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ABSTRACT Recently, generative networks are widely used in different applied fields including
computational biology for data augmentation, DNA sequence generation, and drug discovery. The core
idea of these networks is to generate new data instances that resemble a given set of data. However it is
unclear how many nodes and layers are required to generate the desirable data. In this context, we study the
problem of generating strings with a given Hamming distance and edit distance which are commonly used
for sequence comparison, error detection, and correction in computational biology to comprehend genetic
variations, mutations, and evolutionary changes. More precisely, for a given string e of length n over a symbol
set X, m = |X|, we proved that all strings over ¥ with hamming distance and edit distance at most d from
e can be generated by a generative network with rectified linear unit function as an activation function. The
depth of these networks is constant and are of size O(nd) and O(max(md, nd)).

INDEX TERMS ReLU neural network, hamming distance, edit distance.

I. INTRODUCTION

In the recent years, generative adversarial networks have
been extensively studies due to their data representation
power. These generative networks are basically neural
networks which are used to capture the statistical regularities,
underlying patterns, and dependencies of a given dataset, and
generate new data that have similar characteristics as the
original data [1], [2], [3], [4]. These networks have gained
widespread applicability in diverse domains, spanning natural
language processing, data augmentation, DNA sequence
synthesis, and drug discovery [5], [6], [7], [8], [9], [10], [11],
[12].

Choosing the right network model, or function family,
is crucial in machine learning. If the function family is too
extensive, it can lead to issues like high computational costs
and overfitting. On the other hand, if the function family is too
limited and doesn’t encompass the target functions, it may not
yield the desired prediction results [13]. However, selecting
an appropriate network is a challenging task, and it is still
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unclear which network should be used for a given problem
setting. Extensive research have been carried out to study the
representational capabilities of networks to get an effective
insight for choosing an appropriate function family.
According to the universal approximation theorem,
a depth-2 neural network (a network with two layers) can
approximate any given Borel measurable function [14].
However, there are many instances where the number of
nodes becomes excessively large, necessitating exploration
of more effective network architectures. In this context,
relationships between function families and the size of
architectures have been studies to find the best architecture
with smaller number of nodes. Furthermore, it has been
noticed that the representation capability of networks
increases exponentially with the depth [15], [16]. Moreover,
every function family cannot be efficiently expressed on
any arbitrary architecture. For example, Telgarsky [17]
discovered a function family that can be represented by deep
neural networks and shallow neural networks with nodes of
linear and exponential order, respectively. Szymanski and
McCane [18] showed that the periodic functions can be
efficiently expressed by deep networks. To express a periodic
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function, Chatziafratis et al. [19] gave lower bounds for
the width as a function of depth. Hanin and Rolnick [20]
demonstrated that the number of regions does not grow
rapidly in a network with piecewise linear activation function.
Bengio et al. [21] and Biau et al. [22] proved that decision
trees and random forests can be efficiently expressed as
neural networks by using sigmoidal functions, Heaviside
functions, and hyperbolic tangent functions as activation
functions. Later on, Kumano and Akutsu [13], extended
the result for the neural networks with rectified linear unit
(ReLU) and other related activation functions.

Sequence comparison, error detection, and correction
in DNA, RNA, and protein sequences are crucial tasks
in computational biology to understand genetic variations,
mutations, and evolutionary changes. Hamming distance and
edit distance are the two most frequently employed distance
metrics for handling these tasks when the sequences have a
fixed and variable length, respectively, [5], [6], [12], [23],
[24], [25].

Motivated by the application of the generative networks
and distance metrics, we study the problem of generating
all strings that are similar to a given string using neural
networks. More precisely, for a given string e of length n
over a symbol set X, we theoretically prove the existence of
generative networks with ReLU as an activation function that
can generate all strings over ¥ with Hamming distance and
edit distance at most d from e. For this purpose we express the
functions § and [a > 6] as ReLU functions, where §(a, b) =
lifa = b, and §(a, b) = 0, otherwise; [a > 0] = 1ifa > 6,
and [a > 0] = 0 otherwise; ReLU(a) = max(0, a), for any
real numbers a, b, 6. Furthermore, the implemented networks
can be freely accessed from https://github.com/MGANN-
KU/ReLU_Networks.

The rest of the paper is organized as follows: Conversion
of § and [a > 6] functions into ReLU is discussed in
Section II. Furthermore, construction of ReLLU networks to
generate binary and integer strings with Hamming distance
at most d is discussed in Section II. Construction of ReLU
networks to generate integer strings with edit distance d due
to deletion and insertion operations is discussed in Section III.
The generation of all strings with edit distance at most
d due to simultaneous application of substitution, deletion
and insertion operations by ReLU network is discussed in
Section IV. Concluding remarks are given in Section V.
Proofs of some theorems and explanation of program codes
with sample instances are discussed in Appendix.

Il. Hy-GENERATIVE RELU

In this section, we discuss the construction of ReLU network
that can generate all binary and non-binary strings over a
given symbol set with Hamming distance at most d from a
given string. Before going to the details, we first prove in
Props. 1 and 2 that the functions § and [a > 6] can be
expressed as ReLLU function, resp., by using the Heaviside
function H defined as H(a) = 1ifa > 0, and H(a) = 0
otherwise.
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Proposition 1: For integers a and b, the function §(a, b)
can be realized exactly by ReLU function.

Proof: By the definition of functions § and H, for any two
integers a, b, it holds that

8a,b)=H(a—b)+H®b —a) — 1. (1)

By [13, Theorem 1], the Heaviside function H can be
expressed by ReL.Ufunction as

H(a — b) =ReLU((a — b)/e + 1) — ReLU((a — b)/¢),
(@)

where € is a sufficiently small positive real number, and a —
b # 0. By using Eq. (1) in Eq. (2), we get

8(a, b) = ReLU((a — b)/e + 1) — ReLU((a — b)/¢€)
+ ReLU((b — a)/e + 1) — ReLU((b — a)/e) — 1.

3)
This implies that §(a, b) can be expressed with four nodes of
ReLU as demonstrated in Figure 1(b). ([l

By Egs. (2) and (3) the functions H and & can be
computed by using two and four nodes with ReLU as
an activation function, respectively. Figures 1 (i) and (ii)
illustrate examples of neural networks that can compute &
using H and ReL.U as activation functions, respectively.

Proposition 2: For integers a and 0, the function [a > 0]
can be realized exactly by ReLU function.

Proof: For a sufficiently small positive real number € it holds
that

[a > 0] = ReLU((a — 0)/€ + 1) — ReLU((a — 6)/€). (4)

Hence [a > 6] can be expressed with two nodes of ReLU as
demonstrated in Figure 2. O

Eq. (4) implies that the function [a > 6] can be computed
with two nodes with ReLU as an activation function.
Figures 2 (a) and (b) illustrate example neural networks with
[a > 6] and ReLU as an activation function, respectively. The
output of these networks is the same.

Given a binary string e = (ey, e, ...,e,) of length n
and a non-negative integer d, which implicitly means the
distance. We define binary Hy-generative ReLU, as a ReLU
neural network with d input nodes x = (x1, x2, ..., x4) and
n output nodes y = yi, y2, ..., ¥, such that all binary strings
1,¥2, ..., yn) with hamming distance at most d with e can
be obtained by appropriately choosing integer input values
for x = (x1, x2, ..., xq), where x; < n for all j.

We discuss the existence of binary H,;-generative ReLU
networks in the following theorem.

Theorem 1: For any given binary string e of length n and
a non-negative integer d, there exists a binary H;-generative
ReLU with size O(dn) and constant depth.

Proof: We first establish that for each string y with hamming
distance at most d with the string e, there exists a string x such
that:

W =8, i) forie {1,2,...,n},j€(1,2,....,d}, (5
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FIGURE 1. Computing § by H and RelU: (a) and (b) Example neural networks with one hidden layer with two and four nodes, and H
and § as an activation, resp., to compute 5. These networks have two input nodes with values a; and a, and one output node. The
values on the edges and nodes of hidden and output layers are the weights and bias. By setting a = a;m; + a,m,, the outputs of
the neural network in Figures (a) and (b) are nH(a — b)+ nH(b — a) — n = né(a, b) and nReLU((a — b)/¢ + 1) — nReLU((a — b)/¢) +

nReLU((b — a)/e + 1) — nReLU((b — a)/¢) — n = ni(a, b), respectively.

FIGURE 2. Computing [a > 6] using ReLU. (a) and (b) Example neural networks with [a > 6] and RelLU as an activation
function, resp., with two input nodes with values @, and a,, one hidden layer. The values on the edges and nodes of
hidden and output layers are the weight and bias. By setting a = a;m; + a,m,, the output of these two networks is

the same.
d .
Vi = W= 1] foriefl,2, ... n}, (©6)
j=1
yi=1—8,e)forie{l,2, ... n). 7

Suppose that ¢ = (e1,e2,...,ep) andy = (y1,¥2, .-+, Vn)
such that the hamming distance between ¢ and y is d’ < d.
Then e and y differ at exactly d’ positions ki, k2, . . . , kg, i.e.,
e; #yj, foralli = k;jwherek; <nand1 <j < d’. Consider a
string x = (x1, X2, ..., Xg) suchthatxy € {0, k1, k2, ..., ka},
and for each J» at least one x; takes the value k;. This implies
that 3¢ ulx; > 1if and only if i € {k1. k. ... kg} from
which it follows thatv; = lifand only ifi € {k1, k2, ..., kg'}.
Thus we have 1 — §(v;, ¢;) = O (resp., 1) if ¢; = 1 (resp., 0)
fori € {k1,ka,....kg}, and 1 — 6(vj, ¢;) = O (resp., 1) if
e; = 0 (resp., 1) fori & {k1, kp, ..., kg’}, which implies that
y can be obtained by x.

