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ABSTRACT A method is proposed for reducing chip area occupied by logic circuits of FPGA-based Mealy
finite state machines (FSMs). The proposed method aims at optimization of FSM circuits implemented with
look-up table (LUT) elements of FPGA chip. The proposed method combines positive features of such state
assignment methods as extended (ESCs) and composite (CSCs) state codes. The method is based on finding
a partition of the set of internal states by classes of compatible states. To reduce LUT count, we propose a
special kind of states codes named mixed state codes. These codes include two parts. The first part includes
the maximum binary codes of states as elements of some partition class. The second part consists of the
code of corresponding partition class. Unlike CSCs, the proposed approach allows obtaining partial state
codes having different lengths. Unlike ESCs, all partial state codes consist of the same variables. Using
mixed state codes allows obtaining LUT-based FSM circuits with exactly two levels of logic. The first level
generates partial Boolean functions. The second level combines them into FSM outputs and input memory
functions. If some conditions hold, then both levels consist of single-LUT circuits. Example of FSM synthesis
based on mixed state codes is shown. The conducted experiments prove that the proposed approach allows
reducing hardware compared with FSMs based on JEDI, one-hot state codes, CSCs and ESCs. On average,
the proposed method reduces the value of LUT count by 6.21% compared to CSC-based FSMs and 22.21%
compared to ESC-based counterparts. The advantages of the proposed approach grow with the growth of
FSM complexness. An additional positive effect of the proposed method is a slight increase in the operating
frequency.

INDEX TERMS Mealy FSM, FPGA, LUT count, synthesis, extended state codes, composite state codes,
mixed state codes.

I. INTRODUCTION

Now, various digital systems are widely used practically in
all spheres of human activity [1], [2], [3]. These systems
include a lot of combinational and sequential devices [3], [4].
It is very important to improve the basic characteristics of
digital systems (price, hardware amount, performance, power
consumption) [4]. In this article, we propose a method aimed
at reducing the area of sequential devices. We use the model
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of Mealy finite state machine (FSM) [5] to represent the
sequential devices.

This model is viewed as a starting point of the sequential
device design process [6]. This has led to the emergence
of a significant number of FSM-based design methods [7].
As a rule, all these methods are associated with the solution
of some optimization problems [8], [9]. In the design
process, such problems are solved as reducing the chip
area occupied by the resulting FSM circuit, increasing its
operating frequency and reducing the consumed electrical
power. If there is no single criterion for the optimality of the
FSM circuit, then the designers strive to achieve a balance
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of its main characteristics [10]. Many studies show that the
chip area occupied by an FSM circuit has a decisive influence
on both the performance and power consumption [11].
Due to it, our current article is devoted specifically to the
problem of reducing the required chip area. The proposed
method focuses on Mealy FSM circuits implemented with
field-programmable gate arrays (FPGAs) [12], [13], [14]. The
proposed method combines approaches related to the use of
extended state codes (ESCs) [15] and composite state codes
(CSCs) [16].

In our study, we focus on the FPGA chips of the
company AMD Xilinx [17]. This choice is due to two facts.
First, FPGAs are widespread in modern digital design [12].
This determines our choice of FPGA as a basis for the
implementation of FSM circuits. Secondly, the company
AMD Xilinx is the largest producer of FPGA chips [17].
This determines the choice of their chips Virtex 7 [18] in our
current research. To evaluate the required chip area, we use
the widely used approach described in [10]. In this case,
the area is estimated as a number of look-up table (LUT)
elements (LUT count) in an FSM circuit.

The main goal of the proposed method is the reduction of
LUT count in Mealy FSM circuits. We analysed positive and
negative features of extended state codes [15] and composite
state codes [16]. Both approaches are based on finding
minimum possible number of classes of compatible states.
In ESC-based FSMs, the total number of code bits (extended
code length) exceeds significantly their minimum possible
number inherent in maximum binary state codes (MBCs).
This leads to increasing the number of flip-flops in FSM state
memory. In addition, this increase leads to a complication
of the interconnect system. But for ESCs, partial state codes
can have different lengths for different classes. This reduces
the number of classes. In CSC-based FSMs, the same state
variables create partial state codes for all classes. This reduces
the total length of state codes compared to equivalent ESC-
based FSMs. But due to it, CSC-based FSMs require more
classes than their ESC-based counterparts. This can lead
to reducing performance of CSC-based FSMs compared
to ESC-based FSMs. In our current article, we propose a
method eliminating the mentioned drawbacks and combining
together positive features of both CSC- and ESC-based
FSMs.

The main contribution of this paper is a novel design
method aimed at reducing the LUT counts in circuits
of two-level FPGA-based Mealy FSMs compared to
equivalent FSMs with either extended or composite state
codes. The resulting FSMs combine positive features of
ESC-based FSMs (the different partial state code length
for different classes) and CSC-based FSMs (the minimum
possible length of state codes). Combination of these features
leads to so-called mixed state codes (MSCs) proposed in
our current article. The proposed method of state assignment
provides a variable length of partial state codes for different
classes (minimizing the number of classes) and minimizing
the overall bitness of state codes.
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The rest of the article is organized as follows. The essential
information about LUT-based Mealy FSMs is discussed in
Section II. The Section III includes a short analysis of related
works. The main idea of the proposed method is shown in
Section IV. An example of MSC-based FSM synthesis is
shown in Section V. Section VI includes the experimental
results and their analysis. The short summary is shown in
Section VII.

Il. ESSENTIAL INFORMATION CONCERNING LUT-BASED
FSM DESIGN

A Mealy FSM may be represented by a state transition graph
(STG) [19]. From an STG, three sets could be derived. They
are: 1) a set of states A = {ay,...,apm}, 2) a set of inputs
X = {x1,...,x.} and 3) a set of outputs ¥ = {y, ..., yn}.
After the step of state assignment [5], it is possible to get two
systems of Boolean functions (SBFs) [19]. They represent
the dependences of FSM outputs and input memory functions
(IMFs) on FSM inputs and state variables. The state variables
formaset T = {T1, ..., Tg} Each state variable corresponds
to a single bit of state code C(a,;). The minimum code
length corresponds to so-called maximum binary state codes
(MBCs) [20]. The length of MBCs is determined by the
following formula:

R = [logzM—|. (1)

The state codes C(a,,) are kept into the state code register
(RG). In the case of FPGA-based FSMs, the RG includes the
flip-flops of D type [21]. To change the content of RG, the
input memory functions are used. The IMFs form a set D =
{D1,...,Dg}.

An FSM circuit is represented by two SBFs:

D=D(T,X); )
Y =Y(T,X). 3)

The SBFs (2)—(3) represent so-called P Mealy FSM [5].
It includes two logic blocks and the state code register. One
of these blocks generates functions from SBF (2). The second
block generates IMFs (2). These functions enter the RG to
set a next state code. In the beginning, the RG is cleared
using a pulse Start. The resulting code consists of zeros; it
corresponds to the initial state a; € A. The values of IMFs
determine the code of a next state. This code is written into
RG using a pulse Clock. In this article, we do not show the
architecture of P Mealy FSM due to its triviality.

To get the systems (2)—(3), the initial STG should be
transformed into a direct structure table (DST) [5]. Also,
a DST can be obtained using a state transition table (STT)
[19]. Both STG and STT are interchangeable. At the same
time, there are elementary procedures for converting one form
to another [19]. In our paper, for representing a Mealy FSM,
we use an STG.

