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ABSTRACT The plasma sheath can absorb or reflect electromagnetic waves, thus affecting the
communication of hypersonic vehicles. The study of attenuation and enhancement of electromagnetic
scattering by plasma is of great significance. We propose a novel Z-transform finite-difference time-
domain (ZT-FDTD) method to study the interaction between electromagnetic waves and plasmas. The
numerical results show that this method has high accuracy and improves the computational efficiency by
9.8 percent, compared to the traditional ZT-FDTDmethod.We investigated the enhancement and attenuation
of electromagnetic scattering by plasma at different plasma frequencies and plasma collision frequencies.
The variation in the electric field amplitude in the plasma was studied under different electromagnetic
scattering conditions. Through the hybrid plasma model, the changes in electromagnetic scattering and in
the electric field amplitude under plasma stealth were further investigated. The position of the maximum
electric field amplitude and the variation in the zero-value region of the electric field amplitude correspond
to the different effects of plasma on electromagnetic scattering. The research methods and ideas in this study
have important reference values and provide a new perspective for studying plasma stealth technology and
solving the ‘‘blackout’’ problem.

INDEX TERMS Electromagnetic scattering, finite-difference time-domain (FDTD), plasma stealth,
Z-transform.

I. INTRODUCTION
Hypersonic vehicles generate a plasma sheath upon re-entry
into the atmosphere, which can absorb or reflect electro-
magnetic waves, thus impacting the communication of the
vehicle and potentially causing communication disruptions.
It is crucial to study the interaction between electromagnetic
waves and plasma [1], [2]. The finite-difference time-domain
(FDTD) methods applied to dispersive media, includes
various numerical models such as the Recursive Convolution
(RC) FDTD method [3], Auxiliary Differential Equation
(ADE) FDTD method [4], Z-transform FDTD method [5],
and Piecewise Linear Recursive Convolution (PLRC) FDTD
method [6]. Chen uses the convolutional relationship between
medium current density and electric field to derive the
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JE convolution (JEC) method for electromagnetic wave
propagation in dispersive media [7]. The ZT-FDTD method
has been used to analyze the reflection, attenuation, and
scattering of electromagnetic waves in the plasma sheath
[8], [9]. Yusuke et al. [10] demonstrated that the Drude
model with plasma and collision frequencies can be used to
characterize collisional plasmas. Liu et al. [11] analyzed the
transmission characteristics of electromagnetic waves in var-
ious types of plasma using the finite-difference time-domain
method. The scattering characteristics of electromagnetic
waves in time-varying and non-uniform plasma sheaths were
studied using the piecewise linear JE recursive convolution
(PLJERC) finite-different time-domain (FDTD) method
[12], [13]. Wang et al. utilized the Hybrid Implicit Explicit
(HIE) - FDTD method to simulate rotational plasma in an
open region [14]. A combined approach of Computational
Fluid Dynamics (CFD) and finite-difference time-domain
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was employed to investigate the behavior of electromagnetic
waves in plasma [10]. Plasma stealth technology is receiving
increasing attention, both domestically and internationally.
Yan et al. analyzed the effects of different electromagnetic
wave frequencies and plasma collision frequencies on the
plasma stealth effect using Z-FDTD [15].
Other numerical methods, such as the discontinuous

Galerkin time domain (DGTD), Physical Optics (PO), and
commercial software,have been widely used in the study
of electromagnetic waves in plasma sheaths. Li et al.
conducted a physical analysis of the interaction mechanism
between a pulsed magnetic field and plasma flow field using
COMSOL. [16]. Xu et al. introduced an exponential-based
DGTD method to enhance the computational efficiency of
the scattering characteristics of a hypersonic vehicle model
surrounded by a uniform plasma layer [17]. Scarabosio et al.
conducted a detailed analysis of the effects of the incident
frequency, incident angle, and maximum plasma parame-
ters on the electromagnetic scattering of three-dimensional
plasma sheaths using physical optics (PO) methods [18].
Owing to the advantage of the FDTD method in terms of
computational efficiency, the interaction between plasma and
electromagnetic waves is mainly studied by FDTD [6], [8]
combined with an effective dielectric constant model. In the
study of plasma, the influence of detection environmental
conditions such as lunar illumination intensity, lunar dust
characteristics, and lunar ionospheric dust charging process
on the amplitude and phase of electromagnetic waves was
studied [19]. The envelope wave properties of a collisional
non magnetized plasma model composed of cold ions,
superheat electrons, and positive and negative dust particles
was studied [20].
In this paper, we propose a novel ZT-FDTD method with