We construct a neural network by using Eqs. (3) and (4)
with five layers, and use RelLUas an activation function
to express the computation of Egs. (5), (6), and (7).
An illustration of the network is given in Figure 3. We denote

VOLUME 12, 2024

a node and its value with the same symbol. The first and
the last layers are the input and output layers with d and n
nodes storing the entries of the strings x and y, respectively.
The second layer (first hidden layer) corresponds to Egs. (5).
There are dn values of 8(x;, i), and by Eq. (3) 6(x;, i) can
be computed using four nodes with ReLLUas an activation
function. Therefore there are 4dn nodes in the second layer.
Let al.lj, al.zj, /31:1,., and /3[2 denote such nodes, i € {1,2,...,n}
andj € {1,2,...,d}, withbias —i/e + 1, —i/e,i/e + 1, i/€,
resp., where € is a sufficiently small positive real number.
The edges (x;, &), (5, &), (7, BY), (xj, B) have the only
non-zero weights 1/€, 1/e, —1/e, —1/€, respectively. This
implies that

Oll-lj = ReLU((xj —i)/e + 1), aizj = ReLU((x; — i)/e),

:3;} = ReLU((i — xj)/e + 1), ,3,21 = ReLU((i — xj)/e).
The third layer performs the computation of Eq. (6). There
are n values of v;, and by Eq. (4) for each v;, two nodes are

required to express [a > 1] as ReLU. Therefore there are 2n
nodes in the third layer. Let nl.l, and nl.z, ie{l1,2,...,n},
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FIGURE 3. An illustration of a binary H,-generative neural network with three hidden layers. The bias and non-zero weights of a
few nodes and edges are shown.

are such nodes with bias —(d + 1)/e + 1 and —(d + 1)/,
respectively. The edges (aél., nf’), (atfzi’ nf), (/31:1/., nf’), (/35, nf’),
h = 1,2 have non-zero weights 1/e, —1/e,1/e, —1/e€
respectively.

Thus with ReLLU as an activation function and Eq. (1), we

have

d
n; =ReLU | D (af —oj+Bi—p7)/e—(d + /e +1
j=1
d
= ReLU Z(H(xj—i)+H(i —x)/e—(d+1)/e+1},
j=1
®)
d
n; =ReLU | D (afj — o + B} — Bj)/e — (d + 1)/e
j=1
d
=ReLU | D (H(xj— i)+ H(i — x}))/e — (d + 1)/e
j=1
)

By setting a = >0 (H(x; — i) + H(i — x;)) — d in Egs. (8),
and (9),and 0 = 1, we have

n} =ReLU((a — 6)/e + 1), n? = ReLU((a — 0)/e€)).
This and Eq. (2) implies that

n—ni=la>1] (10)
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[ a

=D HE—)+HGi-x)—d>1| (1)
/=1
[ d

= Za(xj, H>1]. (12)
j=1

The fourth layer is used to compute Eq. (7). For each §,
we need four nodes, and therefore the fourth layer has 4n
nodes. Let u}, le-z, yl.l and )/i2 denote such nodes with bias
—ei/e + 1, —ej/€, ei/e + 1 and e; /€, respectively. The edges
(g 117, (n; wh (fs ), nf, ud) (esp., (nf, vh, (f, v
(nil, ¥i), (03, ) have the non-zero weights 1 /¢, —1/€,1/e,
—1/e€ (resp., —1/€,1/€, —1/€, 1/€) respectively. By Eq. (10)
we have

1) = ReLU ((ni1 — 1 —e)/e+ 1) ;
u? = ReLU ((77,-1 —nf - ez‘)/G) ;

Vil — RelLU ((—77,] + ’7,’2 +ej)/e + 1) ,
y? = ReLU ((—n} + 17 + ei)/e) -

The fifth layer is the output layer with n nodes y; with bias 2.
The non-zero weights of the edges ([Ll-l, Vi), (yl.1 , Vi), (u?, Vi),
(yl.z, yp)are-1,-1, 1, 1, respectively. By using Egs. (1) and (4),
we have

vi=—p i -y 442
=—H(} —n} —e) —H(ei — (n} — 1)) +2
=1-380m} —nl e)

VOLUME 12, 2024
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d
=1-58(|D80.0=1].¢
j=1
=1-6(p=1le) =106, e).

This implies that for each input string x the constructed
network can output a string y that has hamming distance
at most d with e. Furthermore, the size of the network is
d + 4dn + 2n 4 4n + n = O(dn), and has a constant depth,
which completes the proof. g

Example 1: Suppose that e = (1,1,0), d = 2, andy =
(0, 1, 1), where the hamming distance between e and y is 2.
The strings e and y differ at positions i = 1, 3. By Theorem 1,
setx] = landxy = 3, i.e., x = (1, 3). We demonstrate that by
using x = 1,3 as an input to the neural network with ReLU
as an activation function constructed in Theorem 1, we get
the same output y. The architecture of the neural network
is shown in Figure 4, where the edges with zero weights
are omitted. The values of each node in the second, third,
fourth, and fifth layers are listed in Tables 1, 2, 3, and 4,
respectively.

We extend the definition of binary H;-generative ReL.U for
integer strings as follows.

Given a string e = (e1,e2,...,e,) of length n over
alphabet ¥ = {I,2,...,m}, and a non-negative integer d.
We define H;-generative ReLU, as a ReLU neural network
with 2d input nodes x = (x1, x2, .. ., X24) and n output nodes
Y = Y1, Y2, ..., Yn such that all strings y = (y1,¥y2, ..., Yn)
over X with hamming distance at most d with e can be
obtained by appropriately choosing input values for x =
(x1,x2,...,%2q), where x; < n,and x4 € L for1 <j <d.

We discuss the existence of H;-generative ReLU in
Theorem 2.

Theorem 2: For a given string e of size n over a symbol
set ¥ = {1,2,...,m}, and a non-negative integer d, there
exits an Hj-generative ReLU network with size O(nd) and
constant depth.

A proof of Theorem 2 and its computation are demon-
strated in Example 3 in Appendix.

lll. ED; AND El;-GENERATIVE RELU

Given a string e = (eq, €2, ..., e,) of length n over alphabet
¥ = {1, 2,...,m}, and a non-negative integer d, we define
ED,-generative ReLU, to be a ReLU neural network with d
input nodes x = (x1, x2, ..., Xq), and n — d output nodes y =
¥Y1s¥2, - - -, Yn—q such that all strings y = (y1,y2, ..., Yn—a)
over ¥ with edit distance exactly d from e due to deletion
can be obtained by appropriately choosing the input string
X =(x1,x2,...,%3), wherex; <n,1 <j<d.

The following theorem discuss the existence of
ED;-generative ReLU.

Theorem 3: For a string e of size n over X, and a
non-negative integer d, there exists an EDg-generative
ReLUnetwork with size O(dn) and constant depth.

Proof: Suppose e = (e1,e2,...,e5) and y =
1,¥2, ..., Yn—q) are two strings over X such that y is
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obtained from e by deleting exactly d entries at the
positions k1, ka, ..., kg of e. Consider an integer string x =
(x1,x2,...,xq) such that x; € f{ki,kz,...,ks}. Then the
following system of equations implies that we can obtain y
from x.

0 ifx; =1,
pi = Y _l forie{l,2,...,n}, for some
1 otherwise,

je{l,2,....d}, (13)

l
¢i = max(B Zpk—c3(pi, 0),0) fori e {1,2,...,n},

k=1
B> n,C > B, (14)
rl = [iB < gitj1 <iB+1] forie {1,2,...,n—d},
je{l,2,...,d+1}, (15)
t = max(eij—1 — C(1 —r]),0) fori € {1,2,...,n—d},
jell,2,...,d+1}, (16)
d+1
y,-:Zt;forie{l,Z,...,n—d}. (17)

J=1

Eq. (13) encodes the indices i as a binary vector to determine
if e; should be deleted or not from e. Eq. (14) is used to assign
the weights to each index in an increasing order such that the
weight g; is zero if p; is zero, i.e., the entry e; should be deleted
from e. Egs. (15) and (16) are used to determine the positions
in y of those entries of e that should not be deleted. Since
exactly d entries can be deleted from e therefore each i can be
shifted by at most value d. Hence, a given position 7 in y can
have the value e;1_1, for some j, depending on the number of
zeros before g;, i.e., the number of entries to be deleted before
e; as demonstrated in Example 2.

