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ABSTRACT Considering climate change, hybrid electric vehicles (HEVs) provide a clean alternative for
transportation. This study presents an HEV with a fuel cell and ultra-capacitor connected in a parallel-type
configuration. Direct model predictive control is used to optimize the power flow between the energy sources
and the motor. Notably, the proposed controller uses a global approach, i.e., a single controller for the
regulation of both power converters, thereby enhancing overall performance. Furthermore, the controller
design leverages a non-averaged state space model that explicitly incorporates the switching nature of the
converters. Amethod for computing reference currents for the fuel cell and ultra-capacitor is also introduced,
which utilizes the ultra-capacitor current to manage power demand transients. Simulation results show that
the proposed technique produces better results in terms of overshoot, steady-state error, and response time
compared to recent studies in the literature.

INDEX TERMS Model predictive control (MPC), fuel cell (FC), ultra-capacitor (UC), hybrid electric vehicle
(HEV).

I. INTRODUCTION
Conventional fossil fuel based vehicles have been around
since the industrial revolution. However, the use of hydro-
carbon fuel make these vehicles environmentally unfriendly
& subsequently, worsen global warming on our planet [1],
[2]. Hybrid electric vehicles (HEVs) & electric vehicles
(EVs) present a ‘‘green’’ alternative to conventional vehicles.
By adopting a personal carbon trading (PCT) system, the
carbon footprint of the charging of EVs & HEVs from the
grid, may be further minimized [3]. Moreover, cost of EV
charging may be reduced by following a dynamic charging
and discharging schedule [4]. Generally, HEVs use two or
more kinds of energy sources to power the drive train.
Common HEV combinations include internal combustion
engine (ICE) with one or more energy sources such as
battery, fuel cell (FC) and ultra-capacitor (UC) [5]. Though,
batteries are considered environment friendly yet they need
to be frequently charged externally for an EV and often for
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the HEV [6]. Commercially available batteries also suffer
from low power density i.e., the ability to provide power
quickly during sudden load transients [7], [8]. FC is a true
environment-friendly option but suffers from the problem
of slow power processing [9]. To overcome this problem,
this work opts the combination of FC and UC for an HEV.
None of these sources produce carbon emissions and hence
are environmentally friendly [10]. FC is the main power
source & UC is the auxiliary power source. A parallel-type
topology has been selected, as shown in Fig. 1. The parallel
topology ensures that both sources are able to provide energy
simultaneously, when required. Other HEV topologies &
configurations have been investigated in [11]. However, [11]
does not focus on a control system, required to drive the HEV
efficiently. A passive, cascaded configuration, including
battery & UC as power sources, has been presented in [12].
Although the proposed topology is relatively straight-forward
& does not use a control system, there is no control over the
power usage of either source & hence, active power sharing
between the sources is not possible. Similarly, a battery (main
source) + UC (auxiliary source) configuration has been
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FIGURE 1. Layout of the selected FC-UC HEV.

FIGURE 2. Comparison of PWM and MPC control loops.

used in [13] and [14], in which the two energy sources are
independently controlled, thus providing high flexibility. The
selected parallel-type HEV topology has been considered in
[15], [16], [17], and [18]. This topology uses two bidirectional
DC-DC power converters, each for a battery (main source)
& a UC (auxiliary source); hence, utilizing the recharging
feature of both sources. It is superior configuration as it
allows active power sharing, recharging through regenerative
braking & voltage regulation of the DC bus [16].
Various control schemes, such as Lyapunov redesign [19],

Backstepping control [16] and Integral Backstepping con-
trol [20] have also been proposed to control the selected
system. Lyapunov redesign technique, which has high steady
state error and slow response, uses the continuous state-
averaged model. This model is basically an approximation
and the control law needs to be re-derived whenever there
is a variation in the mathematical model. Fuzzy logic
based controller is proposed for FC/UC HEV, as in [21]
and [22] which is simple but not robust. Additionally, the
results are not compared with any standard driving cycles.
Another study [23], proposes a complete ensemble empirical
mode decomposition (CEEMD) fuzzy logic controller that
confirms the state-of-charge (SOC) of UC and ensures that
UC provides power in case of load variations. Although,
CEEMD fuzzy logic control is accurate and robust, it is a
complex control technique.