An STT includes the following columns [5]: a current
state a,,; a next state ag; an input signal X; which is a
conjunction of inputs (or their complements) determining
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a particular interstate transition (a,, as); a collection of
outputs Y, generated during the transition (a,as); h is
a column including the numbers of interstate transitions
(h € {1,...,H}). The number of STT rows is equal to the
number of arcs in the equivalent STG.

To transform an STT into the equivalent DST, it is
necessary to assign state codes. This is a state assignment
step [19]. This step is reduced to the replacement of states
ap, € A by their binary codes C(a,,). The current state codes
are placed into the column C(a,,) of DST, the next state codes
are placed into the column C(ay). In the case of D flip-flops,
the values of IMFs are created on the base of the next state
codes. These functions are placed into the column Dy of
DST.

In this paper, we consider a case when the circuit of P
Mealy FSM is implemented using internal resources of FPGA
chips. A lot of configurable logic blocks (CLB) could be
found in chips produced by AMD Xilinx [17]. Each CLB
includes LUTS, dedicated multiplexors, flip-flops and tools
of fast internal interconnect [22]. All these components are
programmable. The logic functions are implemented using
LUTs. The number of LUT inputs could be increased with
the help of dedicated multiplexers. Each bit of state codes
corresponds to a flip-flop’s output. To get an FSM circuit,
it is necessary to connect CLBs by tools of a programmable
routing matrix [22].

A LUT has Sp inputs and a single output. Any Boolean
function depending on up to S, variables is generated
using only a single LUT [20]. The value of Sz is rather
small [14]. For example, there is S;; = 6 for basic LUTs
of the Virtex-7 family [18]. But the functions (2)—(3) can
be very complex. It is quite possible that the numbers of
arguments of sum-of-products (SOPs) of these functions
exceed significantly the value of Sp. To generate such
complex functions, it is necessary to represent each of
them as a composition of partial Boolean functions (PBFs).
Each PBF has no more than S; arguments. To optimize
the resulting compositions, it is necessary to apply various
methods of functional decomposition (FD) [23]. Although
these methods allow implementing an FSM circuit, they have
one negative quality: FD-based FSMs are represented by
multi-level circuits with complicated systems of “‘spaghetti-
type” interconnections [20].

In LUT-based FSMs, the flip-flops of RG are distributed
among LUTs generating functions (2). Due to it, the RG is
hidden inside the slices generating IMFs. So, LUT-based P
Mealy FSMs have only two blocks. In the further material
of this article, we denote a block consisting of LUTSs as a
LUTer.

In the best case, there is exactly a single level of LUTs
in the circuit of P FSM. This is possible if each function
fi € DUY depends on no more than S;, arguments. However,
for sufficiently complex FSMs, the number of LUT inputs is
not enough to implement single-level FSM circuits. So, rather
complex FSMs are represented by multi-level LUT-based
circuits. To improve the basic characteristics of LUT-based
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FSM circuits (LUT count, maximum operating frequency,
power consumption), it is necessary to improve the existing
design methods.

In addition to reducing the number of LUTs, it is very
important to optimize the system of connections between
different CLBs of an FSM circuit. As shown in [11], the
interconnections are responsible for: 1) around 70% of power
consumption and 2) the major part of FSM circuit latency
time. This can be done using such methods of structural
decomposition as: 1) twofold state assignment [24], [25],
2) extended state assignment [15] or 3) composite state
assignment [16].

IIl. RELATED WORK

Over the past fifty years, a huge number of methods have been
developed to optimize the characteristics of FSM circuits.
Since the 1980s, most of the developed methods have focused
on FPGA-based FSMs [20], [26], [27], [28]. These methods
should be applied if the number of arguments NA(f;) exceeds
the number of LUT address inputs (at least for a single
function f; € DUY) [20]. As arule, the known design methods
can improve only a single characteristic of an FSM circuit
(either the LUT count or the latency time or the value of power
consumption) [29], [30], [31], [32], [33]. There are also
methods that attempt to balance two or three characteristics
of the circuit [34], [35], [36], [37], [38]. The main goal of
the method proposed in this article is reducing the chip area
occupied by a LUT-based FSM circuit. As it is done in [10],
we use the LUT count of a circuit to evaluate the occupied
chip area.

Now, there are various methods of state assignment
improving the LUT counts. These methods reduce the
number of arguments in functions f; € D U Y [20].
The reduction can be done by lengthening the state codes. The
method of one-hot assignment is very popular in FPGA-based
design [20]. In this case, the number of code bits is equal to
the number of states, M. Sometimes, for optimization, it is
enough to increase the number of code bits by only 2 or 3,
as it is possible when using the algorithm JEDI [39]. So, the
number of code bits can differ from [logoM] to M. As the
examples of CAD tools, we can note such systems as SIS [39],
ABC by Berkeley [40], Vivado [41] by AMD Xilinx [17],
Quartus [42] by Intel (Altera) [43].

Currently, there is no single best method which always
gives the best results (for any FSM). For example, in [44],
there are compared FSM circuits based on maximum
binary and one-hot state codes (OHCs). As follows from
research results reported in [44], the one-hot codes improve
FSM characteristics for rather complex FSMs (when there
is M > 16). However, there are other important factors
influencing the circuit characteristics. These factors are:
1) the number of FSM inputs and 2) the distribution of FSM
inputs between the states. For example, the results shown
in [45] prove that using OHCs loose against MBCs if L > 10.

From this brief analysis, it is clear that the characteristics of
LUT-based circuits depend on the total number of inputs and
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state variables, L 4+ R. Obviously, this value determines which
state assignment method should be used for a particular FSM.
To be sure which method should be applied, it is necessary to
apply both MBCs and OHCs. Due to it, we have investigated
the efficiency of these both methods in our research. As a
base for comparison with our proposed method, we use
the algorithm JEDI [39], the MBC-based method Auto and
the OHC-based method One-hot of Vivado [41] by AMD
Xilinx [17]. Our choice of Vivado is due to its focus on AMD
Xilinx FPGA chips. Our choice of JEDI is determined by the
fact that JEDI is one of the best MBC-based methods [8].

To optimize the characteristics of FSM circuits, various
methods of structural decomposition (SD) [20] can be used.
The main idea of SD-based methods is the elimination of
direct dependence between FSM inputs x; € X and state
variables 7, € T, on the one hand, and outputs y, € Y
and IMFs D, € D, on the other hand. Due to it, an FSM
circuit is represented as a composition of big blocks having
their own systems of input and output variables. Each block
implements some system of PBFs. In this article, we propose
anew SD-based FSM design method. This method combines
features of methods based on extended state codes [15] and
composite state codes [16].We use the term ‘“‘mixed state
assignment” to define the proposed method. As a result of
applying this method, the states are encoded by the so-called
mixed state codes. To understand the proposed method,
we should analyse its predecessors discussed in articles [15],
[16].