high computational efficiency compared to the traditional
method. This method has good accuracy and is easy for
researchers familiar with ZT-transformation. To the best
of our knowledge, this is the first time that this method
has been developed for the FDTD method applied to
dispersive media. The remainder of this paper is organized
as follows. In Section II, formulations of the novel ZT-FDTD
method are presented. In Section III, the accuracy of
this method is confirmed by comparing it with the Mie
theory, and the efficiency of this method is confirmed
by comparing it with the conventional ZT-FDTD method.
We studied the electromagnetic scattering and electric field
amplitude under different plasma frequencies and plasma
collision frequencies. Finally, conclusions are presented in
Section IV.

II. ITERATIVE EQUATION OF ZT-FDTD
The dielectric coefficient is used to represent the char-
acteristics of non magnetized media, and the frequency
dependent dielectric coefficient can be expressed as
follows:

ε(ω) = ε0[ε∞ +χ (ω)] (1)

where ε∞ is the relative dielectric constant at infinity, ε0 is the
dielectric coefficient in vacuum, and χω is the polarizability
function.

A. DRUDE DISPERSIVE MEDIUM
The plasma sheath generated during the re-entry process of a
hypersonic aircraft is usually considered cold plasma, which
is expressed by a Drude dispersive medium [21]. In the Drude
dispersive medium, χω is given by

χ (ω) = −
ω2
p

ω(ω− jυc)
(2)

where ωp is the plasma collision frequency and νc is the
plasma frequency given by

ωp =

√
nee2

meε0

υc = nsσes

√
8κTv
πme

(3)

where me is the electron mass, ne is the number density of
electrons, ns is the number density of species s, e is the
magnitude of the electronic charge, and k is Boltzmann’s
constant. The effective electron-neutral energy exchange
cross section is defined by a curve fit of the form.

σes = ãs+ b̃sTe+ c̃sT 2
e

The constants for Eq.(3) are presented in Table. 1 [21].

TABLE 1. Constants for curve fits of electron-neutral energy exchange
cross section, σes.

B. THE TRADITIONAL Z-TRANSFORM FDTD METHOD
The Maxwell expressions are:

∇ ×E = −
∂B
∂t

−σmH

∇ ×H =
∂D
∂t

+σE

B= µH

D(ω) = ε(ω)E(ω) (4)

Substituting Eq.(1) and Eq.(2) into Eq.(4), we obtain

D̃(ω) = ε(ω)Ẽ(ω) = ε0(ε∞ +
σ

jωε0

+
ω2
p

ω(jνc−ω)
)Ẽ(ω) (5)
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where, σ is electrical conductivity.

ε(ω) = ε0(1+
ω2
p

ω(jνc−ω)
)=ε0(1+

ω2
p/νc

jω
−

ω2
p/νc

jω+νc
) (6)

Perform Z-transform on Eq.(6)

ε(z) =
1
1t

+
ω2
p/νc

1− z−1 −
ω2
p/νc

1− exp(−νc1t)z−1 (7)

Introducing auxiliary variables I and S

I (z) =
1tω2

p/νc

1− z−1 E(z)

= z−1I (z)+
ω2
p1t

νc
E(z) (8)

S(z) = −
−1tω2

p/νc

1− z−1 exp(−νc1t)
E(z)

= exp(−νc1t)z−1S (z)−
1tω2

p

νc
E(z) (9)

