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ABSTRACT This paper investigates the dynamic observer (DO) design problem for a class of disturbed
Lipschitz nonlinear vehicle systems with uncertainties, where the uncertainties are assumed to be in both
system matrix and input matrix. The proposed DO has a unified form and the popularly used proportional
observer and proportional integral observer can be considered as the particular cases of the proposed DO.
Based on the algebraic constraints, the observer design issue is transformed into the asymptotically stability
analysis problem. The sufficient criterion of the DO design is derived in terms of linear matrix equality
(LMI), by constructing a Lyapunov function to guarantee the H-infinity performance. A numerical example
is used to illustrate the performance of the proposed DO.

INDEX TERMS Dynamic observer, nonlinear system, uncertainty, LMI, H-infinity.

I. INTRODUCTION
The vehicle state information is important to the vehicle
stability control system. However, the direct measurement
of vehicle states requires expensive sensors which are not
available for commercial vehicles but for scientific research
only. Therefore, vehicle state observers, which can estimate
the vehicle state, have attracted considerable attentions over
the past decades. For example, in [1], a switched Takagi-
Sugeno observer was proposed to estimate the sideslip angle,
by using the nominal piecewise affine tire model and the
tire dynamic load to establish the vehicle lateral dynamics
model. In order to improve the control tracking performance,
the authors of [2] proposed an angular velocity observer to
estimate the steering angular of the front wheel. In [3], the
authors solved the cornering stiffness estimation problem,
for articulated vehicles. The lateral dynamics model of artic-
ulated vehicles was established by combining the bicycle
model, linear tire model and modified Dugoff model, and
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the cornering stiffness was estimated by using a dual linear
time-varying Kalman filter. For four wheel independent drive
electric vehicle, the authors of [4] investigated the estimate
problem of tire-road peak adhesion coefficient. Based on
the tire longitudinal force obtained by using recursive-least-
squares, an adaptive square root cubature Kalman filter and
partitioned similarity principle were designed estimate the
vehicle states and the tire road peak adhesion coefficient.
In the application of electric vehicles [5], by using a seventh
order polynomial fitting approach and two-RC equivalent
circuit model to represent the lithium-ion batteries, a nonlin-
ear observer was proposed to estimate the battery’s offline
parameters, which can be used to calculate the state of charge
of lithium-ion batteries.

In the application of observers, the uncertainty has
attracted considerable attention in the past years, which can
deteriorate the performance of control system. In the observer
design for uncertain systems, the difficulty is how to describe
the uncertain term. There are some results about uncertainty
representation. For the steer-by-wire system [6], a radial basis
function neural network was used to model the uncertain
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nonlinearity of automated vehicles, which was caused by
self-aligning torque and unknown friction torque. Then an
observer was designed to estimate the angular velocity of
the front wheel, by constructing Lyapunov function. In [7],
the authors introduced a lumped vector to represent the
uncertain term in practical vehicle model, which was caused
by the modeling errors on longitudinal position and the
potential communication delays, data packet losses. Then a
second-order sliding mode observer was designed to estimate
the uncertainty. The authors of [8] used amathematical model
of dual input and dual output system to represent the uncertain
term in vehicle steering systems. Inserting the uncertainty
into the vehicle system, the authors designed an H-infinity
observer to solve the actuator fault diagnosis and reconfig-
uration problem. In [9], a Takagi-Sugeno fuzzy model was
applied to represent the vehicle lateral system with param-
eters uncertain, which caused by side wind force and road
adhesion coefficient variance. By treating the uncertainty as
a unknown input, the authors proposed a unknown input
observer to estimate the vehicle state and actuator faults,
simultaneously. The authors of [10] developed a machine
learning model to estimate the number of departing foreign
visitors from Türkiye to gain a deeper understanding of their
future behaviors. In [11], a distributed observer was designed
as feed forward compensation to attenuate the uncertainty
impact.

The external disturbance is another negative issue in the
control system, which is need to pay more attention. One
method to deal with the disturbance is to design an observer to
estimate the disturbance and the system state simultaneously,
and then take some measures to eliminate the negative influ-
ence. For example, in [12], by applying the Lyapunov theory,
a nonlinear observer was designed for the anaerobic digestion
model. In [13], in order to eliminate the effect of disturbance
torque caused by the varying tire-road condition, a distur-
bance observer combined with the super-twisting algorithm
was designed to compensate the disturbance torque acting
on the front wheels. The authors of [14] proposed a sliding
mode observer to estimate the self-aligning moment distur-
bance without required information about the tire parameters,
by using Lyapunov stability theory. The authors of [15] pro-
posed a disturbance observer for steer-by-wire system with
unknown compound disturbances, which were caused by
external disturbance, Euler approximation errors and neural
network approximation error.

Another method to deal with the disturbance is H-infinity
approach, which by minimizing the H-infinity norm from
control variable to disturbance. In [16], an H-infinity observer
was proposed, which can suppress the particle depletion
during the execution of the standard particle observer after
compromising the weights of particles. In [17], the authors
proposed an observer-based control for path tracking problem
of autonomous ground vehicles. The observer was designed
to estimate both the sideslip angle and the vehicle yaw rate

and the finite frequency H-infinity criteria was utilized to
attenuate the disturbances.

The observers introduced previously are the kind of pro-
portional observer (PO), which only has a proportional gain
of estimation error. It is well known that there always exists
static error in the estimation of PO. In order to reject the static
error, the proportional integral observer (PIO) has been devel-
oped, which contains an extra integral gain of the estimation
error. In [18], in order to improve the dynamic performance
for output voltage tracking, a moving discretized control-set
model predictive control with hybrid modulation was pro-
posed for three-phase dual-active-bridge, by using a PIO to
estimate the load current for the cost saving of the current
sensor. The authors of [19] proposed a proportional-integral
extend state observer for nuclear reactors, to estimate the
reactor process variables and coolant thermal hydraulics.
Moreover, a PIO, which can estimate both the measurement
system variables and the actuator faults, was designed to diag-
nosis the fault for nonlinear systems in [20]. The H-infinity
approach was applied to ensure robustness of PIO against
sensor noise and disturbances for vehicle [21], [22]. In order
to improve the tracking functional properties, the authors
of [23] proposed a modified PIO to reconstruct the magnetic
fluxes and the angular speed of induction motor for speed
control system. Besides, in [24], a developed PIO design
method was proposed for H-infinity state estimation problem
for a class of discrete-time recurrent neural networks with
time-varying delays, by considering the Bernoulli distributed
random variables with certain probabilities to implement the
observer. The authors of [25] and [26] investigated the appli-
cation of PIO for the state of charge estimation of lithium-ion
batteries.

