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ABSTRACT In this paper, cascaded controllers, which combine adaptive sliding mode control and recursive
techniques, are presented to control quadrotor unmanned aerial vehicles with time-varying load and unknown
disturbances. In the outer-loop control subsystem, an adaptive sliding mode controller, which includes
adaptive laws estimating the time-varying load and unknown disturbances, is presented to control the position
of the quadrotor. In the inner-loop control subsystem, an adaptive recursive sliding mode controller, which
includes a self-turning law estimating the unknown inner-loop disturbances, is designed to control the
attitude of the quadrotor. Moreover, a nonsingular terminal sliding mode surface is used to converge the
tracking error of attitude angles to zero in finite time; and an integral sliding mode surface is designed in
the adaptive recursive sliding mode controller to improve the attitude control performance of the quadrotor.
Simultaneously, adaptive gain adjustment laws were applied to estimate those unknown upper bounds of
the disturbances in the system. In the end, the efficiency and feasibility of the proposed control method are
demonstrated by some computer simulations.

INDEX TERMS Unmanned aerial vehicle, time-varying load, trajectory tracking control, adaptive control,
unknown disturbance.

I. INTRODUCTION
Over the past several years, quadrotor unmanned aerial
vehicles (QUAVs) have attracted extensive attentions and
have been widely used in the precision agriculture, aerial
photography and some civil entertainment fields owing
to their advantages, such as vertical takeoff, landing and
hovering flight, etc. [1], [2], [3], [4]. It is well known that
QUAVs are under-actuated, strongly nonlinear and coupling
systems, so the stability analysis and controller design for
QUAVs are still challenging [5], [6]. Fortunately, as to these
issues, some efforts have been tried by scholars, and lots
of results were achieved [7], [8], [9]. Moreover, there are
numerous control strategies, such as, Proportional Integral
Differential (PID) [10], ActiveDisturbance Rejection Control
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(ADRC) [11], Sliding Mode Control (SMC) [12], etc., have
been proposed for the control of QUAVs.

It is worth noting that PID controllers are widely used in
the control of all kinds of devices in industries, agricultures
and other fields, due to its advanced advantages, such
as simplicity principle, easy to implement, independent
control parameters, etc. [13], [14], [15]. However, some
performances of the PID-controlled systems were seriously
declined in the presence of some parameter uncertainties
or disturbances in the systems [16]. In order to mitigate
the impact of disturbances on the flying performance of
QUAVs, an ADRC was proposed in [17]. The ADRC, which
has an Extended State Observer(ESO), can online estimate
and compensate the internal and external disturbances [18].
The effectiveness of the ESO can be found in the following
references ([19], [20], [21], [22], [23], [24]. For example,
a fixed-time ESO was proposed in [19] to observe the
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unmeasurable velocity and unknown external disturbances.
Liu et al. suggested a nonlinear adaptive backstepping
controller with ESO for trajectory tracking of a QUAV
subject to multiple disturbances in [20]. In [22], a nonsingular
terminal sliding mode controller combined with an ESO
was employed for the attitude control of a QUAV. Du et al.
integrated a two-stage Kalman filter (TSKF) with an ESO
to further compensate for the influences of factor estimation
errors [23].

In practical systems, the variations of the disturbances
are often random and complex, thus, it is almost impossible
for researchers to obtain an ESO to accurately estimate
those disturbances. For example, the ESO obtained in [25]
couldn’t accurately estimate the random disturbances, obvi-
ously. Thus, the disturbance-compensated performance of
the obtained controller was decreased, greatly, when some
random disturbances exist in the system. In order to deal
with those complex disturbances, many researchers turned
to using some nonlinear control strategies, such as sliding
mode control(SMC), to improve the control performance of
QUAVs. SMC is well known for its robustness in overcoming
all types of disturbances and uncertainties appearing in
the system. Moreover, the reaching time of the system
to the sliding surface is finite and known [6], [26]. During
the past several decades, some results about SMC for QUAVs
have been obtained by many researchers. For example,
an adaptive fractional-order SMC method for the QUAVs
was proposed in [27]. As to those traditional SMC schemes,
the error dynamics often fail to converge to zero in finite
time. Thus, in order to decrease the influence of those
system errors on system performance, many efforts have
been made by scholars in recent years [28], [29], [30],
[31]. In order to achieve a finite-time convergence of the
error, a terminal sliding mode control (TSMC) scheme was
given in [29]. Unfortunately, the TSMC could lead to a
singularity problem in the control law. In order to solve
this problem, a nonsingular terminal sliding mode control
(NTSMC) was proposed in [30], which ensured that the
system state converges quickly in a finite time. Nevertheless,
due to the presence of symbolic functions in NTSMC, the
control law might exhibit chattering and result in a decrease
in the control accuracy [31].
However, for time-varying payloads, the traditional SMC