We can get the z-domain D(z),

D(z) = ε0 [ε∞E(z)+ I (z)+S (z)]π

= ε0ε∞E(z)+ ε0z−1I (z)+
ε0ω

2
p1t

νc
E(z)

+ ε0 exp(−νc1t)z−1S (z)−
ε01tω2

p

νc
E(z)

=

[
ε0ε∞ +

ε0ω
2
p1t

νc
+−

ε01tω2
p

νc

]
E(z)

+ ε0z−1I (z)+ ε0 exp(−νc1t)z−1S (z)

= ε0ε∞E(z)+ ε0z−1I (z)+ ε0 exp(−νc1t)z−1S (z)

(10)

So, E(z) is

E(z) =
D(z)− ε0z−1I (z)− ε0 exp(−νc1t)z−1S (z)

ε0ε∞

(11)

C. THE NOVEL Z-TRANSFORM FDTD METHOD
In the novel ZT-FDTDmethod, perform Fourier transform on
Eq.(4), we obtain

F(ε
∂E(t)

∂t
) = ε(ω) · jωE(ω)

= ε0(1+
ω2
p

ω(jνc−ω)
) · jωE(ω)

= jωε0E(ω)+
ω2
pε0

νc+ jω
E(ω)

= jωε0E(ω)+ J (ω) (12)

where,

J (ω) =
ω2
pε0

νc+ jω
E(ω) (13)

Perform Z-transform on Eq.(13)

J (z)(νc+
1-z−1

z−11t
) = ω2

pε0E(z) (14)

Perform z−1Jp (z) → Jpn−1 on above formula, we can gain

J (t)n = (1-νc1t)J (t)n−1
+ω2

pε01t ·E(t)
n−1

E(t)n =
1t
ε0

(∇ ×H − J (t)n)+E(t)n-1 (15)

The above formula is the Z-transform method for dis-
persive media.The propagation of electromagnetic waves in
dispersive media can be calculated using Eq.(4) and Eq.(15).
The time-domain stepping steps are summarized as follows

1) E −→ Jp,
2) E −→ H,
3)

(
Jp,H

)
−→ E.

In the traditional ZT-FDTD method, the iterative formula
introduces auxiliary variables D, I, and S, and thus,consumes
more memory. We propose a novel Z-transform FDTD
method that introduces intermediate variable S and simplifies
the formulas. Assuming that the incident wave is polarized
along the x-direction, the complex amplitude of the electric
magnetic field are

Ei = exEime−jk1z

Hi = ey
Eim
Zc

e−jk1z (16)

The complex amplitude of the electric and magnetic field
of the reflected wave are

Er = exREimejk1z

Hr = −ey
REim
Zc

e−jk1z (17)

The reflection coefficient is

R=
Zc2 −Zc1
Zc2 +Zc1

(18)

where, subscripts 1 and 2 represent medium 1 and medium 2.
To obtain the scattering outside the calculated region, it is

necessary to build a closed surface in the calculated region
according to the equivalence principle, and then extrapolate
the equivalent electromagnetic current on the surface to
obtain the scattering.Monostatic RCS [22] can be represented
by the scattering field equation given

RCS (f ) = 10lg(4πr2
∣∣∣∣Ex (f )
Ei (f )

∣∣∣∣2) (19)

where, f is the incident wave frequency, Ex is the far-field,
and Ei is the incident wave.

III. EXAMPLES
Three numerical experiments are conducted to verify the
effectiveness of the novel Z-transform FDTD.
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A. REFLECTION COEFFICIENT FOR A PLASMA SLAB
To verify the reliability of the numerical method, the reflec-
tion coefficient of the plasma flat plate on electromagnetic
waves was calculated. The thickness of the flat plate is
0.015 m, the incident wave is a Gaussian pulse, the spatial
step size is 75 um, the plasma frequency and the collision
frequency areωp = 2π ×28.7×109rad/s,υc = 2.0×1010Hz,
the number of iteration is 12000.