Construct an eight-layer neural network with ReLU as an
activation function by expressing Eqs. (13)-(17) as ReLU as
follows. An illustration of such a network is given in Figure 5
where the first layer is the input layer with input x, the last
layer is the output layer that outputs y. The Input layer has d
nodes which are denoted by xj, 1 < j < d. We can express
Eq. (13) as &, [a > 0] as follows.

W =1—8(x, i), (18)
d

a=|Duzd|. (19)
j=1

By Eq. (19), we have z; = p;. By using Prop. 1 the second
layer performs the computation of Eq. (18) with 4nd nodes

1 2 pl p2 . .
oy A, ,Bij, ﬂij, 1 <i<n,1 <j<d. The values of these
nodes are:

Oll-lj = ReLU((xj —)/e + 1), a?j = ReLU((xj — i)/e),
i} = ReLU((i — xj)/e + 1), ,35 = ReLU((i — xj)/e).

By using Prop. 2, the third layer performs the computation
of Eq. (19) with 2n nodes nil and ’71'2’ 1 < i < n, with
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FIGURE 4. An example H,-generative ReLU obtained by using Theorem 1. The edges with zero weights are omitted.

values:

d
n} =ReLU [ D (—a} — Bl +ef+Bh/e+dje+1],
j=1

d
ni = ReLU | D (—ajj — B + o + Bj)/€ +d/e

=1
Fourth and fifth layers are used to perform the computation
of Eq. (14). The fourth layer calculates the values of
ReLU(Z}Clek) and §(z;, 0) with 5n nodes y;, ,u}, /,Ll-z,
/\1-1, /\i2 by using Prop. 1. The values of these nodes
are:

yi =ReLUO (m — 1))
k=1

! =ReLU((n} — n}/e + 1),
ui =ReLU((n} — n})/e),

Al =ReLU((—n} +n})/e + 1),
A7 = ReLU((—n} + n})/e).

Finally, the fifth layer with n nodes t; computes Eq. (14) as
follows:

o = ReLU (Byi—CGu} — 12 + A = M)+ C).

The sixth layer is used to compute [gitj—1 > iB] and
[—qi+j_1 z—(iB—i—l)] in Eq. (15) by using Prop. 2
with 4(n — d)(d + 1) nodes wl}, w;, pilj and pé such
that

l.j. = ReLU(t;1j_1/€ + (—iB/e + 1)),
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1//5 = ReLU(ti4j—1/€ + (—iB/e)),
pjj = ReLU(—Tiy;_1/€ + (iB+ 1)/e + 1),
pl% = ReLU(—7j1j—1/€ + (iB + 1)/e).

Thus, Eq. (16) is computed in the seventh layer with (n —
d)(d + 1) nodes ¢;; such that

G = ReLU (41 = C(=v + 3 = pf + 02 +2)).

Finally, the eighth layer is used to perform the computation
of Eq. (17) with n — d nodes y; with value

d+1

yi= ZCU
j=1

Hence the constructed neural network is an EDg-generative
ReLU with size O(dn) and constant depth. O

Example 2: Suppose that the symbol set is ¥ =
{1,2,3,4,5}, e = 3,2,4,1),d = 2andy = (2,1). The
strings obtained by using x = (1, 3) and Egs. (13)- (15) are
p=1[0,1,0,1], ¢ = [0,B,0,2B], r = [[0, 1, 0], [0, 0, 1]],
t = [[0,2,0],[0,0,1]], and y = (2,1). We show that
the EDg-generative ReLU constructed by using Theorem 3
outputs the required string y. The values of each node of the
layers are listed in Tables 12- 19.

Next, we define El;-generative ReLU for strings as
follows.

For a string e = (ey, €2, . . ., e,) of length n over alphabet
¥ = {1,2,...,m}, and a non-negative integer d, we define
El;-generative ReLU to be a ReLU neural network with 2d
inputnodes x = (x1, x2, ..., X24), and n+d output nodes y =
Y15 Y2, « - - » Yntd Such that all strings y = (y1,¥2, ..., Yn+d)

VOLUME 12, 2024
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—iBje+1

FIGURE 5. An illustration of ED4-generative ReLU with the six hidden layers, where a few nodes and edges with

their bias and non-zero weights are shown, respectively.

over ¥ with edit distance exactly d from e due to insertion
can be obtained by appropriately choosing the input string
x = (x1,X2,...,X2q), Where x; < n,and xj14 € L for 1 <
j=d.

The existence of of such El;-generative ReL U is discussed
in Theorem 4.

Theorem 4: For a string e of size n over ¥ =

{1,2,...,m}, and a non-negative integer d, there exists an
El;-generative ReLUnetwork with size O(nd) and constant
depth.

A proof of Theorem 4 and its computation are demon-
strated in Example 4 in Appendix.

IV. E;-GENERATIVE RELU
For a string e = (ey, ez, ..., e,) of length n over alphabet
¥ = {1,2,...,m}, and a non-negative integer d, we
define E,-generative ReLU to be a ReLU neural network
such that all strings y over X with edit distance at most d
from e due to deletion, substitution and insertion and can
be obtained by appropriately choosing input string x =
(*1,...,%j,...,x59), such that x; € [0, 1) and x; is of the
formi- A, where i is an integer, and A is a small constant.
Theorem 5: For a string e of size n over X, and
a non-negative integer d, there exists an Eg-generative
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ReLU-network with size O(max(dn,dm)) and constant
depth.

A proof of Theorem 5 and its computation are demon-
strated in Example 5 in Appendix.

V. CONCLUSION

We proved that the functions § and [a > 6] can be
expressed as a ReLU network with four and two hidden
nodes, respectively. By using this results, we discussed the
existence of ReLU generative networks that can generate
strings similar to a given string with respect to Hamming
distance and edit distance. We first proved that all the binary
and non-binary strings of length » with Hamming distance
at most d from a given string can be generated with a
ReLU network with constant depth and size O(nd). This
result is then extended for the case of edit distance when
either deletion or insertion operations are allowed, and proved
the existence of a ReLU network with constant depth and
size O(nd) to generate all strings over a given symbol set
with edit distance exactly d from a given string. Finally,
based on these results, we proved the generalized case where
substitution, deletion and insertion operations can be applied
simultaneously. More concretely, for a given string of size n
over a symbol set of size m, there exists a ReLU generative
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TABLE 1. Values of the nodes of the second layer.

g = ReLU((xj — i)/e + 1) af = ReLU((x; — i) /¢) Bj =ReLU((i —x)/e +1) B7 = ReLU((i — x;)/e)
aj; =1 af; =0 B =1 B =0
ajy =1+2/e a%%ZQ/G Pz =0 Biy =0
10‘%1:0 %‘21: B3 =1+1/€ %5—1/6
5o =1+ 1/ a23:1/e =0 B3y =0
al; =0 a3y = Bi, =1+2/¢ B3, =2/
agy =1 azy =0 Bip =1 B3y =

TABLE 2. Values of the nodes of the third layer.

= RO (o] — o2 A= A/~ @ /et T RO (o]~ + AL~/ — @+ /9
1 _ —
77% = nz =
N3 = 1 N3 =

pui =ReLU((n) —n7 —e)/e +1)[ pZ =ReLU((nf —n7 —ei)/e)| ~ =ReLU((=n] + 07 +e)/e+ [ ~7 = ReLU((—n + 17 +ei)/e)
1#220 lgzzo '72:11+1/5 ’)’22:1/E
py =1+41/€ uz =1/¢ 73 =0 753 =0

TABLE 4. Values of the nodes of the fifth layer.

Yi=—p +p7 = 7+ 2
y1=0
y2=1
y3=1

network that can generate all the strings with edit distance at
most d due to substitution, deletion and insertion operations
with constant depth and size O(max(md, nd)).

The complexity of the proposed networks is at least O(nd)
which can be computationally expensive with the increase in
n and d. Therefore it is a natural research problem to improve
the complexity of the proposed networks from O(nd) to
o(nd). Furthermore, an interesting future direction can be to
extend these results for other distance metrics such as tree
distance. From a practical viewpoint, it is important future
work to improve and apply the proposed method to generation
of real string data such as DNA sequences and protein
sequences. An implementation of the constructed gener-
ative network is available at https://github.com/MGANN-
KU/ReLU_Networks.