Like both ESC- and CSC-based design methods, the
proposed method is based on finding a partition I14 =
{Al, L AK 1} of the set A by classes of compatible
states [24], [25].There are My states in the class A € Tly.
Including a state a,, € A in a class AX € TI4 can change
the value of NAj;, where NA; is a number of variables on
which transitions from the states already included into this
class depend. A state a;;, € A is compatible with states from
class A¥ € T14 if the inclusion of this state in this class does
not lead to the condition

NA; > S )

The value of NAj is a result of summation the numbers
Ly and Ri. The value of L is equal to the number of FSM
inputs on which transitions from the states a,, € A* depend.
These inputs create a set X k' C X. The value of Ry is equal
to the minimum number of bits required for encoding of the
states a,, € AK. Each class A € T1, determines sets Y¥ C Y
(a set of outputs generated during the transitions from states
ay € A%y and D*¥ C D (a set of IMFs generated during the
transitions from states a,, € A¥).

Each class corresponds to some sub-table of the initial STT.
The number of FSM inputs in this sub-table is equal to Ly.
This is a feature common to all methods discussed below. But
there are different approaches for determining the value of Ry.
Now we will analyse the features of ESC- and CSC-based
FSMs.
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FIGURE 1. Architecture of Pz Mealy FSM.

In the case of ESC-based FSMs, the value of Rj is
determined as

R = [logaMi +1)] (kefl,....K1})). (5

In (5), the number 1 is added to M}, to take into account the
relation a,, ¢ AX.

To encode states for all classes of Iy, it is necessary Rg
variables, where

R =Ri+...+Rk1. (6)

To encode states, the variables 7, € 7 are used where 7 =
{t1, ..., tre}. To encode states a,,, € Ak, weuse aset T8 C 7.
The variables 7, € T* form partial state codes PC(a,,) where
am € A¥. There are K1 fields in the extended state codes
CE (ay,). The k-th field corresponds to the set A¥ € TT,. For a
state a,, € A, only some of variables 7, € 7" k are non-zero.
All other fields include only zeroes.

The following sets correspond to each class A¥ € Tly:
Xk, vk Dk T*, Using a sub-table of DST which represents
transitions from states a,, € A, the following systems of
PBFs can be obtained:

D = DK(T*, x%); )
Yk = YkeTk, x%). 8)

In [15], architecture of Mealy FSM based on ESCs is
proposed. We denote this FSM by the symbol Pg (Fig. 1).

In P Mealy FSM, a block LUTerk implements SBFs
(7)—(8). These partial functions enter a block LUTer7Y . The
functions (8) are transformed into outputs y, € Y. The
partial IMFs enter informational inputs of flip-flops from
the corresponding CLBs. These flip-flops create the hidden
distributed state code register RG. If there is Start = 1, then
all flip-flops are zeroed. This corresponds to the code C(ay).
A particular edge of the synchronization pulse Clock allows
changing the contents of RG.

The PBFs (7)—(8) enter a block LUTer7Y. This block
transforms PBFs into final SBFs

D=DD',...,DK): )
Yy =y, ..., Yk, (10)
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The functions (9)—(10) are just disjunctions of corresponding
PBFs.

A positive feature of ESC-based approach is the ability
to choose codes of different lengths for states from different
classes. This flexibility allows including an arbitrary number
of states in any particular class. The only condition for
including a state in a class A% € T1, is the condition

Ry + Ly < SL. (11)

If condition (11) holds, then each PBF from SBFs (7)—(8) is
generated by a single LUT. Obviously, a state a,, € A cannot
be included in a class A¥ € T4 if the inclusion leads to the
violation of condition (11).

This feature is positive, because it keeps the number of
classes to a minimum. This allows optimizing the number
of LUTs for the first logic level of the circuit. However, the
property of possible variability of the length of state codes
has a negative side. Namely: the total number of bits of codes
determined by (6) can significantly exceed the minimum
required value represented by (1). This leads to a significant
number of flip-flops and partial IMFs in the circuit, which
increases the LUT count for the first circuit level. It also
increases the requirements for the synchronization tree,
which in turn leads to an increase in power consumption [46].

All noted shortcomings are not inherent in CSC-based
FSMs proposed in [16]. In this case, all state codes have
the same length. This method is also based on creating the
partition Ty = {A', ..., AX2} of the set A by classes of
compatible states [25]. The states a;,, € A¥ are encoded
by partial codes PC(a,,). For each class, there is the same
number of bits (Ry).

In [16], we did not show the approach used for finding
the value of Rg. In [16], we used the following approach.
Obviously, the value of Rg should not exceed the value S; — 1.
We changed Rg from 1 to S; — 1 and implemented the FSM
circuit. Then we chose a value of Rg that minimized the total
number of LUTs in the FSM circuit. This value was taken as
the number of bits used to encode the states of each class.
Thus, the number of partial code bits is the same for all
classes:

Rg = [logz max(Mq, ... ,MKZ)—|- (12)

Obviously, in the case of CSCs, the maximum amount of
states for any class A¥ e TI, is equal to 285, To encode
states, the state variables are used. They create a set S =
{S1,...,Sgs}.

To distinguish the classes, they are encoded by binary
codes C (Ak ). These codes include R bits, where

Re = [loga K2]. (13)

To encode classes, the class variables are used. They create a
set V={vi,...,vrc}

To create composite state codes CC(ay,), the variables from
the set T = V US are used. Each code CC(ay,) is represented
by a concatenation of class code C(A*) and partial state code
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FIGURE 2. Architecture of LUT-based P FSM.

PC(a;,) [16]. So, the total number of code bits (Rcc) is equal
to the result of summation R¢c and Rg:

Rcc = Rc + Rs. (14)

As shown in [16], the value of Rcc does not exceed the value
of R + 2.

For CSC-based FSMs, each class A¥ e [14 determines
the sets X¥, Y*, DF. These sets determine functions of LUTs
creating the first level of FSM circuit. In [16], we propose
architecture of Pc FSM based on composite state codes. This
architecture is shown in Fig. 2.

In Pc FSM, ablock LUTerk generates the following PBFs:

D' = DX(S, X%, (15)
Yk = Y%, x5). (16)

A block LUTerTY transforms these PBFs into final values
represented by the following SBFs:

D=D(V,D',..., DK%, (17)
Y=Y, Y, .. . YK, (18)

To create SBFs (17)—(18), it is necessary to multiply each
PBF by a conjunction Vj of class variables. The conjunctions
Vi are determined by the class codes C A",

The block LUTerTY includes a hidden register. This
register is controlled by pulses Clock and Start. There are
Rcc flip-flops inside of LUTerTY . Their outputs correspond
to class and state variables fromtheset 7 =T U S.

A positive feature of CSC-based approach is practically
minimum amount of used flip-flops forming a register RG.
Compared to equivalent ESC-based FSMs, this reduces:
1) the requirements for the synchronization tree and 2) the
number of LUTs generating IMFs. The disadvantage of
CSC-based approach is the constant number of bits (Rs) used
to encode the states within each class A¥ € T14. This leads to
an increase in the number of classes K2 in relation to K1. If for
some class the difference Ay = Sz — Ly — Ry is positive, then
this class could be supplemented with A states and, possibly,
reduce the total number of classes, K. In turn, reducing the
number of classes can reduce the number of LUTs and their
levels in the resulting FSM circuit.
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Thus, each of the considered approaches (Pg and Pc
FSMs) has its positive and negative qualities. In this article,
we propose an approach which allows combining the positive
qualities of the discussed FSMs and reducing their inherent
disadvantages.

