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ABSTRACT This article covers the design, implementation, mathematical modelling, and control of a
multivariable, underactuated, low-cost, three-degrees-of-freedom experimental helicopter system (namely a
3-DOF helicopter). The system is considered an essential benchmark for the development and evaluation
of control algorithms and identification methods as it mimics real helicopters and UAVs. The system
is multivariable and difficult to control due to its underactuation characteristics. In addition, it presents
further challenges in modelling and control analysis in terms of high nonlinearity, coupling, uncertainty,
and unmodeled dynamics. In this scene, the system is designed, developed, and operated virtually in
SolidWorks using the necessary hardware and software. A new accurate multivariable coupled nonlinear
mathematical model is derived and proposed. The model takes into account the complex dynamics and
interactions between the system components, providing a more comprehensive representation of the real
system compared to previous models. System parameters are then identified using the Sum of the Square
Error (SSE) algorithm, and the mathematical model is compared to the practical results in many different
scenarios via Simulink. Experimental tests confirmed the mathematical model and robust performance of
the implemented experimental 3-DOF helicopter system, as well as the ability of the proposed controller to
stabilize the helicopter and track different trajectories in the presence of uncertainties and cross-coupling
effects.

INDEX TERMS Underactuated 3-DOF helicopter, nonlinear modeling, parameter identification, cross-
coupling control.

I. INTRODUCTION
Drones are becoming increasingly popular because they
can be used in a variety of ways, such as search and
rescue, military reconnaissance, border control, agriculture,
and academic research [1]. In recent years, UAVs of different
sizes, structures, performances, and complexities have also
been manufactured and used in numerous tasks with different
scenarios [2]. In addition, technology, computers, and
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electrical equipment have made control theory increasingly
important in UAV development to handle complicated
tasks [3], [4], [5], [6], [7], [8], [9].

UAVs are underactuated systems in which the number of
control signals is less than the configuration variables [10],
[11]. Nowadays, underactuated systems are popular in the
aviation sector, as the number of actuators needs to be
reduced to decrease weight and costs. Normally, imple-
menting controllers in the primary system and evaluating
their performance for accurate movements is a challenging
task [12]. Many 3-DOF laboratory helicopter platforms, such
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as GoogolTech [13], LASS [14], and Quanser models [15],
have been developed to imitate propeller-actuated UAVs and
helicopters for better understanding. They are essential for
validating flight control algorithms off-board. However, com-
plex dynamics, uncertainty, coupling, and attitude control are
the biggest challenges in these systems.

The 3-DOF helicopter system is an underactuated lab-
oratory model that behaves like a tandem-rotor helicopter
powered by two actuators. Furthermore, in addition to the
uncertainty of the model parameters, the system exhibits
higher-order nonlinearity, cross-coupling, actuator satura-
tion/faults [16], and input saturation and is susceptible to
external disturbances. Therefore, implementation, modelling,
and control are considered challenging tasks.

Many studies have been carried out on the 3-DOF
laboratory helicopter models. The focus of these studies was
on the modelling and implementation of control algorithms.
The classic modelling of the 3-DOF helicopter model was
developed by Quanser Inc. [17]. In [18], Apkarian used
MAPLE to derive a linearized mathematical model. The
authors in [19] derived the nonlinear dynamics using twists
and wrenches. In [20], nonlinear dynamics with coupled state
variable equations for the 3-DOF helicopter were presented.
Furthermore, the Lagrange equation was used to derive two
simplified nonlinear models in [21].
In [22], researchers minimized the complexity of the

mathematical model for the Quanser helicopter, as described
in [19], by excluding terms that had a minimal impact on the
total kinetic energy. In [23], an improved nonlinear model for
a 3-DOF helicopter was developed that takes into account
the coupling effect with friction phenomena. Additionally,
a nonlinear mathematical model with some simplifications
for the Quanser model was used in [24]. Chabir et al. [25]
introduced a linear model using physical laws and Newton’s
second law. They neglected friction forces and gravitational
torque. Rajappa et al. [26] considered the helicopter as a
robot manipulator. They developed nonlinear dynamics using
modifiedDenavit-Hartenberg robotic notations and estimated
unknown parameters using an identification method based on
the inverse dynamic model. Another mathematical model for
the LAAS 3-DOF helicopter was derived based on the least-
square estimator in [14].
Due to their wide range of applications, several control

algorithms have been implemented and put into practice on
3-DOF helicopter models. Therefore, the control methods
are generally divided into three categories, one, two, and
three-channel approaches, based on the number of channels
regulated. In the single-channel regulation approach, one
channel is considered and controlled, whereas other channels
are set free [14]. In a two-channel control approach, pitch and
elevation angles were considered and controlled, whereas the
travel angle was set free [27], [28], [29], [30], [31], [32].
On the other hand, the regulation of three channels means

that pitch, elevation, and travel angles are under control.
Three-channel control is more effective and necessary in
practical engineering applications and theoretical founda-

tions because it is identical to the existing control systems for
both UAVs and helicopters. Many three-channel approaches
were recorded in the literature, such as neural network [33],
continuous twisting algorithm (CTA) [34], trajectory tracking
with prescribed performance [35], and fault-tolerant attitude
tracking [36]. Additionally, in [37], the authors proposed a
self-tuned PID controller for the Quanser 3-DOF helicopter
using a stable adaptation mechanism.

