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ABSTRACT This work introduces an n-D algorithm to generate multi-dimensional Sigma Shift Matrix
(nD-SSM) code sequences is proposed, which is based on spectral/temporal/spatial incoherent optical
code division multiple access (OCDMA) system. Our proposed system is capable of generating code in
accordance with the value of n, where n = 1, 2 and 3 for 1D, 2D, and 3D respectively. The nD-SSM codes
improve system cardinality by eliminating multiple access interference and its accompanied phase induced
intensity noise (PIIN). Additionally, the nD-SSM technique permits various users with different dimensions
of codewords to send their data. The data will be sent with the lowest probability of interference. The design
of transmitter-receiver structure of nD-SSMOCDMAsystem is described. Gaussian approximation is used to
analyze performance of the proposed nD-SSM OCDMA system by investigating signal to noise ratio (SNR)
and bit error rate (BER) under different conditions of transmission. The maximum allowable number of users
with BER ∼10-9 is 43, 108, 140, 158 and 600, respectively for 1D-SSM, 2D-SSM, 2D-DEU, 3D-PD and
3D-SSM codes, respectively at 622 Mbps. These numbers of users with the same value of BER decreased to
18 for 1D-SSM, 46 for 2D-SSM, 2 for 2D-DEU, 82 for 3D-PD, and 237 for 3D-SSM at 2.5 Gbps. At 10Gbps,
the maximum allowable number of users are 9, 24, 40, and 97 for 1D-SSM, 2D-SSM, 3D-PD, and 3D-SSM,
respectively. Accordingly, the proposed 3D-SSM code supports the larger number of users at different data
rates when compared to other codes.

INDEX TERMS BER, Psr, nDSSM, OCDMA, QoS, PIIN.

I. INTRODUCTION
Multiplexing techniques like wavelength division multi-
plexing access (WDMA) and time domain multiplexing
access (TDMA) and optical code division multiplexing
(OCDMA) recently become essential in the field of optical
communication systems due to their ability of allowing
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multiple users access the same channel [1], [2], [3]. As in
TDMA, users use time slots to transmit their data while in
WDMA, wavelengths are used, therefore, a need for time
management and large optical bandwidth is required for
transmitting large data [4], [5], [6]. So, OCDMA is preferred
to be used for allowing large number of users to transmit their
information asynchronous without needing timemanagement
or large bandwidth due to its optical domain that make every
user sends its information using unique code [7], [8], [9].
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Although OCDMA has many advantages like security and
improving quality of service, it has drawback that is multiple
access interference (MAI) due to cross correlation (λc)
property of OCDMA codes that affects the system perfor-
mance [10]. Spectral amplitude coding (SAC) can be used
with OCDMA for eliminating MAI through using suitable
detection technique [11]. In SAC-OCDMA, several codes
that have different dimensions as one dimension (1)-D), two
dimension (2)-D) and three dimension (3)-D) are introduced.
In 1-D codes as modified double weight (MDW) [12],
dynamic cyclic shift (DCS) [13], diagonal Eigen unity (DEU)
[14] and multi diagonal (MD) [15], the code length, L,
are linked directly to number of users, K , that leads to
degradation in multiplexing capacity.

For solving the problem of capacity and length L,
researchers suggested 2-D codes and that through combining
any two parameters together of these parameters that are spec-
tral, spatial, time and polarization [16]. However, increasing
the capacity of 2-D leads to increasing either temporal
length or spatial according to code construction that causes
increasing slot duration or spatial components. As a result,
this increase cause performance degradation and requires
large number of encoding and decoding components which
make it complex [16]. So, researchers, recently propose 3-D
codes in order to reduce L and make it easy implemented and
applicable [16].
In this paper, an n-D algorithm to generate multi-

dimensional Sigma Shift Matrix (nD-SSM) code is designed
and developed to give diversity in dimension selection aiming
to improve system’s performance of OCDMA scheme. It also
uses mathematical expression that condenses traditional steps
of building code in multi-dimensional in one algorithm. The
proposed model for calculating the error rate is based on
deriving a mathematical equation that takes into account
the effect of user interference, thermal noise, and shot
noise. After that we will analyze and compare the system’s
performance with other systems. Comparing the analytical
results of the proposal with the publication demonstrated the
superiority of our proposed system in accommodating the
largest number of users with a high rate of data transfer,
in addition to the flexibility in choosing the first, second,
or third dimension.

This paper deals with the following findings:
1. Development of n-DSSM algorithm.
2. Development of Multiplex to make the selection of

dimensions.
3. Simulation validation of n-D code analytical model.
4. Proposal of configurable transceiver structure.
5. Accommodation of large number of simultaneous users

with high bit rate.
The rest of this paper will be organized as follows.

Section II gives an idea about related works that crosses with
our proposal. Section III explains how the code is built, its
characteristics, and the three dimensions on which it is built
(Spectral/Temporal/Spatial). Section IV presents the sender
and receiver architecture of the proposed system. Analyzing

the system performance by providing the necessary equations
will be presented in Section V. The results of numerical
analysis and simulation are presented in Section VI. Finally,
the conclusions are drawn in Section VII.