may not satisfy the flying performance requirements of
QUAVs. In order to solve this problem, an improved control
technique, which combines the SMC with an adaptive
control technology, was given in [32], and some improved
performances were achieved. In [33], a new adaptive sliding
mode control with finite-time convergence characteristics
was proposed to guarantee quadrotor hovering in spite of
parametric uncertainties and external disturbances. At the
same time, by considering the complex flying surrounding
of the QUAVs, an adaptive integral sliding mode control
(ISMC) strategy for QUAVs was introduced in [34], which
ensures fast and finite-time convergence of the system error
along with a chattering attenuation. Moreover, some QUAVs’

control schemes, which combined SMC with some other
control techniques, were given by many scholars in the
following years. For example, in [35], a control algorithm,
which combined the integral sliding mode strategy with
the backstepping technique, was proposed for the control
of QUAVs with system uncertainties, and some improved
results were achieved. In [36], a robust algorithm based on
a fixed-time SMC was proposed for a QUAV, and some
improved performances were achieved. Moreover, in [37],
a fixed-time control strategy was presented to improve
the transient response and robustness of a cable-suspended
load with external disturbances. However, to the best of
the authors’ knowledge, as to the time-varying load and
unknown disturbances for QUAVs, the existing achievements
are relatively few, and obtaining some results in this field is
still necessary and meaningful. This is the main motivation
of this paper. In this paper, the ASMC and ARSMC cascaded
controllers are designed for QUAVs with time-varying
load and unknown disturbances. The time-varying load
and unknown disturbances are estimated by the adaptive
laws designed in the ASMC controller, which is used to
control the position subsystem. Moreover, the unknown
inner-loop disturbances are estimated by a self-turning
law designed in the ARSMC controller, which is used to
control the attitude subsystem. Furthermore, in order to
reach the fast convergence and less chattering performances
of the system, a NTSM combined with the recursive ISM
is introduced in the design of the sliding mode surface.
The main contributions of this paper are summarized as
follows:

(1) A cascaded controller is designed to control QUAVs
with time-varying loads and unknown disturbances to track
the desired trajectory.

(2) the adaptive laws are formulated to estimate the upper
bounds of time-varying loads and unknown disturbances
appearing in the attitude and position subsystems.

(3) A recursive sliding mode controller is developed to
guarantee the attitude tracking errors converge to zero in
a finite time. Additionally, this controller incorporates an
integral element to mitigate the chattering.

The remainder of this paper is organized as follows: The
dynamic model of the QUAVs is presented in Section II. The
control strategy is analyzed in Section III, where the ASMC
and ARSMC are given. In Section IV, three simulations
are presented to validate the effectiveness of the developed
control scheme. The conclusions of this study and futurework
are given in Section V.

II. DYNAMIC MODEL OF QUAVS
As shown in Fig.2, the cross ‘‘×’’ shape QUAVs have
four propellers. {Oe − xeyeze} and {Ob − xbybzb} are the
space-fixed coordinate system and the body-fixed coordinate
system of the QUAVs, respectively. The QUAVs achieve
attitude control by four distinct drive propellers, and can be
operated in six degrees of freedom in space [38]. Obviously,
the QUAVs are multiple-input and multiple-output nonlinear
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systems. Therefore, to establish a general model for the
QUAVs with time-varying loads, the following assumptions
are proposed [39], [40], [41], [42], [43], [44], [45], and [46]:
Assumption 1: The quadrotor is a rigid body with a

uniform mass distribution and center symmetry.
Assumption 2: The moment of inertia of a QUAV remains

unchanged.
Assumption 3: The pulling force generated by the pro-

peller on each wing of a QUAV is proportional to the speed
of the motor.

According to the research results obtained in [36], [37],
[38], [39], [40], [41], [42], and [43], the dynamic models of
the QUAVs can be described as

ẍe =
1
m
(cosϕ sin θ cosψ + sinϕ sinψ)U1

−
1
m
kx ẋe

ÿe =
1
m
(cosϕ sin θ sinψ − sinϕ cosψ)U1

−
1
m
kyẏe

z̈e =
1
m
(cosϕ cos θ)U1 −

1
m
kzże − g

φ̈ =
kφd
Jx
φ̇ +

U2

Jx

θ̈ =
kθd
Jy
θ̇ +

U3

Jy

ψ̈ =
kψd
Jz
ψ̇ +

U4

Jz

(1)

where U1, U2, U3 and U4 represent the inputs applied to
the altitude, roll, pitch and yaw channels, respectively. φ̈,
θ̈ and ψ̈ are the accelerations of the roll, pitch, and yaw
angles, respectively. ẍ, ÿ and z̈ are the accelerations in the
x, y and z-axis directions, respectively. Other variables are
shown in the Table 1. The definitions of Ux , Uy and Uz are as
followings.