IV. MAIN IDEA OF THE PROPOSED METHOD

The proposed method is based on finding a partition 14 =
{A', ... AK} of the set A by K classes of compatible
states. We denote a resulting FSM by the symbol Pgc. The
subscript EC emphasizes that the proposed model combines
the positive properties of Pr and Pc FSMs. As a result, the
states are encoded by so-called mixed state codes EC(ay,)
proposed in this article. Each MSC consists of a class code
C(AF) and partial state code PC(ay,).

Our approach has the following peculiarities. Unlike partial
state codes used in P¢c FSMs, the partial codes used in Pgc
FSMs can have different lengths, which is inherent in Pg
FSMs. Now, the number of variables forming partial codes
for states a,, € A¥ is determined as

R = [loga My |. (19)
As opposed to CSC-based FSMs [16], the length of the partial

codes is defined as

RS = max(Rl, ey RK). (20)

So, the total number of variables in the set S is equal to
Rs. However, for a particular class A¥, only a part of these
variables may be used. This part forms a set Sk. Now, each
class A¥ € T, is represented by the following systems of
PBFs:

D* = DF(Sk, X%); (21)
Yk = Y*(sk, x5). (22)

To encode classes, we use variables v, € V. The set V
includes Ry elements where

Ry = |_log2 K-|. (23)
Totally, the proposed mixed codes have Rgc bits, where
Rgc = Ry +Rs. 24)

The set DX includes partial functions D’f, e, Dﬁ‘eEC, the set
Y* includes partial output functions ylf see s YN

The SBFs (21)-(22) are transformed into FSM outputs
yn € Y and IMFs D, € D. The transformation is represented
by the following SBFs:

D, = VD! + ... 4+ vgDK; (25)

Yo =Viyh 4. 4 VoK. (26)

The following relations exist in (25)-(26): r €
{1,...,Rgc} and n € {l,...,N}. As follows from
(25)—(26), the functions D, € D and y, € Y are multiplexer

functions. To generate these functions, it is necessary to use
N + Rgc multiplexers. The partial functions (21)—(22) are
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FIGURE 3. Architecture of Pgc FSM.

used as data inputs of these multiplexers. Each multiplexer
selects a particular PBF using the class variables v, € V.

So, SBFs (21)—(22) determines a block of partial functions.
The SBFs (25)—(26) determine a block of final values. This
block should include flip-flops keeping mixed state codes. So,
the proposed Pgc FSM has an architecture shown in Fig. 3.

In Pgc FSMs, the blocks LUTer 1-LUTerK form the first
circuit level. A block LUTerk generates PBFs (21)—(22). The
block LUTerTY forms the final values of functions (25)—(26).
This is the second circuit level. The block LUTerTY includes
the hidden register RG consisting of Rcg flip-flops. The RG
is controlled by pulses Start and Clock.

In the common case, the following conditions hold:

K <Kl1; 27
K < K2; (28)
Rc < Rpc < Rg. (29)

As follows from relations (27)—(28), our approach provides
the minimum possible amount of classes. This can result in
reducing the numbers of LUTSs and their levels in the blocks
generating functions y, € Y and D, € D. As follows from
(29), the proposed approach provides practically the same
amount of flip-flops in equivalent CSC- and MSC-based
FSMs. So, these FSMs can have practically the same values
of power consumption. Also, the registers of Pgc FSMs
have significantly fewer flip-flops than equivalent ESC-based
FSMs. Due to it, we can expect that the proposed FSMs
provide better values of power consumption than ESC-based
FSMs. The experiments reported in Section VI show that
our approach allows improving the basic characteristics of
LUT-based circuits of Mealy FSMs.

In this paper, we propose a synthesis method for Prc
Mealy FSMs. The proposed method produces the logic
circuits of LUT-based FSMs. We start the synthesis process
from an FSM state transition graph. The proposed method
includes the following steps:

1) Transforming initial STG into equivalent STT.

2) Constructing the partition IT4 with minimum possible

cardinality number.

3) Creating sets of class and state variables (v, € V,

sy € 95).
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FIGURE 4. State transition graph of Mealy FSM F1.

4) Encoding of FSM states by mixed state codes EC(ay,).

5) Creating tables of blocks LUTer1-LUTerK .

6) Deriving SBFs (21)-(22) for each block of PBFs.

7) Creating table of block LUTerTY .

8) Constructing SBFs (25)-(26) representing LUTerTY .

9) Implementing the LUT-based circuit of Prc Mealy

FSM using internal resources of a particular FPGA
chip.

The second step is executed using the approach proposed
in [24]. This is a greedy algorithm creating the classes
of compatible states with maximum possible cardinality
numbers. This results in minimizing the value of K. During
this step, the classes are created in a way minimizing the
number of shared outputs. This leads to reducing the LUT
count in the circuit generating SBF (26). Any multiplexer
from the second level of an FSM circuit is implemented by
a single LUT if the following condition takes place:

Ry +K < §;. 30)

If condition (30) is violated, then the multiplexers could be
implemented as single-level circuits. This is possible, if the
number of partial functions for a given function does not
exceed the value S; — Ry.

V. EXAMPLE OF SYNTHESIS

We use the symbol P;(Fj) to show that the model of P; Mealy
FSM (i € {E, C, EC}) is used to implement the circuit of an
FSM Fj. In this Section, we show how to design the circuit
of Mealy FSM Pgc(F1). The circuit should be implemented
using 5-LUTs (LUTs with Sz = 5). The synthesis process
starts from an STG shown in Fig. 4.

Step 1: To transform an STG into the equivalent STT,
it is necessary to transform each arc of STG into a line of
STT [5]. There are the following columns in the STT [5]: a,
(a current FSM state); as (a next FSM state); X, (the input
signal written above the A-th arc of STG); Y}, (the collection
of outputs y, € Y written above the h-th arc of STG); h
(the number of transition where h € {1, ..., H}). The input
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TABLE 1. State transition table of FSM F1.

am | as | Xp Y h
ap | 92| T Yo 1
a1 | %1 yiy2 | 2
a3 | x2 y1ys | 3
a2 | a4 | T2xe Y5 4
as | Ta%e | ysyr | S
a3 | ag 1 y3ys | 6
as | ®2 | yiys | 7
a4 | a3z | T2x4 Y9 8
a7 |T2T4 | Y11 9
as | x1 y1ys |10
as | a7 |T1T2 | Y2y9 |11
ag | T1%2 | yaye |12
ar x7 Y1 13
ae | ag |T7Te | yry11 | 14
aio | T7%6 | yY3ys |15
ay | %8| ®3 ysys | 16
aio | T3 Y8 17
a1 | T4 | yiye |18
ag |aio | Tar1 | y1ye |19
a11 | 421 | y2y11 |20
ag |¥10| 7 Y1 21
a2 | @7 | ysyi1 |22
a2 | 3 ys |23
aio | a1l | T3x5 | ysya |24
ais | €375 ys |25
ag | w2 | ysyi1 |26
a1l | a1 | @227 | yiys |27
a3 | T2T7 | Ysyr 28
agp |13 | T5 | YsYYs 29
as | o5 |yioyi1 |30
ags | 04| T3 yi1 |31
ai1| T3 | ysyio |32
ais| a1 1 ysy1o0 | 33

signals are conjunctions of some FSM inputs x; € X (or their
compliments). For arc number /4, the vertex from which the
arc emerges corresponds to the current state, and the vertex
that the arc enters corresponds to the next state (state of
transition).