II. RELATED WORKS
In [12], the authors proposed 1-D MDW code with SAC-
OCDMA system, the performance of the system is studied
and compared with other codes. Although, the results
show improvement in performance that is related to bit
error rate (BER) and K , but for large number of K , the
performance of system will degrade due to presence of phase
induced intensity noise (PIIN) that cause MAI. In [13],
the authors proposed 1-D DCS code with SAC-OCDMA
system. The obtained results show that the system can
support large number of users at any code weight. In [14],
the authors proposed 1-D DEU code with SAC-OCDMA
system. Although, the results show good performance when
compared with other codes like DCS and MD, but the code
property that is non zero cross correlation leads to presence
of MAI which limits the number of simultaneous users.
In [15], the authors proposed 1-D MD code with SAC-
OCDMA code. The performance of this code shows better
performance in terms of BER and signal to noise ratio
(SNR)when comparedwith other codes like random diagonal
(RD) but this code has zero cross correlation which may be
difficult to implement practical. In [17], the authors proposed
2-D DCS code with SAC-OCDMA code. The results show
short code length compared to 1-D DCS but the complexity
increase due to the need of presence two photo detectors
(PD) at the receiver for MAI elimination. In [18], the authors
proposed 2-D DEU code with SAC-OCDMA code. The
results show short code length compared to 1-D DEU but the
complexity increase due to the need of presence two photo
detectors (PD) at the receiver for MAI elimination. In [19],
[20], [21], [22], [23], [24], [25], the authors proposed 2-D
MD code with SAC-OCDMA code. Although, the system
can support large number of users compared to 1-D MD
code but narrow filters are required at the receiver for
detecting the signal. In [20], the authors proposed 3-D hybrid
code between perfect difference code (PD) and MD code
based on 2D-PD code and 1-D MD code. The suggested
3-D PD/MD code also require two PD at receiver which
make the system implementation more complex. In [26],
the authors introduced a 2D OCDMA code by extending
the successive weight (SW) code. They combined this code
with orthogonal frequency division multiplexing (OFDM)
to create a 2D spectral/spatial OCDMA code. While the
results demonstrated that the proposed system achieved
higher transmission capacity, it required long code lengths,
which in turn necessitated a large number of encoding and
decoding components. In [27], the authors investigated the
use of a 2D cyclic shift (CS) code in a spectral/time encoding
scheme. This code is notable for its zero cross-correlation
(ZCC) property, which mitigates the effects of MAI and
reduces the impact of PIIN. In [17], the authors explored
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the utilization of 2D permutation vectors (PV) in OCDMA
systems to implement a spectral/spatial code. This approach
aimed to reduce MAI and enhance the optical system’s
cardinality. In [28], the authors proposed a 3D OCDMA
code that employed a 1D MD code for the spatial domain
and a 1D DEU for spectral and temporal spreading. This
system required higher cardinality to achieve higher data
rates. In [29], a 3D OCDMA code based on a spectral,
temporal, and spatial single-weight ZCC was proposed. The
results indicated that a total code length of 273 was necessary
to accommodate 454 users, making the implementation of
this code more complex.

III. DESCRIPTION OF MULTI-DIMENSIONAL SSM SYSTEM
This paper proposes an nD coding scheme for SAC family
called nD − SSM code. nD − SSM (Sigma Shift Matrix)
code is characterized by four basic performance parameters
including n, Tl, λc and wi. Where n is the dimension level
(1 <= n <= 3), Tl represents the total code length, λc is
the cross-correlation and wi is the code weight for OCDMA
domains (spectral; time; spatial). To overcome the limits of
one domain OCDMA code, nD encoding approaches have
been developed by combining OCDMA domains. Therefore,
in the nD− SSM code, ‘‘i’’ is the dimension index and ‘‘i’’ is
ranging between 1 and n. nD− SSM , can be expressed as

nD− SSM =

n∏
i=1

(Ci)ki×ri (1)

where Ci represents the matrix of generated code sequences.
Ci is ki×ri matrix, where ki represents the number of users for
i-dimension and ri is the length in code matrix respectively.
For instance, the design of 3D-SSM codes needs three
1D-SSM matrix: C1,C2,C3 for encoding the spectral, tem-
poral, and spatial components, respectively. Moreover, the
nD − SSM codes are generated to satisfy the following
properties:

The construction of 1D SSM is given in section A.

A. CONSTRUCTION OF 1D SSM CODE
The 1D-SSM code is a combination of (w-2) shift (Us)
matrices and one identity (I) matrix, as given in below
equation and its code length is calculated by: r =

K (w− 1) +1.

1 D− SSM = f (I ,U s) =

{
I +

∑W−2

m=0
Usi+m,j

}
K×r

(2)

The following steps summarize the construction process for
four users as example.
Step 1: construction of Shift Matrix
Reference to the concepts of algebra and operator theory,

let H be a separable Hilbert space. The shift operator
S : H −→ H defined by Sen = en+1 for n = 0, 1, 2, 3, . . .
with respect to the orthonormal basis {en}∞n=0 of H has a
matrix representation written as

Us =



0 1 0 · · · 0
0 0 1 . . .

0 0 0
. . .

0 0 0
. . .

...
...