Uz = (cosϕ cos θ)U1

Uy = (cosϕ sin θ sinψ − sinϕ cosψ)U1

Ux = (cosϕ sin θ cosψ + sinϕ sinψ)U1

(2)

By doing a mathematic operation on (2), the descriptions of
the desired angles can be expressed as

θd = arctan
(
Ux cosψ + Uy sinψ

Uz

)
φd = arctan

(
cos θ

Ux sinψ − Uy cosψ
Uz

)
U1 =

Uz
cos θd cosφd

(3)

Assume that the three directions(x, y and z) and three alti-
tude angles (φ, θ and ψ) are all with unknown disturbances,
which are expressed as 1j(j = x, y, z, φ, θ , ψ). According to
the above-mentioned system(1), the QAUVs with unknown

disturbances can be described as

ẍe =
1
m
(cosϕ sin θ cosψ + sinϕ sinψ)U1

−
1
m
kx ẋe +1x

ÿe =
1
m
(cosϕ sin θ sinψ − sinϕ cosψ)U1

−
1
m
kyẏe +1y

z̈e =
1
m
(cosϕ cos θ)U1 −

1
m
kzże

−g+1z

φ̈ =
kφd
Jx
φ̇ +

U2

Jx
+1φ

θ̈ =
kθd
Jy
θ̇ +

U3

Jy
+1θ

ψ̈ =
kψd
Jz
ψ̇ +

U4

Jz
+1ψ

(4)

III. CONTROL STRATEGY
For the QUAVs described in (4), the ASMC and ARSMC
cascaded controllers are designed such that the controlled
QUAVs can track the desired trajectories. First, the desired
inputs (xd , yd , zd and ψd ) are obtained by a signal
emitter. Then, three ASMC controllers are designed to
make the controlled QUAV track the desired trajectories
(xd , yd and zd ). Moreover some adaptive laws are given to
estimate the time-varying load and unknown disturbances.
Second, an ARSMC controller is designed to guarantee the
controlled angles tracking those desired angles. Based on the
control requirements, the control scheme, shown in Fig. 1,
is obtained.Moreover, a tracking differentiator (TD), which is
shown in (3), is used to obtain the first and second derivatives
of the input signal [47].


ẋ1 = x2
ẋ2 = x3
ε3ẋ3 = −23/54(x1 − v(t) + (εx2)9/7)1/3

−4(ε3x3)3/5

(5)

where ε = 0.04; v(t) is an input signal; x1 is the tracking of the
input signal; x2 is the estimation of the first derivative of the
input signal, and x3 is the estimation of the second derivative
of the input signal.

A. ARSMC CONTROLLER FOR ATTITUDE SUBSYSTEM
Based on (4), the dynamic model of φ, θ andψ can be written
as 

φ̈ =
kφd
Jx
φ̇ +

U2

Jx
+1φ

θ̈ =
kθd
Jy
θ̇ +

U3

Jy
+1θ

ψ̈ =
kψd
Jz
ψ̇ +

U4

Jz
+1ψ

(6)
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FIGURE 1. Control scheme.

where, 1φ , 1θ and 1ψ represent the unknown disturbances
within the three angle channels (φ, θ and ψ), respectively,
and their upper bounds can be expressed as [48]

1φ ≤ bφ0 + bφ1
∣∣eφ∣∣ + bφ2

∣∣ėφ∣∣
1θ ≤ bθ0 + bθ1 |eθ | + bθ2 |ėθ |

1ψ ≤ bψ0 + bψ1
∣∣eψ ∣∣ + bψ2

∣∣ėψ ∣∣ (7)

where bi0, bi1 and bi2(i=φ, θ , ψ) are all positive numbers.
Then, the state errors can be defined as

eφ = φ − φd

eθ = θ − θd

eψ = ψ − ψd

ėφ = φ̇ − φ̇d

ėθ = θ̇ − θ̇d

ėψ = ψ̇ − ψ̇d

(8)

where φd , θd and ψd are the desired attitude angles.
From Fig.1, it can be seen that ARSMC has two recursive

surfaces: a NTSM and an ISM. Compared with some
other sliding mode manifolds, the NTSM has finite-time
convergence speed when the state are far from the origin [49],
and the ISM also can decrease the chattering.