In fact, the 3-DOF helicopter proved to be a valuable test
system for determining the robustness of control systems,
as demonstrated by the research reviewed in this study.
This system offers complex features that provide a unique
combination of nonlinearity and controllability. In addition,
the contribution of this paper is to construct a new 3-DOF
experimental helicopter system for educational purposes.
Whereas finding very few 3-DOF helicopter designs in the
literature, particularly the Quanser model, we introduce a
new design using readily available cheap spares. Based on
the parts discussed in this paper, instructors and students can
create their own cheap 3-DOF helicopter devices.

The primary motivation for developing this platform is
to provide a more effective educational tool within control
systems engineering. Traditional models are either not com-
plex enough to effectively simulate real-world scenarios or
are prohibitively expensive for many educational institutions.
We aimed to fill this gap by providing a model that is
both low-cost and realistic to enable the same problems
that engineers face in practice. Through the inclusion of
novel dynamics in this work, our platform aims to provide
students and researchers with insight into and intuition
about multivariable system control. This sort of hands-on
experience is vital in developing the problem-solving skills
that have become so important withinmodern control systems
engineering. In addition, these novel dynamics provide a
whole new range of experiments to be run. Students are
able to try out a wide variety of control algorithms and can
investigate how each performs within the real world, creating
a far more complete learning experience and better preparing
students for their careers.

Thus, through this objective, the instructors and learners
can enhance the learning process for a better understanding of
themodelling and identification procedures and to implement
hands-on training on relevant electronic issues like sensors,
actuators, building an electrical circuit as well as control
systems. This paper provides a progressive set of instructions
from the beginning to create a 3-DOF helicopter from
scratch. Also, this study offers detailed instructions for deriv-
ing mathematical models and identification procedures for
unknown parameters. Besides, comprehending themechanics
of aerodynamic forces in the existence of feedback control
is an essential aspect of the control engineering curriculum,
as observed in the literature. The main effect of this work
is to offer teachers and scholars the possibility to acquire
such information, hence optimizing the learning experience.
Furthermore, this investigation examines some of the issues
scholars may encounter whereas controlling aerodynamic
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forces. In addition to being confirmed by practicable data,
we illustrate the potential to control the suggested model
helicopter utilizing a basic algorithm such as PID. The
following are the main contributions of this study:

1) A 3-DOF laboratory experimental helicopter is
designed and developed with a unique, low-cost
structure to validate various control and identification
algorithms.

2) A complete and detailed explanation of the develop-
ment stages of the mechanical and electrical parts is
presented.

3) A novel and considerably accurate mathematical
model is developed by incorporation of previously
unmodeled dynamics. These dynamics were left
out of many previously published works. Therefore,
considering these dynamics translates into superior
performance in application areas of control and
identification.

4) The unknown system parameters are determined by a
known identification technique to achieve a complete
and precise mathematical model. It is important
to note that the identification method selected for
this work allows for superior accuracy of system
parameters estimation, which further results in a
model that more closely resembles the actual system
dynamics.

5) The correlation and validity of the mathemati-
cal model to the existing system are investigated
through comparative simulations with different
scenarios.

The remainder of this paper is organized as follows.
Section II introduces the design process and briefly describes
the mechanical and electrical components. Section III
presents the mathematical model of the system. The param-
eter identification and comparative simulation results are
provided in Section IV. Section V presents the control
scheme with experimental results. Furthermore, the practical
results of the control strategy are presented in Section VI.
In Section VII, a brief discussion highlights the main findings
and limitations of the study. Some conclusions of this paper
are drawn in Section VIII.

II. MATERIALS AND METHODS
The system is designed based on the specifications of a
real tandem-rotor helicopter. A three-dimensional structure
is constructed using SolidWorks software. Fig. 1(a) shows
the final three-dimensional design for the proposed 3-
DOF helicopter system, whereas Fig. 1(b) shows the real
implemented system.

A. MECHANICAL COMPONENTS
The proposed 3-DOF helicopter has a main iron plate that
forms the base of the system. Two horizontal plates are
attached above the main plates with long screws. Fig. 2(a)
shows the plates supporting the long shaft, travel encoder,
and other components. An iron bracket holds a vertical travel

FIGURE 1. (a) Design of 3-DOF helicopter model using SolidWorks
software, (b) Implemented 3-DOF helicopter model.

encoder on the main plate. A coupling connects the encoder
to a long cylindrical shaft. The long shaft positioned in the
main plate passes through the centers of the other small plates
through two ball bearings, Fig. 2(a). The long iron shaft
supports the long arm of the helicopter by a U-shaped iron
stand, as shown in Fig. 2(b). In addition, ball bearings and
a small cylindrical iron shaft ensure that the long arm of the
helicopter slides smoothly on the U-stand. A metal bracket
secures the elevation encoder and is attached horizontally to
the U-shaped stand.

In addition, a coupling attaches the encoder to the short
shaft. This encoder measures the elevation angle, as shown in
Fig. 2(b). A ball bearing and a short cylindrical shaft connect
the long arm at one end to the short arm, which forms the
body of the helicopter, and a counterweight is mounted at the
other end. The counterweight is responsible for lowering the
effective mass of the helicopter in order to raise it through
propulsion. In addition, a coupling connects the short arm
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FIGURE 2. Mechanical components. (a) travel channel. (b) elevation channel (c) pitch channel.

of the helicopter to an encoder mounted on an iron bracket
on the long arm and is used to measure the pitch angle,
as shown in Fig. 2(c). The long and short arms can move
in elevation, travel, and pitch directions. Due to mechanical
limitations, the long arm can only be rotated between +1800

and −1800 around the travel axis and between +250 and
−250 around the elevation axis. The short arm has a range of
+500 to −500. Two motors with two propellers are attached
to each end of the helicopter body (short arm) via iron
holders.