... · · · 1
0 0 0 . . . 0


(3)

Us is an upper shift matrix with ‘‘1s’’ only on the
successive super diagonal and ‘‘0s’’ elsewhere. Moreover,
Us is designed with a K × r diagonal matrix, where K rows
give the number of subscribers and r columns represent the
length of Us code sequences respectively. Additionally, the
(i+m, j):th component of Us for i =0,. . . .K-1 and j =0,. . . .r-
1, in SSM code sequence is designed such that:

Usi+m,j = δi(w−1)+1+m,j (4)

where δi,j is the Kronecker delta symbol and m∈ [0,w−2].
In the design of Us, w is used to define the position of ‘‘1s’’
in each row. This arrangement leads to a cross correlation
between subsequent and any rows of Usi+m,j matrix equal to
0. Thus, for 4 subscribers (K = 4), with w = 4, three shift
matrices Usi+m,j will be generated as follows

Usi,j =


0100000000000
0000100000000
0000000100000
0000000000100

 ; for m = 0

Usi+1,j =


0010000000000
0000010000000
0000000010000
0000000000010

 ; for m = 1

Usi+2,j =


0001000000000
0000001000000
0000000001000
0000000000001

 ; for m = 2

Step 2: Construction of Identity Matrix
In the SSM code matrix, the identity matrix is designed

with a K × r diagonal matrix, denoted by IK×r with entries
equal to the Kroncker delta.

δi,j =

{
0 if i ̸= j
1 if i = j

(5)

where i = 0, 2, 3, . . . ,K−1 and j = 0, 2, 3, . . . ,r − 1.
Step 3: Construction of SSM code matrix:

VOLUME 12, 2024 76921



H. Y. Ahmed et al.: Multi-Dimensional Sigma Shift Matrix (nD-SSM) Code

Using the above-mentioned properties and Eq. (1), SSM
code for 4 subscribers and with w = 4 can be written as:

SSM − 1D = I + Usi,j + Usi+1,j + Usi+2,j (6)

to conclude ⌊SSM⌋4×4 can be written as

SSM =


1111000000000
0100111000000
0010000111000
0001000000111


4×13

(7)

B. CONSTRUCTION OF 2D AND 3D SSM CODES
The 2D-SSM code sequences are designed from the extension
of the 1D-SSM in both spectral and spatial domains.
Hence, for spectral C1 is used and for spatial C2 is
used to generate the 2D-SSM code and is expressed as
follows:

Aq,x = C1,q
T

× C2,x (8)

where q =1,2,. . .K1, and x =1,2,. . . , K2. Therefore, the total
code Tl length and system capacity K (number of users)
are Tl = r1r2 and k = K1 · K2, respectively. Likewise
for the 3D-SSM, it requires three code sequences C1,C2,
and C3, where C1 encodes the spectral element; the C2
encodes the temporal component; and the C3 encodes the
spatial co. The 3D-SSM code expression is Aq,x,y =

CT1,q × C2,x × C3,y. An example of the 3D code sequence
is presented in Table 1 for ((Ki,wi) =(2,3)). Moreover,
the 2D- SSM code development using two 1D-SSM code
sequences (C1,i,C2,j), is also highlighted in purple in
Table 1.

C. nD–SSM CODE PROPERTIES
To express the cross-correlation of the nD –SSM code,
based on Ci and its complementary ,2n (Ad) characteristic
matrices where d = 1,..,2n are defined. For instance for
3D-SSM code, the elements of the eight decoding correlation
functions at the receiver end for each PD are defined
as:

Ad =


A1 = CT1 × C2 × C3

A2 = C1
T

× C2 × C3

A3 = CT1 × C2 × C3

A4 = C1
T

× C2 × C3

and

×


A5 = C1

T
× C2 × C3

A6 = C1
T

× C2 × C3

A7 = CT1 × C2 × C3

A8 = C1
T

× C2 × C3

(9)

Similarly, for 2d-SSM, only four matrices A1, A2, A3, and
A4 are defined based on C1, C1, C2, C2 as marked in purple
in equation 7.

Therefore, the cross-correlation Rd between Ad and A can
be written as:

TABLE 1. 2D and 3D SSM code sets.

Case of 2D-SSM:

Rdq,x =

r1∑
i=1

r2∑
j=1

adi,jai+q,j+x (10-a)

where adi,j,d (or a
d
i,j), and ai+q,j+x,d+y (or ai+q,j+x) denote the

elements of Ad and Aq,x , respectively.
Case of 3D-SSM:

Rdq,x,y =

r1∑
i=1

r2∑
j=1

r∑
d=1

adi,j,dai+q,j+x,d+y (10-b)

Further, Table 2 shows the results of the cross-correlation of
the 3D SSM code according to the characteristic matrices Ad .
We can also see from Table 2 that R(0), R(2), R(5), and R(7)

when (q, x, y) =(0, x, 0) and (q, x, y) = (̸=0,x, ̸=0) reflect
the cross-correlation of the SSM code in 2D.

D. nD-SSM PSEUDO ALGORITHM
nD-SSM coding algorithm is derived by using n Ci matrices.
The process of constructing the proposed code is summarized
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TABLE 2. Lists the correlation properties of the 2-D and 3-D codes for each PD.

in the algorithm 1. Algorithm 1 has 3 stated inputs: n,
and set numbers of ki and wi. The proposed design of
nD-SSM coding technique includes 3 steps to determine the
nCi matrices:

- Forming total code length per dimension. (line 3)
- Generating Ci matrix (line 4 to line 5).
- Merging the generated Ci matrices into nD − SSM
(line 7-line 10).