More recently, a kind of dynamic observer (DO) has
been introduced, where there exists a dynamic variable in
the observer gain [27]. There are some interesting results
about DO. For example, in [28], a systematic constrained
fuzzy integral sliding mode controller was designed for
class of uncertain discrete-time nonlinear system, based on
a DO along with H-infinity performance to attenuate dis-
turbance. The authors of [29] proposed a robust anomaly
detection DO for continuous linear roesser systems, by using
the H-infinity performance indices to ensure the safety and
the reliability of industrial monitoring systems. In [30], the
DO was proposed for nonlinear systems for the first time.
For a class of nonlinear systems where the nonlinearity
was assumed to satisfy the Lipschitz condition, the authors
derived the DO design approach from the solution of the
linear matrix inequality (LMI). In [31], by using H-infinity
criterion, a unified H-infinity DO was developed to esti-
mate the damping force of an Electro-Rheological damper
in an automotive suspension system, where the nonlinearity
is bounded through a Lipschitz condition. Moreover, the
authors of [32] and [33] investigated the DO design for
semi-active suspension systems and automotive suspension
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systems, respectively. In [34], an H-infinity DOwas designed
for nonlinear systems with unknown inputs and disturbances.

Among the above published literatures, to the best of our
knowledge, few results about DO design for nonlinear sys-
tems with both uncertainties and disturbances has been given.
For instance, the authors of [28] used a nonlinear function
to represent the matched uncertainty, without considering the
state vector uncertainty. The authors of [29] mainly focused
on the DO design for systems with disturbances. In [30],
the DO design problem for nonlinear systems without dis-
turbances and uncertainty has been solved. In [31] and [32],
the author only solved the DO design problem for nonlinear
systems with disturbances, where a nonlinear function was
added in input matrix, and then they extended the results to
nonlinear systems, where the state and input matrices both
depend on the parameter vector in [33]. In [34], the authors
proposed an H-infinity DO for nonlinear systems with distur-
bance and unknown inputs.

In summary, based on the analysis of the existing literature,
there are still the following problems need to be solved:

(1) There are no research results about the application
of DO for nonlinear systems with both uncertainties and
disturbances;

(2) In the application of DO for vehicle systems, the uncer-
tainty is not taken into account.

Motivated by the above observations, we will try to inves-
tigate the DO design problem for nonlinear vehicle systems
in the presence of both uncertainties and disturbances. This
study has the following main contributions:

(1) A unified form of DO is proposed for nonlinear systems
in the presence of disturbances and uncertainties. Different
from the previous research, the uncertainty and the nonlin-
earity are independent from each other, and the uncertainty is
represented by using a function with bounded condition;

(2) The uncertainty is assumed to exist in both system
matrix A and input matrix B, which is also different from
existence results and more generalized, since the uncertainty
can be bring in everywhere;

(3) By incorporating H-infinity disturbance rejection tech-
nique to attenuate the effect of disturbance and the Lyapunov
function approach, a LMI is reconstructed to solve the DO
design problem;

(4) The research results has been extended to vehicle sys-
tems, which are assumed to be nonlinear and in the presence
of disturbances and uncertainties.

The paper is organized as follows: The nonlinear uncertain
vehicle system model is constructed in Section II. Section III
describes the observer design problem. Section IV presents
parametrization results, of DO parameter matrices. Section V
solves the DO design problem for uncertain vehicle sys-
tems with disturbances. Simulation example is presented in
Section VI to illustrate the effectiveness and superiority of
the proposed observer. Finally, the conclusion is given in
Section VII.
Notation: Rn represents the n-dimensional Euclidean

space; Rn×m represents the set of all n × m real matrices;

AT denotes the transpose of matrix A; A is symmetric positive
definite if and only if AT = A and A > 0; A+ denotes
the general inverse of matrix A which satisfies AA+A = A;
∥·∥∞ is the H-infinity norm; I denotes the identity matrix
of appropriated dimension and 0 denotes the zero matrix of
appropriated dimension.

II. SYSTEM MODELING
To make the problem easy to analyze, the vehicle dynamic
system is simplified to a two-degree-of-freedom model [8],
which is shown in Figure 1. The two-degree-of-freedom
model contains the yaw rate and side slip angle param-
eters that describe the vehicle handling stability and
reflect the most basic characteristics of the required curve
motion. The two-degree-of-freedom model quantitatively
describes the key parameters that affect the lateral motion of
vehicle, such as the position of vehicle centroid and the tire
side deflection characteristics, which is the basis for the study
of vehicle operating stability. Many theories and experiments
have proved that the two-degree-of-freedom of a four-wheel
vehicle model can reflect the actual physical process of the
vehicle. In the figure, the vehicle is assumed to move to the
right. The two front wheels are combined into one wheel and
the two rear wheels are combined into one wheel. m is the
center of gravity. v is the real speed.

FIGURE 1. Two-degree-of-freedom model.

