communication, as well as indoor radio
channels [17], [18]. Hence, it is critical to carry out the beam-
forming (BF) design, performance analysis and optimization
of the massive MIMO system over Ricean fading channel.
Meanwhile, the channel estimates can hardly be perfect in
practice due to the delayed feedback and channel estimation
errors, which not only result in the self-interference being
incompletely canceled, but also introduce additional noises.

Motivated by the aforementioned considerations, in this
paper, we consider a multi-pair two-way massive MIMO
amplify-and-forward full-duplex relay (MM-AF-FDR) sys-
tem over Ricean fading channels with imperfect CSI in
detail. Main contributions of this paper can be summarized as
follows:
• The low-complexity transceiver designs at the relay
based on zero-forcing reception/zero-forcing trans-
mission (ZFR/ZFT) and maximum-ratio combining/
maximum-ratio transmission (MRC/MRT) processing
with imperfect CSI are presented.

• The asymptotic expressions (in M ) of the end-to-end
SINR are derived.

• The asymptotic SE and EE at the general power scaling
schemes (Ps,k = Es,k/Ma,PR = ER/Mb, 0 < a,
b ≤ 1, ES and ER are fixed), when M tends to infinity,
are analyzed.

• A low-complexity power control (PC) scheme is
proposed to optimize the SE.

• The Monte-Carlo simulations are conducted to validate
the accuracy of the theoretical analysis and compare the
performance of these power scaling schemes. We show
that, when M →∞, the effects of channel estimation
error, the self-loop of each user as well as the relay,
inter-user interferences, the noise at Uk and the relay can
be eliminated respectively if the power scaling scheme
is properly selected. Besides, the considered multi-pair
two-way FDR outperforms the multi-pair two-way HDR
on SE and EE performances whenM is large. Moreover,
the achievable SE is improved significantly by the pro-
posed PC scheme.

Notation: We use XT ,XH ,X∗,X−1 and Tr (X) to denote
the transpose, conjugate-transpose, conjugate, inverse and the
trace of X, respectively. Moreover, IM denotes an M × M
identity matrix. Finally, E {·} is the expectation operator,
‖·‖ represents the Euclidean norm.

FIGURE 1. Illustration of the multi-pair AF full-duplex two-way relay
system.

II. SYSTEM MODEL
Fig. 1 shows the considered K (K≥2) pairs two-way
MM-AF-FDR system, where K pairs full-duplex users
(U2l−1, U2l), (l = 1, · · · , K ) with two antennas (one for
transmission and the other for reception) on two sides try
to exchange information within pair through a full-duplex
relay (R) with 2M antennas (M for transmission and M for
reception).

Without loss of generality, a pair of source nodes U2l−1 and
U2l are too far apart to communicate directly.Meanwhile, one
source can be inevitably disturbed by others on the same side.

A. CHANNEL MODEL
We define G ∈ CM×2K and FT ∈ C2K×M as the channel
from the transmit antennas of all users to the receive antenna
array of R and the channel from the transmit antennas of R to
the receive antennas of all users, respectively. More precisely,
G and F can be expressed as G = H1D

1/2
1 and F = H2D

1/2
2 ,

4934 VOLUME 4, 2016



X. Sun et al.: Multi-Pair Two-Way MM-AF-FDR With Imperfect CSI

where Hi ∈ CM×2K (i = 1, 2) is the channel matrix rep-
resenting fast fading and Di ∈ C2K×2K is the diagonal
matrix representing large-scale fading with [D1]kk = βg,k ,
[D2]kk = βf ,k . Then, the fast fading matrix can be written
as Hi = Hi

[
�(�+ I2K )−1

]1/2
+ Hi,w

[
(�+ I2K )−1

]1/2
,

where � is a 2K×2K Ricean K-factor diagonal matrix with
[�]ii = Ki, Hi,w contains the independent identically dis-
tributed (i.i.d.) CN (0, 1) entries.Hi denotes the deterministic
component, and we let Hi have an arbitrary rank as [19]
[Hi ]mk = e−j(m−1)(2πd/λ) sin(θk ), where θk is the arrival angle
of the k-th user, λ is the wavelength, and d is the antenna
spacing. For convenience, we will set d = λ/2 in this paper.
GRR ∈ C

M×M denotes the echo interference (EI) channel
matrix between the transmit and receive arrays of R with i.i.d
CN (0, σ 2

rr ) elements. 9k,k and 9k,i (i ∈ Sk , i 6= k) represent
the self-loop interference coefficient at Uk and the inter-user
interference channel coefficient from Ui to Uk , respectively,
where Sk = {1, 3, · · · , 2K − 1} or {2, 4, · · · , 2K } denotes
the set of users on the same side. The element of9k,k and9k,i

can be modeled as i.i.d. CN (0, φk,k ) and CN (0, φk,i ) random
variables.

B. CHANNEL ESTIMATION AND DATA TRANSMISSION
In real scenarios, R can not obtain the complete information
of all the channels, the channel matrices should be estimated
at R. In this paper, we consider R has estimation of chan-
nels G and F, but no instantaneous knowledge of GRR. For
the considered Ricean fading channel model, we assume
that both the Ricean K-factor matrix and the deterministic
LOS component are perfectly known at both R and the
users, so we only need to estimate Gw

1
= H1,wD1

1/2 and
Fw

1
= H2,wD2

1/2. SinceGw and Fw are i.i.d, we can use min-
imum mean square error (MMSE).1 And for the estimation
of arbitrary correlation matrix, the computational complexity
of the MMSE is high in massive MIMO system, some new
channel estimators need to be used [20], [23]. Let T be the
length of the coherence interval and let τ be the number of
symbols used for uplink pilots. During the training part of the
coherence interval, all users’ receive and transmit antennas
simultaneously2 transmit pilot sequences of length τ symbols
to R. The received pilots matrices at the R’s receive and
transmit antenna arrays are given by Yr =

√
τPTG81 +√

τPT F̃82 + Nr and Yt =
√
τPT G̃81 +

√
τPTF82 + Nt ,

where 8i ∈ C2K×τ , (i = 1, 2) are the pilot sequences
transmitted from all users’ transmit antennas and all users’
receive antennas, respectively; G̃ ∈ CM×2K and F̃ ∈ CM×2K

are the channel matrices from all users’ transmit antennas to

1According to the estimation expression of channelsG and F at the end of
this paragragh, we can see the inversion operation is for a 2K × 2K diagonal
matrix when the channels are i.i.d, so the computational complexity is not
high.