IV. n-D-SSM TRANSMITTER-RECEIVER ARCHITECTURE
A. DESIGN OF 3D-SSM SYSTEM
For the sake of clarity, let us assume that r1 is equal
to M, r2 is equal to N and r3 = P. Figure 1 is
a schematic representation of a spectral/temporal/spatial
OCDMA network that incorporates star couplers, MNP
transmitter-receiver pairs, and other related components.
Users of MNP combination can be supported by the system.
All transmitter-receiver pairs are designated with a 3D-SSM
codewords ag,h,l , g = 0,1, 2, 3, . . .M -1, h = 0,1, 2, 3, . . .
N -1, l = 0,1, 2, 3, . . .P-1. The transmitter initially encodes
the binary data it receives by associating each data with its
matching codeword. Subsequently, the transmitter transmits
the encoded data codewords to the receivers through the star
couplers.

The receiver incorporates a double balanced detection
system consisting of eight photodiodes, which collects
the intended spectra and converts it into a corresponding
codeword.

B. DESIGN OF 3D-SSM TRANSMITTER PART
The transmitter comprises the data source, optical source,
Mach-Zehnder modulator (MZM), fiber Bragg gratings
(FBGs) delay lines, splitter, and a series of star couplers
(SCs). Firstly, the external modulator MZM converts each
user data into an optical pulse using an optical source, and
then the modulated data are sent to FBGs to perform spectral
coding relying on the spectral pattern Xg of SSM code,
where wavelengths matched with ‘‘1’’ are spectrally encoded
whereas other do not matched with ‘‘1’’ are reflected and
filtered out. Secondly, output of FBGs are fed into delay line
to carry out temporal coding according to the SSM code’s Yh
sequence. Thirdly, the spectrally and temporally coded pulses
are delivered to SCs for spatial coding in accordance with
SSM code’s Zl sequence. Hence, each user’s data is coded
spectrally, temporally, and spatially according to the 3D-SSM

Proposed n-Dimensional Sigma Shift Matrix code
Input : Ki = {K1,K2,K3}
Input : wi = {w1,w2,w3}
Input : n
Output : nD− SSM// matrix code
1. Define K = 0; ri = 0//K is the total number of users and
ri is the total code length per dimension

2. For i = 1 to n
3. ri = ki (wi − 1) + 1
4. for j = 0 to ki − 1

4.1. Cij ((ri − 1) downto 0) = ( others =>′ 0′
)
; //

Cij is the j row in the Ci matrix
4.2. Cij (ri − 2 − j (wi − 1) downto ri + j− wi(j+
1)) = ( others =>′ 1 ’ );

4.3. If j = 0′

4.3.1. Cij (ri − 1) =
′ 1′;

Else
4.3.2. Cij ((ri − j) − 1) =

′ 1′ ;
4.4. End if;

5. Endfor
6. Endfor
7. If n = 1

7.1. Return nD− SSM = C1
8. Elsif n = 2

8.1. Return nD− SSM = C1
T

× C2
9. Else

9.1. Return nD− SSM = C1
T

× C2 × C3
10. endif

code. The 3D SSM OCDMA system is implemented using a
combination of M×N× P transmitter and receiver modules.
Each pair of modules utilizes the Eg,h,l3D-SSM codeword.
The interface between the transmitter-receiver pairs is
established by star couplers, which have N × P inputs and
outputs.

C. DESIGN OF 3D-SSM RECEIVER PART
The structure of the receiver for 3D-SSM OCDMA scheme
is explained in Fig. 3, which encompasses several switches
connected to optical combiners, four balanced detectors,
and an integrator to carry out the required decision. The
combiners are used to cumulative optical signal outputs from
star couplers that correspond to Zl or the complementary code
sequence Z̄l . The four correlators associated with Yh and Ȳh
are constructed using optical delay lines. Two correlators,
correlators 1 and 3, are connected to Yh usingw2 optical delay
lines. On the other hand, correlators 2 and 4 are connected to
Ȳh using N − w2 optical delay lines. The balanced detectors
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FIGURE 1. Proposed architecture of configurable transceiver 3D SSM system.

FIGURE 2. Proposed architecture of configurable transceiver 3D SSM system.

are set with dual sets of Fiber Bragg Gratings (FBGs) and
two photodiodes. The FBGs 1-8 of the balanced detectors are

tuned to match the spectral code sequence corresponding to
Xg, and they all have an equal number of gratings.
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FIGURE 3. Receiver of nD-SSM OCDMA system: blue color (1D), gray color (2D) and orange color (3D).
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FIGURE 4. nD-SSM Transceiver structure operation.

D. PROPOSED OF ND-SSM TRANSCEIVER STRUCTURE
The main objective of this work is to develop a new
algorithm to generate multi-dimensional Sigma Shift Matrix
(nD-SSM) code sequences based on spectral/ temporal/
spatial incoherent OCDMA system. This system has the
flexibility to generate the code base on selection of n value
where n =1, 2 and 3 for 1D, 2D and 3D respectively. The
transmitter-receiver structure should have the flexibility to
select the desired dimension based on the input as given in
Fig.5. The controller acts as a multiplexer (MUX) to enable
and disable the portion in the entire structure that runs either
1D or 2D or 3D. Execution of the MUX is controlled by two
signals a and b in which the transceiver structure is fully built
based on 3D that encapsulates both 1D and 2D. 1D portion
components always exist as primary case to entire structure
that is why always the MUX treats it as ON state. When
a = 1 and b = 0 (ON-OFF state), the selection function is
performed by choosing 2D encoding mode which has a 1D
encoding mode by default. When a and b=1 (ON-ON state),
the selection function is performed by choosing 3D encoding
mode which has a 1D and 2D encoding modes by default.
In terms of hardware, most of basic components are the same

except for 3D coding which requires much more, especially
temporal components such as delay lines and correlators.