The major parameters of the two-degree-of-freedom vehi-
cle model are given as follows:
FY1 and FY2 are the lateral forces of the front and rear

wheels, respectively;
δ1 and δ2 are the front and rear steering angles, respec-

tively;
α1 and α2 are the side angles of the front and rear wheels,

respectively;
ωr is the yaw rate of the vehicle;
β is the sideslip angle of the vehicle;
vx is the longitudinal speed of the vehicle;
vy is the lateral speed of the vehicle;
a and b are the distances from the center of gravity to the

front and rear axles, respectively.
In order to obtain the vehicle system, based on Newton’s

second law, we can obtain the following equations:

mgvx(β̇ + ωr ) = FY1 + FY2, (1a)

Izωr = aFY1 − bFY2, (1b)
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where mg is the vehicle mass and Iz is the yaw moment of
inertia around the center of mass.

Furthermore, the lateral forces of the front and rear wheels
FY1 and FY2 can be expressed by using the following
equations:

FY1 = [k1 + σ (t)Nk1]α1, (2a)

FY2 = [k2 + σ (t)Nk2]α2, (2b)

where k1 and k2 are the given lateral stiffness values of the
front and rear wheels, respectively.N represents the deviation
from the lateral stiffness amplitude.

The term σ (t) is a time varying function, which is used to
represent the uncertainty in vehicle systems such as structure
errors or time-delays. It is assumed to satisfy the following
condition:

σ (t) ≤ 1. (3)

Furthermore, the side angles α1 and α2 can be expressed
by:

α1 = β + aωr
/
vx − δ1, (4a)

α2 = β − bωr
/
vx − δ2, (4b)

Subsequently, by substituting the representations (3)
and (4) into vehicle system (1), we can obtain the following
new representation of vehicle system:

ẋ = (A+ 1A)x + (B+ 1B)u, (5a)

y = Cx, (5b)

where vectors x =

[
ωr
β

]
, u =

[
δ1
δ2

]
, matrices A =[

a2k1+b2k2
υx Iz

ak1−bk2
Iz

ak1−bk2
mgυ2

x
− 1 k1+k2

mgυx

]
, B =

[
−
ak1
Iz

bk2
Iz

−
k1

mgυx
−

k2
mgυx

]
and C = I .

The uncertain terms 1A and 1B can be represented by

1A = M1g(t)N1, (6)

1B = M2g(t)N2, (7)

where matrices M1 =

[
a2Nk1+b2Nk2

υx Iz
aNk1−bNk2

Iz
aNk1−bNk2

mgυ2
x

Nk1+Nk2
mgυx

]
, M2 =[

−
aNk1
Iz

bNk2
Iz

−
Nk1
mgυx

−
Nk2
mgυx

]
, N1 = N2 = I , g(t) =

[
σ (t) 0
0 σ (t)

]
.

On the other hand, the vehicle system is a nonlinear com-
plex system, and there always exist disturbances in the actual
driving [8]. Considering the above factors, we add the nonlin-
ear and disturbance terms in (5). Then the final vehicle system
model is described as follows:

ẋ = (A+ 1A)x + (B+ 1B)u+ f (x) + Dw, (8a)

y = Cx + Kw, (8b)

where vector w represents the disturbance of bounded
energy. D and K are known constant matrices of appropriate
dimensions.

The nonlinear function f (x) is assumed to satisfy the fol-
lowing Lipschitz condition:∥∥f (x) − f (x̂)

∥∥ ≤ γ
∥∥x − x̂

∥∥ , (9)

with Lipschitz constant γ > 0.

III. PROBLEM FORMULATION
For system (8), we proposed the following DO:

ż = Fz+ Jy+ Hv+ Eu+ Tf (x̂), (10a)

v̇ = Pz+ Qy+ Gv, (10b)

x̂ = Rz+ Sy, (10c)

where z ∈ Rq is the state variable of the observer, with
n − p ≤ q ≤ n, n is the dimension of system state x,
v ∈ Rr is an auxiliary variable and x̂ ∈ Rn is the estimate
of x. Matrices F,J,H,E,T,P,Q,G,R and S are unknown and of
appropriate dimensions to be determined.
Remark 1: The observer design problem is to determine

all the parameter matrices of observer (10) such that:
• For w = 0, the estimation error e → 0for t → ∞;

• For w ̸= 0, ∥Twe∥∞ < λ ,
where e = x̂ − x, ∥Twe∥∞ represents the transfer function
from w to e, and λ is a positive scalar.

In order to solve the observer design problem, let us intro-
duce a new error variable ε:

ε = z− Tx, (11)

Then the derivative of ε is given as follows:

ε̇ = ż− T ẋ

= Fε + Hv+ (FT + JC − TA)x + (E − TB)u

− T1Ax − T1Bu+ JKw− TDw+ T [f (x̂) − f (x)].

(12)

Furthermore, we can obtain the following results about the
derivative of v and system estimate x̂:

v̇ = Pz+ Qy+ Gv = Pε + (PT + QC)x + Gv+ QKw

(13)

and

x̂ = Rz+ Sy = Rε + (RT + SC)x + SKw. (14)

From (12), (13) and (14), one can see that if the following
algebraic constraints are satisfied:

FT + JC − TA = 0,

E − TB = 0,

PT + QC = 0,

RT + SC = I , (15)

we can obtain the following equations:

ε̇ = Fz+ Hv− T1Ax − T1Bu

+ (JK − TD)w+ T [f (x̂) − f (x)], (16)
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v̇ = Pε + Gv+ QKw, (17)

e = Rε + SKw, (18)

In this case, (16), (17) and (18) can be rewritten as the
following systems:

ζ̇ = Aζ + B1Ax + B1Bu+ Dw+ F[f (x̂) − f (x)], (19a)

e = Cζ + Ew, (19b)

where vector ζ =

[
ε

v

]
, matrices A =

[
F H
P G

]
, B =[

−T
0

]
, D =

[
JK − TD
QK

]
, F =

[
T
0

]
, C =

[
R 0

]
and

E = SK .
Remark 2: Based on the above analysis, the observer

design problem in Remark 1 is reduced to the asymptotically
stability analysis of system (19), in other words, to determine
matrices A, B, C, D, E and F such that:

• Conditions (15) are satisfied,
• For w = 0, the estimation error e → 0for t → ∞;

• For w ̸= 0, ∥Twe∥∞ < λ ,
Next, we give the following lemma and assumption that

will be used in the sequel of the paper:
Lemma 1 ([35]): LetC,D andG be real matrices of appro-

priate dimensions and D satisfies DTD ≤I. Then for any
scalar ρ > 0 and vectors a, b ∈ Rn, we have

2aTCDGb ≤ ρ−1aTCCT a+ ρbTGTGb. (20)

Assumption 1: System 8 is asymptomatically stable
against the internal and external disturbances.