B. ELECTRICAL COMPONENTS
The electrical parts of the helicopter model are represented
by two DC motors, two motor drivers, three incremental
encoders, a network of resistors, and the interface board that
connects these parts to the program. Aerodynamic forces
move the 3-DOF system through two actuators. Two high-
speed spindle bearing 750 JOHNSON 6-volt DC motors are

used. A 5 mm connector is attached to the end of each motor
shaft. A propeller with a pitch of 11.43 cm and a diameter of
30.48 cm is connected.

A pulse width modulation (PWM) signal controls the
motor speed. BTS7960 motor drivers provide PWM signals
to control motor speed. In addition, the power supply
produces 12 volts and 20 amps of direct current (DC).
The LM2596 DC-DC step-down regulator module protects
components from high currents. Besides, the LM2596
module regulates the voltage to 12 volts and supplies 2 amps
DC to incremental encoders to minimize overheating. Due
to its accuracy and ability to track high-speed movements
and direction in real time, the incremental encoder is
often the ideal sensor for measuring the angular position
of moving objects. Three Autonics incremental encoders
with 4096 pulses in quadrature mode are used to measure
pitch, elevation, and travel angles. The low-cost electri-
cal circuit is shown in Fig. 3(a). Fig. 3(b), shows the
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FIGURE 3. (a) Low-cost electrical setup; (b) Logic signal and power scheme for low-cost electrical setup.

FIGURE 4. Real-time communication scheme.

logic signal and power scheme for the low-cost electrical
circuit. The real-time communication scheme is presented
in Fig. 4.

C. IMPLEMENTATION COST
Table 1 lists the cost of the electrical and mechanical
parts for the proposed 3-DOF experimental helicopter. It is
important to mention that the total cost is in line with
that of a low-cost device since its assembly depends only
on open-source technology. The components from Table 1
were chosen based on available components on the market
and trying as much as possible to minimize the overall
cost.

III. MATHEMATICAL MODEL FOR THE 3-DOF
HELICOPTER
The 3-DOF helicopter is a multivariable system that can be
represented by linear and nonlinear equations. The following

FIGURE 5. 3-DOF signals and functional blocks.

is a brief analysis of the derivation of the mathematical
model.

A. ANALYTICAL MODELLING OF 3-DOF HELICOPTER
The proposed 3-DOF helicopter is considered a multivariable
system containing linear and nonlinear blocks, as shown in
Fig. 5.

The supply block (drivers, sensors, actuators. . . etc.) rep-
resents the primary electrical components. The input signal
is the control signal u and the outputs are two signals fed
to the model block. The first signal is Ff , and the second is
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TABLE 1. Component list and cost calculation in USD.

Fb which represents the force generated by the front motor
and back motors, respectively. The model block includes all
mechanical components of the system. It is also the block
with the highest complexity.

B. ELECTRICAL COMPONENTS
This block relies on the transfer function of the lifting force F
caused by the propellers and the number of applied voltages
V . Furthermore, voltage is proportionally related to the lifting
force, as presented.

F = kV (1)

Remark 1: The value of constant gain k is obtained in the
identification section (Section IV) experimentally.

C. MODEL BLOCK
The model block includes the mechanical parts of the 3-DOF
helicopter system. Equations, including the input signals,
express the analytical model of this block. The input signals
are represented by Ff and Fb and the output signals are
represented by φ, θ and ψ . The free body diagram and the
orientation of the axes are described in detail in Fig. 6. The
pitch motion φ occurs about an axis passing through the long
arm of the model, and the rotation of the short arm causes
this motion. In addition, the rotating elevation movement θ
occurs around the horizontal Y-axis to the ground, which is
the up-and-down movement of the long arm. The rotational
movement of the short arm causes the travel movement ψ
around the Z-axis, which is perpendicular to the ground. The
thrust of the DC motor creates a revolving motion for the
pitch and elevation angles and a rotational motion for the

FIGURE 6. Free body diagram for the designed model.

travel angle. In the same context, DC motors can be supplied
with collective and differential voltages in order to have these
types of movements.

The angles of freedom are represented by the pitch angle
φ which is created by the revolving of the short arm around
the pitch axis. The angle is considered zero when the arm is
horizontal. Additionally, the elevation angle θ is generated
by revolving the long arm around the global Y-axis. The
angle is considered zero when the arm is in the relaxed
position. Furthermore, the travel angle ψ is the angle by
which the 3-DOF helicopter model is rotated around the
global Z-axis. The angle is considered zero when the sensor is
initialized. All angles are considered positive if the motion is

VOLUME 12, 2024 55573



O. T. Makki et al.: Design, Mathematical Modeling, and Control

TABLE 2. Measured parameters.

counterclockwise. The parameters for the helicopter are listed
in Table 2.

The governing dynamic equations for the 3-DOF heli-
copter model are described in three angles: pitch, elevation,
and travel. The mathematical model for the 3-DOF helicopter
system is derived from Newton’s second law as follows:

M = J
d2θ
dt2

(2)

where d2θ
/
dt2 represents the angular acceleration in general.

Jφ , Jθ and Jψ denote the corresponding moment of inertia
for the elevation, pitch, and travel axes, respectively. The
mass-point weight M is considered to be concentrated on
the motors and counterweight. Thus, the moment of inertia
is calculated using the inertia definition, which takes into
account the distribution of mass and its distances from the
axis of rotation.