Figure 1 shows the calculation of the reflection coefficient
of electromagnetic waves passing through a plasma plate
using the analytical method, improved ZT-FDTD, traditional
ZT-FDTD, PLRC-FDTD, and SO-FDTD methods, and
shows the memory and operating time consumed by each
method.

FIGURE 1. Monostatic RCS of the Plasma Sphere.

As shown in Table. 2, the new method required only
90.26 percent of the time of the traditional ZT-FDTDmethod
and consumes the least amount of memory. PLRC-FDTD
method takes the most running time, and SO-FDTD method
consumes the most memory.

TABLE 2. Comparison of running time cost and memory consumption.

B. RCS OF A PLASMA SPHERE
we calculate the monostatic radar cross section (RCS) of
a plasma ball (ωp = 2π × 28.7 × 109rad/s,υc = 2.0 ×

1010Hz,r = 3.5mm). The incident wave is a Gaussian pulse,
Yee-cell step size δ = 0.0875mm, the number of iteration is
5400.

As shown in Figure 2, a very good agreement is achieved
among the results obtained using the novel Z-transform
FDTDmethod and theMie theory. As shown in table. 3, when
the incident wave frequency is around 4 GHz, RCS error is
small. When the incident wave frequency is around 8 GHz,
RCS error is significant. This is mainly because as the

FIGURE 2. Monostatic RCS of the Plasma Sphere.

TABLE 3. RCS error.

frequency increases, the size of wavelength dispersion
decreases.

C. RCS OF INHOMOGENEOUS PLASMA FLOW AROUND
BLUNT CONE
Next, we calculated the bistatic RCS of a metal sphere
covered by uniform plasma. As shown in Figure 3, r1 =

0.04m, r2 = 0.07m, the radius of the metal ball is r1, the
slab of plasma is d = r2 − r1 = 0.03m, the plane wave has
a wavelength of λ = 0.08m, Yee-cell step size δ = λ/40. The
influence of six types of plasma on electromagnetic scattering
was studied experimentally, and their parameters are listed in
Table. 4.

FIGURE 3. (a) 3D Model, (b) Model sizes.

TABLE 4. Plasma parameters.

In theory, when the plasma frequency is greater than
the incident wave frequency, the smaller the incident wave
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frequency, the more difficult it is to pass through the plasma
and the more obvious the reflection [2]. At this point, the
plasma enhances electromagnetic scattering.

As shown in Figure 4, two conductor spheres with
radius r1 and r2. The plasma collision frequency is 1GHz,
and the plasma frequencies of plasma 1, plasma 2, and
plasma 3 are 40.0× 109rad/s, 60.0× 109rad/s and 80.0×

109rad/s respectively. When the plasma collision frequency
is constant, the higher the plasma frequency, the larger is the
RCS.

FIGURE 4. Bistatic RCS of the Conducting Sphere with plasma 1, plasma 2
and plasma 3 obtained by the new Z-FDTD method.

As shown in Figure 5 (a), the electric field amplitude in the
conductor sphere region is zero. As shown in Figure 5 (b), (c),
and (d), as the plasma frequency increased, the zero region of

FIGURE 5. (a) electric field amplitude of conducting sphere, (b) electric
field amplitude of conducting sphere with plasma 1, (c) electric field
amplitude of conducting sphere with plasma 2, (d) electric field
amplitude of conducting sphere with plasma 3.

the electric field amplitude in the plasma increased.When the
plasma frequency increased to a certain limit, the impact of
the plasma on the RCS approached that of a conductor.

As shown in Figure 6, the plasma frequency is 40.0 ×

109rad/s, and the plasma collision frequencies are 50GHz,
60GHz and 80GHz. Owing to the collision absorption of
plasma, electromagnetic waves are greatly attenuated in the
plasma. As the collision frequency of the plasma increases,
becomes smaller the RCS, becomes more obvious the plasma
stealth effect.