APPENDIX

PROOFS AND EXAMPLES

Proof of Theorem 2: Let e = (ey,e2,...,e,) be a string
over X. We can partition the strings y over X that have
hamming distance with e at most d with respect to their exact
hamming distance and the positions they differ from e. Let

y = (b1, Y2, - . -, yn) be a string with hamming distance d’ <
d and differs from e at the positions ki, k3, ..., k. Then it
holds thatykj IS E\{ekj}. Constructx = (x1, x2, ..., X24) such
that x1, ..., x4 is a sequence over {0, k1, k2, ..., kg'}, where
52610

each k, appears at least once in x1, ..., x4, and x44; = yg,
(resp., a € X)if x; = k¢ (resp., 0), for 1 < j < d.Itis easy to
verify that Egs. (20)-(23) hold for e, y, and x, i.e., we can get
y from the constructed x.

j—1
pj=max(x; — C- > 8(xj, x),0) forj € {1,2,....d},

k=1
where C is a constant with C > max(m, n), (20)
d
qi = max(e; — C D _8(pj. i), 0) fori € {1,2,....n}, (21)
j=1

d
ri= . (max(eia — C(1 = 8(pj, ), 0)
j=1

forie {1,2,...,n), (22)
yizqi+rif0ri6{1,2,...,n}. (23)

The variable p; = 1 if and only if the value of x; is not repeated
before. Basically, p; is used to ignore the repetition in the
sequence X, ..., X4. The variable g; stores the values of e
that will not be substituted. More precisely, g; = e; if and
only if x; # i for all j (as demonstrated in Example 3). The
variable r; stores the values that should be substituted, i.e.,
ri = Xq4; if and only if x; = 7 for some j. Finally, the required
string y is obtained by adding ¢; and r;, since exactly one of
these can be non-zero.

Construct a seven-layer neural network with ReLU as an
activation function by expressing Egs. (20)- (23) as ReLU.
An illustration of such a network is given in Figure 6. The
first layer is the input layer with input x having 2d nodes
which are denoted by x;, 1 < j < 2d. The last layer is the
output layer which outputs y using Eq. (23) and n nodes y;,

VOLUME 12, 2024



M. Ghafoor, T. Akutsu: On the Generative Power of ReLU Network for Generating Similar Strings

IEEE Access

0

)
)

FIGURE 6. An illustration of the H4-generative ReLU with five hidden layers, where a few nodes
with their bias and edges with non-zero weights are shown.

TABLE 5. Values of the nodes ¢l:j, ;0,%]., "’Il(j’ plfj of the second layer for 1 <j, k <d.

Y = ReLU(( —x) /e +1) YF = ReLU((j —x)/€) Py = ReLU((w — x)) /e + 1) pi; = ReLU((x — x)) /)
Y1y =1 P37, =0 pp =1 Pl =
¢i272/e+1 ¢f%:2/e p%:o p%QZO

1@3:1 Y13 =0 1/’13:1 Pi3 =0
Yg; =0 Y5 =0 Py =2/e+1 P2%:2/5
Y=l V2 =0 P2 =1 p22 =0
Vi =0 U3 =0 Phy = 2/e+1 piy =2/
P31 =1 31 =0 Pz =1 P31 =
¢§2T2/5+1 w§%:2/e pggzo p§2—0
Y3z =1 Y33 =0 P33 =1 P33 =0

TABLE 6. Values of the nodes xj’ of the third layer. of these nodes are:

=T
xf =ReLU(x; — C - D

i — Y+ ey — P — 1)
T=2

4

0

X
X.
X

[ENREN

Vi = ReLU((x; — xi)/€ + 1), Y& = ReLU((xj — x¢)/€),
p,ij = ReLU((xx — xj)/€ + 1), p,fj = ReLU((xx — x))/€).

The third layer keeps a copy of d nodes x; 4 and performs the

computation of Eq. (20) with d nodes x; fo 1l <j < d which

is given as:
1 < i < n. The five hidden layers perform the computation of
Egs. (21) and (22). The second layer keeps a copy of 2d nodes
x;j and performs the computation of §(x;, x;) with 4d 2 nodes
wklj, wkZJ., ,o,lj, ,o,%j, 1 <j,k < d based on Prop. 1. The values

Jj—1

k=1

VOLUME 12, 2024

1 2, 1 2
xjf =RelLU [xj - C- Z(ij —Vig+pg—pPig— 1D
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TABLE 7. Values of the nodes a’.} , az, ﬁ’.}., ﬂz of the second layer for 1 <i <n,1 <j <d.

g = ReLU((x/ —i)/e + 1) aZ = ReLU((x/ —i)/e) Bj =ReLU((i —x])/e +1) B7 = ReLU((i —x])/e¢)
al; =1/e+1 a§1:1/e =0 §1=0
0‘%2?3/€+1 0‘1%:3/6 15%2:0 €12:

aja =0 af, = =1/e+1 =1/e
= o, L B
agy =2/e+1 0‘2%:2/6 B2z =0 Baa =
aly =0 azs =0 Bla=2/e+1 6§3:2/e
10%1:0 02‘31:0 531?1/5+1 B3 =1/e
o3y =1/e+1 0‘3%—1/6 B32 =0 B3y =0
a%3 =0 o =0 5%3 =3/e+1 ﬁgg =3/e
aiuf ogy = 41T2/E+1 By, =2/€
aim—l 0%2—0 154221 242:()
a3 =0 afs =0 Big =4/e+1 Biq =4/€
TABLE 8. Values of the nodes )\; of the third layer. A and Mij, Tesp., such that
X =ReLU(X L, (—Cal + CaZ — CBL + CB2) + (ei + Cd)) d
Vo Ai =ReLU | D (—Ca}+Caf—CBL+CBH+(ei+Cd) |
A3 =3 J=1
A =0

TABLE 9. Values of the nodes u;; of the third layer.

pir = ReLU(Caf;— | piz = ReLU(Coj,— | piz = ReLU(Cory—
Cafi +CB— Ca + CBjh— Caj + CBL—
CB2 +xag1 —2C) | CB3 +xaq2 —2C) | CBZ + xaqs — 2C)
p11 =0 pi12 =0 p13 =0
p21 =5 p22 =0 p23 =0
p31 =0 32 =0 p3z =0
pa1 =0 paz =1 paz =0

TABLE 10. Values of the nodes y; of the fourth layer.

7 = ReLU(X | i)
71 =0
Y2 =5
v3 =0
va=1

TABLE 11. Values of the nodes y; of the output layer.

Yi=XAi+7
y1=4
y2 =195
y3 =3
ya=1

The fourth layer keeps a copy of d nodes x4 and performs
the computation of 6(p;, i) with 4nd nodes ozilj, ozizj, ,8; ,85 1<
i <n,1 <j<dbased on Prop. 1. The value of these nodes
are:

af = ReLU((x] — i)/€ + 1), ey = ReLU((x] — i)/e),

Bl = ReLU((i — x))/€ + 1), B = ReLU((i — x)/e).

The computation of Eq. (21) and max(xj 4 —C(1-4(pj, 1)), 0)
in Eq. (22) is performed in the fifth layer with n and nd nodes

52612

i = ReLU (Carj — Ca + CBl = CBF + xa; — 2C) .

The sixth layer keeps a copy of n nodes J;, and is used
to perform the computation of Eq. (21) with n nodes as
follows

d
yi = ReLU Z'U“ij
j=1

Finally, the output layer computes y; with the following
equation

yi=Ai+vi

Hence the constructed neural network is an H;-generative
ReLU with size O(nd) and constant depth.

Example 3: Suppose ¥ = {1,2,3,4,5},d = 3, e =
4,1,3,2)and y = (4,5, 3, 1). The strings e and y differ at
positions i = 2,4, and therefore their hamming distance d’
is 2. By using x = (2,4,2,5,1,3) in Egs. (20)- (23), we get
the vectors p = [2,4,0], ¢ = [4,0,3,0], r = [0, 5,0, 1],
y = (4,5,3,1). We show that the Hj-generative ReLU
constructed by using Theorem 2 outputs the string y from the
input x. The values of each node of the layers are listed in
Tables 5- 11.

Proof of Theorem 4: Suppose e = (ey,ea,...,e,) and
let y = (V1,¥2,...,Yn+q) be a string such that y can
be obtained from e by inserting the values yj, before the
positions k;, where k; < m, 1 < j < d. Note that more
than one entry can be inserted before a fixed position, and
therefore {k1, ky, ..., kg} is a multi-set. Furthermore the edit
distance of y from e due to insertion is exactly d. Construct
x = (x1,x2,...,x2q) such that x; € {ki, ko, ..., kq} and
Xjitd = yi for 1 < j < d. Then we see that y can
be obtained from e using x with the following system of
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TABLE 12. Values of the nodes of the second layer.

ag. =ReLU((xj —i)/e+1) a?j =ReLU((xj — i)/e) 5,.} =ReLU((i —xj)/e+ 1) ,85 = ReLU((i — x7)/€)
af, =1 af; =0 ﬁ];:l B3 =0
aly =2/e+1 a%:?ﬁ Biy =0 B2, =0
10‘%1:0 azp = Ba =1/e+1 35_1/5
aly=1/e+1 a%zlk =0 B3, =0
ag =0 ag, = i =2/c+1 B3, =2/e
gy =1 agy, =0 B3y =1 B35 =
ay =0 af; =0 Bi =3/e+1 ﬁ;:3ﬁ
g =0 aj, =0 Bip=1/e+1 Bip =1/
TABLE 13. Values of the nodes of the third layer. forie{l,...,n+1},€€{l,2,...,d}, (32)
W= ReLU(S, (—al — 14 | % = ReLU(SL, (<l = A1+ gn= >, wiforhe(l,2,....n+d}, (33)
ol + B} /e +d/e+ 1) af +B7)/e+d/e) Vi li+e—1=h
Zijl Zif yh=fn+gnforhe{l,2,....,n+d}. (34)
g = =
Zi _ 1 Z; - 0 Eqgs. (24)-(26) are used to realize the values of indices

TABLE 14. Values of y; nodes of the fourth layer.