There are H = 33 arcs in the STG (Fig. 4). So, it should
be 33 lines in the equivalent STT. The following can be
found from analysis of Fig. 4: 1) FSM transitions depend on
L = 7 variables x; € X; 2) during these transitions, N =
11 outputs y, € Y are generated; 3) there are M = 14 nodes
in STG (Fig. 4). This determines the sets X = {x1,...,x7},
Y={,....yn}and A ={ay, ..., a1a}.

The transition from STG to STT is executed in the trivial
way [5]. In the discussed case, the STT is represented by
Table 1.

Table 1 includes H = 33 lines. We hope there is a
transparent connection between the STG (Fig. 4) and STT
(Table 1).

Step 2: Using the greedy approach [24], Table 1 and
5-LUTs, we have obtain the partition [Ty = {Al, AZ, A3}. So,
there is K = 3. There are the following classes AK € Tly:

Al = (a3, a7,a10, a12, a13, a1a}, A> = f{ay, as,as, ag),
and A3 = {aa, as, a9, ay1}. So, there is My = 6 and
42375
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FIGURE 5. Outcome of state assignment for FSM Pcg (F1).

M, = M3 = 4. These classes determines the sets X! =
P, xs), YYo= {y3, 498,010,y X2 = {xn, xo, xa),
Y2 = {y1,52, 56, ¥8, ¥9, y11}, X° = {x2, %6, x7} and Y* =
{y1,¥3,¥5,y7, yu}. This gives L} = 2, L, = L3 = 3.

Step 3: To execute this step, it is necessary to find the values
of Ry and Rys. This is done using the outcome of the previous
step. Using (19) gives Ry = 3 and R, = R3 = 2. Using
(20) gives Rs = 3. So, the partial codes are created using
the state variables s, € S = {s1, 52, s3}. The states a,, €
Al are encoded using all elements of the set S. Other states
are encoded using only variables s2, 53 € S. Using (23) gives
Ry = 2. This determines the set V = {v{, v»}.

Using (24) gives the value Rec = 5. The set T includes
5 elements: T = {vi, vy, sy, s2,s3}. These variables are
represented by the outputs of flip-flops distributed inside
LUTerTY .

Step 4: To encode states, we use the approach proposed in
the article [25]. It allows minimizing the number of partial
IMFs. One of the possible outcomes is shown in Fig. 5.
It includes three Karnaugh maps with partial codes for each
class A¥ € IT4.

To encode classes A¥ € T1 A, we should use the code with all
zeros to encode the class which includes the initial state a; €
A. In the discussed case, this is the class A2. So, we choose the
following class codes for our example: cahH =01,cA?) =
00 and C(A%) = 10.

Using class and partial state codes gives the mixed
state codes EC(a;). For example, the following codes
can be obtained: EC(a;) = 0000 (it follows from
Fig. 5b and C(A?%) = 00), EC(az) = 1010 (it follows from
Fig. 5¢c and C(A%) = 10), EC(az) = 01100 (it follows
from Fig. 5a and C(A') = 01) and so on. The tables of
LUTer1-LUTer3 are based on the partial and mixed state
codes.

Step 5: Each block LUTerk is represented by its direct
structure table. A DST includes all columns from the
equivalent STT and three additional columns. The additional
columns contain: partial state codes of current states (the
column PC(a;,)); mixed codes of next states (the column
EC(ay)); partial IMFs D% e D* required for loading the
value of EC(ay) into RG (the column Dy). The LUTer1 is
represented by Table 2. The table is based on 11 lines of
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TABLE 2. Table of LUTer1.

am | PC(am) | as | EC(as)| Xp Yy, Dy, h
as 100 ae 10000 1 Y3y4 Dy 1
ar 101 ag | 00001 T3 | Y3ya Ds 2
alo 01000 z3 Y8 Do 3

ajz | 01001 | x3 Y3 D2Ds | 4

ato| 000 |aq1| 10001 |a325| ysya | D1Ds | 5
a3 | 01010 | Z3xs s D2Dy 6

a12 001 a3 01010 1;5 Y3ys D2D4 7
asg | 01011 T5 | yioy11 | D2DaDs | 8

01011 T DoDyD 9

010 a4 3 Y11 245
s a1 | 10001 23 | ysyio | D1Ds |10
a4 011 al 00000 1 Y3Y10 - 11
TABLE 3. Table of LUTer2.
am PC(am) ag EC(CLS) Xh Yh Dh h
az 10010 T Y6 D1Dy 1
00

a“ a1 | 00000 | @1 | yiye - 2
ag | 10000 T2 | y1ys D1 3

as 11 a3 | 01000 |z2x4| yo D2Ds | 4
a7 | 01101 | @224 | y11 | D2D3Ds | 5

as | 00010 | z1 | yiys Dy 6

as 10 a7 | 01101 | @122 | yayg | D2D3Ds | 7
ag | 00001 |&1a2 | Yoy Ds 8

a1 | 00000 T4 | Y1Ye - 9

asg 01 aig | 01000 |ayx1 | y1ye Dy 10
aiy | 10001 |22y |yey11| Di1Ds |11

Table 1 (lines 6, 16, 17, 23-25, 29-32). The LUTer2 is
represented by Table 3. The table is based on 11 lines of
Table 1 (lines 1, 2, 7-12, 18-20). The LUTer3 is represented
by Table 4. The table is based on 11 lines of Table 1 (lines
3-5, 13-15, 21-22, 26-28).

Step 6: The partial functions are represented by SOPs
(21)—(22). All these SOPs are created in the same way.
Bellow, we show partial SOPs for functions D; and y;.

Using Table 2, we can derive the following SOPs:

D = 515283 V $152530345 V §1528343;
yi=0. (31)
Using Table 3, we can derive the following SOPs:

D% = $283X1 V $283X2 V §283X4X1;
y% = §253X] V $283X] V $253X4. (32)
Using Table 4, we can derive the following SOPs:
Dy = $53:67x6;
y? = §7253X2 V $253X7 V $283x7 V $2853X0X7. (33)
We hope there is a transparent connection between
Tables 2—4, on the one hand, and formulae (31)-(33), on the
other hand. There is y% = 0, because there is no symbol y; in
Table 2.
Step 7: The table of LUTerTY is constructed on the base

of tables of partial functions (in the discussed example we
should analyze Table 2—Table 4). This table includes a column
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TABLE 4. Table of LUTer3.

am | PC(am) | as | EC(as) | Xp Y Dy, h
a3z | 01100 T2 Y1Y3 D2Ds 1
az 10 aq | 00011 |Z2xe | ys Dy Ds 2
as | 00010 |xa2%6 | y3yr Dy 3
a7 | 01101 x7 Y1 DoD3Ds | 4
ag 00 ag 10011 | Z7xe | y7y11 | D1DaDs | 5
aio | 01000 |z776 | y3ys Do 6
ao 1 aip | 01000 x7 Y1 Do 7
a2 | 01001 Z7 |ysyi1| D2Ds | 8
asg 00001 T2 | Y3Y11 D5 9
ail 10 al 00000 |Z2x7 | Y1Ys5 - 10
a1z | 01010 |z227 | ysyr D2Dy 11
TABLE 5. Table of LUTerTY.