Model predictive control (MPC) controller consists of the
broaden class of pre-calculating and prediction controllers.
It is a subclass of predictive control which is widely used
in electric drive systems and power electronic circuits [24],
[25]. It belongs to numerous class of algorithms which uses
the system model to calculate the best value of actuating
variables. It calculates the system behavior for the case of
sequence values, sets up to predict horizon and gives the best
possible sequence at the minimal cost function [26], [27].
The cost function mainly consists of the control deviation.
Generally, when the length of the prediction horizon (N )
is large, it results in better control and robustness but at
the cost of greater computational effort [28], [29], [30].
The proportional integral derivative (PID) controller usually
calculates the reference values for the actuator which is
based on the amplification of the control error. Classically, its
tuning is done without the system knowledge [31]; however,
intelligent tuning methods have also been introduced in the
recent years [32]. Hence, MPC has various advantages over
conventional control methods. Some are listed below:

• Ability to control multidimensional systems.
• Better handling of system constraints.
• Ability to control linear as well nonlinear systems

In electric drive systems and power electronics circuits,
the time constants are in range of microseconds which
require high sampling rate and greater processing power.
In accordance with Moore’s Law [33], the number of
transistors on-chip increases doubles after every two years;
hence, MPC can be easily implemented in the modern
processors. There are many types of MPC that use the
continuous value of control set. Some common types are
generalized predictive control (GPC) which requires system
identification methods, and finite-set MPC (FS-MPC) that
uses a discrete mathematical model of the system [34].
The block diagram of Fig. 2(a) shows the pulse width
modulation (PWM) control loop which requires a modulator.
In contrast, there is no need for a modulator in FS-MPC
as shown in Fig. 2(b). It evaluates and provides optimal
switching sequence directly to the actuator. The cost function
is formulated at each possible sequence and the least value
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leads to the optimal sequence. This method can be extended
to higher values of prediction horizon. Hence, if the system
needs to be optimized in two steps then 2 × 2 = 4 switching
combinations are evaluated, following the relation:

U = mN

where, U is the optimal sequence and m is the number of
switching states. So computational requirement for FS-MPC
increases at higher values of N . However, MPC benefits from
the predictive model to provide an optimal control input.
It also offers a self-trending prediction in hydrogen electric
multiple units (EMUs) [35]. Particularly, the proton exchange
membrane fuel cell (PEMFC) is a complex non-linear system
whose characteristics change as the connected load current
changes. Since the conventional PID controller does not
perform well under varying load conditions, MPC has been
used instead in [36]. Results indicate better tracking operation
using the MPC. The paper is arranged as follows: Section II
presents the mathematical model of the FC-UC HEV &
discusses its operation. Section III highlights the algorithm,
used to implement the direct MPC. The simulation setup is
provided in Section IV. Section V presents the simulation
results and detailed discussion. Finally, the summary and
concluding remarks are shared in Section VI of this paper.

II. DESCRIPTION OF THE MODEL
The selected HEV uses two energy sources, in parallel:
(1) Fuel Cell & (2) Ultra-capacitor. FC produces DC voltage,
when supplied with hydrogen fuel & cannot be recharged
by conventional means. Moreover, the output voltage of FC
is too low as compared to the voltage of the DC bus (Vdc).
Therefore, a uni-directional DC/DC converter is required to
step-up the FC voltage & to ensure that the power flows
in only one direction. A boost converter does this job,
as depicted in Fig. 1. In contrast, the UC can be discharged
& recharged easily. Power from regenerative braking can be
used to recharge the UC. Hence, a bi-directional DC/DC
converter, called boost-buck, has been used with the UC,
as shown in Fig. 1. The operation of the parallel FC-UC HEV
is summarized below:

• FC is the main source, as it provides power to the DC
bus continuously, as long as the vehicle is operating. Its
output current is hence, considered positive.