The NTSM is chosen as the following [50]:
εφ = eφ + λφ

∣∣ėφ∣∣αφ sign(ėφ)
εθ = eθ + λθ |ėθ |αθ sign(ėθ )
εψ = eψ + λψ

∣∣ėψ ∣∣αψ sign(ėψ ) (9)

where λi(i=φ, θ , ψ) are positive constants; αi>1(i=φ, θ , ψ)
are the division of two positive odd numbers. Under the initial
conditions of e(0)i = 0 and ė(0)i = 0, it can be gotten that
the system is converged to zero in the finite time tei, which
satisfies [51].

tei =
λi

−(1/αi)

1 − (1/αi)
(10)

The recursive integral terminal sliding surfaces are
proposed as the following [52]

sφ = εφ + ωφσφ

sθ = εθ + ωθσθ

sψ = εψ + ωψσψ

(11)

where ωi > 0. σ̇i (i=φ, θ and ψ) are given by
σ̇φ =

∣∣εφ∣∣βφ sign(εφ)
σ̇θ = |εθ |

βθ sign(εθ )

σ̇ψ =
∣∣εψ ∣∣βψ sign(εψ ) (12)

where 0 < βi < 1, i=φ, θ and ψ , respectively. The initial
values of σi are designed as

σi(0) = −
εi(0)
ωi

(13)

Then, it can be gotten that si(0) = 0. The attitude angles and
angular velocities can be measured by the sensors. Then the
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εi(0) (i=φ, θ and ψ) are calculated by
εφ(0) = ω−1

φ (eφ(0) + λφ
∣∣ėφ(0)∣∣αφ sign(ėφ(0)))

εθ (0) = ω−1
θ (eθ (0) + λθ |ėθ (0)|αθ sign(ėθ (0)))

εψ (0) = ω−1
ψ (eψ (0) + λψ

∣∣ėψ (0)∣∣αψ sign(ėψ (0))) (14)

then si(0) = 0 (i=φ, θ and ψ). By simplifying and
integrating (12), it yields∫ tεi

0

|εi|
−βi

ωi
d |εi| =

∫ tεi

0
d |t| (15)

Then, it gets [53]:

tεi =
|εi(0)|1−βi

ωi(1 − βi)
(16)

By applying derivative on sliding surface si in (11) and
considering (12), we can obtain

ṡi = ε̇i + ωiσ̇i

= ėi + λiαi|ėi|αi−1ëi + ωiσ̇i

= ėi + λiαi|ėi|αi−1(ï− ïd ) + ωiσ̇i

(17)

When ṡi = 0 and 1i = 0, by considering the subsystem (6)
and (17), we can obtain

Ueqi =
|ėi|1−αi Ji
λiαi

(−ėi − ωiσ̇i) + dki i̇+ ïdJi (18)

where Jφ = Jx , Jθ = Jy and Jψ = Jz. To enhance the con-
troller’s anti-disturbance performance, the switching control
laws can be designed as

Uswi = −
|ėi|1−αi Ji
λiαi

(ki1si + ki2 |si|v sign(si)

+ (b̂i0 + b̂i1 |ei| + b̂i2 |ėi|)sign(si)) (19)

where 0 < v < 1. Both ki1 and ki2 are positive constants. The
estimations of bi0, bi1 and bi2 are denoted as b̂i0, b̂i1 and b̂i2,
respectively, and the adaptive laws of bi0, bi1 and bi2 can be
described as 

˙̂bi0 = ηi0 |si|
˙̂bi1 = ηi1 |ei| |si|
˙̂bi2 = ηi2 |ėi| |si|

(20)

where ηi0, ηi1 and ηi2 are all positive constants. Then, the
control law for quadrotor attitude subsystem can be written
as 

U2 = Ueqφ + Uswφ
U3 = Ueqθ + Uswθ
U4 = Ueqψ + Uswψ

(21)

Moreover, the adaptive estimation errors are defined as
b̃i0 = bi0 − b̂i0
b̃i1 = bi1 − b̂i1
b̃i2 = bi2 − b̂i2

(22)

Lemma 1 [43]: considering the attitude subsystem(6) with
the upper bounds of unknown disturbances(7) and the
designed adaptive laws(20), there exist bφi, bθ i and bψ i in (7)
such that b̃i0 ≤ 0, b̃i1 ≤ 0 and b̃i2 ≤ 0, where b̃ij(j = 0, 1, 2)
are shown in (22).

Then, let’s come to proof the finite-time convergence of the
ARSMC. Define the Lyapunov function as follows.