%i = ReLU(Y Sy (g — 1))
71 =0
2 =1
v3=1
s =2

equations.

d d
pi= D H.x)— > 80, x) forje{1,2,....d},

k=1 k=j

(24)

d
qe =Y max(xj— C- (1= 8(L,pj+ 1)), 0) for £ € {1,

j=1
2,...,d}, where C is a constant with C >> max(m, n),
(25)
d
qare = »_ max(xa; — C - (1 = 8(¢, pj + 1)), 0)
j=1
for¢ e {1,2,...,d)}, (26)
d
ri= > 8qe.iyforie{l,....n+1), (27)
=1
i
ti=i+ Yy rforiefl,2,... n}, (28)
k=1
ut = max(e; — C - (1 — 8(t;, i + € — 1)), 0)
forie{1,2,....n}, £€{1,2,...,d +1}, (29)
fr= Z ul forhe{1,2,...,n+d}, (30)
Vi, lli+—1=h
ve=gqe+0—1forte{l,2, ... d} (31)

wi = max(gare — C - (1 = 8(vg, i+ £ — 1), 0)

VOLUME 12, 2024

x;j in ascending order and accordingly the values of xgy;.
Egs. (27)-(30) are used to determine the position £ of ¢; in y.
Intuitively, the position of e; will be shifted by the number
of insertions to be performed before e;. This implies that we
can express the position i of ¢; as h = i + £ — 1 for some ¢,
1 <€ <d+1, where £ — 1 is the insertions before e;. The
variable r; counts the number of insertions between ¢; | and
¢;, if it exists. The term ZZ:l r¢ in Eq. (28) gives the number
of all insertions before e;, and therefore ¢; is the position of e;
iny. The value of the variable uf is ¢; if and only if the number
of insertions before ¢; is £ — 1. The variable f;, determines the
values from e at position 4 in y, i.e., f, = e; for some i if
and only if the determined position i + £ — 1 of ¢; in y is
equal to h. Egs. (31)-(33) are used to determine the position
h in y of the new values gy44 to be inserted in e. It is easy
to observe that the position of g¢44 that should be inserted
before g¢ = i will be h = i+£ — 1. Intuitively, £ is the number
of entries to be inserted until e;. The variable v, in Eq. (31)
outputs the position of the new entry to be inserted before g;.
The variable uf is q¢+4 if and only if the position of g4 in
yis i+ £ — 1. The variable g, determines the value at the
position 4 in y, i.e., g = ge¢+q if and only if the determined
position i + £ — 1 of the new entry g, is equal to A. Finally,
adding fj, and g, gives the output entry yy, since e; and inserted
entries cannot have the same position in y.

Construct an eight-layer neural network with six hidden
layers and ReLU as an activation function to perform the
computation of Eqgs. (24)-(34), where the first layer is the
input layer with 2d nodes x;, and the last layer is the output
layer with n 4+ d nodes y;. An illustration of the network
is given in Figure 7. The second layer keeps a copy of
2d nodes x;. By using Prop. 1, this layer also computes
H(xj, x¢) and 8(x;, x;) with 2d? and 4d? nodes, resp., as
follows

mij = ReLU((; —x)/e + 1.7y = ReLU((; — x)/e).
Vi = ReLU((y — x)/e + 1), ¥ = ReLU((x; — xi)/e),
P =ReLU((xx —x)/e + 1), pf = ReLU((xk — x)/€).
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TABLE 15. Values of x; and )\; nodes of the fourth layer.

pl = ReLU((n, —n)/e+1) u = ReLU((n, —n7)/e) Al =ReLU((—n/ +n7)/e +1) AP = ReLU(( 0t +n2)/e)
i = ©Z=0 =1 X; =
1 2 1 %
py =1/e+1 2: 1/e )\%—O )\%:0
pi=1 p2=0 A%—l Ag—o
pi=1/e+1 Z: 1/e Ai=0 ;=0
TABLE 16. Values of the nodes of the fifth layer. The eighth layer keeps a copy of d nodes x4+, and computes
— ri and 8(v¢,i + € — 1) used in Egs. (27) and (32) with
7i = ReLU(By — C(u; _5‘1 tA = A)+C) n + 1, and 4(n + 1)d nodes, resp., by using Prop. 1 as
=
7.; - B follows:
3 =0 d
T4 =28 T = ReLU(Z(a}Z —

The third layer keeps a copy of 2d nodes x; and computes
pj with d nodes, as follows

d d
0j = ReLUQ (n; — ) — D (Wi = v + o — o)
k=1 k=j
+d—-j+ D).

The fourth layer keeps a copy of 2d nodes x;. By using
Prop. 1, this layer also computes 8(¢, p; + 1) with 4d? nodes,
as follows

¥y =ReLU((gj + 1 — £)/e + 1),
Y7} = ReLU((gj + 1 — 0)/e),
Pyl =ReLU((L — gj — 1)/e + 1),
pi; =ReLU((£ — gj — D)/e).

The fifth layer shows the computations of max(x; — C(1 —

3(¢, pj + 1)), 0) and max(xs4; — C(1 — 8(¢, pj + 1)), 0) with
d? nodes, as follows
x=ReLU (x+Cy3! —Cy+Cpf! - Cof—2C)

mu+ﬁ=RdJJ@wH+Cw

The sixth layer shows the computations of Egs. (25) and (26)
with d? nodes, as follows

xlf +Cp —C,ae2 2C)

d

x;, = ReLU ZX@' )
=1
d

Xppe =ReLU | > xew+)
=1

The seventh layer keeps a copy of d nodes x); 4¢- By using
Prop. 1, this layer also computes 8(q¢, i) and vy used in
Egs. (27) and (31) with 4(n + 1)d, and d nodes, resp.,
as follows

al, = ReLU((x, — i)/e + 1), a2

Bl = ReLU((i — x))/€ + 1), B
ve = ReLU(x; 4 £ — 1).

= ReLU((x} — i)/e),
= ReLU((i — x})/e),
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oy + By = Bip) — ).
=1
le =ReLU((ye — (i+ £ — 1)/e + 1),
i = ReLU((yg — (i + € — 1)/e),
Ml =ReLU(((i + £ — 1) — yp) /e + 1),
A7 =ReLU(((i + £ — 1) — yp)/e).
The computation of # and wf used in Eqgs. (28) and (32) is

performed in the ninth layer with n and (n 4+ 1)d nodes, resp.,
such that

i
7/ =ReLUGi + D> m0).
k=1
wie = ReLU(C) — Cul? + CN} — CANF + x4, — 20).

The tenth layer is used to compute §(¢;, i + £ — 1) and gj, used
in Egs. (29) and (33) with 4(d + 1)n and n + d nodes, resp.,
by using Prop. 1 as follows
ze =ReLU((r/ — (i+ £ —1))/e + 1),
ze = ReLU((z{ — (i + £ — 1))/e),
)\,g =ReLU(((i+¢—1)—1/)/e + 1),
)\M =ReLU(((i + ¢ — 1) — 1)) /e),
¢h=ReLU( D> ou).
Vi Lli+t—1=h

The eleventh layer keeps a copy of n + d nodes ¢, and
computes uf with n(d + 1) nodes a)ge that satisfies the
following equation

wly = ReLU(C 3} — Cui? + CA} — CAZ2 + e — 20).

The twelfth layer again keeps a copy of n + d nodes ¢, and
computes fj, in Eq. (30) with (n + d) nodes ¢; such that

Gp=ReLU( > )
Vi, 0li+e—1=h
Finally, the output layer computes yy, as follows
Yn =&+ e
Hence the constructed network is an El;-generative ReLU of

size O(nd) and constant depth.
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TABLE 17. Values of the nodes of the sixth layer.

¥ = ReLU(7ipj—1/e+ V7 = ReLU(7ip—1/e+ Py = ReLU(=Titj—1/e+ p; = ReLU(=Tit;—1/e+

(—iB/e+ 1)) (—iB/¢)) (iB+1)/e+1) (iB+1)/e€)
V1 =0 Vi =0 pir=B+1)/e+1 Pi=(B+1)/e
2 =1 1/’%2:0 Pl =1/e+1 piy =1/¢
Pi3 =0 Vi3 =0 piz=B+1)/e+1 pls = (B+1)/e
U3 =0 vp 20 ! s Pt
1/’%2*0 w32 =0 P22 *1(234'1)/64'1 P22 *2(23'*‘1)/6
Ya3 =1 Y33 =0 pyz=1/e+1 pos = 1/¢

© 0

1

®
®

—(i+]

@
: @

®

FIGURE 7. An illustration of El;-generative ReLU with the eleven hidden layers, where a few nodes and edges with their bias and
non-zero weights are shown, respectively.