• UC is the auxiliary source, as it is used to provide power
during start-ups & times of high acceleration. In this
state, its current is considered positive.

• UC can be recharged from regenerative braking, which
is producedwhen the vehicle is either braking or slowing
down. During this, its current is considered negative.

• Since the charge/discharge cycle of the auxiliary source
repeats many times, a UC is preferred as it has 10 to
100 times more life cycles than a common battery [37].
Furthermore, the charge density of UC is higher than
FC or battery i.e., it can discharge its energy way faster,
which is useful in high acceleration of the vehicle.

Since the FC produces power as long as it is provided with
the hydrogen fuel, it can be modeled as a DC voltage source.
Similarly, in discharging mode, the UC can also be modeled
as a DC voltage source. The models of UC & FC, along with
the schematics of the DC/DC converters, are shown in Fig. 3.
Fig. 3 shows that the boost converter contains only one

switch u1, which is used to provide power from FC to DC
bus. The boost-buck converter, on the other hand, enables
bi-directional power flow, depending on the state of its
switches u2 & u3, given as:

• Discharge (Boost) mode: u2 = 0, u3 ∈ {0, 1}
• Recharge (Buck) mode: u2 ∈ {0, 1}, u3 = 0

Using volt-second & charge-second balance, the continuous
model of the FC-UC HEV has been derived in [16], given as:

ẋ1 =
Vfc
L1

−
x1R1
L1

− (1 − u1)
x3
L1

ẋ2 =
Vuc
L2

−
x2R2
L2

− (1 − u2)u3
x3
L2

ẋ3 = (1 − u1)
x1
Cdc

+ (1 − u2)u3
x2
Cdc

−
Io
Cdc

(1)

where, the variables correspond to the quantities shown in
Fig. 3. In above, the state vector x is taken as:

x =
[
x1 x2 x3

]T
=
[
ifc iuc vdc

]T (2)

Depending on the values of the switches & the currents,
the HEV operates in various modes. These modes are
presented & described in Table 1.

Since direct MPC is a discrete control technique [38], the
continuous model of eq. (1) is transformed into a discrete
model using Euler approximation. The discrete model is
given as eq. (3), shown at the bottom of the next page.
The sampling time period has been represented by Ts in
eq. (3). Eq. (3) is a non-averaged state-space model that is
more accurate as it captures the switching dynamics of the
converters.

III. DIRECT MODEL PREDICTIVE CONTROL (MPC)
The control scheme selected for this HEV model, is an
enumeration-based MPC. It is comprised of three basic
components: the discrete mathematical model of the plant,
control objective and a receding horizon policy. The cost
function (J ) is evaluated using the discrete mathematical
model of the system, given in eq. (3). Cost J is computed at
every possible combination of the switches. The combination
which produces the least valued J is selected as the best or
the most optimal control input, at the current time instant
k [39]. The receding horizon policy is the optimal strategy,
planned over N time instants (k to k + N ). However, only
the present control input u[k] is applied, whereas the rest is
discarded. Afterwards, the horizon is shifted forward to the
next N time instants [40]. Due to this, the MPC scheme is
superior to other control schemes as it offers future prediction
& dynamic disturbance rejection. The primary goal ofMPC is
to minimize the objective function. Hence, reference tracking
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FIGURE 3. Schematic of the electrical side of the parallel FC-UC HEV.