2Using uplink pilots from all users’ transmit antennas to R’s receive
antenna arrays,G can estimated. F can estimated using uplink pilots from all
users’ receive antennas to R’s transmit antenna arrays. Relying on channel
reciprocity property of time division duplexing (TDD) based systems, the
downlink channel matrix is FT .

the R’s transmit antenna array and from all users’ receive
antennas to the R’s receive antenna array, respectively; Nr
and Nt are M × τ additive white Gaussian noise (AWGN)
matrices with i.i.d. CN (0, σ ) elements, and PT is the trans-
mit power of each pilot symbol. All pilot sequences are
assumed to be pairwisely orthogonal, i.e., 8i8

H
i = I2K , and

8i8
H
j = 02K , (i 6= j), where8i

1
= [(�+ I2K )−1]1/28i. This

requires that τ ≥ 4K , in this paper, we set τ = 4K . We can
remove the LOS component, which is assumed to be already
known, and the remaining terms of the received matrices are
Yr,w =

√
τPTGw81 +

√
τPT F̃w82 + Nr , and Yt,w =√

τPT G̃w81 +
√
τPTFw82 + Nt . The MMSE estimate of

Gw and Fw are Ĝw =
1
√
τPT

Yr,w81
H
(I2K + 1

√
τPT

D−11 )−1

and F̂w = 1
√
τPT

Yt,w82
H
(I2K + 1√

Pp
D−12 )−1 [13], [21].

With MMSE estimator, the real channel can be represented
as G = Ĝ + 1G and F = F̂ + 1F, where Ĝ, F̂ and
1G,1F denote the available channel estimate and estimation
error, respectively. The elements of the i-th column of 1G
and 1F are RVs with zero means and variances ε2g,i =

βg,iσ

(σ+Ppβg,i)(Ki+1)
,ε2f ,i =

βf ,iσ

(σ+Ppβf ,i)(Ki+1)
, where Pp = τPT [21].

Furthermore, owing to the properties of MMSE estimation,
1G is independent of Ĝ and 1F is independent of F̂.

At time instant t, all sources transmit their symbols to
R and R forwards the amplified signal to destinations. The
received signals at the relay and the k-th user are given by

yR(t) = Gx(t)+GRRxR(t)+ nR(t) (1)

yk (t) = fTk xR(t)+
∑
i∈Sk

9k,ixi(t)+ nk (t) (2)

respectively, where x(t) = [x1(t), x2(t), · · · , x2K (t)]T , and
E
{
x(t)xH (t)

}
= diag(Ps,1, · · · ,Ps,2K ) = 3. Moreover,

xR(t) denotes the transmit vector of R with power PR =
Tr
(
E
{
xR(t)xHR (t)

})
. nR(t) and nk (t) represent the noise vec-

tor at R and Uk , the elements of nR(t) and nk (t) are assumed
to be i.i.d. CN (0, σ ) and CN (0, σn).
The transmit vector of R at time instant t can be expressed

as

xR(t) =WyR(t − d) (3)

whereW ∈ CM×M is the beamforming matrix, and d denotes
the processing delay at R.

According to [16], after some ingenious loop interference
cancellation (LIC) technique, the residual loop interference
(RLI) is so weak that it can be regarded as additional noise.
In this paper, some LIC methods can be adopted at the relay
before carrying out (3), so we can regard the RLI at R as
additional noise. As a result, we replace xR(t) in the LI
term in (1) by a Gaussian noise source x̃R(t) with the same
power limitation to represent the RLI signal. Then (2) can be
rewritten as

yk (t) = (f̂Tk +1fTk )W[(Ĝ+1G)x(t − d)+GRR̃xR(t − d)

+nR(t − d)]+
∑
i∈Sk

9k,ixi(t)+ nk (t) (4)
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azf
a.s.
−−−−→
M→∞

√√√√√√
PR

1
M

2K∑
i=1

Ps,iη
−1
f ,i′ +

1
M2 (σ + σ 2

rrPR +
2K∑
j=1

Ps,jε2g,j)
2K∑
i=1
η−1f ,i η

−1
g,i′

(8)

III. RELAY TRANSCEIVER DESIGN AND
ASYMPTOTIC ANALYSIS
In this section, we propose a ZFR/ZFT-based and MRC/
MRT-based beamforming design, the asymptotic end-to-end
SINR of the proposed transceiver schemes for multi-pair
two-way MM-AF-FDR system are analyzed.
Lemma 1: By the law of large numbers, when M is large

enough, the inner product of any two columns in the estimate
channel matrix Ĝ can be found as [21]:

ĝHn ĝi
M

a.s.
−−→


βg,n

Kn + 1
(Kn +

Ppβg,n
σ+Ppβg,n

) = ηg,n, i = n

0, i 6= n

f̂Hn f̂i
M

a.s.
−−→


βf ,n

Kn + 1
(Kn +

Ppβf ,n
σ+Ppβf ,n

) = ηf ,n, i = n

0, i 6= n
(5)

According to Lemma1, it can be easily obtained that

ĜH Ĝ
M

a.s.
−−→ diag

{
ηg,1, ηg,2, · · · , ηg,2K

}
= Q1

F̂H F̂
M

a.s.
−−−−→
M→∞

diag
{
ηf ,1, ηf ,2, · · · , ηf ,2K

}
= Q2 (6)

For simplicity, the time labels are omitted in the sequel.

A. ZFR/ZFT BEAMFORMING
The ZFR/ZFT beamforming matrix is [15]

Wzf = azf F̂∗(F̂T F̂∗)−1P(ĜH Ĝ)−1ĜH (7)

where azf is the amplification factor, P = diag
{P1,P2 · · · ,PK } and Pl = [0 1; 1 0] , l = 1, · · · ,K .
Lemma 2: As M approaches to infinity, azf that satisfies

the transmit power constraint of R can be expressed as (8),
shown at the top of this page, where (i, i′) is a pair of user.

Proof: Please see Appendix A.
Since the instantaneous knowledge ofGRR is not available.

To deal with this problem, Lemma 2 is used in the computa-
tion of beamforming matrix.