Function | 1 | 2 | 3 || Function| 1 | 2 | 3

Dy + |+ |+ Ya +|—|—

Dy |+ |+ + Y5 — ||t

D3 — |+ |+ Y6 —|+|-

Dy + |+ |+ Y7 —|— |+

Ds + |+ |+ Y8 + |+ | —

Y1 — |+ |+ Y9 — |+ -

Y2 el el e Yyio |+|—|~—

Y3 + ||+ Y11 + |+ |+

with functions D, € D and y, € Y. Other columns contain
number of blocks (1, 2,..., K). In the discussed case, this
block is represented by Table 5.

There are symbols “+”” and “—"" in Table 5. For example,
if some partial function D’rc # 0, then there is the symbol
“4” at the intersection of row D, and column k. Obviously,
if some partial function yf‘l # 0, then there is the symbol “+”
at the intersection of row y, and column k.

Step 8: The circuit of LUTerTYis represented by SBFs
(25)—(26). They are constructed in the following way. If there
is the symbol “4-” at the intersection of row D, and column
k, then a SOP of function D, € D includes the term V. - D’;.
In this term, the member Vj is a conjunction corresponding
to C(A%). Obviously, if there is the symbol “+” at the
intersection of row y,, and column k, then a SOP of function
yn € Y includes the term Vj -yﬁ.

In the discussed case, there is Vi = vjvp, Vo = vivs and
V3 = v1v3. Using these conjunctions and systems (31)—(33),
we can create SOPs of full functions D; € Dandy; € ¥:

D = \/_1v2D% \% \1_111_2D% \% vlv_gD?;
) -3
Y1 = Vivayy vV vivayy. (34)

All other SOPs (25)—(26) are created in the same way.

Step 9: Now we can estimate the value of LUT count for
each block of FSM Pgc(F1). To do it, we should use Table 5.

As follows from the column ““1”” of Table 5, LUTs of
LUTer1 generate 4 partial IMFs and 5 partial outputs. So, this
block includes 9 LUTs. Also, the following relations can be
found from this column: y}1 = y4 and y{o = y10 This means
that only 7 outputs of LUTer1 are connected with LUTs of
the second logic level.
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FIGURE 6. Logic circuit of FSM Pgc(F1).

As follows from the column “2” of Table 5, LUTSs of
LUTer?2 generate 5 partial IMFs and 6 partial outputs. So, this
block includes 11 LUTs. Also, the following relations can be
found from this column: y% =y, y% = ys and yg = yo.
This means that only 8 outputs of LUTer?2 are connected with
LUTs of the second logic level.

As follows from the column “3” of Table 5, LUTSs of
LUTer3 generate 5 partial IMFs and 5 partial outputs. So, this
block includes 10 LUTs. Also, the following relations can be
found from this column: yg = ys and y% = y7. This means
that only 8 outputs of LUTer3 are connected with LUTs of
the second logic level.

The conducted analysis shows that there are totally 30 LUTs
at the first circuit logic level. The outputs of 23 LUTs are
connected with the block LUTerTY of FSM Pgc(F1).

Obviously, some function should be generated by
LUTerTY if there are at least two symbols “4” in the
corresponding row of Table 5. As follows from Table 5, there
are 9 such rows. For the discussed case, there is Ry = 2 and
K = 3. So, the condition (30) holds. This means that each
function is represented by a single-LUT circuit. So, there
are 9 LUTs in the circuit of LUTerTY .

Thus, there are 39 LUTs and 5 flip-flops in the circuit
of FSM Pgc(F1). The circuit has two levels of logic. All
circuits are implemented without the dedicated multiplexers.
This circuit is shown in Fig. 6.

Now, we compare LUT counts for Pg(F1) and Pc(F1)
FSM. As it is in the discussed example, we use 5-LUTs for
implementing FSM circuits.

In the case of Pg(Fl), using the greedy algorithm
from [24] gives the partition of the set A with K1 =
4 classes. These classes are the following: Al = {ay, as, ag},
A2 = Aax,a3z,as}, A> = las,a9,aj} and A* =
{a7, ay0, a12, a13, a14}. Using (5) gives the following lengths
of partial state codes: Ry = Ry = R3 = 2, R4 = 3. Using
(6) gives Rg = 9. So, it is necessary 9 flip-flops if extended
state codes are used. So, even for this simple example, the
number of required flip-flops for Pg(F1) is almost twice
that for Pgc(F1). This leads to an almost doubling of the
number of feedback signals. As follows from [20], the more
interconnections, the greater the power consumption and
signal propagation time is. We have found that it is necessary:
1) 13 LUTs in the circuit of LUTer1; 2) 14 LUTs in the
circuit of LUTer2; 3) 11 LUTs in the circuit of LUTer3;
4) 13 LUTs in the circuit of LUTer4. So, totally, there
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are 51 LUTs generating PBFs. Also, it is necessary 17 LUTs
in the circuit of LUTer7Y. Because there is K1 < S = 5,
the circuit of LUTer 7Y has a single level. To summarize: the
circuit contains 68 LUTs and has two logic levels.

In the case of Pc(F1), using the greedy algorithm
from [24] gives the partition of the set A with K2 = 4 classes.
These classes are the following: Al = {a7, ayo, a2, a1z},
A2 = {al, a4, as, ag}, A3 = {az, ae, Ag, a11} and A4 =
{az, a14}. Using (5) gives the following lengths of partial state
codes: Rf = Ry = R3 = 2, R4 = 3. Using (12) gives
Rs = 2. Using (13) gives Rc = 2. So, it is necessary 4 flip-
flops if composite state codes are used. So, the number of
required flip-flops for Pc(F'1) is practically the same as it is
for PEc(F1). We have found that it is necessary: 1) 9 LUTs
in the circuit of LUTer 1;2) 10 LUTSs in the circuit of LUTer2;
3) 9 LUTs in the circuit of LUTer3;4) 7 LUTs in the circuit of
LUTer4. So, there are 35 LUTs generating PBFs. Five outputs
yp € Y are generated by LUTs of LUTer1-LUTer4. So,
only 6 LUTs are necessary to implement the rest of outputs.
These LUTs are included into LUTerTY . Each function f; €
D U Y can be represented as a disjunction of four partial
functions. Thus, the value of Ry + K2 = 6 exceeds the
value §; = 5. As aresult, it is necessary 8 LUTs to generate
IMFs (17). Moreover, this part of LUTerTY has two logic
levels. So, is necessary 14 LUTs in the circuit of LUTerTY .
To summarize: the circuit of Pc(F 1) FSM contains 49 LUTs
and has three levels of them.

For the discussed example, the comparison of three
different approaches of state assignment allows making the
following conclusion. The proposed method allows obtaining
the FSM circuit with a minimum number of LUTs (39
LUTs). Our approach allows saving 43% of LUTs compared
to Pg(F1) FSMs and 21% of LUTs compared to Pc(F1)
FSMs. The number of flip-flops for Prc(F1) is only one
more than the minimum possible number, which is ensured
by using the composite state codes. Our approach allows
obtaining the fastest solution because: 1) ESC-based FSM
has more interconnections and 2) CSC-based FSM has three
levels of LUTs.