TABLE 1. Modes of the FC-UC HEV.

can be achieved by introducing the error, between the desired
state & its reference, in the objective function. Since, boost &
boost-buck systems produce non-minimum phase behaviour
on direct voltage control [19], an indirect current control is
applied. Hence, the error variable introduced for FC current
tracking is given in eq. (4):

efc[k] = ireffc [k] − ifc[k] (4)

Similarly, the error variable introduced for UC current
tracking is given in eq. (5):

euc[k] = irefuc [k] − iuc[k] (5)

The average predictions of these errors are evaluated as
eq. (6):

ēfc[l|k] =
efc[l|k] + efc[l + 1|k]

2

ēuc[l|k] =
euc[l|k] + euc[l + 1|k]

2
(6)

where, l is the current prediction instant. The objective
function J comprises of the error averages, shown in eq. (7):

J =

k+N−1∑
l=k

1
N

∣∣ēfc[l|k] + ēuc[l|k]
∣∣+ λ|1u[k]| (7)

x1[k + 1] = x1[k] + Ts

[
Vfc
L1

−
x1[k]R1
L1

− (1 − u1[k])
x3[k]
L1

]
x2[k + 1] = x2[k] + Ts

[
Vuc
L2

−
x2[k]R2
L2

− (1 − u2[k])u3[k]
x3[k]
L2

]
x3[k + 1] = x3[k] + Ts

[
(1 − u1[k])

x1[k]
Cdc

+ (1 − u2[k])u3[k]
x2[k]
Cdc

−
Io
Cdc

]
(3)
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Eq. (7) shows that the objective function is evaluated over the
entire horizon N . For each time instant, the average values
of the errors are considered, using the current (l) & the next
prediction (l + 1) values. Furthermore, an error term of the
control inputs 1u[k] has been added along with a weighting
factor λ > 0, to increase the stability of the system [38]. The
term 1u[k] is taken as the norm of the input error between
the current & the previous time instants, as shown in eq. (8):

1u[k] =

√√√√ 3∑
n=1

(un[k] − un[k − 1])2 (8)

where, n represents the nth state & the maximum number of
state variables in the system is three. The purpose of adding
1u[k] is that it represents the past information about the
selected inputs. The weighting factor λ can be increased or
decreased to amplify or rectify the effect of the error input
term. Manual tuning of λ may help to improve the accuracy
of the results. Table 1 shows six distinct combinations of the
control inputs [u1, u2, u3]. Therefore, in each time instant,
6N switching combinations are simulated, to predict the
state variables over the entire horizon N i.e., the interval
[k + 1, k + 2, . . . , k + N ]. J is evaluated for each switching
combination & the optimal combination u∗[k] is selected for
the minimum J , as given below:

u∗[k] := min (J )

The optimal input is then applied at the system to produce the
results of the current time instant k . The process is repeated
by shifting the fixed horizon over the next N time intervals.
The pseudo-code of the proposed enumeration-based MPC
is given below: The FC current reference ireffc is calculated

using the constant DC bus voltage reference V ref
dc & the power

balance equation, as given in eq. (9).

ireffc = β

(
V ref
dc Io − Vuci

ref
uc

Vfc

)
+ p(Vdc) (9)

where p(Vdc) = Kp(V
ref
dc −Vdc)+Ki

∫
(V ref

dc −Vdc). The first
term of eq. (9) is derived using the power balance equation
in [19], where β is the ideality factor. The second term, p(Vdc)
is proportional-integral term which is added to help reduce
steady state error.

IV. SIMULATION
Using algorithm 1, a code is developed in MATLAB
software that simulates the HEV model & implements the
enumeration-based MPC on it. The operation of the code
has been simplified using the flowchart of Fig. 4. The
specifications of the HEV power sources, are configured
in the simulation, as given in Table 2. Furthermore, the
component values for the DC-DC converters, have been
selected as depicted in Table 3. Various scenarios & types of
references have been simulated using the MATLAB model.
Results have been included in this document, along with
detailed discussions on these results.