TABLE 18. Values of the nodes of the seventh layer. TABLE 20. Values of the nodes ”ll(j’ "lzfj of the second layer.
Gj = ReLU(eitj—1 — C(=%f + 97 — pj + o} +2)) — —
¢11=0 hj = Mg =
Cro =2 ReLU((lef xi)/e+ 1) ReLU(ng — xx)/€)
¢i3=0 =1 =0
21 =0 N1 =0 7752:0
Ca2 =0 17713:1 7;13:0
Gz =1 My =3/e+1 772513/6
3y =1 N5y =0
77%3*3/54'1 772;3*3/5
TABLE 19. Values of the nodes of the output layer. 77%1 =1 77’5‘1 =
7@2 =0 77%2 =0
N33 =1 N33 =0
Yi = Z}iill Cij 33 33
y1=2
y2=1
x = (4,1,4,3,2,5) in Egs. (24)- (34), we get the
vectors p = [1,0,2, ¢ = [1,4,4,23,5 r =
Example 4: Suppose that ¥ = {1,2,3,4,5}, e = [1,0,0,2,0], ¢ [2,3,4,7], u = [[0, 3,0,0], [0, 2,0, 0],

(3,2,4,1),d = 3andy = (4,3,2,4,2,5,1). By using [0,4,0,0],[0,0,0,1]],f =10,3,2,4,0,0,1], v =1, 5, 6],
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TABLE 21. Values of the nodes 'hl,' s 1/;,1!.2, pI'q.‘ , pp? of the second layer.

z[),}jl = ReLU((xj — xx)/e+ 1) 1/1,}].2 = ReLU((xj — x¢)/€) p,%jl = ReLU((xx —xj)/e+1) p,}/? = ReLU((xx — xj)/€)
=1 o= T i
12 = Y13 =0 ply=3/c+1 pi3 =3/e
P13 = P13 =0 /’ﬁ% = Pé =0
Yil=3/e+1 P37 =3/¢ Pay = pay =0
Yi3 =1 w%EZO p%2:1 /’%3:0
P33 =3/e+1 12 =13/ p%;}=0 p%E:O
i Vot = Ny P31 =
1!}%= T/}%%ZO P33 =3/e+1 p3%23/€
Yaz3 =1 Y3 =0 piz =1 pi3 =0
TABLE 22. Values of the nodes ; of the third layer. Forje{d+1,...,2d,4d + 1, ...,5d},
o = ReLU(S{y (n — ) — S (0l — i + ol — o)+ [ le-Dm sy <t/m] o ite=1,
(d—j+1)) q,=1[t—D/m=<x<e/m|— ifeef2,... ,m,
=1
g; —0 8(xj, (€ — 1)/m).
02 =2 (36)
n+1 ]
/o 3 .
w = [[2,0,0],10,0,0],[0,0,0] [0,3,5],[0,0,0]] ¢ = P~ ZOPJ iforjedl,....d,2d+1,....4d}. (7
[2,0,0,0,3,5,0], andy = (2,3,2,4,3,5, 1). We show that l,_n
the El;j-generative ReLU constructed by using Theorem 4 qj/_ — quz Lforje{d+1,...,2d,4d +1,...,5d}.
outputs 'y for the input x. The values of each node of the layers —1
are listed in Tables 20- 36. (38)
Proof of Theorem 5: Suppose e = (e1,€2,...,ep) 1S a
string over X, and x = (x1, ..., Xj, ..., Xs5q) be an arbitrary Let x be the converted string. To avoid performing redundant
string over [0,1) with x; = i - A, where A is a small operations, ignore x; if it is repeated for 1 <j <d,2d +1 <

constant. We consider that the entries x;, 1 < j < 2d,
(resp., 2d + 1 < j < 3dand 3d +1 < j < 5d)
correspond to substitution (resp., deletion and insertion)
operations. These operations are performed in the following
six steps which consist of pre-processing of x, padding on
e followed by substitution, deletion, insertion, and trimming
operations.

(1) Perform a pre-processing to convert x into an integer
string such that the real value x; with1 <j <d,2d+1 <j <
3d,3d+1 <j<4d (resp.,d+1 <j<2d,4d+1 < j < 5d)
in the intervals 0, (0, 1/(n+ 1)], ..., (n/(n+1), (n+1)/(n+
D] (resp., [0, 1/m], (1/m,2/m], ..., ((m — 1)/m, m/m] is
converted into O, 1,...,n + 1 (resp., 1,2, ..., m). This is
performed by first identifying the range and then applying
the threshold function by using Eqgs. (35)- (38). The variable
pi. (resp., qé) in Eq. (35) (resp., Eq. (36)) are used to identify
the range of x;. More precisely pf. (resp., qé) is 1 if and only
if x; is in the i-th interval from 0, (0, 1/(n + )], ..., (n/(n +
D, (n+ 1/(n+ D] (resp., [0, 1/m], (1/m,2/m], ..., ((m —
1)/m, m/m]). The variables p]/- and q]’- store the integer value
corresponding to x;, i.e., p]’. = i (resp., qj/. = ¢) if and only if

pﬁ =1 (resp., qz =1).
=[G~ D/n+ 1D <x <i/in+ 1]~
8(xj, (i — D/(n + 1),
forie{0,1,....,n+1},je{l,....d, 2d+1,...,4d},
(35)
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J < 3d, or set x; := 0 if it has at least (d + 1)-th index
among the non-zero and non-repeating values for 1 < j <
d,2d + 1 < j < 4d. Furthermore for the insertion indices
3d+1 < j < 4d, setx; := n+ 1if x; = 0 since, the insertion
operation cannot handle the index zero. These computations
are performed using Eqs. (39)- (42) as follows

j—1

max(1 — (59, 0) + > 8(p}. p})). 0)
k=1

ifjefl,....d},
= -1
max(1 = (5}, 0)+ D_ 8(p}. p})). 0)
k=2d+1

ifje{2d+1,...,3d),
1—68(p),0) ifje(3d+1,.... 4d).
(39)

J
w=|D t=d+1|forje{l,....d.2d+1,....4d}.

| k=1
(40)
vjzmax(pj’-—C-uj,O)forje {1,...,d,2d +1,...,4d}.
41)

v oitjeq, ... d,2d+1,...,34),
T | maxj+(n+1) - 8(v, 0), 0) if j € (3d+1, ..., 4d).
42)
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TABLE 23. Values of the nodes 'ﬁezil , 'ﬁeziz’ pl?i’ s /’%jz of the fourth layer.

Y7 =ReLU((gj +1—-6)/e+1) Y77 =ReLU((gj +1—0)/¢) pyl =ReLU(({ — ¢ —1)/e +1) pj; =ReLU(({ — gj —1)/¢)

i ?11/6+1 ¢%22: 1/e pﬁ -0 piizo

211/’12: 1/2’2:0 P$: P% =0
A v o= o

1 Ao Py 2

w%’_ Lo wgﬂi 2 S 21" é1:/ 0+ 1 5 ; :1(/)

= = p31 = L/€ pi] = 1/€

w%%: w%%:O p%zZ/e—‘rl p%:?/e

Y33 =1 P33 = p%% = ps% =0

TABLE 24. Values of the nodes x,; and x,(4.) of the fifth layer.

X = ReLU(xj + Cy7 — Xe(d+j) = ReLU(xa4j + Cy7 —
Czp,_?j? + Cpgjl - Cp%j?) —20) ngj? + Cp?jl - cpfj?) —2C)
x11 =0 x14 =0
x12 =1 X15 =2
x13 =0 Xx16 =0
X21 = 4 X24 =3
x22 =0 Xx25 =0
Xx23 =0 Xx26 =0
x31 =0 X34 =0
Xx32 =0 X35 =0
X33 =4 X36 =5

TABLE 25. Values of the nodes x; and x"1+e of the sixth layer.

d d
xp = ReLU(3 iy xoj) | %74 = ReLUTI 4 Xe(atj))
xi =1 lel =2
/ /
x% =4 x;) =3
x3 =4 X6 =5

Here ¢; identifies if x; is non-zero and non-repeated, i.e., tj =
1 if and only if x; = p]/. is non-zero and non-repeated (resp.,
xi=0)forl <j<d,2d+1=<j<3d(@esp.,3d+1=<j=<
4d). The variable u; identifies if x; has index greater than d.
More precisely, u; = 1 if and only if x; has index greater than
d among the non-zero and non-repeating values and v; = 0 if
and only if u; = 1. Finally, w; is used to replace 0 with n+1 to
perform insertion operation, i.e., w; = n+1ifand only if v; =
0 for the insertion indices for 3d + 1 < j < 4d. Basically, w;
and qj’. are the resultant values that are obtained by converting
x; into integers, where wj is used to identify positions to make
changes and qj’. is used to store the value to be substituted or
inserted. Finally, get a processed string x” by concatenating
wj andq]/. asx; =W (resp.,qj/.)ifl <j<d2d+1<j<4d
(resp.,d +1<j<2d,4d +1 <j < 5d).

(i) Due to the different number of substitution, deletion,
and insertion operations, the resultant strings can have
different lengths. To handle this issue, increase the length of
e by padding d zeros at the end so that the total length of the
string becomes n + d.

(iii) Apply substitution operations on e using x/f 1 <j<
2d, as discussed in Theorem 2 and get a string of size n 4 d.