IV. PARAMETRIZATION
From observer (10) one can see that there are many parameter
matrices need to be determined. In order to simplify the calcu-
lation, some parametrization results will be presented based
on the algebraic conditions (15). Firstly, from conditions (15),
we have the following equation:F J

P Q
R S

 [
T
C

]
=

 TA
0
I

 . (21)

The condition for (21) to have a solution is the following
rank condition

rank
[
T
C

]
= n (22)

must be satisfied.
Assume that we choose a matrix T to satisfy the condi-

tion (22), then by following the procedure in [30], we can
obtain the following results:

F = TAα1 − Z1β1, (23)

J = TAα2 − Z1β2, (24)

P = −Z2β1, (25)

Q = −Z2β2, (26)

R = a1 − Z3β1, (27)

S = a2 − Z3β2. (28)

where

α1 = 6+

[
I
0

]
, β1 = (I − 66+)

[
I
0

]
, (29)

α2 = 6+

[
0
I

]
, β2 = (I − 66+)

[
0
I

]
, (30)

6 =

[
T
C

]
, (31)

Z1 =
[
I 0 0

]
Z , (32)

Z1 =
[
I 0 0

]
Z , (33)

Z1 =
[
I 0 0

]
Z (34)

and Z is an arbitrary matrix of appropriate dimension.
From the above analysis, one can see that once the matrix T

is determined, matrices α1, α2, β1 and β2 can be deduced.
Moreover, oncematrices Z1,Z2 and Z3 are determined, all the
matrices F, J ,P,Q,R and S can be deduced. In this case, the
observer design problem is transferred to determine matrices
T ,H ,E,G,Z1,Z2 and Z3.
Remark 3: One can see from (19b) that estimation

error e → 0 when vector ζ → 0 ,i.e., e is independent of
matric C . In this case, without loss of generality, we can fix
matrix Z3 = 0 and obtain

R = a1, S = a2.

Remark 4: According to the above results, we can rewrite
matrices A , C and D of system (19) as follows:

A =

[
F H
P G

]
=

[
TAα1 − Z1β1 H

−Z2β1 G

]
= A1 + ZA2, (35)

with A1 =

[
TAα1 0
0 0

]
, Z =

[
Z1 H
Z2 G

]
, A2 =

[
−β1 0
0 I

]
and

D =

[
TAα2 − Z1β2 − TD

−Z2β2

]
= D1 + ZD2, (36)

with D1 =

[
TAα2 − TD

0

]
, D2 =

[
−β2
0

]
and

C =
[
α1 0

]
. (37)

Remark 5: Based on all the above results, one can see that
the unknown parameters H, G, Z1 and Z2 are contained in one
matrix Z . If matrix Z is determined, matrices H and G can be
obtained. Besides, by using the matrices Z1 and Z2 , matrices
F, J, P and Q can be deduced according to (23), (24), (25)
and (26). Then, all the parameters matrices of DO (10) can
be determined. In this case, the observer design problem in
Remark 2 is reduced to determine matrix Z such that

• Conditions (18) are satisfied,
• For w = 0, the estimation error e → 0 for t → ∞;

• For w ̸= 0, ∥Twe∥∞ < λ ,
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V. MAIN RESULTS
In this section, the previous results will be used to solve the
DO design problem for uncertain vehicle systems in the pres-
ence of disturbances. For system (8), we give the following
theorem to determine matrix Z:
Theorem 1: For a given positive constant scalar λ , if there

exist a symmetric positive definite matrix P1, a matrix P, and
a given positive scalar γ , such that the following LMI holds

�1 P1BM1 P1BM2 P1F 0 0 �2
∗ −I 0 0 0 0 0
∗ ∗ −I 0 0 0 0
∗ ∗ ∗ −

1
γ
I 0 0 0

∗ ∗ ∗ ∗ NT
1 N1 0 0

∗ ∗ ∗ ∗ ∗ NT
2 N2 0

∗ ∗ ∗ ∗ ∗ ∗ �3


< 0, (38)

where

�1 = AT
1 P1 + P1AT

1 + AT
2 PT + PA2 + (1 + γ )CTC,

(39a)

�2 = P1D1 + PD2 + (γ + 1)CTE, (39b)

�3 = (γ + 1)ETE − λ
2I . (39c)

Then system (8) is asymptotically stable for w = 0,
and ∥Twe∥∞ < λ for w ̸= 0.
In this case, matrix Z can be deduced by

Z = P−1
1 P. (40)

Proof: According to the literature [36], the problem
presented in Remark 5 can be summarized as to construct
the Lyapunov function V such that the following inequality
must holds:

V̇ + eT e− λ
2wTw < 0. (41)

Let us choose the following Lyapunov function:

V = ζ TP1ζ. (42)

where P1 is a symmetric positive definite matrix.
Then the derivative of V is given by

V̇ = ζ̇ TP1ζ + ζ TP1ζ̇

=
{
Aζ + B1Ax + B1Bu+ Dw+ F[f (x̂) − f (x)]

}T P1ζ
+ ζ TP1

{
Aζ +B1Ax+B1Bu+Dw+ F[f (x̂) − f (x)]

}T
= ζ TATP1ζ + ζ TP1Aζ + ζ TP1Dw+ wTDTP1ζ

+ 2ζ TP1B1Ax + 2ζ TP1B1Bu+2ζ TP1F[f (x̂) −f (x)].