V =
1
2
szsz +

1
2
pi0̃b2i0 +

1
2
pi1̃b2i1 +

1
2
pi2̃b2i2 (23)

By substituting ṡi and (6) into the time derivative of (23),
it yields:

V̇ = siṡi + pi0̃bi0 ˙̃bi0 + +pi1̃bi1 ˙̃bi1 + pi2̃bi2 ˙̃bi2
= si(ėi + λiαi|ėi|αi−1(ï− ïd ) + ωiσ̇i)

+ pi0̃bi0 ˙̃bi0 + pi1̃bi1 ˙̃bi1 + pi2̃bi2 ˙̃bi2

= si(λiαi|ėi|αi−1(
kid
Ji
i̇+

Ueqi + Uswi
Ji

+1i − ïd ) + ėi + ωiσ̇i) + pi0̃bi0 ˙̃bi0

+ pi1̃bi1 ˙̃bi1 + pi2̃bi2 ˙̃bi2 (24)

By substituting the equivalent control laws (18) and the
switching control laws (19) into (24), we can obtain.

V̇ = si(−ki1si − ki2 |si|v sign(si) −1i

− (b̂i0 + b̂i1 |ei| + b̂i2 |ėi|)sign(si))

+ ėi + ωiσ̇i) + pi0̃bi0 ˙̃bi0 + pi1̃bi1 ˙̃bi1 + pi2̃bi2 ˙̃bi2
= (−ki1sisi − ki2 |si|v+1

−1isi

− (b̂i0 + b̂i1 |ei| + b̂i2 |ėi|) |si|)

+ ėi + ωiσ̇i) + pi0̃bi0 ˙̃bi0 + pi1̃bi1 ˙̃bi1 + pi2̃bi2 ˙̃bi2
≤ (−ki1sisi − ki2 |si|v+1

− |1i| |si|

− (b̂i0 + b̂i1 |ei| + b̂i2 |ėi|) |si|)

+ ėi + ωiσ̇i) + pi0̃bi0 ˙̃bi0 + pi1̃bi1 ˙̃bi1 + pi2̃bi2 ˙̃bi2

≤ −(b̂i0 + b̂i1 |ei| + b̂i2 |ėi|) |si| + |1i| |si|

+ pi0̃bi0 ˙̃bi0 + pi1̃bi1 ˙̃bi1 + pi2̃bi2 ˙̃bi2 (25)

Based on the adaptive laws (20), we can obtain that V̇ satisfies

V̇ ≤ −(b̂i0 + b̂i1 |ei| + b̂i2 |ėi|) |si| + |1i| |si|

+ (pi0ηi0 − 1)̃bi0 |si| + (pi1ηi1 − 1)̃bi1 |ei| |si|

+ (pi2ηi2 − 1)̃bi2 |ėi| |si| (26)

Based on Lemma 1, we can obtain b̃i0 ≤ 0, b̃i1 ≤ 0 and
b̃i2 ≤ 0, and then, it yields

V̇ ≤ −(b̂i0 + b̂i1 |ei| + b̂i2 |ėi|) |si| + |1i| |si|

− (pi0ηi0 − 1)
∣∣̃bi0∣∣ |si| − (pi1ηi1 − 1)

∣∣̃bi1∣∣ |ei| |si|
− (pi2ηi2 − 1)

∣∣̃bi2∣∣ |ėi| |si| (27)
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Define the following variables.

ci = (b̂i0 + b̂i1 |ei| + b̂i2 |ėi| − |1i|)

ci0 = (pi0ηi0 − 1) |si|

ci1 = (pi1ηi1 − 1) |ei| |si|

ci2 = (pi2ηi2 − 1) |ėi| |si| (28)

Then, we have

V̇ ≤ −ci |si| − ci0
∣∣̃bi0∣∣ − ci1

∣∣̃bi1∣∣ − ci2
∣∣̃bi2∣∣

≤ −ci
√
2

√
1
2

|si| − ci0
√
2p−1

i0

√
pi0
2

∣∣̃bi0∣∣
− ci1

√
2p−1

i1

√
pi1
2

∣∣̃bi1∣∣ − ci2
√
2p−1

i2

√
pi2
2

∣∣̃bi2∣∣
≤ −k(

√
1
2

|si| +

√
pi0
2

∣∣̃bi0∣∣ +

√
pi1
2

∣∣̃bi1∣∣
+

√
pi2
2

∣∣̃bi2∣∣) (29)

where k = min(ci
√
2, ci0

√
2p−1

i0 , ci1
√
2p−1

i1 , ci2
√
2p−1

i2 ) > 0.
Then, based on (23), it yields

V
1
2 =

√
1
2
szsz +

1
2
pi0̃b2i0 +

1
2
pi1̃b2i1 +

1
2
pi2̃b2i2

≤

√
1
2
szsz +

√
1
2
pi0̃b2i0 +

√
1
2
pi1̃b2i1 +

√
1
2
pi2̃b2i2

≤ (

√
1
2

|si| +

√
pi0
2

∣∣̃bi0∣∣ √pi1
2

∣∣̃bi1∣∣ +

√
pi2
2

∣∣̃bi2∣∣) (30)