V. PERFORMANCE ANALYSIS
When a wide-band pulse is fed into the group of Fiber Bragg
Gratings (FBGs), the non-coherent light fields are combined
and directed towards a photodetector. The phase fluctuations
of the fields result in an intensity fluctuation in the output
of the photodetector [10], [11]. The coherence time (τc) of a
thermal source is defined as in [10], [22].

τc =

∫
∞

0 G2(v)dv[∫
∞

0 G(v)dv
]2 (11)

G(v) represents the power spectral density (PSD) of the
source in the single sideband. Furthermore, the variance
in photocurrent resulting from the detection of a perfectly
unpolarized thermal light, generated through spontaneous
emission, can be expressed as:〈

i2
〉
=

〈
I2PIIN

〉
+

〈
I2shot

〉
+

〈
I2thermal

〉
(12)
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where
〈
I2shot

〉
denotes shot noise,

〈
I2PIIN

〉
represents phase

induced intensity noise and
〈
I2thermal

〉
is the thermal noise.

Thus, Eq. (12) can also be written as:〈
i2

〉
= BI2τc + 2eIB+

4kbTnB
RL

(13)

where:
e = electron charge.
I = average photocurrent and I2 is the PSD of I.
τc = coherence time of source.
B = noise-equivalent electrical bandwidth of the receiver.
Kb = Boltzmann’s constant.
Tn = absolute receiver noise temperature.
RL = receiver load resistor.
Equation No. (25) contains three basic elements, which

are shot, PIIN [10], [11] and thermal noises. The combined
impact of PIIN and shot noise follows a negative binomial
distribution. [18]. The suggested SSM based OCDMA is sub-
jected to a mathematical analysis under similar hypotheses as
those employed in [10], [11], [12], [13], [14]:
1) Each light source is ideally un-polarized, and its

spectrum is flat over the bandwidth [vo-1v/2, vo +

1v/2], where vo is the central optical frequency and1v
is the optical source bandwidth in Hertz.

2) Each power spectral element possesses the same
spectral width.

3) Every user possesses the same power at the recipient’s
end.

4) The bit stream from each user is synced individually.
In Eq. (26), the total effect of PIIN and shot

noise obeys negative binomial distribution, and thermal
noise has a Gaussian distribution. Therefore, Gaussian
approximation is used for all noise sources to easily
analyze the system’s performance [18]. As per Gaus-
sian Approximation analysis, the power spectral density
(PSD) of the received optical signals can be written as
[10], [11], [12], [13], [14]:

r (ν) =
Psr
1ν

K∑
f=1

df
M∑
i=1

Cf (i).rect (i). (14)

r (ν) =
Psr
1ν

K∑
f=1

df
M∑
i=1

Cf (i).rect (i) (15)

where Psr is the effective power of a broad-band source at
the receiver, K is the number of active users and M is the
1D-SSM code length, d f is the data bit of the f -th user
that is ‘‘1’’ or ‘‘0,’’ and rect (i) is the function expressed
as:

rect(i) = u
[
v− v0 −

1v
2r

(−M + 2i− 2)
]

− u
[
v− v0 −

1v
2M

(−M + 2i− 2)
]

= u
(

1v
M

)
(16)

TABLE 3. Model parameters values used in numerical calculations.

where u(v) is the unit step function expressed as

u(v) =

{
1, v ≥ 0
v0, v < 0

(17)

A. MATHEMATICAL ANALYSIS OF 1D-SSM CODE
ENCODER-DECODER STRUCTURE
(18), as shown at the bottom of the next page.

B. MATHEMATICAL ANALYSIS OF 2D-SSM CODE
ENCODER-DECODER STRUCTURE
First photodiode (PD0):

IPD0

= φ

∞∫
0

G0(v)dv =
Psr
w21v

K∑
n=1

d(n)
M−1∑
i=0

N−1∑
j=0

b(0)ij ∗ bij(n)dv

=
φPss
w2M

[
w1w2 + w1

(K − 1)(N − 1)
MN − 1

+ w2
(K − 1)(M − 1)

MN − 1

+
(K − 1)(M − 1)(N − 1)

MN − 1

]
(19)

Second photodiode (PD1):

IPD1

= φ

∞∫
0

G1(v)dv =
Psr

w2 (w1 − 1) 1v

K∑
n=1

d(n)
M−1∑
i=0

N−1∑
j=0

b(1)ij

∗ bij(n)dv

=
φPsr
w2M

[
w2 (w1 − 1)

(K − 1)(N − 1)
MN − 1

+ (w1 − 1)
(K − 1)(M − 1)(N − 1)

MN − 1

]
(20)
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Third photodiode (PD2):

IPD2

= φ

∞∫
0

G2(v)dv =
Psr

(w1 − 1) 1v

K∑
n=1

d(n)
M−1∑
i=0

N−1∑
j=0

b(2)ij

∗ bij(n)dv

=
φPsr
w2M

[
w1

(K − 1)(M − 1)
MN − 1

+ (w1 − 1)
(K − 1)(M − 1)(N − 1)

MN − 1

]
(21)

Fourth photodiode (PD3) (22) and (23), as shown at the
bottom of the next page.