(43)

By inserting (35) and (36) into (43), we can obtain the
following equation

V̇ = ζ T [(A1 + ZA2)TP1 + P1(A1 + ZA2)]ζ

+ ζ TP1(D1 + ZD2)w+ wT (D1 + ZD2)TP1ζ

+ 2ζ TP1B1Ax+2ζ TP1B1Bu+2ζ TP1F[f (x̂) − f (x)].

(44)

Furthermore, define the matrix P = P1Z yields

V̇ = ζ T [AT
1 P1 + P1A1 + AT

2 PT + PA2]ζ

+ ζ T (P1D1 + PD2)w+ wT (P1D1 + PD2)T ζ

+ 2ζ TP1B1Ax+2ζ TP1B1Bu+2ζ TP1F[f (x̂) − f (x)].

(45)

According toLemma 1 and the representations (6) and (7),
by choosing ρ = 1, we can obtain the following inequalities:

2ζ TP1B1Ax = 2ζ TP1BM1g(t)N1x

≤ ζ TP1BM1(P1BM1)T ζ + xTNT
1 N1x, (46)

2ζ TP1B1Bu = 2ζ TP1BM2g(t)N2u

≤ ζ TP1BM2(P1BM2)T ζ + uTNT
2 N2u. (47)

Subsequently, by considering the Lipshitz condition (9),
we have the following inequality:

2ζ TP1F[f (x̂) − f (x)]

≤ 2
∥∥∥ζ TP1F

∥∥∥ ×
∥∥f (x̂) − f (x)

∥∥
≤ 2

∥∥∥ζ TP1F
∥∥∥ × γ ×

∥∥x̂ − x
∥∥

= γ × 2
∥∥∥ζ TP1F

∥∥∥ × ∥e∥

≤ γ × (
∥∥∥ζ TP1F

∥∥∥2 + ∥e∥2)

= γ ζ TP1F(P1F)T ζ + γ eT e. (48)

Inserting inequalities (46), (47) and (48) into (45) yields

V̇ ≤ ζ T [AT
1 P1 + P1A1 + AT

2 PT + PA2]ζ

+ ζ T (P1D1 + PD2)w+ wT (P1D1 + PD2)T ζ

+ ζ TP1BM1(P1BM1)T ζ + xTNT
1 N1x

+ ζ TP1BM2(P1BM2)T ζ + uTNT
2 N2u

+ γ ζ TP1F(P1F)T ζ + γ eT e. (49)

On the other hand, from (19b), we have

eT e = ζ TCTCζ + ζ TCTEw+ wTETCζ + wTETEw.

(50)

By inserting (50) into inequality (49), we have

V̇ + eT e− λ
2wTw

≤ ζ T [AT
1 P1 + P1A1 + AT

2 PT + PA2]ζ

+ ζ T (P1D1 + PD2)w+ wT (P1D1 + PD2)T ζ

+ ζ TP1BM1(P1BM1)T ζ + xTNT
1 N1x

+ ζ TP1BM2(P1BM2)T ζ + uTNT
2 N2u+ γ ζ TP1F(P1F)T ζ

+ (γ + 1)(ζ TCTCζ + ζ TCTEw+ wTETCζ + wTETEw)
− λ

2wTw. (51)

Or equivalently,

V̇ + eT e− λ
2wTw
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≤


ζ

x
u
w


T 

�′ 0 0 �2
∗ NT

1 N1 0 0
∗ ∗ NT

2 N2 0
∗ ∗ ∗ �3




ζ

x
u
w

 (52)

where

�′
= AT

1 P1 + P1A1 + AT
2 PT + PA2

+ P1BM1(P1BM1)T + P1BM2(P1BM2)T

+ γP1F(P1F)T + (γ + 1)CTC. (53)

It is obvious that a sufficient for (41) to be satisfied is the
following LMI must holds

�′ 0 0 �2
∗ NT

1 N1 0 0
∗ ∗ NT

2 N2 0
∗ ∗ ∗ �3

 < 0. (54)

In this case, by using Schur complement, LMI (54)
becomes (38). The proof is completed
Remark 6: Based on the previous results, the observer

design can be summarized in the following design procedure:
1) Choose the matrix T according to (22);
2) Compute the matrix 6 according to (31);
3) Compute the matrices α1, α2, β1 and β2 according

to (29) and (30);
4) Compute the matricesA1, A2, D1, D2 andC according

toRemark 5;
5) Compute the matrix Z according to theTheorem 1;
6) Deduce matrices F, J, P and Q, according to (23), (24),

(25) and (26).
7) Deduce matrix E according (18).

VI. NUMERICAL EXAMPLE
In this section, a numerical example [8] is presented to show
the performance of the proposed DO. The initial system states
are x1(0) = 1 and x2(2) = 0.4. The nonlinear function
f (x) = [ 0.1 sin x1 0.8 sin x2 ]T . The parameters of system
uncertainty are σ = 0.25 and N = 0.25. By following
the design procedure in Remark 7, we can obtain that λ =

3.64 and γ = 2.86.
The simulation results are shown in the following figures.

Figure 2 represents the disturbance and the control input,
which are added in the simulation. The external disturbance
w = sin 0.3π t is a sine wave signal from time 12s to 24s. The
control input u is a step signal from time 15s to 35s.
Figure 3represents the original system state x1 and the esti-

mate x̂1 obtained from DO. Figure 5 represents the original
system state x2 and the estimate x̂2 obtained from DO. The
solid line represents the original system state. The dashed
line represents the estimates obtained from DO. Figure 4
represents the estimation error e1 obtained fromDO.Figure 6
represents the estimation error e2 obtained from DO.
From the above figures, one can see the performance of

the proposed DO. Take Figure 3 for example. Firstly, let us
see the case that the control input is absence and the external
disturbance is appearance (from time 12s to 15s). Due to the

FIGURE 2. The disturbance w and the control input u.

FIGURE 3. The state x1 and its estimate x̂1 (solid line: original state;
dashed line: DO).

FIGURE 4. The estimation error e1.