(iv) Apply deletion on the output of (iii) using x7, 2d + 1 <
J < 3d, as discussed in Theorem 3 and get a string of size n.
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(v) Apply insertion operations on the output of (iv) using
x]f, 3d + 1 < j < 5d, as discussed in Theorem 4 and get a
string of size n 4 d.

(vi) Finally, obtain the resultant string y with the first n —
np +ny entries of the output of (v), where np is the number of
distinct non-zero entries among xjf ,2d +1 <j <3d, and ny
is the number of non-zero entries among x]f ,3d+1 <j<4d,
that are in the range (0, (n + 1 — np)/(n + 1)] with index less
than d + 1. It is easy to notice that y has edit distance at most d
from e. Furthermore, the number of substitution, deletion and
insertion operations can be controlled in x, and therefore any
string y over X with at most distance d from e can be obtained
by appropriately selecting x and applying steps (i)-(vi).

Construct a twenty-two-layer neural network with ReLU
as an activation function to perform the steps (i)-(v). The first
layer is the input layer with 5d nodes x;, and the last layer
is the output layer of size n + d with output y'. The second
layer corresponds to Egs. (35) and (36) which computes
[x =G —D/(n+ D].[-x = —i/(n + D], 8(xj, (i—1)/(n+
1)), [xj > —-1/m|, |—x > —E/m] and §(x;, (£ — 1)/m),
by using Props. 1 and 2 with 2(n + 2)(5d) nodes y;;', v;;?,
2(n + 2)(5d) nodes yijz.l, yijz.z, 4(n + 2)(5d) nodes a,}/l, ailjz,
,31.}1, ﬁ;?, 2(m)(5d) nodes !, w!?, 2(m)(5d) nodes ngl, wfj?
and 4(m)(5d) nodes a%jl, agj s 13122]'{’ ,Bl?jz, respectively:

y;' =ReLU(yj/e — (i — 1)/e(n+ 1)+ 1),
y;> = ReLU(xj/e — (i — 1)/e(n + 1)),

yilz.] = ReLU(—xj/€ +i/e(n+ 1) + 1),
y;> = ReLU(—x;/e + i/e(n + 1)),

o' =ReLU(xj/e — (i — 1)/e(n+ 1) + 1),
o’ =ReLU(xj/e — (i — 1)/e(n + 1)),

Bj' =ReLU((i — l)/e(n+ 1) — xj/e + 1),
Bl? =ReLU((i — D)/e(n+ 1) — x;/e),

w;jl = ReLU(xj/e — (£ — 1)/em + 1),

w;]? = ReLU(xj/e — (£ — 1)/em),

oy} = ReLU(—xj/€ + £/em+ 1),

oy} = ReLU(—xj/€ + £/em),

ag; = ReLU(xj/e — (£ — 1)/em + 1),
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TABLE 26. Values of the nodes “:e’ “:e’ ﬁ:(’ ﬁ’z( of the seventh layer.

aj, = ReLU((xe —i)/e+1) ol = ReLU((xe —i)/e) L =ReLU((i —x))/e+1) 2 =ReLU((i —x))/¢)
aj; =1 an—o 6111: BB—O
apy =3/e+1 afy =3/e Bya =0 137
a}3?3/e+1 a1§—3/€ 5%3: 2%3:0
az =0 Qy) = 521—1/6""1 B3, =1/¢
aly =2/e+1 al, =2/e 6%270 ﬂ%2:
CV23—2/E“‘1 CV2§:2/€ 1523—0 223:0
31_0 a3 = 531:2/5+1 /83 :2/5
aiy =1/e+1 a2, =1/¢ 6%2—0 B2, =
o —1 5+1 af, = 1/€ = =0
33 / 3% :é 1ﬁi33 1 gggig
‘H e Bix =3/e+ B3 = 3/
a42 oy =0 %2:1 By =0
a%g—l az213:0 Biz = €43:
az, =0 ag; =0 ,6’?1 =4/e+1 *331 =4/e
gy =0 agy, =0 ﬁqzzl/e—i—l ﬁgzzl/e
azz =0 Q53 = Bsz =1/e+1 Bss =1/¢

TABLE 27. Values of the nodes 7; of the seventh layer.

ve =ReLU(xj + ¢ — 1)
7 =1
Y2 =5
Y2 =6

TABLE 28. Values of the nodes 7; of the eighth layer.

= ReLU(S, (@, — o2 ¥ B, — A —d)
T1=1
=0
m3=0
T4 =2
75 =0

azj = ReLU(xj/e — (£ — 1)/em),

:3@,' = ReLU(({ — 1)/em — xj/e + 1),

B} =ReLU(( — 1)/em — xj/€).
The third layer corresponds to Egs. (37)-(38) with 5d and 5d
nodes p; and v, respectively, as follows

n+1
=ReLUO ()" — v + v —vi* — o +of? — Bl
i=0

+ B - i),

v _ReLU(Z(% —wf t o] —wf — 1) (- Z(a
(=1

— o+ By — B

The fourth layer keeps copies of p; and v/, and computes
8(p}, 0) and 8(p}, p},) with 4(5d) and 4(9d?) nodes, respec-
tively. These nodes are:

Mg); = ReLU(pj/e + 1),

1 = ReLU(pj/€),

Aoj = ReLU(—pj/e + 1),

A; = ReLU(—pj/e),

—1)-0).
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i = ReLU((pj — pr)/e + 1),

n = ReLU((p; — pr)/e),

Ng = ReLU((—p; + pi)/e + 1),

N = ReLU((=p; + pi)/e).
The fifth layer keeps copies of p; and v/; nodes and computes
7; with 5d nodes as follows
T

u$}+u$, A HNZ - if1<j<d,

J—

> ) 43 - )

k=1

= ] ReLU(j — 2d+1—uéj+u5f— if 2d+1 < j < 3d,

21 22
Z (g — 1 + NG = A5,
k= 2d+l
ReLU(2 — H()/ —I—,uoj )\(1)} +

ReLU( + 1 —

Ao if 3d+1<j<4d.

The sixth layer keeps copies of p; and ; nodes and performs
the computation of Eq. (40) with 10d nodes njl and njz as
follows:

J
= ReLU(Z /e —(d+1)/e + 1),
k=1

J
n; =ReLU ti/e — (d + 1)/e).
k=1

The seventh layer keeps a copy of v; and performs the
computation of Eq. (41) with 5d nodes ¢; such that

¢j = ReLU(pj—C - (n] — n)).

The eighth layer keeps copies of 1//1 and ¢;. It also computes
8(vj, 0) with 4(5d) nodes g, ig7» Ayl and AG?

1) = ReLU(gj/€ + 1),
Xy} = ReLU(—¢j/e + 1),

17 = ReLU(gj/€),
A7 = ReLU(=¢j/e).
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TABLE 29. Values of the nodes 1}/, n)7, A} and A2 of the eighth layer.

pigt = ReLU (v, — p” = ReLU(y,— A =ReLU((i +£—1)— A7 =ReLU((i +£—1)—
(e 1)jet1) (tl—-1))/e) ye)fe+1) e)/e)
pip =1 pi7 =0 A =1 AN1=0
#i% =3/e+1 “i% =3/e ,\% = ,\f =
M3 ?13/6 +1 Mg = 3/e 11)\ = )1\%3 =0
py; =0 “%1: Ay =1/e+1 )\2%_1/6
,u%%:2/6+1 u%%:Q/E )\%%:0 )\%2:
Has T12/6 U Hag,= 2/¢ 11>\23 y )1\33 =)
11”3117 " 1 1! :1/ )\31)\?12/604_ ' Aibz 266
k35 = 1/e+ H3y = 1/€ = =
iy = = A 7 8 My, B
= His = Ajp =1 A5 =0
= = o =
”?1 = ,u% =0 )\§1 =4/e+1 )\%:4/6
u?lz ,ui, =0 A§%=1/6+1 )\? =1/e
pst =0 uzs =0 Aez =1/e+1 Ass =1/

TABLE 30. Values of the nodes r,.’ of the ninth layer.

. —T1
7/ =ReLU(i+ > " 7%)
T =2
Té =3
7':} =4
T, =7

The ninth layer keeps a copy of v; and computes w;
corresponding to Eq. (42) with 4(5d) nodes g; such that

§ ifl<j<d.2d+1<j<3d,

0j =
/ ReLU(g + (n + D(g) — 1g; + ) — Aoy — )

if3d+1<j<4d.
The tenth layer computes x]f with 5d nodes y; as follows:

xi = ReLU(g;j + ¥;).