According to (29) and (30), the relationship between V̇ and
V satisfies

V̇ ≤ −kV
1
2 (31)

Then, it is easy to obtain that V converges to zero in a finite
time, and tv satisfies

tv ≤
2V (0)

1
2

k
(32)

Therefore, the tracking error converge to zero in a finite time
(tei + tϵi + tv). ■
Theorem 1: Considering the attitude subsystem(6), the

controller(21) guarantees the attitude tracking error
converges to zero in a finite time.
Remark 1: In order to achieve the satisfying controlling

results, a rule for choosing those parameters in the controller
design is summarized as follows:the positive constants λi
(i=φ, θ , ψ) and αi (i=φ, θ , ψ) in (9) should not be chosen
to be too large numbers, and the values of them can be
adjusted for searching a better controlling result. Moreover,
The constant variables in (11) and (12) conform to: ωi > 0
(i=φ, θ , ψ) and 0 < βi < 1 (i=φ, θ , ψ). The values of
ωi (i=φ, θ , ψ) should not be too large, otherwise, the
convergence time obtained in (16) will be long, and the gain
of the obtained controller in (21) will be high. The parameters
used to obtain the attitude controller in this paper are given
in table 2.

B. ASMC CONTROLLER FOR POSITION SUBSYSTEM
Based on (4), the position subsystems of the QUAVs can be
expressed as

ẍe =
1
m
(cosϕ sin θ cosψ + sinϕ sinψ)U1

−
1
m
Kx ẋe +1x

ÿe =
1
m
(cosϕ sin θ sinψ − sinϕ cosψ)U1

−
1
m
Kyẏe +1y

z̈e =
1
m
(cosϕ cos θ)U1 −

1
m
Kx że − g+1z

(33)

where 1x , 1y and 1z, which are the unknown bounded
disturbances, satisfy 

|1x | ≤ αx∣∣1y
∣∣ ≤ αy

|1z| ≤ αz

(34)

where αx , αy and αz are unknown positive constants. Define
the tracking errors as

ex = x − xd
ey = y− yd
ez = z− zd
ėx = ẋ − ẋd
ėy = ẏ− ẏd
ėz = ż− żd

(35)

Then, consider the sliding mode surfaces as
sx = ėx + rxex
sy = ėy + ryey
sz = ėz + rzez

(36)

By taking the time derivative on the sliding mode surfaces,
we have 

ṡx = ëx + rx ėx
ṡy = ëx + ryėy
ṡz = ëx + rzėz

(37)

The self-turning law can be designed as
˙̂
1x = βx1

∣∣sy∣∣
˙̂
1y = βy1

∣∣sy∣∣
˙̂
1z = βz1 |sz|
˙̂m = −βz2szT (g+ z̈d − kzė− c1sz)

(38)

Then, in the z-axis control channel, the control law can be
designed as

ṡz = z̈− z̈d + kzε̈z

=
1
m
(cosϕ cos θ)U1 −

1
m
Kflx że

−g− z̈d + kzε̈z

=
Ua +1z

m
−g− z̈d + kzε̈z (39)
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where Ua = (cosϕ cos θ)U1 − Kflx że is a virtual control
input. Ua is designed as{

Ua = m̂Ūa − 1̂z

Ūa = g+ z̈d − kzė− c1sz
(40)

where c1 > 0; m̂ and 1̂z are the estimations of the mass
and the total disturbances, respectively. By substituting (38)
into (39), it is obtained that

ṡz =
Ua +1z

m
−g− z̈d + kzëz

=
m̂Ūa − 1̂z +1z

m
−g− z̈d + kzëz (41)

Now, define the estimation errors of mass and unknown
disturbances as m̃, 1̃x , 1̃y and 1̃z, which satisfy

1̃x = 1x − 1̂x

1̃y = 1y − 1̂y

1̃z = 1z − 1̂z

m̃z = m− m̂

(42)

By taking the time derivative on (42), we can obtain
˙̃
1x = −

˙̂
1x

˙̃
1y = −

˙̂
1y

˙̃
1z = −

˙̂
1z

˙̃m = − ˙̂m

(43)

Consider the following Lyapunov function candidate:

V =
1
2
mszT sz +

1
2βz1

1̃T
z 1̃z +

1
2βz2

m̃2 (44)

By doing a time derivative on V , we can obtain

V̇ = mszT ṡz +
1
βz1

1̃T
z

˙̃
1z +

1
βz2

m̃ ˙̃m (45)