Algorithm 1 Direct Model Predictive Control (MPC) of FC-
UC HEV

function MPC(x,U , ireffc , irefuc ,N )
Inputs:

x = The state space values of dicrete-time model
U = All possible switching combs. over N
ireffc = FC reference current

irefuc = UC reference current
N = Fixed prediction Horizon

Output:
u∗

= Optimal sequence of switching combs. over N

for all U over N do
J = 0
for l=k to k+N-1 do

Compute x(l + 1) using eq. (3) & u[k]
Compute efc[k] & efc[k + 1] using eq. (4)
Compute euc[k] & euc[k + 1] using eq. (5)
Compute ēfc[k] & ēuc[k] using eq. (6)
Compute 1u[k] using eq. (8)
Compute J using eq. (7)

end for
Jarray(k) = J

end for
Joptimal = min (Jarray)
u∗

= find (Joptimal inJarray)
end function

TABLE 2. Configuration of power sources.

TABLE 3. Parameter values.

V. RESULTS AND DISCUSSION
This section presents the results of this study. Two different
scenarios have been simulated in the MATLAB/Simulink
software. The first one uses a test profile comprising of
various reference levels, while the second scenario uses the
standardized European urban driving cycle (EUDC) speed
profile, provided as Fig. 5. The current reference profile is
derived from the speed profile & shown in Fig. 6.

A. VARIABLE STEP REFERENCES FOR IO & IREF
UC

In this scenario, the performance of the designed HEVmodel
is tested with variable output current demand Io, as well as
variable UC reference irefuc , as shown in Table 4. Table 4 shows
that the references have been set up to simulate various modes
of acceleration, deceleration, UC charging& discharging, etc.
This way, the model is tested to show the FC performance,
charging/discharging capability of UC & active sharing of
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FIGURE 4. Flowchart of the MATLAB program, simulating the HEV model
& the direct MPC.

FIGURE 5. Speed profile of the vehicle, according to the EUDC standard.

power between FC & UC, to meet the required demand of
Io. Note that, the FC reference ireffc has been generated at
each time sample, using the relation evaluated in eq. (9).
Relevant details about the simulation are listed in Table 5.
After running the simulation, the graphs of ifc, iuc & Vdc

FIGURE 6. EUDC load current profile Io.

TABLE 4. Simulated step references for scenario A.

TABLE 5. Simulation details.

are obtained as Figs. 7, 8 & 9, respectively. The results
indicate an initial overshoot at the start of the simulation,
in all three states. The overshoot is comparatively large in
Fig. 8. This is because the UC-buck boost converter starts
in boost mode to provide power to the load. Large initial
overshoot known as inrush current in boost converters is a
well-known issue [41]. However, the overshoot dies down
quickly as the states converge to their respective references,
due to the controller action. The current waveforms of
ifc (Fig. 7) & iuc (Fig. 8) show triangular signals of low
amplitudes in steady-state, which is a characteristic of the
non-averaged state space model. The waveform of irefuc also
shows negative current for simulation time t ≥ 0.33 seconds,
which indicates that the UC is being successfully charged
by the regenerative braking. Fig. 9 shows a comparison of
DC bus voltage Vdc from previous studies against the one
obtained with the proposed technique. Comparison shows
small overshoots at reference changes, quicker convergence,
and lower steady-state error with the proposed method.
A quantitative comparison between Vdc from the highlighted
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FIGURE 7. Graph of ifc & its reference, for scenario A.

FIGURE 8. Graph of iuc & its reference, for scenario A.

FIGURE 9. Comparison of Vdc with previous studies, for scenario A.

studies, is presented in Table 6. This comparison also shows
better results for proposed method.

B. REFERENCE FROM EUDC
EUDC is a European standard driving cycle which emulates
the performance of a vehicle, driving in an urban environ-
ment. Its speed profile is shown in Fig. 5. The speed profile

(vt ) is translated to load current profile Io using the relation:

Io =
vt

ηV ref
dc

[
1
2
ρairv2t ACx +MtgCr +Mt

dvt
dt

]
(10)

The unknown parameters in eq. (10) are the physical
specifications of the vehicle, assumed as the values given
in Table 7. Using the values of Table 7, the load current
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FIGURE 10. Graph of ifc & its reference, for EUDC.