C. 5.3 MATHEMATICAL ANALYSIS OF 3D-SSM CODE
ENCODER-DECODER STRUCTURE
Based on the assumptions, the PSD of the received optical
signals can be written as (24)–(34), shown at the bottom of
the next page.

VI. RESULTS AND DISCUSSION OF PERFORMANCE
ANALYSIS
In this section, the performance of 3D-SSM code for
OCDMA is analyzed in terms of maximum allowable number
of users, BER, SNR, received power and output currents
of photodetectors. The results are divided into five parts.
The first one contains the effect of increasing number
of users on system performance while the second part
shows the effect of SNR of 3D-SSM code on the system
performance in terms of BER as well as comparing it with
other published codes as 1D-SSM, 2D-SSM, 2D-DEU and
3D-PD codes. The third and the fourth parts study the PIIN
noises and output noises from different photodetectors and
the effective received power. Effect of changing spectral code
length and spatial code length is given in the fifth part.
Table 3 shows the values of parameters used in numerical
calculations.

A. BER VERSUS NUMBER OF USERS
Figure 5 reports BER versus the number of users for 3D-
SSM (M = 3, N = 3, P = 7), 3D-PD (M = 3,
N = 21, P = 3), 2D-DEU (M = 63, P =3), 2D-
SSM and 1D SSM codes at different data rates (622 Mbps,
2.5 Gbps, and 10 Gbps) and received power −10 dBm.
AAs the number of users increased, the Bit Error Rate
(BER) also increased. However, systems that utilize 3D
codes demonstrate superior performance compared to those
using 2D and 1D codes. Additionally, these systems can
accommodate a higher number of users.

As the number of users increased, the Bit Error Rate
(BER) also increased. However, systems that utilize 3D
codes demonstrate superior performance compared to those
using 2D and 1D codes. Additionally, these systems can
accommodate a higher number of users.

The maximum allowable number of users with
BER ∼ 10−9 is 43, 108, 140, 158 and 600, respectively for
1D-SSM, 2D-SSM, 2D-DEU, 3D-PD and 3D-SSM codes,
respectively at 622 Mbps. These numbers of users with the
same value of BER decreased to 18 for 1D-SSM, 46 for
2D-SSM, 2 for 2D-DEU, 82 for 3D-PD, and 237 for 3D-SSM
at 2.5 Gbps. At 10 Gbps, the maximum allowable number of
users are 9, 24, 40, and 97 for 1D-SSM, 2D-SSM, 3D-PD,
and 3D-SSM, respectively. Accordingly, the proposed
3D-SSM code supports the larger number of users at different
data rates when compared to other codes.

B. SNR VERSUS NUMBER OF USERS
The evaluation of signal quality is performed using a
significant metric called the Signal-to-Noise Ratio (SNR).

So, the effect of SNR on system performance is given in
fig. 6 that shows SNR versus active number of users for
different codes at 622 Mbps, 2.5 Gbps, and 10 Gbps and
received power of −10 dBm. As expected, the quality of
received signal at various data rates is decreased by increasing
number of active users. It is observed from fig. 7 that at
same SNR as an example 21 dB, the system uses 3D-SSM
can support large number of active users which is 600 at
622 Mbps, 237 at 2.5 Gbps, and 97 at 10 Gbps. Additionally,
at 10 Gbps, the number of users at SNR of 21 dB are 9 and
24 for 1D and 2D-SSM codes, respectively, 40 for 3D-PD
code.

C. PIIN VERSUS RECEIVED POWER AND PIIN OF EACH
PHOTODIODE VERSUS RECEIVED POWER
Since the PIIN is related to the MAI, so, it is important
to study its effect on received power. Figure 7 shows
PIIN versus effective received power at 40 simultaneous
number of users for 3D-SSM and 3D-PD codes as these
codes give better performance so for simplicity, we took
them for comparison in this study at data rate 622 Mbps.
As concluded from fig. 7, as the received power increases,
the PIIN noise increases while the system uses 3D-SSM
code has massive reduction of interference due to lower PIIN
noise.

Figure 8 shows the PIIN of the eight photodiodes (PD0,
PD1, PD2, PD3, PD4, PD5, PD6 and PD7) versus received
power at 40 active users for 3D-SSM code at 622 Mbps.
It is cleared that PD7 gives the less PIIN compared to other

SNR1D =
⟨Ir ⟩2SSM〈
I2noise

〉
SSM

=

(
ℜ
Psr
L W

)2
eBPsrℜ

[
w1+2K−2

M

]
+

KBℜ2P2sr
2L21v(w1−1)

[
w1 + k − 1 +

k−1
w1−1

]
+

4KbTnB
RL

(18)
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photodiodes which is an example 6.29×10−6 at received
power -20 dBm while the first photodiode gives the highest

value of PIIN that is 3.95×10−5 for the same value of
effective received power.