1) EQUATIONS OF MOTION
Continuing our earlier notation scheme, the rotors repre-
sented two forces acting on the system when simulating
the helicopter benchmark. Pitch, elevation, and travel angles
are used to obtain the governing dynamic equations [15],
[38]. Considering the following assumptions below, we can
establish the corresponding mathematical equations for the
three angles:
Assumption 1: Due to the slow movement of the 3-DOF

helicopter model compared to the real tandem helicopter,
the effect of centrifugal force is assumed to be an exter-
nally bounded disturbance. However, the flight path of

a conventional helicopter typically involves the helicopter
experiencing the effects of centrifugal force at some point.
Assumption 2: It is assumed that the motor voltage is

proportional to the thrust force [39].
Assumption 3: It is assumed that Coriolis forces acting

on the propeller blades are implicitly considered in the
identified dynamic equations for the propellers. However, the
Coriolis effect occurs when the propeller’s center of gravity
shifts inward during maneuvers due to the blade flaps and
decelerationmotion, resulting in a reduction in the propeller’s
moment of inertia and a corresponding increase in its rotation
velocity. Helicopters, with their huge propeller blades, are
particularly susceptible to this phenomenon.
Assumption 4: Gyroscopic effects and anti-torques are

canceled due to the opposite rotation of the propellers [2].
In most cases, modelling a system is based on mathemat-

ical ideas. As shown in Fig. 7(a), a system with three points
(A, B, and D) experiences a rotation around point A, and two
forces (at B and D) are exerted due to the presence of mass.
The system experiences positive (negative) torque when F2
(F1) is more significant than F1 (F2). To model a system
where the axis of rotation is not at the center of the system,
four possible scenarios must be considered.
Scenario 1. As shown in Fig. 7(b), when F2 is greater than

F1, a positive torque is experienced, causing the system to
rotate counterclockwise and provide a positive pitch angle.
A negative-acting torque for F1 can be represented by the
following equation:

T1 = F1L4 (3)
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FIGURE 7. A case study of the revolved system; (a) case study; (b) scenario 1; (c) scenario 2; (d) scenario 3,(e) scenario 4.

where, L4 is the perpendicular distance between the applied
force and the axis of rotation. Therefore, the hypotenuse
length L4 can be calculated using the trigonometric formula
for triangle ABC as follows:

L4 =
L1
cosδ

(4)

Substituting (4) into (3) yields:

T1 = F1
L1
cosδ

(5)

Scenario 2. As shown in Fig. 7(c), a positive pitch angle
occurred so that from the triangle AXB, the following
equation can be used:

AX = cos(φ − δ)L4 (6)

Substituting (6) into (5), the negative-acting torque T1 can
be represented as follows:

T1 = F1
L1
cosδ

cos(φ − δ) (7)

Scenario 3. According to Fig. 7(d), a positive pitch angle
occurs when the pitch angle is greater than δ angle.
Obtaining (8) from the triangle AXB yields to derive (9) as
follows:

AX = cos(φ − δ)L4 (8)

T1 = F1
L1
cosδ

cos(φ − δ) (9)

Scenario 4. For the triangle AXB, when the pitch angle is
less than zero, as shown in Fig. 7(e), (10) is used to derive
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FIGURE 8. Free body diagram for elevation axis.

FIGURE 9. Acting torques on elevation axis.

the negative-acting torque for F1 in (11), which satisfies the
trigonometric relation for the triangles.

AX = cos(φ + δ)L4 (10)

T1 = F1
L1
cosδ

cos(φ − δ) (11)

2) ELEVATION ANGLE
The two motors, Ff and Fb, are responsible for generating the
forces that ultimately lead to the generation of the elevation
momentum. As shown in Fig. 8, the long arm rotates around

the elevation axis when the sum of the momentums is greater
than the gravity torques. The law of conservation angular
momentum expresses the differential equation that describes
the movement of the elevation axis as in (2). The net torque
equation is formed as follows:∑

T = Tfθ + Tbθ − TM − TMl + Tw + Rθ + Dθ (12)

where Tfθ , Tbθ , TM , TMl and Tw denote the torques caused by
the thrust of the front motor, the thrust of the back motor,
the mass of the helicopter (motors and center mass of the
short arm), the center of gravity of the long arm, and the
mass of the counterweight, respectively. Furthermore, Dθ is
the uncertain parameter in the system. Also, Rθ = −fθ θ̇
denotes the friction component and fθ is the positive constant
which represents the level of viscous friction in the elevation
angle.

From Fig. 9, based on the previous derivation scenarios and
Remark 1, the positive and negative torques are represented
by the following equations:

Tbθ = LaFbcosφ
Tfθ = LaFf cosφ

TM = (Mf +Mb +Mh)g
La

cosςa
cos(θ − ςa)

Tw = Mwg
Lb

cosςw
cos(θ + ςw)

TMl = Mlg
Lx

cosςx
cos(θ − ςx)

(13)

The dynamic equation at the elevation axis is defined as:

Jθ θ̈ = (Ff + Fb)cosφLa−(Mf +Mb +Mh)g
La

cosςa

× cos(θ − ςa) +Mwg
Lb

cosςw
cos(θ + ςw)−Mlg

Lx
cosςx

× cos(θ − ςx)−fθ θ̇ + Dθ (14)

Since the propellers are rotating objects, the rotational
movement of the propellers is influenced by gyroscopic
precession and Coriolis forces. The 3-DOF helicopter is
similar to a normal tandem helicopter, which has two
engines, one at the front and one at the back, rotating
in opposite directions. As a rule, aerodynamic torques,
gyroscopic effects, and anti-torques cancel each other out [2].
Furthermore, the aerodynamic force can be represented using
the following equation [40].