FIGURE 5. The state x2 and its estimate x̂2 (solid line: original state;
dashed line: DO).

appearance of disturbance signal, the estimate is not zero.
By using the H-infinity approach, the negative influence of
external disturbance on the estimation is limited.

Secondly, let us turn to the case that the control input
and the external disturbance are both appearance (from 15s
to 24s). In this case, similarly to case above, by using the
H-infinity approach, the negative effect on estimate is limited.
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FIGURE 6. The estimation error e2.

FIGURE 7. The disturbance w.

FIGURE 8. The state x1 and its estimates (solid line: original state;
dashed line: DO; dash-dotted line: PO).

Lastly, in the case that the control input is appearance and
the external disturbance is absence (from 24s to 35s). The
estimate obtained fromDO can track the original system state
exactly.

Corresponding to the estimation of system state, the esti-
mation error shows more clearly the performance of the
proposed DO. Take Figure 4 for example. In the case that the
disturbance appears (from time 12s to 24s), by using the H-
infinity approach, the influence of disturbance on estimation
error is limited.

The comparison between the proposed DO and the PO
has also been done. The simulation results are shown in the
following figures. The external disturbance w = sin 0.3π t is
a sine wave signal from time 12s to 24s, which is shown in
Figure 7. The control input u is 0.

Figure 8 and Figure 10 represent the original system
states and their estimates obtained from DO and PO. The
solid line represents the original system state. The dashed

FIGURE 9. The estimation errors e1(dashed line: DO; dashed-dotted line:
PO).

FIGURE 10. The state x2 and its estimates (solid line: original state;
dashed line: DO; dash-dotted line: PO).

FIGURE 11. The estimation errors e2(dashed line: DO; dashed-dotted
line: PO).

line represents the estimates obtained from DO and the
dash-dotted line represents the estimates obtained from PO.

Figure 9 and Figure 11 represent the estimation errors
obtained from DO and PO. The dashed line represents the
estimation error obtained from DO and the dash-dotted line
represents the estimation error obtained from PO.

From the above figures, one can see the performances of
the proposed DO, compared with PO. For state x1, let us
turn to Figure 8. At the beginning of the simulation, there are
some oscillations in the estimation of PO, while there are no
oscillations in the estimation of the proposed observer. This
is because the existence of extra vector v in the proposed
observer, which can restrain the oscillation. In the case that
the external disturbance appears in the simulation, the pro-
posed DO has the same estimation error as PO for state x1.

For state x2, let us turn to Figure 10. At the beginning of
the simulation, there are some oscillations in the estimation
of PO, while there are no oscillations in the estimation of the
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proposed observer. Furthermore, in the case that the external
disturbance appears in the simulation, the proposed DO has
also small estimation error for state x2.

VII. CONCLUSION
This paper has investigated the DO design problem for non-
linear vehicle systems in the presence of uncertainties and
disturbances. The nonlinearity of vehicle systems is assumed
to satisfy Lipschitz condition, and the unknown uncertainty
is assumed to be dependent in both system state and control
input matrices. The H-infinity approach is utilized to mitigate
the disturbance effect on the estimation performance.

The vehicle system is constructed, based on the two-
degree-of-freedom model, which contains the nonlinearity,
the uncertainty and the disturbance.

Then the algebraic constraints of observer parameter matri-
ces are derived, based on the analysis of estimation error.
Based on the analysis of the algebraic constraints, we can
reduce the number of unknown parameter matrices. Firstly,
we obtain the expression of parameter matrices F , J , P, Q,
R and S. Then we found that if matrices Z1 and Z2 are
determined, matrices F , J , P and Q can be deduced. Then
the unknown parameter matrices are reduced to matrices Z1,
Z2, H and G. Furthermore, we put the four matrices into one
matrix Z, which can be obtained by solving the optimization
problem.

Next, the observer design problem is transferred into an
asymptotically stability analysis problem, by rebuilding the
state representation of estimation error. Sufficient conditions
for the existence of the DO is given in terms of LMI, based
on the Lyapunov function.

In the end, a numerical example is presented to illustrate
the performance of the proposed DO. From the simula-
tion results, it is proved the performance of the proposed
DO. By using the H-infinity method, the proposed DO can
deal with the influence of the disturbances. In terms of the
uncertainty, the proposed DO can keep robust. Furthermore,
compared with PO, the proposed DO also has good perfor-
mance. The results proves the reliability and the availability
of the proposed DO.

In the future, we will extend the research to the following
parts:

a. Observer design for systems with time-delay. Time-
delay is another inherent characteristic of practical system,
which can be caused by the system structure and informa-
tion transformation, and can deteriorate the performance of
control system. We will try to address the observer design
problem for time-delay systems, by finding a suitable repre-
sentation of time-delay.

b. Observer-based control. The proposed DO will be
extended to observer-based control for practical systems,
especially for vehicle systems. By using the proposed DO,
we can improve the estimation performance of the unmea-
sured variables of vehicle systems, such as sideslip angel, yaw
rate and tire-road peak adhesion coefficient.

c. Fractional calculus theory. The fractional calculus theory
and concepts is a useful tool to solve control problem for
nonlinear systems [37], [38]. It can be one potential research
direction in the future. We will try to solve the fractional
observer design for non-linear systems, based on the research
results.

REFERENCES
[1] Q. Zhang, H. Jing, Z. Liu, Y. Jiang, and M. Gu, ‘‘A novel PWA lateral

dynamics modeling method and switched T-S observer design for vehicle
sideslip angle estimation,’’ IEEE Trans. Ind. Electron., vol. 69, no. 2,
pp. 1847–1857, Feb. 2022.

[2] Y. Wang, Y. Liu, and Y. Wang, ‘‘Adaptive discrete-time NN con-
troller design for automobile steer-by-wire systems with angular velocity
observer,’’ Proc. Inst. Mech. Engineers, Part D, J. Automobile Eng.,
vol. 237, no. 4, pp. 722–736, Mar. 2023.