IPD3 = φ

∞∫
0

G3(v)dv =
Psr

w2 (w1 − 1) 1v

K∑
n=1

d(n)
M−1∑
i=0

N−1∑
j=0

b(3)ij ∗ bij(n)dv =
φPsr
w2M

[
(w1 − 1)

(K − 1)(M − 1)(N − 1)
MN − 1

]
(22)

SNR2D =

[
φPsrw1
M

]2
Brφ2P2sr
M2w2

21v

[
1
w1

(
IPD0 − IPD2

)2
+

1
(w1−1)

(
IPD3 − IPD1

)2]
+ 2eBr

[
IPD0 + IPD1 + IPD2 + IPD3

]
+

4 KbnBr
RL

(23)

r(v) =
Psr

w2w31v

K∑
k=1

d(k)
P−1∑
l=0

M−1∑
i=0

N−1∑
j=0

ai,j,l(k)F(v, i) (24)

I0 = R

∞∫
0

G0(v)dv =

∞∫
0

RPsr
w2w31v

×

K∑
k=1

d(k)R0(i, j, l)F(v, i) (25)

I0 =
RPsr
w2w3

[w1w2w3 +
w1w3(K − 1)(N − 1)

MNP− 1
+
w2w3(K − 1)(M − 1)

MNP− 1
+
w3(K − 1)(M − 1)(N − 1)

MNP− 1

+
w1w2(K − 1)(P− 1)

MNP− 1

+
w1(K − 1)(N − 1)(P− 1)

MNP− 1
+
w2(K − 1)(M − 1)(P− 1)

MNP− 1
+
(K − 1)(M − 1)(N − 1)(P− 1)

MNP− 1

]
(26)

I1 =
RPsr

w2w3 (w2 − 1)

[
w1w3(K − 1)(N − 1)

MNP− 1
+
w3(W − 1)(M − 1)(N − 1)

MNP− 1

+
w1(K − 1)(N − 1)(P− 1)

MNP− 1
+
(K − 1)(M − 1)(N − 1)(P− 1)

MNP− 1

]
(27)

I2 =
RPsr

w2w3 (w1 − 1)

[
w1w3(K − 1)(N − 1)

MNP− 1

+
w2w3(K − 1)(M − 1)

MNP− 1
+
w3(K − 1)(M − 1(N − 1))

MNP− 1

+
w2(K − 1)(M − 1)(P− 1)

MNP− 1
+
(W − 1)(M − 1)(N − 1)(P− 1)

MNP− 1

]
(28)

I3 =
RPsr

(w1 − 1) (w2 − 1)

[
w3(W − 1)(M − 1)(N − 1)

MNP− 1
+

(W − 1)(M − 1)(N − 1)(P− 1)
MNP− 1

(29)

I4 =
RP

w2w3 (w3 − 1)

[
w1w2(W − 1)(P− 1)

MNP− 1
+
w1(W − 1)(N − 1)(P− 1)

MNP− 1

+
w2(W − 1)(M − 1)(P− 1)

MNP− 1
+
(K − 1)(M − 1)(N − 1)(P− 1)

MNP− 1

]
(30)

I5 =
RPsr

w2w3 (w2 − 1)

[
w1(K − 1)(N − 1)(P− 1)

MNP− 1
+
w2w3(K − 1)(M − 1)

MNP− 1

]
(31)

I6 =
RPsr

w2w3 (w1 − 1)

[
w2(K − 1)(M − 1)(P− 1)

MNP− 1
+
(K − 1)(M − 1)(N − 1)(P− 1)

MNP− 1

]
(32)

I7 =
RPsr

w2w3 (w1 − 1) (w2 − 1)
×

[
(K − 1)(M − 1)(N − 1)(P− 1)

MNP− 1

]
(33)

SNR3D =

[
RPsrw1
M

]2
MB
21v

[
(I0−I1−I4+I5)2

w1
+

(I2−I3−I6+I7)2

w1−1

]
+ 2eB [I0 + I1 + I4 + I5 + I2 + I3 + I6 + I7] +

4KbTnB
RL

(34)

VOLUME 12, 2024 76929



H. Y. Ahmed et al.: Multi-Dimensional Sigma Shift Matrix (nD-SSM) Code

FIGURE 5. BER versus number of users for different OCDMA codes at
different data rates: (a) 622 Mbps, (b) 2.5 Gbps, and (c) 10 Gbps.

D. BER VERSUS EFFECTIVE RECEIVED POWER
Figure 9 gives BER versus received power for 1D-SSM,
2D-SSM, 2D-DEU, 3D-PD and 3D-SSM codes at 622 Mbps
and 40 number of users. It is concluded from fig. 5 that,
as received power increases, the BER decreases for all
the codes. Also, the system uses 3D-SSM code gives the
less value of BER compared to other codes. At received
power = -25 dBm, the BERs values for 1D-SSM, 2D-SSM,
2D-DEU, 3D-PD and 3D-SSM codes are 0.2706, 0.2139,
0.1459, 2.909×10−14 and 9.914×10−16, respectively. So,
an improvement of PIIN suppression is attained for 3D-SSM
code.

FIGURE 6. SNR versus number of users for different OCDMA codes at
different data rates: (a) 622 Mbps, (b) 2.5 Gbps, and (c) 10 Gbps.

E. THE EFFECT OF CHANGING THE SPECTRAL LENGTH
AND THE SPATIAL LENGTH OF 3D-SSM CODE ON THE
SYSTEM PERFORMANCE
Here, we discuss the relation between the system perfor-
mance and the implementation complexity across various
data rates and received power -10 dBm for 3D-SSM code.
As shown from figs. 10 and 11, increasing the value of
code spectral length M with constant value of time spreading
code length N and spatial code length P leads to degradation
in system performance. Also, for constant values of M
and N and increasing the value of P, leads to increasing
the value of BER but gives better performance and large
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FIGURE 7. PIIN versus effective power for 3D-SSM code.