Then, by substituting (39) and (40) into (45), it yields

V̇ = mszT (
m̂Ūa − 1̂z +1z

m
− Ūa − c1sz)

+
1
βz1

1̃T
z

˙̃
1z +

1
βz2

m̃ ˙̃m

= m̂ŪaszT − 1̂zszT +1zsT − mszT Ūa

−mc1sT sz +
1
βz1

1̃T
z

˙̃
1z +

1
βz2

m̃ ˙̃m

= −m̃ŪaszT + 1̃zszT − c1szT sz

−
1
βz1

1̃T
z

˙̂
1z +

1
βz2

m̃ ˙̃m (46)

By substituting (43) and (38) into (46), one gets

V̇ = −m̃ŪaszT + 1̃zszT − c1szT sz

−
1
βz1

1̃T
z

˙̂
1z +

1
βz2

m̃(− ˙̂m)

= −c1szT sz −
1
βz1

1̃T
z (

˙̂
1z − βz1sz)

−
1
βz2

m̃( ˙̂m+ βz2szT Ūa)

≤ −c1szT sz ≤ 0 (47)

Thus, when sz ̸= 0, we can get V̇ < 0, that is, sz, 1̃z and
m̃ are all gradually convergent. ■
The operations for obtaining the control laws in x and

y-axis channels have the similar processes as those in z-axis
channel. The control laws in x and y-axis channels can be
expressed as 

Ub = m̂Ūb − 1̂x

Ūb = ẍd − kx ė− c1sx
Uc = m̂Ūc − 1̂y

Ūc = ÿd − kyė− c1sy

(48)

whereUb andUc are the control laws in x and y-axis channels,
respectively.
Remark 2: It is worth mentioning that the trajectory

tracking in the space-fixed coordinate system depends on
the attitude adjustment in the body-fixed coordinate system.
Thus, the controller design of QUAVs is divided into
two parts:the attitude controller design and the position
controller design. Accordingly, the part III is divided into two
parts: part A and B. Part A concerns the controller design for
attitude subsystem; Part B concerns the controller design for
position subsystem.

IV. SIMULATION RESULTS AND ANALYSIS
In this section, three different kinds of trajectories are used
to verify the performance of the proposed control strategy
for the QAUVs under the time-varying load and unknown
disturbances. The parameters of the considered QUAV are
listed in Table1; the parameters of the controller are shown
in the Table2; and the unknown disturbances within the six
channels are shown in Fig.3. Then, three cases (see the
following case 1-3) are used to perform the simulations; they
all have the same initial value of m = 2 kg; and the desired
yaw angles in the three cases satisfy ψd = π/6.
Case 1: This case is designed to imitate the agricultural

sowing process, which has the time-varying load shown
in (49). The initial value m = 2 kg within the first 5 seconds,
then the sowing starts and lasts till the 25th second, and then,
the QUAV returns back to the starting point from the 25th
second to the 30th second.

m =


2, 0 ≤ t < 5
2 − 0.05(t − 5), 5 ≤ t < 25
1, 25 ≤ t

(49)
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FIGURE 2. Schematic diagram of the quadrotor shape and coordinate
system.

TABLE 1. The parameters of the QUAV.

TABLE 2. Controller parameters of UAV.

The desired trajectory is as following:

xd =
1
5
cos(

t
4
)

yd =
1
5
sin(

t
8
)

zd =
1
2

+ 0.4 sin(t)

(50)

After finishing the simulations by computers, the flying
results are obtained, and shown in the Figs.4-7. Fig.4 gives
the 3D results of the trajectory tracking. Fig.5 is the tracking
error of x, y and z. Fig.6 is the tracking error of φ, θ and
ψ . The estimation error of m is given in Fig.7. Fig.4 shows
that the controlled QUNV can successfully track the desired
trajectory. From Fig.5-6, we can obtain, both the position and

FIGURE 3. The signal of the unknown disturbances.

angle can be tracked quickly. Moreover, when the QUNV
succeeds in tracking the desired trajectory, the maximum
position tracking error is only 0.02 m. the maximum angle
tracking error is only 0.03 deg. Fig.7 shows, although the
system is disturbed by some unknown signals, the mass can
still be estimated successfully, and the estimating error is less
than 0.08 kg, which is 8% of the whole mass.

FIGURE 4. The 3D trajectory tracking results in case 1.

Case 2: This case is designed to imitate the act of dropping
supplies, which has the time-varying load satisfying (51). The
initial value m = 2 kg within the first 10 seconds, then the
first time dropping action happens at the 10th second, and
the second time dropping action happens at the 20th second.

m =


2, 0 ≤ t < 10
1.5, 10 ≤ t < 20
1, 20 ≤ t

(51)

The desired trajectory is as following:

xd =
1
2
sin(

π t
4
)

yd =
1
2
sin(

π t
8
)

zd =
1
4

(52)
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FIGURE 5. Tracking errors of x , y , z in case 1.