[3] D. Jeong, G. Ko, and S. B. Choi, ‘‘Estimation of sideslip angle and
cornering stiffness of an articulated vehicle using a constrained
lateral dynamics model,’’ Mechatronics, vol. 85, Aug. 2022,
Art. no. 102810.

[4] X. Chen, S. Li, L. Li, W. Zhao, and S. Cheng, ‘‘Longitudinal-lateral-
cooperative estimation algorithm for vehicle dynamics states based
on adaptive-square-root-cubature-Kalman-filter and similarity-principle,’’
Mech. Syst. Signal Process., vol. 176, Aug. 2022, Art. no. 109162.

[5] R. Sakile and U. K. Sinha, ‘‘Estimation of lithium-ion battery state of
charge for electric vehicles using a nonlinear state observer,’’ Energy
Storage, vol. 4, no. 2, pp. 1–10, Apr. 2022.

[6] G. Luo, B. Ma, and Y. Wang, ‘‘Design and experimental implementation
of observer-based adaptive neural network steering control for automated
vehicles,’’ Proc. Inst. Mech. Engineers, Part D, J. Automobile Eng.,
vol. 235, no. 14, pp. 3375–3386, Dec. 2021.

[7] J. Zhou, D. Tian, Z. Sheng, X. Duan, G. Qu, D. Cao, and X. Shen,
‘‘Decentralized robust control for vehicle platooning subject to uncer-
tain disturbances via super-twisting second-order sliding-mode observer
technique,’’ IEEE Trans. Veh. Technol., vol. 71, no. 7, pp. 7186–7201,
Jul. 2022.

[8] H. Wang, Q. Wang, H. Zhang, and J. Han, ‘‘H-infinity observer for vehicle
steering system with uncertain parameters and actuator fault,’’ Actuators,
vol. 11, no. 2, p. 43, Jan. 2022.

[9] N. El Youssfi, R. El Bachtiri, T. Zoulagh, and H. El Aiss, ‘‘Unknown input
observer design for vehicle lateral dynamics described by Takagi–Sugeno
fuzzy systems,’’Optim. Control Appl.Methods, vol. 43, no. 2, pp. 354–368,
Mar. 2022.

[10] O. Tutsoy and C. Tanrikulu, ‘‘A machine learning-based 10 years ahead
prediction of departing foreign visitors by reasons: A case on Türkiye,’’
Appl. Sci., vol. 12, no. 21, p. 11163, Nov. 2022.

[11] O. Tutsoy, K. Balikci, and N. F. Ozdil, ‘‘Unknown uncertainties in the
COVID-19 pandemic: Multi-dimensional identification and mathematical
modelling for the analysis and estimation of the casualties,’’ Digit. Signal
Process., vol. 114, Jul. 2021, Art. no. 103058.

[12] K. C. Draa, H. Voos, M. Alma, A. Zemouche, and M. Darouach, ‘‘LMI-
based H∞ nonlinear state observer design for anaerobic digestion model,’’
in Proc. 25th Medit. Conf. Control Autom. (MED), Valletta, Malta,
Jul. 2017, pp. 1–7.

[13] Y. Yang, Y. Yan, X. Xu, and B. Gong, ‘‘Super-twisting algorithm with
fast super-twisting disturbance observer for steer-by-wire vehicles,’’ Proc.
Inst. Mech. Engineers, Part D, J. Automobile Eng., vol. 235, no. 8,
pp. 2324–2340, Jul. 2021.

[14] L. Khasawneh and M. Das, ‘‘A robust electric power-steering-angle con-
troller for autonomous vehicles with disturbance rejection,’’ Electronics,
vol. 11, no. 9, p. 1337, Apr. 2022.

[15] Y. Wang and Y. Wang, ‘‘Discrete-time adaptive neural network control
for steer-by-wire systems with disturbance observer,’’ Expert Syst. Appl.,
vol. 183, Nov. 2021, Art. no. 115395.

[16] Y. Chen, R. Li, Z. Sun, L. Zhao, and X. Guo, ‘‘SOC estimation of retired
lithium-ion batteries for electric vehicle with improved particle filter by
H∞ filter,’’ Energy Rep., vol. 9, pp. 1937–1947, Dec. 2023.

[17] H. Wang, W. Song, Y. Liang, Q. Li, and D. Liang, ‘‘Observer-based finite
frequency H∞ state-feedback control for autonomous ground vehicles,’’
ISA Trans., vol. 121, pp. 75–85, Feb. 2022.

48402 VOLUME 12, 2024



N. Gao et al.: Nonlinear Dynamic Observer Design for Uncertain Vehicle Systems With Disturbances

[18] J. Sun, L. Qiu, X. Liu, J. Zhang, J. Ma, and Y. Fang, ‘‘Improved model pre-
dictive control for three-phase dual-active-bridge converters with a hybrid
modulation,’’ IEEE Trans. Power Electron., vol. 37, no. 4, pp. 4050–4064,
Apr. 2022.

[19] Z. Dong, J. Li, B. Li, Z. Guo, X. Huang, and Z. Zhang, ‘‘Proportional–
integral extended state observer for monitoring nuclear reactors,’’ IEEE
Trans. Nucl. Sci., vol. 68, no. 6, pp. 1207–1221, Jun. 2021.

[20] J. Guzman, F.-R. López-Estrada, V. Estrada-Manzo, and G. Valencia-
Palomo, ‘‘Actuator fault estimation based on a proportional-integral
observer with nonquadratic Lyapunov functions,’’ Int. J. Syst. Sci., vol. 52,
no. 9, pp. 1938–1951, Jul. 2021.

[21] L. Menhour, D. Koenig, and B. d’Andrea-Novel, ‘‘Functional switched
H∞ proportional integral observer applied for road bank and vehicle roll
angles estimation,’’ in Proc. 10th IEEE Int. Conf. Netw., Sens. CONTROL
(ICNSC), Apr. 2013, pp. 1–6.