F = CTρ(�R)2πR2 (15)

where R is the radius of the propeller blade, CT denotes
the thrust Coefficient, � is the frequency of rotation for
the blades, and ρ is the air density. Finally, with the help
of trigonometric mathematical relations, the mathematical
model for the elevation angle (14) is simplified as:

Jθ θ̈ = (Ff + Fb)cosφLa +
[
−(Mf +Mb +Mh)gLa +MwgLb

−MlgLx] cosθ +
[
−(Mf +Mb +Mh)gLatanςa

−MwgLbtanςw −MlgLx tanςx] sinθ − fθ θ̇ + Dθ
(16)
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FIGURE 10. Free body diagram for Pitch axis.

FIGURE 11. Acting torques on the pitch axis.

3) PITCH ANGLE
The pitch axis allows the short arm (helicopter) to be turned.
The front and back motors’ combined thrust applies torque
around the pitch axis, as shown in Figs. 10 and 11.
The net torque equation is formed as follows:∑

T = Tfφ − Tbφ + TMb − TMh − TMf + Rφ + Dφ (17)

where, Tfφ , Tbφ , TMf , TMb and TMh are the torques that
are caused by the thrust of the front motor, the torque
that is caused by the thrust of the back motor, the torque
that is caused by the mass of the front motor, the torque that
is caused by the mass of the back motor and the pendulum
effect torque that is caused by the center mass of the short
arm, respectively.Dφ is the uncertain parameter in the system.
Furthermore, Rφ = −fφ φ̇ denotes the friction component and
fφ is the positive constant represents the viscous friction level
at the elevation angle. Moreover, the following equations
describe the positive and negative torques.

Tbφ = LhFb
Tfφ = LhFf

TMb = Mbg
Lh

cos(ςh)
cos(φ + ςh)

TMf = Mf g
Lh

cos(ςh)
cos(φ − ςh)

TMh = MhgLφsinφ

(18)

FIGURE 12. Free body diagram for travel axis.

FIGURE 13. Acting torques on the travel axis.

The dynamic equation at the pitch axis is defined in (19) and
simplified in (20) as follows:

Jφ φ̈ = (Ff − Fb)Lh +Mbg
Lh

cos(ςh)
cos(φ + Lh)

−Mf g
Lh

cos(ςh)
cos(φ − ςh)−MhgLφsinφ − fφ φ̇ + Dφ

(19)

Jφ φ̈ = (Ff − Fb)Lh +
[
−Mf gLh +MbgLh

]
cosφ

+
[
−MbgLhtanςh −Mf gLhtanςh −MhgLφ

]
sinφ

− fφ φ̇ + Dφ (20)

4) TRAVEL ANGLE
To adjust the travel angle, the system’s long arm must be
turned around the axis of motion. As shown in Fig. 12, thrust
must be applied to spin the model’s extended arm. The pitch
angle can be adjusted finely by rotating the long arm. Fig. 13
depicts the global net torque.
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The net torque equation is formed as follows:∑
T = Tfψ − Tbψ + Tφ − Drag+ Rψ + Dψ (21)

where, Tfψ , Tbψ and Tφ are the torques that are caused by
the thrust of the front motor, the torque that is caused by the
thrust of the back motor, and the torque that is experienced
at the pitch axis, respectively. Furthermore, Drag is a natural
phenomenon that exists due to air resistance to motion. Dψ
is the uncertain parameter in the system. Also, Rψ = −fψ ψ̇
is the friction component and fψ is the positive constant that
represents the viscous friction level at the travel angle.

Generally, the drag experienced by a revolving body
depends on its surface area. However, aerodynamic drag acts
against travel motion, and the amount of resistance depends
on the surface area. The following equation can be used to
determine the drag in general [40]:

Drag =
1
2
ρ(ψ̇La)2CdA (22)

where ρ= 1.23 kg/m3 is the density of air, Cd is the drag
coefficient, A is the cross-sectional area of the body. From
Fig. 13, the positive and negative torques are represented by
the following:

Tbψ = FbsinφLa
Tfψ = Ff sinφLa
Tφ = (Ff − Fb)Lhsinφ

Drag =
1
2
ρ(ψ̇La)2CD(A1 + A2sin(φ))

(23)

The dynamic equation at the travel axis is defined as:

Jψ ψ̈ = (Ff + Fb)sinφLa + (Ff − Fb)Lhsinφ − fψ ψ̇ + Dψ

−
1
2
ρ(ψ̇La)2CD(A1 + A2sin(φ)) (24)

where A1 is the cross-sectional area for La. A2 is the cross-
sectional area for the short arm so that:

Jψ ψ̈ = (Ff + Fb)sinφLa + (Ff − Fb)Lhsinφ − fψ ψ̇ + Dψ

−
1
2
ρCDA1(ψ̇La)2 −

1
2
ρCDA2(ψ̇La)2sin(φ) (25)

5) INERTIA CALCULATIONS
Based on Newton’s first law of motion, inertia can be
represented as:

I = MR2 (26)

where I is the inertia of an object. M , is the mass of the
rotating object, and R is the radius of rotation.