FIGURE 8. PIIN of each PD versus effective received power.

FIGURE 9. BER versus effective received power.

number of users when compared to systems using larger
spectral code length. However, practically it requires more
number of fibers and star couplers if we increase the value
of spatial code length P which increases the complexity of
implantation.

Table 4 shows the maximum number of users for 3D-SSM
code at BER∼ 10−9 at different data rates and different
values of spectral and spatial code lengths.

FIGURE 10. BER versus number of users at different spectral code
lengths M.

TABLE 4. Maximum number of users for different spectral and spatial
code lengths of 3D-SSM code at BER ∼ 10−9 and various data rates.

FIGURE 11. BER versus number of users at different spatial code
lengths P.

F. SIMULATION RESULTS FOR 3D-SSM CODE AT 5 AND 10
GBPS
As proof of concept, the proposed 3D-SSM code is simulated
for different single mode fiber (SMF) lengths at two different
data rates using Optisystem software. Table 3 shows the
values of the parameters used in simulating the proposed
model [18], [21], [22].

The 3D-SSM code sequence implemented in simulation
is given in Table 6. This table indicates the encoding
(spectral/temporal/spatial) mechanism for 3D-SSM code for
eight users.

The 3D SSM code sequences used are implemented as
follows:
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FIGURE 12. Schematic diagram for eight users encoded with 3D SSM code sequence.

TABLE 5. Model parameters values used in simulation.

• Five laser sources are used to generate five frequencies,
which are f1 =193.1, f2 =193.2, f3 =193.3, f4 =193.4,
and f5 = 193.5 THz. Here, we used two spectral

sequences, which are ‘11100’ and ‘01011’, so, for the
first code sequence, frequencies f1, f2 and f3 are used,
while f2, f4, and f5 are used for the second spectral
sequence.

• As the optical bandwidth is divided into five frequencies,
so, for time coding, it will be divided into five-time
delays, which are t1 =0, (t2 = 0.25×Rb), (t3 = 0.5×Rb),
(t4 = 0.75×Rb), and (t5 =1×Rb) ns according to the two
temporal code sequences ‘11100’ and ‘01011’.

• As for spatial coding, five couplers (C1, C2, C3, C4, and
C5) are used according to the two spatial code sequences
‘10011’ and ‘01011’.

• As shown in table 6, user1, user3, user5, and user7 share
the same frequencies and time delay and differ in star
couplers. Therefore, one code can serve many users by
changing either the time delay or star couplers.

Figure 12 shows a schematic diagram for 8 users encoded
with 3D SSM code sequences. It consists of laser sources
that generate frequencies corresponding to the number of
bits ‘1’ present in spectral code sequences. As for the
information signal, Pseudo random bit sequence generator
(PRBSG) sequence and non-return-to-zero (NRZ) On-OFF
keying (OOK) are used. To modulate information signals
into optical signals that are generated from laser sources,
aMach-Zehndermodulator (MZM) is used. The output signal
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TABLE 6. 3D-SSM code sequences assigned to eight users.

TABLE 7. BER, Q-factor, and eye diagram at various SMF lengths
and 5 Gbps.

is then delayed according to the temporal code sequence used.
Moreover, the resultant optical signal is connected to the

TABLE 8. BER, Q-factor, and eye diagram at various SMF lengths
and 10 Gbps.

coupler for spatial coding, and the signal is encoded with
3D SSM. The signal is then transmitted through SMF until
it reaches the receiver side. At the receiver, the signal is split
and passed through a delay line so as to be decoded according
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to temporal sequence. Furthermore, a decoder using direct
detection is used to decode the signal according to spectral
sequence, and a photodiode detector is used to convert the
signal back to electrical. Finally, a low-pass filter (LPF)
and BER analyzer are used, respectively, to reject unwanted
signals and test the performance of the received signal.

Tables 6 and 7 show the BER, Q-factor, and eye diagrams
for one user for simplicity at different SMF lengths and data
rate of 5 Gbps and 10 Gbps, respectively. It is observed
that as SMF length increases, the performance degrades.
Additionally, the optical signal achieves shorter range when
operating at 10 Gbps.

VII. CONCLUSION
In this paper, we have developed an n-D algorithm design
that generates 1D, 2D and 3D code under OCDMA system.
The implementation and performance analysis of a new 3D
spectral/temporal/ spatial code for SAC technique is also
presented. The code construction and properties of the 3D-
SSM, which are extended from the 1D- SSM and 2D-SSM
codes are described. In comparison with the system using
2D-SSM codes, the utilization of 3D-SSM codes in the
system can effectively reduce the Bit Error Rate (BER) and
support a larger number of users. The system performance
and simulation results are compared with the published 1D,
2D, and 3D codes for evaluation.

The utilization of 3D-SSM codes has the capability to
effectively reduce the impact of PIIN noise, hence resulting
in enhanced performance of the system. At received power
of −25 dBm, the BERs values for 1D-SSM, 2D-SSM,
2D-DEU, 3D-PD and 3D-SSM codes are 0.2706, 0.2139,
0.1459, 2.909×10−14 and 9.914×10−16, respectively.
These findings highlight the flexibility of our system in terms
of code dimension, positioning it as a strong candidate for
future optical communications.
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