Substituting (7) into (4), the received signal at the k-th user
is

yk = azf xk ′ + azf 1k ′ (ĜH Ĝ)−1ĜHnR

+

∑
i∈Sk

9k,ixi + nk + yeek + y
ei
k

(9)

where 1k ′ represents a 1 × 2K vector, in which the
k ′-th entry is 1 and others are all 0; yee

k
and yei

k
represent

the channel estimation errors and relay EI term, which are
expressed as

yee
k
= azf 1k ′ (ĜH Ĝ)−1ĜH1Gx+ azf1fTk F̂

∗(F̂T F̂∗)−1Px

+ azf1fTk F̂
∗(F̂T F̂∗)−1P(ĜH Ĝ)−1ĜH1Gx

+ azf1fTk F̂
∗(F̂T F̂∗)−1P(ĜH Ĝ)−1ĜHnR

yei
k
= azf 1k ′ (ĜH Ĝ)−1ĜHGRR̃xR
+ azf1fTk F̂

∗(F̂T F̂∗)−1P(ĜH Ĝ)−1ĜHGRR̃xR (10)

Theorem 1: Using ZFR/ZFT beamforming matrix with
imperfect CSI from MMSE estimation, the end-to-end SINR
at the k-th user can be expressed asymptotically (in M ) as

γk =
Ps,k ′a2zf

E[
∣∣yee

k

∣∣2]+ E[
∣∣yei

k

∣∣2]+ a2zf
M ση

−1
g,k ′ +

∑
i∈Sk

Ps,iφk,i + σn

(11)

where azf is given by Lemma 2, the power for channel
estimation error and EI can be expressed asymptotically
(in M ) as

E[
∣∣yee

k

∣∣2] a.s.
−−−−→
M→∞

a2zf η
−1
g,k ′

M

2K∑
i=1

Ps,iε2g,i +
a2zf ε

2
f ,k

M

2K∑
i=1

Ps,iη
−1
f ,i′

+
a2zf ε

2
f ,k

M2

2K∑
j=1

Ps,jε2g,j

2K∑
i=1

η−1f ,i η
−1
g,i′ +

a2zf σ

M2 ε
2
f ,k

2K∑
i=1

η−1f ,i η
−1
g,i′

(12)

E[
∣∣∣yeik ∣∣∣2] a.s.

−−→
PRa2zf
M2 ε2f ,kσ

2
rr

2K∑
i=1

η−1f ,i η
−1
g,i′ +

PRa2zf
M

σ 2
rr
η−1g,k ′

(13)

Proof: Please see Appendix B.
Corollary 1: Using ZFR/ZFT beamforming matrix with

imperfect CSI from MMSE estimation, at the power-scaling
(Ps,k = Es,k/Ma,PR = ER/Mb, 0 < a, b ≤ 1), the
asymptotic SINR whenM →∞ is (14) at the bottom of this
page.

Proof: Substituting (8) and Ps,k = Es,k/Ma,

PR = ER/Mb into Theorem 1, when M →∞, by keeping

γk
a.s.
−−−−→
M→∞

Es,k ′

(ERM−bσ 2
rr
+ σ )Ma−1η−1g,k ′ + (M−a

∑
i∈Sk

Es,iφk,i + σn)M
b−1

ER

2K∑
i=1

Es,iη
−1
f ,i′ +

Ma+b−2

ER
σσn

2K∑
i=1
η−1f ,i η

−1
g,i′

(14)
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the major terms and omitting the relatively small terms,
corollary 1 can be obtained.

According to Corollary 1, we have the following results

a = 0, b = 1, γk
a.s.
−−−−→
M→∞

Es,k ′ER

(σn +
∑
i∈Sk

Es,iφk,i)
2K∑
i=1

Es,iη
−1
f ,i′

0 < a < 1, b = 1, γk
a.s.
−−−−→
M→∞

Es,k ′ER

σn
2K∑
i=1

Es,iη
−1
f ,i′

a = 1, b = 0, γk
a.s.
−−−−→
M→∞

Es,k ′ηg,k ′

ERσ 2
rr
+ σ

a = 1, 0 < b < 1, γk
a.s.
−−−−→
M→∞

Es,k ′ηg,k ′

σ
a = 1, b = 1,

γk
a.s.
−−−−→
M→∞

Es,k ′

ση−1g,k ′ +
σn
ER

2K∑
i=1

Es,iη
−1
f ,i′ +

σσn
ER

2K∑
i=1
η−1f ,i η

−1
g,i′

(15)

Equation (15) indicates that, when M →∞, the effects
of channel estimation error, the self-loop of the user and the
relay, inter-user interferences, the noise at users and the relay
can be eliminated respectively if the power scaling scheme
is properly selected. And in the regime of very large M, the
SINR of the above cases will saturates to a deterministic
values. When M →∞, for the case a = 0, b = 1, the detri-
mental effects from R disappear, the inter-user interference
and user noise still remain; for the case 0 < a < 1, b = 1,
the noise from the user still remain; for the case a = 1, b = 0,
the detrimental effects from the users disappear, the loop
interference and the noise of R still remain; for the case
a = 1, 0 < b < 1, the interference is caused by the noise
of R; for the case a = 1, b = 1, the interference is caused
by the noise at R and the user. From the case a = 0 and
a = 1, we can see that, decreasing the power of the users
can reduce the user self-loop and inter-user interferences
while increase the detrimental effects from the noise at R;
the comparison between the case b = 0 and b = 1 indicates
that diminishing the power of R can reduce the relay loop
interference while increase the baneful effects from the noise
at Uk . Moreover, with imperfect CSI and increasing M, the
value of the deterministic equivalent for γk is dependent on
both the scaling parameter a, b, the number of user pairs K
and the Ricean K-factor.

B. MRC/MRT BEAMFORMING
The MRC/MRT beamforming matrix is [15]

Wmrc = amrcF̂∗PĜH (16)

where amrc is the amplification factor, where P =

diag {P1,P2 · · · ,PK } and Pl = [0 1; 1 0] , l = 1, · · · ,K .
Lemma 3: As M approaches to infinity, amrc that satisfies

the transmit power constraint of R can be expressed as (17),
shown at the bottom of this page.

Proof: Please see Appendix C.
Since the instantaneous knowledge ofGRR is not available.

To deal with this problem, Lemma 3 is used in the computa-
tion of beamforming matrix.