As shown in Fig. 14(a), the inertia of the spinning
components is determined by the axis of rotation. For the sake
of clarity, the mass points in this figure are approximations
made to depict the spinning masses better. However, in the
physical model, there are certain minor distances between
the rotating masses and the axes of rotation, and the masses’
locations are set so that the Pythagoras formula is used
to obtain the inertia equations for each axis. For elevation

motion, the system parts rotate around the elevation axis,
as shown in Fig. 14(b). The total inertia around the elevation
axis is obtained as follows:

Jθ =
(
Mf +Mb

) [
(Lsinφh )2 + L2a

]
+Ml

[
L2x + L2θ

]
+Mw

[
L2b + L2θ

]
+Mh

[
L2a + L2θ

]
Lsinφh = (

√
(Lφ)2 + (Lh)2)sinφ

(27)

Furthermore, during the pitch motion, the short arm rotates
around the pitch axis shown in Fig. 14(c), where the inertia
around the pitch axis can be calculated as:

Jφ = (Mf +Mb)
[
L2h + L2φ

]
+MhL2φ (28)

Besides, during travel motion, the systems’ parts rotate
around the travel axis, as shown in Fig. 14(d). The inertia
around the travel axis can be calculated from the following
formula:

Jθ = (Mf +Mb)
[
(Lcosφh )2 + (Lacosθ )2

]
+Ml(Lxcosθ )2 +Mw(Lbcosθ )2 +Mh(Lacosθ )2

Lcosφh = (
√
(Lφ)2 + (Lh)2)cosφ

(29)

In conclusion, the helicopter’s dynamic characteristics are
summed up as follows:

θ̈ = P1cosφ + P2cosθ + P3sinθ + P4θ̇ + P5+
P6cosφU+

φ̈ = P7cosφ + P8sinφ + P9φ̇ + P10 + P11U−

ψ̈ = P12ψ̇ + P13ψ̇2
+ P14 + P15sinφ+

P16ψ̇2sin(φ) + P17sinφU+ + P18sinφU−

(30)

where, elevation dynamics parameters are as follows:

P1 =
−1.1678La

Jθ
,

P2 =

[
−(Mf +Mb +Mh)gLa +MwgLb −MlgLx

]
Jθ

,

P3

=
−

[
(Mf +Mb+Mh)gLatanςa+MwgLbtanςw+MlgLx tanςx

]
Jθ

P4 =
−fθ
Jθ
,P5 =

Dθ
Jθ
,P6 =

kLa
Jθ
, ςa = tan−1 Lθ

La
,

ςw = tan−1 Lθ
Lb
, and ςx = tan−1 Lθ

Lx

and, pitch dynamics parameters are:

P7 =
(−Mf +Mb)gLh

Jφ
,

P8 =
−(Mf +Mb)gLhtanςh −MhgLφ

Jφ
,

P9 =
−fφ
Jφ
,P10 =

Dφ
Jφ
,P11 =

kLh
Jφ
, and ςh = tan−1 Lφ

Lh
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FIGURE 14. (a) Mass points representation for the model. (b) Inertia around the elevation axis. (c) Inertia around the pitch axis. (d) Inertia around the
travel axis.

Also, travel dynamics parameters are as follows:

P12 =
−fψ
Jψ

,P13 =
−ρCDA1L2a

2Jψ
,P14 =

Dψ
Jψ
,

P15 =
−1.1678La

Jψ
,P16 =

−ρCDA2L2a
2Jψ

,P17 =
kLa
Jψ
,

and P18 =
kLh
Jψ

IV. PARAMETERS IDENTIFICATION
The mathematical model contains parameters that have
been measured directly, as shown in Table 2. However,
some parameters cannot be measured directly. Parameter
identification procedures usually is involved in order to
identify unknown parameters [41]. The following sub-
sections are the identification procedures for the unknown
parameters of dynamic equations.

A. IDENTIFICATION OF THRUST VERSUS VOLTAGES
In general, the 3-DOF helicopter is regarded as an under-
actuated system. It has three output signals and two input
signals that control the system. The controller generates a
control signal U , which affects the voltage applied to the
front and the back motors. Furthermore, the speeds of the
rotors and propellers will change, resulting in a change in

FIGURE 15. Aerodynamic force curve in terms of the control signal.

the generated thrust. The voltage is applied to the front
and back motors as a step input. The thrust force is mea-
sured, and the experimental results describe the relationship
between the thrust and applied voltages for the back and
front actuators using the curve fitting method presented
in Fig. 15.

The thrust gain is obtained by curve fitting the experimen-
tal data, and the relation between the control signal and thrust
for the back and front motors is obtained as:

F = k(V − 1) (31)
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TABLE 3. Parameter estimations for pitch axis.

TABLE 4. Parameter estimations for elevation axis.

where k≈ 0.5839. Two types of voltages can be applied to
the system, the collected and different voltages. The 3DOF
helicopter is an underactuated system where the number of
inputs is less than the number of outputs. Thus, the control
signals for the system can be represented as:{

U+ = Vf + Vb
U− = Vf − Vb

(32)

B. IDENTIFICATION OF PITCH PARAMETERS
It is essential to identify the parameters for the dynamic
equations to avoid high variance of the uncertainty in the
design and get the highest and most reliable controller
performance. Several experiments are conducted for pitch,
elevation, and travel channels. First, the elevation and travel
angles are physically fixed at zero to identify the pitch
parameters. Two experiments are conducted by releasing
the short arm from two different initial angles (130 and
8.80) and measuring the response without any prior input
applied to the front and back motors, as shown in Fig. 16
(a) and (b). Then, the SSE algorithm [42], [43] is used to
estimate the parameters of the pitch dynamics P7, P8, P9, P10
and P11. The values for the identified parameters are shown
in Table 3.