To get the electrical circuit of Mealy FSM Pgc(F1), it is
necessary to execute the step of technology mapping [26],
[47], [48]. This is connected with using the sophisticated
CAD tools. In the case of circuits implemented with internal
resources of Virtex-7, the industrial package Vivado [41]
should be used. Unfortunately, Vivado can design circuits of
digital devices using basic LUTs with S; = 6. So, using
5-LUTs, we cannot design and analyse the circuit of Mealy
FSM Pgc(F1) automatically. In the next Section, the results
of experiments are shown.

VI. EXPERIMENTAL RESULTS

We conducted a lot of experiments to compare the basic
characteristics of LUT-based Prc Mealy FSMs with char-
acteristics of FSM circuits based on some other models.
The benchmark FSMs from the library [49] are used for the
experiments. De facto, the library includes 48 benchmarks
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TABLE 6. Characteristics of benchmark Mealy FSMs [49].

Benchmark | L | N |R+L | M/R | H | Type
bbara| 4 | 2 | 8 12/4 | 60 1
bbsse | 7 | 7| 12 | 26/5| 56 1
bbtas | 2 | 2| 6 9/41 24| 0

beeCount | 3 | 4 | 7 10/4 | 28 1
cse| 77| 12 | 32/5| 91 1
dkl4| 3| 5| 8 26/5| 56 1
dk1S| 3| 5| 8 17/5 | 32 1
dkl6| 23| 9 75/7]108 | 1
dkl7| 2|3 | 6 16/41 32| 0
dk27| 12| 5 10/41 14| 0
dkS12| 13| 6 24/5| 15 0
donfile| 2 | 1| 7 24/5| 96 1
ex] | 9 |19] 16 | 80/7|138| 2
ex2( 22| 7 25/5| 72 1
ex3| 2|2 6 14/41 36 | 0O
ex4d| 6|9 | 11 18/5 | 21 1
ex5|2 2] 6 16/4 32| 0
ex6| 5|8 9 14/4 | 34 1
ex7|2 |2 12 | 17/5] 36 1
keyb| 7 | 7| 12 | 22/5|170| 1
kirkman [ 12| 6 | 18 | 48/6|370| 2
lion| 2 | 1 5 5/3] 11 0
lion9 | 2 | 1 6 11/4| 25 0
markl | 5 [ 16| 10 | 22/5| 22 1
mCC|3|5]| 6 83|10 0O
modulol2 | 1 | 1 5 12/41 24 | 0O
opus| 5| 6| 10 18/5| 22 1
planet | 7 | 19| 14 | 86/7|115| 2
planetl | 7 | 19| 14 | 86/7|115| 2
pma| 8 | 8 | 14 | 49/6| 73 2

sl| 8|7 | 14 | 54/6(106| 2
s1488 | 8 (19| 15 |112/7(251| 2
s1494 | 8 (19| 15 |118/7(250| 2
sla| 8| 6| 15 | 86/7|107| 2
s208 [ 11| 2 | 17 | 37/6|153| 2
27| 4 | 1 8 11/4] 34 1
s386 | 7 | 7| 12 | 23/5| 64 1
s420 (19| 2 | 27 |137/8|137| 4
s510 (19| 7 | 27 |172/8| 77 | 4
8141 8 15/4 | 20 1
s820 (18 19| 25 | 78/7(232| 4
s832 (18|19 25 | 76/7|245| 4
sand | 11| 9 | 18 | 88/7|184| 3
shiftreg | 1 | 1 5 16/4| 16 0
sse| 77| 12 | 26/5| 56 1

styr | 9 (10| 16 | 67/7|166| 2
tma| 7 | 9| 13 | 63/6] 44 | 2

represented by their state transition tables. The tables are
represented by KISS2-based files. The basic characteristics
of benchmarks (the values of parameters M, L, and N) have
a wide range. Due to it, these benchmarks are used by a
lot of researchers as a base for comparison different FSM
design methods. The characteristics of benchmark FSMs are
represented by Table 6.

We execute the experiments using a personal computer
with the following characteristics: CPU: Intel Core i7
6700K 4.2@4.4GHz, Memory: 16GB RAM 2400MHz
CL15. Also, we use the Virtex-7 VC709 Evaluation Platform
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(xc7vx690tffg1761-2) [50] and CAD tool Vivado v2019.1
(64-bit) [41]. There is S; = 6 for FPGAs of Virtex-7. We use
reports of Vivado to get the results of experiments. To enter
Vivado, we use the CAD tool K2F [20]. This tool allows
creating VHDL codes on the base of files represented in
KISS2 format.

In our experiments, we have checked three basic char-
acteristics of FSM circuits. They are the LUT counts (it
allows to estimate the chip areas occupied by FSM circuits),
performance (the maximum operating frequencies), and area-
time products. To estimate the area, we use the LUT
counts taken from reports of Vivado. The performance is
represented by the maximum operating frequency which is
achievable for each benchmark FSM. The area-time products
are calculated as results of multiplication of the LUT counts
by the maximum latency times obtained directly from Vivado
reports. In our experiments, we use five FSM models. These
models are P FSMs based on: 1) maximum binary state
codes (JEDI); 2) one-hot state codes (One-hot by Vivado);
3) extended state codes (Pg-based FSMs); 4) composite state
codes (Pc-based FSMs); 5) mixed state codes (Pgc-based
FSMs proposed in this article).

As in our previous research [15], [16], the benchmarks are
divided by five types. To do it, we use the relation between
the values of R + L and S;. For basic LUTs of Virtex-7,
there is S = 6. So, we use Sy = 6 to determine the types
of benchmarks. The FSMs are trivial (type 0), if the result
of summation of R and L does not exceed 6. The FSMs
are simple (type 1), if the result of summation does not
exceed 12. The FSMs are average (type 2), if the result of
summation does not exceed 18. The FSMs are big (type 3),
if the result of summation does not exceed 24. Otherwise, the
benchmarks FSMs are very big (type 4). For very big FSMs,
the following relation takes place: R + L > 24. As shown
in the paper [16], there is a direct dependence between the
degree of improving the basic characteristics of FSM circuits
with help of SD-based methods and the type number.

In the discussed case, there is the following distribution
of benchmarks. The FSMs represented by the bench-
marks bbtas, dk17, dk27, dk512, ex3, ex5, lion, lion9,
mc, modulol12, and shiftreg have the type 0. The FSMs
represented by the benchmarks bbara, bbsse, beecount, cse,
dk14, dk15, dk16, donfile, ex2, ex4, ex6, ex7, keyb, mark1,
opus, s27, s386, s840, and sse have the type 1. The FSMs
represented by the benchmarks ex 1, kirkman, planet, planet 1,
pma, s1, s1488, 51494, sla, 5208, styr, and tma have type 2.
There is a single FSM sand which has the type 3. Four
remaining FSMs (5420, 5510, s820, and s832) have the type 4.

The results of experiments are shown in Table 7-Table 11.
Three tables are organized in the same manner (Table 7,
Table 9 and Table 11). For these tables, the columns are
marked by the names of investigated methods (JEDI, One-
hot, Pc, Pgc). The names of benchmarks are written in the
table rows. In these tables, we show results of experiments for
type 0 benchmarks first, then for type 1, and so on. Parts of
tables with the same type of benchmarks can be considered as
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sub-tables. Within each sub-table, benchmarks are shown in
the alphabetical order. In the rows ‘““Total”’, we place results
of summation of values for corresponding columns. The
row ‘“‘Percentage” includes the percentage of summarized
characteristics of FSM circuits produced by other methods
respectively to Prc FSMs. We use the model of P Mealy FSM
as a starting point for methods JEDI and One-hot. Two tables
(Table 8 and Table 9) include only summarized values of LUT
counts and maximum operation frequencies for investigated
methods.