Substituting (16) into (4), the received signal at the k-th
user is

yk = amrc f̂Tk F̂
∗PĜH ĝk ′xk ′ + amrc

2K∑
i 6=k,k ′

f̂Tk F̂
∗PĜH ĝixi

+ amrc f̂Tk F̂
∗PĜHnR +

∑
i∈Sk

9k,ixi + nk + yeek + y
ei
k

(18)

where yee
k
and yei

k
represent the channel estimation errors and

relay EI term, which are expressed as

yee
k
= amrc f̂Tk F̂

∗PĜH1Gx+ amrc1fTk F̂
∗PĜH Ĝx

+ amrc1fTk F̂
∗PĜH1Gx+ amrc1fTk F̂

∗PĜHnR
yei
k
= amrc f̂Tk F̂

∗PĜHGRR̃xR + amrc1fTk F̂
∗PĜHGRR̃xR (19)

Theorem 2: Using MRC/MRT beamforming matrix with
imperfect CSI from MMSE estimation, the end-to-end SINR
at the k-th user can be expressed asymptotically (in M )
as (20), shown at the bottom of this page, where amrc is given
by Lemma 3, the power for channel estimation error and EI
can be expressed asymptotically (in M ) as

E[
∣∣yee

k

∣∣2] a.s.
−−−−→
M→∞

M3a2mrcη
2
f ,kηg,k ′

2K∑
i=1

Ps,iε2g,i

+M2a2mrcε
2
f ,k

2K∑
j=1

Ps,jε2g,j

2K∑
i=1

ηf ,iηg,i′

+M3a2mrcε
2
f ,k

2K∑
i=1

ηf ,iη
2
g,i′Ps,i′ +M

2a2mrcσε
2
f ,k

2K∑
i=1

ηf ,iηg,i′

(21)

amrc
a.s.
−−→

√√√√√√
PR

M3
2K∑
i=1
ηf ,iη

2
g,i′Ps,i′ +M

2(PRσ 2
rr + σ +

2K∑
j=1

Ps,jε2g,j)
2K∑
i=1
ηf ,iηg,i′

(17)

γk =
Ps,k ′η2f ,kη

2
g,k ′a

2
mrcM

4

E[
∣∣yee

k

∣∣2]+ E[
∣∣yei

k

∣∣2]+ a2mrcM3ση2f ,kηg,k ′ +
∑
i∈Sk

Ps,iφk,i + σn
(20)
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γk
a.s.
−−−−→
M→∞

Es,k ′η2f ,kη
2
g,k ′

(ERM−bσ 2
rr
+ σ )Ma−1η2f ,kηg,k ′ + (M−a

∑
i∈Sk

Es,iφk,i + σn)M
b−1

ER

2K∑
i=1
ηf ,iη

2
g,i′Es,i′ +

Ma+b−2

ER
σσn

2K∑
i=1
ηf ,iηg,i′

(23)

E[
∣∣∣yeik ∣∣∣2] a.s.

−−−−→
M→∞

PRM3a2mrcσ
2
rr
η2f ,kηg,k ′

+PRM2a2mrcε
2
f ,kσ

2
rr

2K∑
i=1

ηf ,iηg,i′ (22)

Proof: Please see Appendix D.
Corollary 2: Using MRC/MRT beamforming matrix with

imperfect CSI from MMSE estimation, at the power-scaling
(Ps,k = Es,k/Ma,PR = ER/Mb, 0 < a, b ≤ 1), the
asymptotic SINR when M →∞ is (23) at the top of this
page.

Proof: Substituting (17) and Ps,k = Es,k/Ma,PR =
ER/Mb into Theorem 2, whenM →∞, by keeping the major
terms and omitting the relatively small terms, corollary 2 can
be obtained.
According to Corollary 2, we have the following results

a = 0, b = 1,

γk
a.s.
−−−−→
M→∞

Es,k ′ERη2f ,kη
2
g,k ′

(σn +
∑
i∈Sk

Es,iφk,i)
2K∑
i=1
ηf ,iη

2
g,i′Es,i′

0 < a < 1, b = 1, γk
a.s.
−−−−→
M→∞

Es,k ′ERη2f ,kη
2
g,k ′

σn
2K∑
i=1
ηf ,iη

2
g,i′Es,i′

a = 1, b = 0, γk
a.s.
−−−−→
M→∞

Es,k ′ηg,k ′

ERσ 2
rr
+ σ

a = 1, 0 < b < 1, γk
a.s.
−−−−→
M→∞

Es,k ′ηg,k ′

σ
a = 1, b = 1,

γk
a.s.
−−−−→
M→∞

Es,k ′η2f ,kη
2
g,k ′

ση2f ,kηg,k ′+
σn
ER

2K∑
i=1
ηf ,iη

2
g,i′Es,i′+

σσn
ER

2K∑
i=1
ηf ,iηg,i′

(24)

Equation (24) indicates that, similar to ZFR/ZFT, when
M →∞, some baneful effects can be eliminated if the power
scaling scheme is properly selected. Moreover, with imper-
fect CSI and increasing M, the value of the deterministic
equivalent for γk is also dependent on both the scaling param-
eter a, b, the number of user pairs K and the Ricean K-factor.
The main factors that affects SINR of MRC/MRT are the

same as ZFR/ZFT. For the case a = 1, b = 0 and the case
a = 1, 0 < b < 1, MRC/MRT and ZFR/ZFT scheme have
the same asymptotic γk . Specially, when ηf ,i = ηg,i = η,
the deterministic equivalent for γk of ZFR/ZFT becomes the
same as that of MRC/MRT in all of the above cases.

IV. SPECTRAL EFFICIENCY OPTIMIZATION
This section presents a low-complexity PC scheme to
optimize the SE subject to the maximum power con-
strains Pmax

s,k at Uk and Pmax
R at R. The SE is defined as

SE = T−τ
T [

2K∑
i=1

log2(1+ γi )].