FIGURE 11. Graph of iuc & its reference, for EUDC.

FIGURE 12. Graph of Vdc & its reference, for EUDC.

profile (Io) is obtained as shown in Fig. 6. It can be seen
in Fig. 6 that the time duration of the load profile Io has

been scaled down 100 times to reduce the time of the EUDC
standard from 400 seconds to 4 seconds. This has been done
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TABLE 6. Comparison of HEV output voltage Vdc against previous studies.

TABLE 7. Specifications of the vehicle, its motor & inverter.

to reduce the computational time of the simulation.Moreover,
the reference currents of ireffc & irefuc have been proposed as
eq. (11) & eq. (12), respectively.

ireffc =
(Io + Iaux)V

ref
dc

Vfc
+ p(Vdc) For Io ≥ 0

ireffc =
IauxV

ref
dc

Vfc
+ p(Vdc) For Io < 0 (11)

irefuc =
(Io + Iaux)Vdc − ifcVfc

Vuc
+

1
2

Cdc[(V
ref
dc )2 − (Vdc)2]

0.01 Vuc
(12)

where, Iaux is the current of the auxiliary load of 2 kW,
which has been introduced to give power to the vehicle in
various modes. The first term of eq. (12) evaluates how much
current is needed from the UC to provide/acquire power to
the vehicle, whereas the second term is used to maintain
the DC link voltage at constant V ref

dc . Together, eqs. (11) &
(12) utilize UC much effectively during the load demands of
acceleration, deceleration, regenerative braking, etc.WithDC
bus reference of V ref

dc = 400V, the waveforms of the states are
shown in Figs. 10, 11 & 12.The waveforms of ifc (Fig. 10) &
iuc (Fig. 11) show that the MPC controller successfully tracks
the EUDC reference, with a very short settling time of a few
microseconds. Plot of iuc shows that it is positive (UC dis-
charging) & negative (UC charging) at various times. Hence,
the UC is charging & discharging, successfully. Plot of Vdc
(Fig. 12) shows that transients are present at time instants
when the change in the reference is very sharp. However,
it settles down in a short time duration & a very small error of
0.05V persists in steady-state. Therefore, the successful refer-
ence tracking& an almost negligible steady-state error proves
that the controller is performing precisely & accurately.

VI. CONCLUSION
In this study, a FC-UC HEV model is presented with an
enumeration-based direct MPC. The HEV uses FC as its
primary & UC as its auxiliary energy source. A non-averaged
state space model of the HEV has been proposed, which
exhibits characteristics (such as, current & voltage ripples)

closer to an actual power converter. A global MPC is also
proposed to match the global model of the HEV system.
The performance of the proposed technique is tested in two
different simulation scenarios: (1) step signals of variable
amplitudes as current references, emulating various modes of
the vehicle, such as, acceleration, deceleration, UC charging,
UC discharging, etc., and (2) European extra-urban drive
cycle standard, which is a standard testing reference, used
in various studies to evaluate the performance of vehicle in
urban setting. For the EUDC case, references for the states
are generated using technique, proposed in (11) and (12),
which utilizes UC much effectively during acceleration,
deceleration & regenerative braking. In both scenarios,
results show fast converging response & negligible steady-
state errors. Comparison of the proposed techniquewith some
of the previous studies, has been done visually in Fig. 9 &
quantitatively in Table 6. The comparison indicates smaller
overshoots, quicker response time & smaller steady-state
error in the proposed scheme; hence, validating its superiority
over the previous ones. It should be kept in mind that the
performance of these control schemes heavily rely on their
controller gains & may produce better results if the gains are
fine-tuned. However, the designed MPC may produce better
results because it is inherently more robust & better at distur-
bance rejection than some of these other control schemes.
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