FIGURE 6. Tracking errors of φ, θ , ψ in case 1.

FIGURE 7. Estimating error of m in case 1.

After doing the simulations by computer, the flying results
are obtained, and shown in the Figs.8-11. Fig.8 is the 3D
results of the trajectory tracking. Fig.9 shows the tracking
errors of x, y and z. Fig.10 gives the tracking error of φ, θ and
ψ . The estimation error of m is shown in Fig.11. Fig.8 shows
that the controlled QUNV can tracks the desired trajectory
successfully. From Figs.9-10, we can obtain, the desired
position and angle both can be tracked quickly. However,
the maximum position tracking error in z-axis direction

reaches 0.14 m, that is mainly for the system receiving a
serious disturbance in z-axis direction while a 0.5 kg object
is dropped from the QUNV at the 10th and 20th seconds.
Fig.11 shows, there is a serious estimating error happening
at the dropping time. However, the system can adjust the
estimated value of the mass, and reaches a small estimating
error, rapidly.

FIGURE 8. the 3D trajectory tracking results in case 2.

FIGURE 9. Tracking errors of x , y , z in case 2.

Case 3:Some comparisons of the controller obtained in
this paper with some other controllers are given in this
case. One compared controller, which combines the ASMC
with a SMC, is denoted as controller 1; thereafter, the other
compared controller, which combines the ASMC with a
BSMC, is denoted as controller 2. The controller obtained
in this paper, which combines the ASMC and the ARSMC,
is denoted as controller 3. The time-varying mass is defined
in (53), in which, the mass is gradually decreased from the
5th second to the 20th second.

m =


2, 0 ≤ t < 10
1.5 − t/40, 10 ≤ t < 20
1, 20 ≤ t

(53)
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FIGURE 10. Tracking errors of φ, θ , ψ in case 2.

FIGURE 11. Estimating error of the mass m in case 2.

FIGURE 12. The 2D and 3D trajectory tracking results in case 3.

The desired trajectory is as following:
xd =

1
2
sin(

t
2
)

yd =
1
2
cos(

t
2
)

zd =
1
2
t

(54)

After doing the simulations by computer, the obtained
results are shown in the Figs.12-14 and Tables 3-4.
Fig.12 and Fig.13 show the three controllers can all

control the QAUV, effectively. However, from Fig.14, we can
obtain the controller 3 obtained in this paper can achieve

FIGURE 13. Tracking errors of x , y , z in case 3.

FIGURE 14. Tracking errors of φ, θ , ψ in case 3.

TABLE 3. Mean absolute errors of x , y and z in case 3.

TABLE 4. Responses of the parameters φ, θ , and ψ in case 3.

the fastest response speed, compared with the other two
controllers. Additionally, due to the inclusion of an ISMC
in the controller 3, the angle tracking errors are also less
than those obtained by controller 1 and 2. Table 3 shows the
mean absolute errors in the x, y, and z channels obtained by
the controller 3 are all smaller than those obtained by the
other two controllers. thus, the improvements of the tracking
performance for the controller 3 is obvious. The system
responses in the φ, θ andψ channels are presented in Table 4.
Compared with controller 1 and 2, the converge speeds of
controller 3 in the three channels are all more fast, obviously.
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Additionally, controller 3 can achieves the smaller variations
in the θ and φ angles. All in all, the controller obtained in
this paper can control the time-varying loadQUAVs subjected
to unknown disturbances, effectively. Moreover, compared
with those existing control schemes, such as, SMC and
BSMC, etc., the controller with a combination of ASMC and
ARSMC can achieves a significant improvement of the flying
performance.

V. CONCLUSION
In this paper, an ASMC and ARSMC cascaded controller
is presented to solve the trajectory tracking problem for
the time-varying load QAUVs subjected to unknown distur-
bances. The time-varying load and unknown disturbances
are estimated by the adaptive laws designed in the ASMC
controller, which is used to control the position subsys-
tem. Moreover, the unknown inner-loop disturbances are
estimated by a self-turning law designed in the ARSMC
controller, which is used to control the attitude subsystem.
In order to ensure that the state errors converge to zero,
a recursive sliding mode surface is designed, and the desired
yaw angle can be tracked, successfully. Moreover, some
simulations are performed to demonstrate the robustness and
efficiency of the proposed control scheme, and compared
with some existing controllers, a better trajectory tracking
performance is achieved for the obtained controller in this
paper. However, the input delay time and saturation are not
considered in this paper, which will be our future works.
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