To facilitate the analysis, we rewrite the end-to-end SINR
in Theorem 1, 2 under ZFR/ZFT and MRC/MRT beamform-
ing schemes as an unified expression (25) at the bottom of
this page. For ZFR/ZFT beamforming scheme, we have

Ak,i =
η−1g,k ′ε

2
g,i

M
+

ε2f ,kη
−1
f ,i′

M
+
ε2f ,kε

2
g,i

M2

2K∑
j=1

η−1f ,j η
−1
g,j′

ak,i =

φk,iσ
2
rr

2K∑
j=1
η−1f ,j η

−1
g,j′

M2

Bk =

ε2f ,kσ
2
rr

2K∑
i=1
η−1f ,i η

−1
g,i′

M2 +

σ 2
rr
η−1g,k ′

M

ci =
σnη
−1
f ,i′

M
+

ε2g,iσn
2K∑
j=1
η−1f ,j η

−1
g,j′

M2

ck,i =

φk,iσ
2K∑
j=1
η−1f ,j η

−1
g,j′

M2

di =
η−1f ,i′

M
+
ε2g,i

M2

2K∑
ii=1

η−1f ,iiη
−1
g,ii′

ek =

σnσ
2K∑
i=1
η−1f ,i η

−1
g,i′

M2

fk =
σ

M2 ε
2
f ,k

2K∑
i=1

η−1f ,i η
−1
g,i′ +

σnσ
2
rr

2K∑
i=1
η−1f ,i η

−1
g,i′

M2 +

ση−1g,k ′

M
(26)

γk =
Ps,k ′

2K∑
i=1

Ak,iPs,i +
∑
i∈Sk

ak,iPs,i + BkPR +
2K∑
i=1

ci
Ps,i
PR
+
∑
i∈Sk

ck,i
Ps,i
PR
+
∑
j∈Sk

φk,jPs,j
2K∑
i=1

di
Ps,i
PR
+ ekP

−1
R + fk

(25)
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For MRC/MRT beamforming scheme, we have

Ak,i =
η−1g,k ′ε

2
g,i

M
+
ηf ,i′ε

2
f ,kη

2
g,i

η2f ,kη
2
g,k ′M

+

ε2f ,kε
2
g,i

2K∑
j=1
ηf ,jηg,j′

η2f ,kη
2
g,k ′M

2

ak,i =

φk,iσ
2
rr

2K∑
j=1
ηf ,jηg,j′

η2f ,kη
2
g,k ′M

2

Bk =

ε2f ,kσ
2
rr

2K∑
i=1
ηf ,iηg,i′

η2f ,kη
2
g,k ′M

2
+

σ 2
rr

Mηg,k ′

Ci =
σnηf ,i′η

2
g,i

η2f ,kη
2
g,k ′M

+

ε2g,iσn
2K∑
j=1
ηf ,jηg,j′

η2f ,kη
2
g,k ′M

2

cki =

φk,iσ
2K∑
j=1
ηf ,jηg,j′

η2f ,kη
2
g,k ′M

2

di =
ηf ,i′η

2
g,i

η2f ,kη
2
g,k ′M

+

ε2g,i

2K∑
ii=1

ηf ,iiηg,ii′

η2f ,kη
2
g,k ′M

2

ek =

σnσ
2K∑
i=1
ηf ,iηg,i′

η2f ,kη
2
g,k ′M

2

fk =

σε2f ,k

2K∑
i=1
ηf ,iηg,i′

η2f ,kη
2
g,k ′M

2
+

σ

Mηg,k ′
+

σnσ
2
rr

2K∑
j=1
ηf ,jηg,j′

η2f ,kη
2
g,k ′M

2
(27)

Algorithm 1 The PC Strategy by GP

Input: The initial value γ̂ (0)
k , a tolerance ε, Pmax

s,k , Pmax
R , i = 1.

Export: The optimal γ̂k and its corresponding
Ps,k , PR.
while i < Limited Iteration Number do
• solve the GP problem:

min
Ps,1,···Ps,2K ;PR

∏2K
k=1 θ

−1
k γ

−wk
k s.t. C1,C2,C3,C4,

where wk = γ̂
(i−1)
k /(1 + γ̂ (i−1)

k ), θk = (γ̂ (i−1)
k )−wk (1 +

γ̂
(i−1)
k ).

if max
k=1,··· ,2K

∣∣∣γ̂ (i)
k − γ̂

(i−1)
k

∣∣∣ < ε then

break
else
i = i+ 1

end if
end while

The SE optimization problem can be written as (28) at the
bottom of this page.

By introducing the auxiliary variables vk ≤ 1 + γk ,
(28) can be reformulated as (29) at the bottom of
this page.

Since the target function is not in the posynomial form,
the similar method in [22] for solving geometric program-
ming (GP) can be used. Specifically, for any γk > 0, 1 +
γk can be approximated by a posynomial function θk (γk )

wk

near γ̂k , where wk = γ̂k /(1 + γ̂k ) and θk = γ̂
−wk
k (1 + γ̂k ).

Then the the SE optimization problem can be solved by using
several GPs (Algorithm 1 is presented).

max
Ps,1,···Ps,2K ;PR

∏2K

k=1
(1+ γk ) = min

Ps,1,···Ps,2K ;PR

∏2K

k=1

1
1+ γk

s.t.



C1 :
Ps,k ′

2K∑
i=1

Ak,iPs,i +
∑
i∈Sk

ak,iPs,i + BkPR +
2K∑
i=1

ci
Ps,i
PR
+
∑
i∈Sk

ck,i
Ps,i
PR
+
∑
j∈Sk

φk,jPs,j
2K∑
i=1

di
Ps,i
PR
+ ekP

−1
R + fk

≥ γk ,

k = 1, 2, · · · , 2K
C2 : 0 ≤ Ps,k ≤ Pmax

s,k ,

k = 1, 2, · · · , 2K
C3 : 0 ≤ PR ≤ Pmax

R

(28)

min
Ps,1,···Ps,2K ;PR

∏2K

k=1

1
vk

s.t.



C1 : vk ≤ 1+ γk , k = 1, 2, · · · , 2K

C2 :

2K∑
i=1

Ak,iPs,iP
−1
s,k ′γk +

∑
i∈Sk

ak,iPs,iP
−1
s,k ′γk + BkP

−1
s,k ′PRγk +

2K∑
i=1

ciPs,iP
−1
s,k ′P

−1
R γk +

∑
i∈Sk

ck,iPs,iP
−1
s,k ′P

−1
R γk

+

∑
j∈Sk

φk,jPs,j
2K∑
i=1

diPs,iP
−1
s,k ′P

−1
R γk + ekP

−1
s,k ′P

−1
R γk + fkP

−1
s,k ′γk ≤ 1

C3 : 0 ≤ Ps,k ≤ Pmax
s,k , k = 1, 2, · · · , 2K

C4 : 0 ≤ PR ≤ Pmax
R

(29)
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V. SIMULATION RESULTS
In this section, we examine the SE and EE of the multi-
pair two-way MM-AF-FDR system. The EE is defined as
EE = SE∑2K

k=1 Ps,k+PR
. The performance of the HDR considered

in [15] are also simulated for comparison. To make a fair
comparison, the transmit powers in HDR are set two times of
the FDR for all nodes transmit only half of the time in HDR.
Without loss of generality, we assume σ = σn = φk,i = 1,
Di = I2K , and all users have the same Ricean K-factor
Ki. Note that, under the above assumption, the asymptotic
SE and EE of MRC/MRT and ZFR/ZFT are equal. For CSI
estimation with uplink pilots, the length of pilot sequences is
set to τ = 4K , PT = −3.8db, and T is set to 196.