[22] M.-H. Do, D. Koenig, and D. Theilliol, ‘‘Robust H∞ proportional-integral
observer for fault diagnosis: Application to vehicle suspension,’’ IFAC-
PapersOnLine, vol. 51, no. 24, pp. 536–543, 2018.

[23] T. Bialon, R. Niestrój, J. Michalak, and M. Pasko, ‘‘Induction motor PI
observer with reduced-order integrating unit,’’ Energies, vol. 14, no. 16,
p. 4906, Aug. 2021.

[24] D. Zhao, Z. Wang, G. Wei, and X. Liu, ‘‘Nonfragile H∞ state estimation
for recurrent neural networks with time-varying delays: On proportional-
integral observer design,’’ IEEE T. Neur. Net. Lear., vol. 99, pp. 1–13, 2021.

[25] J. Xu, C. C. Mi, B. Cao, J. Deng, Z. Chen, and S. Li, ‘‘The state of
charge estimation of lithium-ion batteries based on a proportional-integral
observer,’’ IEEE Trans. Veh. Technol., vol. 63, no. 4, pp. 1614–1621,
May 2014.

[26] P.-C. Li, N. Chen, J.-S. Chen, and N. Zhang, ‘‘A state-of-charge estimation
method based on an adaptive proportional-integral observer,’’ in Proc.
IEEE Vehicle Power Propuls. Conf. (VPPC), Hangzhou, China, Oct. 2016,
pp. 1–6.

[27] J. K. Park, D. R. Shin, and T. M. Chung, ‘‘Dynamic observer for linear
time-invariant systems,’’ Automatica, vol. 38, no. 6, pp. 1083–1087, 2002.

[28] Z. Echreshavi, M. Shasadeghi, and M. H. Asemani, ‘‘H∞ dynamic
observer-based fuzzy integral sliding mode control with input magnitude
and rate constraints,’’ J. Franklin Inst., vol. 358, no. 1, pp. 575–605,
Jan. 2021.

[29] H. Alikhani, M. A. Shoorehdeli, and N. Meskin, ‘‘Robust anomaly detec-
tion based on a dynamical observer for continuous linear Roesser systems,’’
IFAC-PapersOnLine, vol. 53, no. 2, pp. 664–669, 2020.

[30] N. Gao, M. Darouach, and M. Alma, ‘‘Dynamic observer design for a
class of nonlinear systems,’’ in Proc. IEEE 3rd Adv. Inf. Technol., Electron.
Autom. Control Conf. (IAEAC), Chonging, China, Oct. 2018, pp. 373–376.

[31] T.-P. Pham, O. Sename, and L. Dugard, ‘‘Unified H∞ observer for a class
of nonlinear Lipschitz systems: Application to a real ER automotive sus-
pension,’’ IEEE Control Syst. Lett., vol. 3, no. 4, pp. 817–822, Oct. 2019.

[32] G. Q. Bao Tran, T.-P. Pham, and O. Sename, ‘‘Multi-objective unified
qLPV observer: Application to a semi-active suspension system,’’ IFAC-
PapersOnLine, vol. 54, no. 8, pp. 136–141, 2021.

[33] G. Q. B. Tran, T.-P. Pham, and O. Sename, ‘‘Unified generalized h2 nonlin-
ear parameter varying observer: Application to automotive suspensions,’’
IEEE Control Syst. Lett., vol. 7, pp. 55–60, 2023.

[34] G. Osorio-Gordillo, M. Darouach, C. Astorga-Zaragoza, and L. Boutat-
Baddas, ‘‘Generalised dynamic observer design for Lipschitz non-
linear descriptor systems,’’ IET Control Theory Appl., vol. 13, no. 14,
pp. 2270–2280, Sep. 2019.

[35] T.Wang, L. Xie, and C. E. de Souza, ‘‘Robust control of a class of uncertain
nonlinear systems,’’ Syst. Control Lett., vol. 19, no. 2, pp. 139–149, 1992.

[36] Z. Wei and Y. Ma, ‘‘Robust H∞ observer-based sliding mode control
for uncertain Takagi–Sugeno fuzzy descriptor systems with unmeasur-
able premise variables and time-varying delay,’’ Inform. Sci., vol. 566,
pp. 81–88, Aug. 2021.

[37] F. Altaf, C.-L. Chang, N. I. Chaudhary, K. M. Cheema, M. A. Z. Raja,
C.-M. Shu, and A. H. Milyani, ‘‘Novel fractional swarming with key term
separation for input nonlinear control autoregressive systems,’’ Fractal
Fractional, vol. 6, no. 7, p. 348, Jun. 2022.

[38] N. A. Malik, C. L. Chang, N. I. Chaudhary, M. A. Z. Raja, K. M. Cheema,
C. M. Shu, and S. S. Alshamrani, ‘‘Knacks of fractional order swarming
intelligence for parameter estimation of harmonics in electrical systems,’’
Mathematics, vol. 10, no. 1570, pp. 1–20, 1570.

NAN GAO received the Ph.D. degree from Lor-
raine University, France, in 2015. He is currently
a Lecturer with Chang’an University. His main
research interests include system identification,
parameter estimation, and vehicle engineering.

JIANLIANG TANG is currently the Manager of
the Maintenance Branch with Guangzhou Gonglu
Engineering Company. His main research interests
include intelligent driving and traffic engineering.

JINGHUI LIN received the bachelor’s degree from
Beihang University, China, in 2013.

He is currently the Vice Director of the Tech-
nology Center, Guangzhou Gonglu Engineering
Company. His main research interests include road
and bridge engineering and traffic transportation
engineering.

GUIFEN SHENG received the master’s degree
from Beijing University of Technology, China,
in 2008. She has been with Beijing Vocational
College of Transport. Her main research interests
include automobile after-sales service and auto-
mobile marketing technology.

HAO CHEN received the master’s and Ph.D.
degrees from Chang’an University. He is cur-
rently a Professor with Chang’an University. His
research interests include alternative fuels of auto-
mobiles, diesel engine, and key technologies for
new energy automobiles.

VOLUME 12, 2024 48403