C. IDENTIFICATION OF ELEVATION PARAMETERS
For elevation dynamics, two experiments are conducted.
During these experiments, the pitch and travel angles are
fixed to zero physically, and then the elevation angle is set to
free. The experiments are conducted by applying step input
voltages for both the front and back motors, as shown in
Fig. 17 (a) and (b). Moreover, elevation dynamics parameters
P1, P2, P3, P4, P5, and P6 are identified with specific ranges.
The values of the parameters are listed in Table 4.

D. IDENTIFICATION OF TRAVEL PARAMETERS
Two experiments are conducted to identify the parameters
for the travel dynamics. Step input is applied for both front
and back motors with different values to accomplish different
values for pitch angle during the experiments. Besides, the
elevation angle is fixed to zero physically. The responses are
shown in Fig. 18 (a) and (b). The identified values for the
travel parameters P12, P13, P14, P15, P16, P17 and P18 are
listed in Table 5.

FIGURE 16. (a) Measured and simulated at pitch axis for initial angle
(130), (b) Measured and simulated at pitch axis for initial
angle (8.80).

The proposed model has some features concerning the
counting of aerodynamic forces, friction, and drag, allowing
for more accurate predictions. Also, the force-thrust constant
is identified experimentally. Our sensitivity analysis for the
elevation channel also demonstrated the significance of the
new portions of ourmodel. As shown in Fig. 19, we quantified
the variations in system behavior when we varied the values
of recent parameters in our model.

Our results show that even slight variations in parameter
values can lead to large variations in system behavior. The
parameters play vital role in determining the response of
the system. For example, in cases 1 and 2, we noticed that
slight changes in parameter values resulted in undesirable
responses in practicable experiments. Furthermore, we found
that neglecting certain parameters of elevation dynamics
resulted in responses that were totally different from the
experimental results. In addition, our model is able to
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TABLE 5. Parameter estimations for travel axis.

FIGURE 17. (a) Measured and simulated at elevation axis with step
input 1, (b) Measured and simulated at elevation axis for step input 2.

provide more accurate and dependable predictions compared
to existing models.

V. CONTROL SCHEME
A simple control strategy is proposed in this work since the
aim is to test the usability and functionality of the proposed
system. A PID controller is used because of its flexibility,
robustness, and ease of implementation. Furthermore, PID
control has been proven to perform satisfactorily on under-
actuated systems [44], [45], which makes it a logical choice
for the 3-DOF helicopter system.

The PID controller is a control strategy vastly used due
to its simplicity and effectiveness in a variety of systems.
PID is a non-model based method that relies on the tuning
of its proportional, integral, and derivative gains to achieve
the desired control objectives. Thus, the efficacy of a
PID controller often hinges on how accurate the dynamics
are for the controlled system. Due to this, many a time,
system identification is performed even when using a PID
controller.

The dynamics of our system must be carefully charac-
terized to accomplish the precise tuning of the PID gains.
System identification is the field of engineering dealing with

FIGURE 18. (a) Measured and simulated at travel axis for step input 1,
(b) Measured and simulated at travel axis for step input 2.

FIGURE 19. Effect of parameter variations on the elevation dynamics.

constructing mathematical models of the observed behavior
of a system so that one can predict how it will respond to
changes in some given inputs by understanding the system
model. This predictive capability is particularly important for
complex and highly interactive systems such as the 3-DOF
helicopter since many separate and often nonlinear forces are
operating at the same time and can sometimes interfere in
counterintuitive ways.
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FIGURE 20. The proposed controller’s scheme.

TABLE 6. Gains value.

FIGURE 21. Pitch, elevation, and Travel angles during hovering mode.

System identification, therefore, provides insights into the
system’s resonant frequencies, damping ratios, and other
dynamic characteristics that ultimately have a direct impact
on the stability and performance of the PID controller.
With a well-identified model, we can be sure that the
PID controller is properly tuned to avoid instabilities and
provide robust performance over a wide range of operating
conditions.

The PID controllers are designed based on a cascade
control concept. This concept is used to tune the controllers
of multiloop control systems where nested loops exist.
In the cascade control concept, the outer loop derives the
set point of the inner loop, and the inner loop affects the
feedback path of the outer loop. Sequentially, the closed-
loop for each controller is designed for the required pairs
of inputs and outputs. According to (30), it should be
noted that the control performance of the travel subsystem
is highly dependent on the design of the pitch subsystem.
Also, the travel angle variation depends mainly on the pitch
angle variation. Furthermore, travel rotation also depends

FIGURE 22. (a) Travel angle response during trajectory tracking for the
irregular path, (b) Elevation angle response during flight in the irregular
path.

on the control input U+ as shown in (30). A virtual
control signal u3 is depicted for this purpose, presented
in (33).

u3 = sinφU+ (33)
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FIGURE 23. (a) Travel angle performance for the irregular path,
(b) Elevation angle performance for the irregular path.