FIGURE 2. The SE of multi-pair FDR and HDR v.s. M, where K = 5,
Es,k = 10db,ER = 2KEs,k , σ

2
rr = 1.

FIGURE 3. The EE of multi-pair FDR and HDR v.s. M, where
K = 5,Es,k = 10db,ER = 2KEs,k , σ

2
rr = 1.

Fig. 2 and Fig. 3 show the SE and EE of multi-pair FDR
and HDR v.s. M. Clearly, the asymptotic expression derived
in Theorem 1, 2 can predict the performance of multi-pair
FDR precisely with the increasing of M. Besides, it is seen
that the FDR outperforms HDR for the large M scenario.
As a and b increasing, the requiredM for FDR outperforming
HDR decreases. This is because that the effect of EI in
FDR becomes smaller in this case. The gaps between the
asymptotic expression and the corresponding simulated SE

with MRC/MRT processing is larger than that with ZFR/ZFT
processing, This is because ZFR/ZFT processing can com-
pletely eliminate the inter-pair interferences, but the inter-
pair interferences can only be eliminated when M →∞
with MRC/MRT processing. Again, we can see that the FDR
outperforms HDR in EE for the largeM scenario. Moreover,
the power scaling scheme which results in the best SE is
not necessary to be optimal for the EE. Specifically, the
power scaling scheme with a= b=0.3which is optimal for SE
achieves the worst EE. Moreover, both the SE and EE depend
on the Ricean K-factor.

FIGURE 4. Comparing the SE of imperfect CSI with perfect CSI [16], where
K = 5,Es,k = 10db,ER = 2KEs,k , σ

2
rr = 1.

FIGURE 5. Comparing the EE of imperfect CSI with perfect CSI [16], where
K = 5,Es,k = 10db,ER = 2KEs,k , σ

2
rr = 1.

Fig. 4 and Fig. 5 describe the simulated SE, EE and the
presented analytical asymptotic results when M →∞ in
Corollary 1, 2 v.s. M. Clearly, as the number of antennas
increases, the SE increase and saturate to the same value.
Furthermore, the ZFR/ZFT beamforming can derive greater
SE and EE than the MRC/MRT beamforming in the regime
of finite M, since the system is interference-limited under
the simulation condition, and ZFR/ZFT can eliminate the
inter-pair interference. In addition, as M increases, the EE
increases linearly with M in Case a = 0, b = 1. For
other two cases, asM increases, the EE increase and saturate

4940 VOLUME 4, 2016



X. Sun et al.: Multi-Pair Two-Way MM-AF-FDR With Imperfect CSI

to a constant value. Moreover, as the number of antennas
increases, the SE and EE increase and saturate to a constant
value which is independent of the Ricean K-factor in the
case of perfect CSI [16]. However, for imperfect CSI, the
asymptotic result of SE and EE depend on both the scaling
parameter a, b, the number of user pairs K and the Ricean
K-factor.

FIGURE 6. The SE of multi-pair FDR v.s. K, where M = 500,
Es,k = 10db,ER = 2KEs,k , σ

2
rr = 1,Ki = 4.

In Fig. 6, the simulated SE and the asymptotic SE using the
expression derived in Theorem 1, 2 v.s. K are plotted under
MRC/MRT and ZFR/ZFT beamforming scheme in the case
of imperfect CSI. It is clearly shown that, when a = 0, b = 1
and a = 1, b = 0, the SE tends to zero as increasing K.
For other cases, the gaps between the asymptotic results and
the corresponding simulated SE increase with the increasing
of K for the additional inter-pair and inter-user interferences.
In addition, we also see that there is an optimal K∗ for many
cases. This is because when K is small, the multiplexing
gain is greater than the effect of interference, but as K gets
larger, the multiplexing gain can not compensate the effect
of interference. So with the increasing of K, the SE first
grows then decreases. Besides, when M is finite, the gaps
between the asymptotic expression and the corresponding
simulated SE with MRC/MRT processing is larger than that

FIGURE 7. The SE of multi-pair FDR v.s. v, where K = 5,Es,k = 10db,
ER = 2KEs,k ,Ki = 4,Pmax

s,k = Es,k /Mv ,Pmax
R = 2KPmax

s,k , σ2
rr = 5.

FIGURE 8. The SE of multi-pair FDR v.s. σ2
rr , where K = 5,Es,k = 10db,

ER = 2KEs,k ,Ki = 4,Pmax
s,k = Es,k /Mv ,Pmax

R = 2KPmax
s,k ,M = 200.

FIGURE 9. The SE of multi-pair FDR v.s. M, where K = 2,
ER = 2KEs,k , σ

2
rr = 1,a = 0,b = 1.

with ZFR/ZFT processing. This is because ZFR/ZFT pro-
cessing can completely eliminate the inter-pair interferences,
but the inter-pair interferences can only be eliminated when
M →∞ with MRC/MRT processing. Fig. 7 and Fig. 8 show
that the achievable SE is improved significantly by the pro-
posed PC scheme. However, when v is large or the power of
relay EI is small, the advantage of the PC scheme is mitigated.
From Fig. 9, we can find ZFR/ZFT outperforms MRC/MRT
when the scenario is interference-limited, i.e., SNR= 30 dB;
MRC/MRT outperforms ZFR/ZFT when the scenario is
noise-limited, i.e., SNR = −10 dB.