FIGURE 6. Bistatic RCS of the Conducting Sphere with plasma 4, plasma 5
and plasma 6 obtained by the new Z-FDTD method.

As shown in Figure 7 (b), (c), and (d), as the collision
frequency of the plasma increases, the variation in the electric
field in the plasma gradually decreased, and the maximum

FIGURE 7. (a) electric field amplitude of conducting sphere, (b) electric
field amplitude of conducting sphere with plasma 4, (c) electric field
amplitude of conducting sphere with plasma 5, (d) electric field
amplitude of conducting sphere with plasma 6.
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value of the electric field amplitude was located at the outer
edge of the plasma.

Based on the above conclusions, we can see that plasma 1,
plasma 2, and plasma 3 have an increasing effect on RCS,
while plasma 4, plasma 5, and plasma 6 have a decreasing
effect on RCS. Next, we will study the impact of hybrid
plasma on RCS. In the plasma sheath generated around a
reentry vehicle, the inner plasma layer contributes to an
increase in RCS, while the outer plasma layer attenuates the
RCS. On the basis of the original plasma region 1 (as shown
in Figure 8), we add a region 2 with a thickness of d filled
with plasma 4, plasma 5, and plasma 6.

FIGURE 8. Hybrid plasma model.

As shown in Figure 9, we filled plasma1 in region 1, and
plasma4, plasma5 and plasma6 in region 2, the RCS decreases
compared to plasma 1. the RCS increases compared to
plasma 4. As shown in Figure 10, the maximum electric field

FIGURE 9. Bistatic RCS of the Conducting Sphere with plasma 1 added
plasma 4, plasma 5 and plasma 6 obtained by the new Z-FDTD method.

FIGURE 10. (a) Electric field amplitude of conducting sphere, (b) Electric
field amplitude of conducting sphere with plasma 1 added plasma 4,
(c) Electric field amplitude of conducting sphere with plasma 1 added
plasma 5, (d) Electric field amplitude of conducting sphere with plasma 1
added plasma 6.

amplitude is located at the outer edge of each plasma layer
region. Compared to Figure 5 (b), the electric field amplitude
is enhanced in Region 1, and the zero-value region of the
electric field amplitude is reduced.Compared to a uniform
plasma, the plasma stealth effect is more pronounced in non-
uniform plasma. When the RCS is attenuated, the electric
field amplitude increases. When the RCS is enhanced, the
zero-value region in the plasma enlarges.

Three assistant variables D, I, and S are used in the
traditional method. In the new method, only one auxiliary
variable J is required. This new method significantly
improved the calculation speed.

IV. CONCLUSION
In this paper, a new calculation method for electromag-
netic wave propagation in plasma based on the traditional
ZT-FDTD method is presented in detail, the calculating
formulas is derived, the correctness and the efficacy of this
method is proved using several examples. In the traditional
ZT-FDTD method, the FDTD numerical method should
increase subsidiary variables D, I, and S. With this method,
only one subsidiary variable J must be added. The numerical
results show that this method improves the computational
efficiency by 9.8 percent compared to the traditional
ZT-FDTD method. The improved ZT-FDTD method has the
characteristics of a simple derivation, easy programming,
and strong universality. Therefore, this method is worthy of
further generalization for the study of dispersive media. In the
improved formula, it is easier to see that an increase in the
plasma frequency can increase the influence of plasma on
the electric field, whereas an increase in the plasma collision
frequency can reduce the influence of plasma on the electric
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field. By calculating the bistatic RCS of a conductor sphere
covering the plasma, it was demonstrated that the plasma
frequency and plasma collision frequency have an increasing
and decreasing effect on the RCS. As the plasma frequency
increased, the scattering was enhanced, and the electric field
amplitude in the plasma decreased. As the collision frequency
of the plasma increased, the plasma stealth effect became
more pronounced and the electric field amplitude in the
plasma decreased. The electric field amplitude changed the
most at the outer edge of the plasma field.
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