The PID controllers are designed based on a mathe-
matical model of the 3-DOF helicopter system (30). The
specific equations used for the PID controllers are as
follows:

U−(t) = Kpφeφ(t) + Kiφ

∫
eφ (t)dt + Kdφ ėφ(t)

U+(t) = Kpθeθ (t) + Kiθ

∫
eθ (t)dt + Kdθ ėθ (t)

U3(t) = Kpψeψ (t) + Kiψ

∫
eψ (t)dt + Kdψ ėψ (t)

(34)

where U−(t),U+(t), and U3(t) are the control signals for the
pitch, elevation, and travel subsystems, respectively, eφ(t),
eθ (t), and eψ (t) are the errors between the desired angle, and
the measured value for each channel. Kpφ , Kpθ , and Kpψ
are the proportional gain for each controller, respectively.
Kiφ , Kiθ , and Kiψ are the integral gains for each controller,
and Kdφ , Kdθ , and Kdψ are the derivative gains for each
controller, respectively. The gains values are listed in Table 6.
The control voltages Vf and Vb are applied to the front and
back motors are computed from the command signals U+

and U− as in (32). The selected closed-loop configuration is
displayed in Fig. 20.

It is important to mention that it is possible to implement
more intelligent control algorithms that can adapt to unknown
dynamics and improve overall system performance, provid-
ing an advantage to the real nonlinear systems such as the

FIGURE 24. (a) Travel angle response during flight in the sinewave path,
(b) Elevation angle response during the flight in the sinewave path.

proposed 3-DOF helicopter model. Intelligent algorithms,
such as neuroadaptive control, leverage neural networks as
dynamic approximators and adjust control parameters in real
time. This approach is designed to handle complex under-
actuated systems subject to output and velocity constraints,
which makes it very convenient for our model, which exhibits
nonlinearity and underactuation.

Integrating these intelligent algorithms into our 3-DOF
helicopter system would likely involve packaging neural
network-based frameworks or adaptive controllers into our
existing control architecture. This might entail training
the resulting neural network with data collected from the
system’s responses, or it might involve designing an adaptive
control scheme that can estimate the system parameters and
adjust the controller accordingly. From there, we would
perform a series of experiments to further refine our
intelligent control algorithms.

VI. EXPERIMENTAL RESULTS
In this section, real-world experiments are conducted, includ-
ing hovering and trajectory tracking scenarios. First, as an
initial operation, the proposed 3-DOF helicopter required
about 1.8 seconds to reach the required thrust for flight. The
initial values for the three angles are 0o. The most critical
flight duration is when the helicopter starts to fly, which is
caused by gravity drag phenomena, and it can be noticed from
1.9 to 4 seconds during the flight duration. Fig. 21 shows
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FIGURE 25. (a) Travel angle trajectory tracking performance for the
sinewave path, (b) Elevation angle trajectory tracking performance for the
sinewave path.

the experimental results for the desired and actual elevation,
pitch, and travel angles over time during hovering mode.
These experimental results show that the actual values for
the elevation, pitch, and travel angles converge to the desired
trajectories in minimum finite time. In addition, for trajectory
tracking, two trajectories are applied in order to validate the
performance of the proposed control scheme. As shown in
Fig. 22(a), the results further show that the controller can
compensate for errors during the flight. This can be evidenced
by converging the angles to the desired values beyond a
finite time. Further, the elevation response is indicated in
Fig. 22(b); and the fast convergence of the angle to the target
in about 3 seconds. The elevation angle remains constant in
the presence of complicated interaction between the channels,
reflecting the intensity of the control scheme. In addition,
the trajectory tracking performances for travel and elevation
angles are illustrated in Fig. 23(a) and (b), respectively.
Moreover, further experiment is proposed to guarantee the
performance of the control scheme, in which the sinewave
trajectory is used as the input to the control system. Fig. 24
(a), and (b) represent the response of the 3-DOF helicopter
throughout the flight duration. Fig. 25(a), and (b) represent
the trajectory tracking performances for the sinewave path for
both travel and elevation angles, respectively. Interestingly,
the measured angles on the travel and elevation channels
are always at minimum limits, emphasizing the exceptional

capability of the control method to control multidimensional
systems effectively.

VII. DISCUSSION AND LIMITATIONS
From this analysis, it can be observed that the overall proce-
dure in a closed-loop design is relatively stable regardless of
the fluctuations caused by external factors. Application of the
basic conventional linear controller approach for nonlinear
and unbalanced multivariate systems has been accomplished.
It is also noticed that the states are never unbounded
throughout the flight period. Moreover, the proposed system
has certain constraints related to the low cost of the system
and the high interference between channels. Overall, the
system behavior is influenced by the tensile force of the
cables, the interference influence of the control, the cross-
coupling effect, and the wind gusts in hover and flight
modes. Notably, the system is stable as it neither becomes
unpredictable nor collapses into a stage of instability during
the hover and flight phases. Future studies will also be
undertaken to expand better control schemes for application
to the 3-DOF helicopter control system.

VIII. CONCLUSION
The proposed underactuated 3-DOF experimental helicopter,
which is similar to the dynamics of real tandem-rotor
helicopters, has been planned and built. This paper shows
the steps for constructing the helicopter, which contributes to
education, and covers many topics regarding the mechanical
and electrical implementation and control systems. The
hardware comprises the electrical and mechanical parts,
whereas the software comprises the required algorithms
for data acquisition. First, the system mechanism was
satisfied throughout the proposed model, and then it was
modeled with the advantage of Newton’s second law and
SSE technique to determine system parameters. Then, for
validation, the practical outcome of the implementation
was compared with the simulated mathematical model
using Matlab Simulink. Even though the 3-DOF helicopter
system is sensitive to the environment in which it operates,
the practicable result illustrates excellent stability behavior
throughout hover and flight durations and furthermore
the validity of the mathematical model. In addition, the
robust performance of this testing rig makes it possible
to adopt and verify various multivariable control schemes
and identification techniques, which are of great interest
in educating future professionals, notoriously, in control
engineering.
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