VI. CONCLUSION
In this paper, we investigate a multi-pair two-way mas-
sive MIMO amplify-and-forward full-duplex relay system
over Ricean fading channels in the case of imperfect CSI.
Our analysis incorporated both MRC/MRT and ZFR/ZFT.
The low-complexity processing matrices based on the two
schemes at the relay are presented and the asymptotic expres-
sions in M of the end-to-end SINR are derived analytically.
Theoretical analyses and simulation results show that, when
M →∞, at the general power scaling schemes (Ps,k =
Es,k/Ma,PR = ER/Mb, 0 < a, b ≤ 1), the sufficient
condition that the effect of relay EI is eliminated is b > 0,
and the effect of the user self-loop and inter-user interferences
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a2zf =
PR

Tr[3P(F̂T F̂∗)
−1

P]+ σTr[(ĜH Ĝ)
−1

P(F̂T F̂∗)
−1

P]+ PR
M 1I+1I1

(30)

a2zf
a.s.
−−→

PR

Tr[3P(Q2)−1P]
M + (σ + σ 2

rrPR +
2K∑
j=1

Ps,jε2g,j)
Tr[(Q1)−1P(Q2)−1P]

M2

(31)

is eliminated is a > 0. Besides, at some power scaling
schemes, as the number of antennas increases, the SE increase
and saturate to a constant value which is independent of
the Ricean K-factor in the case of perfect CSI. However,
for imperfect CSI, the asymptotic result of SE depends on
both the scaling parameter a, b, the number of user pairs K
and the Ricean K-factor. Moreover, it is shown that the
multi-pair FDR outperforms the multi-pair HDR for the large
M scenario. And the achievable SE is improved significantly
by the proposed PC scheme.

APPENDIX
A. PROOF OF (8) IN LEMMA 2
Using (1), (3), (7), the property Tr(AB) = Tr(BA) and
PR = Tr

(
E
{
xRxHR

})
, we have (30), as shown at the top of this

page, where 1I = Tr[(ĜH Ĝ)−1ĜHGRRGH
RRĜ(ĜH Ĝ)−1P×

(F̂T F̂∗)−1P] and 1I1 = Tr[(ĜH Ĝ)−1ĜH1G31GH Ĝ ×
(ĜH Ĝ)−1P(F̂T F̂∗)−1P]. Substituting (5), (6) into (30), we
have (31), as shown at the top of this page.

Since

Tr[3P(Q2)−1P] =
2K∑
i=1

Ps,iη
−1
f ,i′ (32)

Tr[(Q1)−1P(Q2)−1P] =
2K∑
i=1

η−1f ,i η
−1
g,i′ (33)

then (8) can be easily obtained.

B. PROOF OF THEOREM 1

1) Compute E[
∣∣∣1k ′ (ĜH Ĝ)

−1
ĜHnR

∣∣∣2]: According to (5), (6)

and E
{
nRnHR

}
= σ IM , we have

E[
∣∣∣1k ′ (ĜH Ĝ)

−1
ĜHnR

∣∣∣2] = σE[1k ′ (ĜH Ĝ)−1ĜH Ĝ

× (ĜH Ĝ)−11Tk ′ ] = σE[1k ′ (Ĝ
H Ĝ)−11Tk ′ ]

a.s.
−−−−→
M→∞

σ

M
1k ′ (Q1)−11Tk ′ =

σ

M
η−1g,k ′ (34)

2) Compute E[
∣∣yee

k

∣∣2]:
Since Ĝ and 1G are independent, we obtain

E[
∣∣∣1k ′ (ĜH Ĝ)

−1
ĜH1Gx

∣∣∣2]
= E[1k ′ (ĜH Ĝ)−1ĜH1G31GH Ĝ(ĜH Ĝ)−11Tk ′ ]

=

2K∑
i=1

Ps,iε2g,i[1k ′ (Ĝ
H Ĝ)−11Tk ′ ]

a.s.
−−−−→
M→∞

2K∑
i=1

Ps,iε2g,i

M
1k ′ (Q1)−11Tk ′ =

η−1g,k ′

M

2K∑
i=1

Ps,iε2g,i (35)

According to (5), (6), (32) and the property1f is indepen-
dent of F̂, we derive

E[
∣∣∣1fTk F̂

∗(F̂T F̂∗)
−1

Px
∣∣∣2]

= E[1fTk F̂
∗(F̂T F̂∗)−1P3P(F̂T F̂∗)−1F̂T1f∗k ]

a.s.
−−−−→
M→∞

ε2f ,k

M
Tr[3P(Q2)−1P] =

ε2f ,k

M

2K∑
i=1

Ps,iη
−1
f ,i′ (36)

According to (5), (6), (33) and the property 1f, F̂, Ĝ and
1G are independent, we obtain

E[
∣∣∣1fTk F̂

∗(F̂T F̂∗)
−1

P(ĜH Ĝ)
−1

ĜH1Gx
∣∣∣2]

= E[1fTk F̂
∗(F̂T F̂∗)−1P(ĜH Ĝ)−1ĜH1G3

×1GH Ĝ(ĜH Ĝ)−1P(F̂T F̂∗)−1F̂T1f∗k ]

a.s.
−−−−→
M→∞

ε2f ,k

M2

2K∑
j=1

Ps,jε2g,jTr[(Q1)−1P(Q2)−1P]

=
ε2f ,k

M2

2K∑
j=1

Ps,jε2g,j

2K∑
i=1

η−1f ,i η
−1
g,i′ (37)

E[
∣∣∣1fTk F̂

∗(F̂T F̂∗)
−1

P(ĜH Ĝ)
−1

ĜHnR
∣∣∣2]

= σE[1fTk F̂
∗(F̂T F̂∗)−1P(ĜH Ĝ)−1ĜH Ĝ(ĜH Ĝ)−1P

× (F̂T F̂∗)−1F̂T1f∗k ]
a.s.
−−−−→
M→∞

σ

M2 ε
2
f ,kTr[(Q1)−1P(Q2)−1P]

=
σ

M2 ε
2
f ,k

2K∑
i=1

η−1f ,i η
−1
g,i′ (38)

3) Compute E[
∣∣yei

k

∣∣2]:
According to (5), (6) and the property Ĝ is independent

of GRR, we derive

E[
∣∣∣1k ′ (ĜH Ĝ)

−1
ĜHGRR̃xR

∣∣∣2]
=

PR
M

E[1k ′ (ĜH Ĝ)−1ĜHGRRGH
RRĜ(ĜH Ĝ)−11Tk ′ ]

a.s.
−−−−→
M→∞

PRσ 2
rr

M
1k ′ (Q1)−11Tk ′ =

PR
M
σ 2
rr
η−1g,k ′ (39)
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a2mrc =
PR