Next apply substitution (resp., deletion, and insertion) on the
nodes x;, with 1 < j < 2d (resp., 2d + 1 < j < 3d,
and 3d + 1 < j < 5d) using the networks defined in
Theorems 2, 3 and 4 with a little alteration, and get y’. For this,
the eleventh layer of this neural network is the second layer
of substitution (resp., deletion, and insertion). The sixteenth
layer of this neural network gives the output of substitution
operation in the form of nodes eg;, forh € {1,...,n + d},
by using Theorems 2 whereas this layer copies the sixth
layer of deletion operation from the fifteenth layer as an
identity map and has the seventh layer of insertion operation.
To construct the seventeenth layer, in the equation

¢jj = ReLU (eHj_l — C(—Yy + ¥ — ol + P + 2)) .

of the seventh layer of deletion, e;yj—1 = es;;;j_1 is a node
of the previous layer connected with ¢;; with weight 1. In this
case the bias of ¢;; is only —2C. The eighteenth layer gives the
output of deletion operation in the form of nodes ep; for i €
{1, ..., n}, by using Theorem 3 and also contains the ninth
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layer of insertion. The nineteenth layer of this neural network
copies ep; nodes as an identity map and contains the nodes of
the tenth layer of insertion. To construct the twentieth layer,
in the equation

wl, = ReLU(CuZ! — Cu? + CNY} — CN7 + e — 20).

of the eleventh layer of insertion, ¢; = ep; is a node of
previous layer connected with w/, with weight 1. In this case
the only bias of @], is —2C. The twenty-second layer gives the
output in the form of nodes e;, =y, forh € {1,...,n+d}
after the insertion operation by using Theorem 4. Finally, get
y by applying step (vi) on y’. Thus, network has a constant
depth and size O(max(dn, dm)), which completes the proof.[]
Example 5: Let % = {1,2,3,4,5,6,7}, e =
4,1,3,7,5), and d = 3. Take A = 0.01 and
x = (0.03,0,0.03,0.27,0, 0.6, 0, 0.55, 0.55, 0, 0.25, 0.9, 0,
0.7, 0.24). By using x in Egs. (35)- (42), we get the vectors:

p=1[0,1,0,0,0,0,1,0,0,1,0,0,0,0, 0],
[1,0,1,0,0,0,0,0,0,0,0,0,0,0,0],
[0,0,0,0,0,0,0,0,0,0,1,0,0,0, 0],
[0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0],
[0,0,0,0,0,0,0,1,1,0,0,0,0,0, 0],
[0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0],
[0,0,0,0,0,0,0,0,0,0,0,1,0,0, 0]],

q =1[0,0,0,0,1,0,0,0,0,0,0,0, 1,0, 0],
[0,0,0,1,0,0,0,0,0,0,0,0,0,0, 1],
[0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0],
[0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0],
[0,0,0,0,0,1,0,0,0,0,0,0,0, 1, 0],
[0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0]],

p =11,0,1,0,0,0,0,4,4,0,2,6,0,0,0],

¢ =10,0,0,2,1,5,0,0,0,0,0,0,1,5,2],

t=1[1,0,0,0,0,0,0,1,0,0,1,1,0,0,0],

u=10,0,0,0,0,0,0,0,0,0,0,1,0,0, 0],
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TABLE 31. Values of the nodes w;, of the ninth layer.

Wil = ReLU(Cu}ll/f Cui? + CA — CAFP 4] wio = ReLU(C,uiIQI/f Cuiz + CAF —CAF+] wiz = ReLU(C,u};/f Cuif + CAF — CAF+
a1 = 22C Xat2 20C Ya+3 ~ =
w11 = wi2 = w13 =
w21 =0 woz =0 w23 =0
w31 =0 w3z =0 w33 =0
war =0 wiz =3 w43 =5
ws1 =0 ws2 =0 w53 =0

TABLE 32. Values of the nodes Il,?(', ":?zz' /\,?2 and )\lzlz of the tenth layer.

p2t =ReLU((7] - p2? =ReLU((7/ - AZE=ReLU(((i + ¢— 2% =ReLU(((i + £—
(i+¢—1))/e+1) (i+£—1))/¢) 1) —7/)/e+1) 1) —1/)/e)
pi=1/e+1 p3T=1/e Ai%:o Ag:o
21 _ 2 _ Al —q 222 —
Zi% = Zi% = )\i% ;21/5 +1 ’\;%2: 1/e
=0 pig =0 Ai=2/e+1 A =2/€
pil=1/e+1 u%%—l/e )\éizo ,\%2:
K = hgs = iy X2 =0
u%:o u%§:0 Aé%:1/e+1 Ag =1/e
M5y = pu5s =0 A5y =2/e+1 A5 =2/e
pi=1/e+1 u%:l/e Agi:o )\32:
p3z =1 pi% =0 Al=1 A2 =0
uggzo uggzo )\gézl/e—i-l )\5311/6
puzs =0 puis =0 A1 =2/e+1 A5: =2/e
pil =3/e+1 w32 =3/e A2l =9 A2 =0
Has 2 1e 1 Hag = 1/e M =0 2=
pag =1 #y3 =0 Aig = A3 =0
TABLE 33. Values of the nodes ¢, of the tenth layer. Input:

Cn = ReLUQR v pito— 11 Wit)
=2
(2=0
¢3=0
Ga=0
(s =3
C6=25
¢r=0

v=1[1,0,1,0,0,0,0,4,4,0,2,0,0,0,0],
W: [1705 1705 O) 07 O! 47 4’ 67 2’ 67 07 O’ 0]7
x'=(1,0,1,2,1,50,4,4,6,2,6,1,5,2).

By applying substitution, deletion, and insertion opera-
tions on e = (4,1,3,7,5,0,0,0) using x' we get
2,1,3,7,5,0,0,0); (2,1, 3,5,0); and

Yy =(2,5,1,3,5,0,0,0), respectively. Finally, by selecting
firstn—np+n=5—14+1=5wegety=(2,5,1,3,5).

EXAMPLES OF CODE EXECUTION

All codes are freely available at https://github.com/MGANN-
KU/ReLU_Networks. An explanation of the program codes
is given below.

The file Binary_Hamming_distance_
substitution.py contains an implementation of binary
Hg-generative ReLU to generate strings with a given
Hamming distance.
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e:= Input string of length n

d:= Hamming distance

x:= The binary conversion string of length n

Output:

y:= The string obtained by applying substitution operation
on e following x and has at most distance d.

An example: ¢ = (1,1,0), d =2, x = (1,
3), vy = (0, 1, 1).

The file Hamming_distance_substitution.py
contains an implementation of Hg-generative ReLU to
generate strings with a given Hamming distance.

Input:

e:= Input string of length n

d:= Hamming distance

m:= The size of the symbol set

x:= The conversion string of length 2n

Output:

y:= The string obtained by applying substitution operation
on e following x and has at most distance d.

An example: ¢ = (4,1, 3, 2), d =3, m =
5, x = (2, 4, 2, 5, 1, 3), vy = (4, 5, 3,
1) . The file Edit_distance_deletion.py contains
an implementation of R ED;-generative ReLU to generate
strings with a given edit distance due to deletion operation
only.

Input:

e:= Input string of length n
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TABLE 34. Values of the nodes o}, of the eleventh layer.

w! h= ReLU(Cu 2 = ReLU(CpZf w3 = ReLU(CpZ— w4 = ReLU(CpZf
ﬁé+c,\ é%+cvl §+CV1 é%+cv1
+ e —2C) +e¢; — 2C) + e —2C) +e —2C)
W/ll*O w}173 w,”fO w}lf()
w%1:0 w;1=2 w%I:O W/21:0
ws; =0 ws =4 ws =0 ws; =0
Wi =0 wi =0 Wi =0 wi =1

TABLE 35. Values of the nodes ¢ of the seventh layer.

G = ReLU(Ev;z\z-Hz 1= (W)
G =
¢! =3
220
5=
=0
G =1

TABLE 36. Values of the nodes yj, of the output layer.

=G +G
yi=2
y2=3
y3 =2
ya =4
y5 =3
Y6 =95
ye =1

d:= Hamming distance

x:= The conversion string of length n

Output:

y:= The string obtained by applying deletion operation on
e following x and has at most distance d.

An example: ¢ = (3, 2, 4, 1) d =2, x =
(1, 3), vy = (2, 1).

The file Edit_distance_insertion.py contains
an implementation of FEl;-generative ReLU to generate
strings with a given edit distance due to insertion operation
only.

Input:

e:= Input string of length n

d:= Hamming distance

m:= The size of the symbol set

x:= The conversion string of length n

Output:

y:= The string obtained by applying insertion operation on
e following x and has at most distance d.

An example: e = (3, 2, 4, 1) d =3, m =
5, x = (4, 1, 4, 3, 2, 5, v = (2, 3, 2,
4, 3, 5, 1).

The file Edit_distance_unified.py contains an
implementation of E;-generative ReLU to generate strings
with a given edit distance due to substitution, deletion and
insertion operations simultaneously.
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Input:
e:= Input string of length n

d:= Hamming distance

m:= The size of the symbol set

A:= The small number

x:= The conversion string of length 2n

Output:
y:= The string obtained by applying substitution, deletion,
and insertion operations simultaneously on e following x and
has at most distance d.

An example: e:= (4, 1,3,7,5) d:=3, m:=7, A:=0.01 x:=
(0.03, 0, 0.03, 0.27, 0, 0.6, 0, 0.55, 0.55, 0, 0.25, 0.9, 0, 0.7,
0.24), y:=(2,5,1,3,5).
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