Tr[(ĜH Ĝ)3(ĜH ˆG)P(F̂T F̂∗)P+ PR
M ĜHGRRGH

RRĜP(F̂T F̂∗)P+ σ (ĜH ˆG)P(F̂T F̂∗)P+1I]
(41)

a2mrc
a.s.
−−−−→
M→∞

PR

PsM3Tr[Q13Q1PQ2P]+ (PRσ 2
rr + σ +

2K∑
j=1

Ps,jε2g,j)M
2Tr[Q1PQ2P]

(42)

According to (5), (6), (33) and the property 1f, F̂, Ĝ and
GRR are independent, we obtain

E[
∣∣∣1fTk F̂

∗(F̂T F̂∗)
−1

P(ĜH Ĝ)
−1

ĜHGRR̃xR
∣∣∣2]

=
PR
M

E[1fTk F̂
∗(F̂T F̂∗)−1P(ĜH Ĝ)−1ĜHGRRGH

RR

× Ĝ(ĜH Ĝ)−1P(F̂T F̂∗)−1F̂T1f∗k ]
a.s.
−−−−→
M→∞

PR
M2 ε

2
f ,kσ

2
rr
Tr[(Q1)−1P(Q2)−1P]

=
PR
M2 ε

2
f ,kσ

2
rr

2K∑
i=1

η−1f ,i η
−1
g,i′ (40)

By using (34)-(40), we obtain (11).

C. PROOF OF (17) IN LEMMA 3
Using (1), (3), (16), the property Tr(AB) = Tr(BA) and
PR = Tr

(
E
{
xRxHR

})
, we have (41) at the top of this

page, where 1I = ĜH1G31GH ĜP(F̂T F̂∗)P. Substituting
(5), (6) into (41), we have (42), shown at the top of this
page.

Since

Tr[Q13Q1PQ2P] =
2K∑
i=1

ηf ,iη
2
g,i′Ps,i′ (43)

Tr[Q1PQ2P] =
2K∑
i=1

ηf ,iηg,i′ (44)

then (17) can be easily obtained.

D. PROOF OF THEOREM 2:

1) Compute E[
∣∣∣f̂Tk F̂∗PĜH ĝi

∣∣∣2] and E[
∣∣∣f̂Tk F̂∗PĜHnR

∣∣∣2]:
According to (5), (6) and E

{
nRnHR

}
= σ IM , we have

E[
∣∣∣f̂Tk F̂∗PĜH ĝi

∣∣∣2] = E[f̂Tk F̂
∗PĜH ĝiĝHi ĜPF̂T f̂∗k ]

a.s.
−−−−→
M→∞

M4ηf ,k1k ′ηg,i1Ti ηg,i1i′ηf ,k1
T
k

= η2f ,kη
2
g,k ′M

4δk ′,i (45)

E[
∣∣∣f̂Tk F̂∗PĜHnR

∣∣∣2] = E[f̂Tk F̂
∗PĜHnRnHR ĜPF̂T f̂∗k ]

a.s.
−−−−→
M→∞

M3σηf ,k1k ′Q1ηf ,k1Tk ′ = M3ση2f ,kηg,k ′ (46)

2) Compute E[
∣∣yee

k

∣∣2]:
According to (5), (6), (43), (44) and the property 1f, F̂, Ĝ

and 1G are independent, we obtain the following results:

E[
∣∣∣f̂Tk F̂∗PĜH1Gx

∣∣∣2] = E[f̂Tk F̂
∗PĜH1G31GH ĜPF̂T f̂∗k ]

a.s.
−−−−→
M→∞

M3
2K∑
i=1

Ps,iε2g,iηf ,k1k ′Q1ηf ,k1Tk ′

= M3η2f ,kηg,k ′

2K∑
i=1

Ps,iε2g,i (47)

E[
∣∣∣1fTk F̂

∗PĜH Ĝx
∣∣∣2]

= E[1fTk F̂
∗P(ĜH Ĝ)3(ĜH Ĝ)PF̂T1f∗k ]

a.s.
−−−−→
M→∞

M3ε2f ,kTr[Q13Q1PQ2P]

= M3ε2f ,k

2K∑
i=1

ηf ,iη
2
g,i′Ps,i′ (48)

E[
∣∣∣1fTk F̂

∗PĜH1Gx
∣∣∣2] = E[1fTk F̂

∗PĜH1G31GH

× ĜPF̂T1f∗k ]
a.s.
−−−−→
M→∞

M2ε2f ,k

2K∑
j=1

Ps,jε2g,jTr[Q1PQ2P]

= M2ε2f ,k

2K∑
j=1

Ps,jε2g,j

2K∑
i=1

ηf ,iηg,i′ (49)

E[
∣∣∣1fTk F̂

∗PĜHnR
∣∣∣2] = E[1fTk F̂

∗PĜHnRnHR ĜPF̂T1f∗k ]

a.s.
−−−−→
M→∞

M2σε2f ,kTr[Q1PQ2P] = M2σε2f ,k

2K∑
i=1

ηf ,iηg,i′

(50)

3) Compute E[
∣∣yei

k

∣∣2]:
According to (5), (6) and the property F̂, Ĝ and GRR are

independent, we derive

E[
∣∣∣f̂Tk F̂∗PĜHGRR̃xR

∣∣∣2]
=
PR
M

E[f̂Tk F̂
∗PĜHGRRGH

RRĜPF̂T f̂∗k ]

a.s.
−−−−→
M→∞

PRM3σ 2
rr
ηf ,k1k ′Q1ηf ,k1Tk ′

= PRM3σ 2
rr
η2f ,kηg,k ′ (51)
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According to (5), (6), (44) and the property 1f, F̂, Ĝ and
GRR are independent, we obtain

E[
∣∣∣1fTk F̂

∗PĜHGRR̃xR
∣∣∣2]

=
PR
M

E[1fTk F̂
∗PĜHGRRGH

RRĜPF̂T f̂∗k ]
a.s.
−−−−→
M→∞

PRM2ε2f ,kσ
2
rr
Tr[Q1PQ2P]

= PRM2ε2f ,kσ
2
rr

2K∑
i=1

ηf ,iηg,i′ (52)

By using (45)-(52), we obtain (20).
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