Now, we will analyse the experimental results taken from
the reports produced by Vivado (or calculated by us using
these reports). The following information can be found in
these tables: 1) the LUT counts for all benchmarks (Table 7);
2) the LUT counts for various types of benchmarks (Table 8);
3) the maximum operating frequencies for all benchmarks
(Table 9); 4) the maximum operating frequencies for various
types of benchmarks (Table 10); 5) the area-time products
for all benchmarks (Table 11). The data for two last tables
are calculated using the values of cycle times obtained from
Vivado reports.

As follows from Table 7, the Pgc-based FSMs require
fewer LUTs than it is for other investigated methods. Our
approach produces circuits having 27.15% less 6-LUTs than
it is for equivalent JEDI-based FSMs; 79.57% less 6-LUTs
than it is for equivalent One-hot-based FSMs; 6.21% less
6-LUTs than it is for equivalent CSC-based FSMs; 22.21%
less 6-LUTs than it is for equivalent ESC-based FSMs.
While developing our method, we hoped that Pgc-based
FSMs will require fewer LUTs in comparison with both
equivalent Pg- and Pc-based FSMs. As follows from the
last column of Table 7, our assumptions turn out to be
correct.

To compare the LUT counts for different types of
benchmarks, we have calculated these values for type O,
type 1 and types 2—4. This information is represented by
Table 8.

As follows from Table 8, for the FSMs of type 0, practically
all methods produce FSM circuits with the same LUT counts.
This is explained by the fact that for these benchmarks the
following condition takes place:

R+L <S;. (35)

If (35) holds, then all FSM outputs and IMFs are
generated by single-LUT circuits. Obviously, there is no
need in optimization if the condition (35) holds. Due to it,
the JEDI-based optimization cannot produce circuits better
than they are produced by other investigated methods. The
negative outcome of one-hot assignment (loss in 39.39%) can
be explained by the fact that there is R = M for OHC-based
FSMs Due to it, OHC-based FSMs require more LUTs for
generating IMFs than it is for other models.

Starting from simple FSMs, Pgc-based FSMs require
fewer LUTs than it is for other investigated methods. Our
approach produces circuits having 12.33% less 6-LUTs than
it is for equivalent JEDI-based FSMs; 75% less 6-LUTs
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TABLE 7. Experimental results (LUT counts).

Benchmark | JEDI One PC PE PEC Type
Hot FSM | FSM | FSM
bbtas 5 5 5 5 5 0
dk17 5 12 5 5 5 0
dk27 4 5 4 4 4 0
dk512 9 10 9 9 9 0
ex3 9 9 9 9 9 0
ex5 10 13 10 10 10 0
lion 4 5 4 4 4 0
lion9 5 11 5 5 5 0
mc 4 7 4 4 4 0
modulo12 7 9 7 7 7 0
shiftreg 4 6 4 4 4 0
bbara 10 17 11 13 10 1
bbsse | 24 37 21 26 20 1
beecount 14 19 12 14 12 1
cse| 36 66 31 34 29 1
dk14 10 27 11 12 10 1
dkl15 12 16 7 9 9 1
dk16 12 34 9 11 9 1
donfile | 24 31 19 21 19 1
ex2 8 9 8 9 8 1
ex4 12 13 10 11 10 1
ex6 | 22 36 20 22 21 1
ex7 4 5 4 6 4 1
keyb | 40 61 36 38 36 1
mark1 20 23 18 20 18 1
opus | 22 28 23 25 22 1
s27 6 18 7 8 8 1
s386 | 22 39 20 22 20 1
s8 9 9 9 12 9 1
sse | 30 37 27 29 26 1
exl 53 74 37 44 34 2
kirkman | 39 58 31 37 29 2
planet | 88 131 72 87 66 2
planetl 88 131 72 87 66 2
pma| 86 94 70 80 64 2
sl 61 99 51 61 48 2
s1488 | 108 131 83 96 77 2
s1494 | 110 132 82 94 78 2
sla| 43 81 38 47 35 2
s208 10 31 9 11 9 2
styr | 81 120 65 79 61 2
tma| 39 39 31 36 29 2
sand | 114 132 97 108 89 3
s420 9 31 9 10 9 4
s510| 32 48 28 31 24 4
s820 | 68 82 54 59 48 4
s832| 62 79 50 61 43 4
Total: | 1494 | 2110 | 1248 | 1436 | 1175
Percentage: | 127,15 | 179,57 | 106,21 | 122,21 | 100,00

than it is for equivalent One-hot-based FSMs; 1% less
6-LUTs than it is for equivalent CSC-based FSMs; 14%
less 6-LUTs than it is for equivalent ESC-based FSMs.
We explain this gain by the fact that slightly fewer partial
functions are formed for the proposed method than for
equivalent CSC-based FSMs. The advantage with respect
to ESC-based FSMs is explained by the fact that the latter
require significantly more variables to generate partial state
codes.
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TABLE 8. Results for benchmarks of different types (LUT count).

Methods | JEDI | On¢ | PC | PE JPEC|.
Hot | FSM | FSM |FSM

Total: 66 92 66 66 66

Percentage: | 100 | 139,39 | 100 100 100 0
Total: | 337 525 303 342 | 300 |
Percentage: | 112,33 | 175 101 114 100
Total: | 1091 | 1493 879 1028 | 809 234

Percentage: | 134,86 | 184,55 | 108,65 | 127,07 | 100

The same facts also explain the growing advantage of
our method connected with the growth of the complexity
of the FSMs. As a result, our approach produces circuits
having 34.86% less 6-LUTs than it is for equivalent JEDI-
based FSMs; 84.55% less 6-LUTs than it is for equivalent
One-hot-based FSMs; 8.65% less 6-LUTs than it is for
equivalent CSC-based FSMs; 27.07% less 6-LUTs than it is
for equivalent ESC-based FSMs. As follows from Table 8§,
the gain from the use of mixed state codes increases as the
complexity of FSM grows (an increase in the number of
states, inputs and outputs).

As follows from Table 9, our approach produces faster
LUT-based FSM circuits relative to other investigated
methods. The average win is from 2.36% (compared with
Pc-based FSMs) to 22.39% relative to OHC-based FSMs.
This fact is explained in the same way as it is for the gain
in LUT counts. To compare frequencies for different types of
FSMs, we created Table 10.

The following conclusions can be made on the base
of Table 10. For trivial FSMs (type 0), the one-hot state
assignment produces circuits which are slower than circuits
produced using other state assignment methods. This is
explained by the fact that, due to the violation of condition
(35), these circuits have more interconnections compared to
circuits generated by other methods. It is known [11] that
interconnections significantly affect the performance of LUT-
based circuits. All other models have the same performance
because in fact they degenerate into P FSMs with maximum
binary state codes.

Starting from simple FSMs (type 1), the advantage of
the proposed method begins to appear. For simple FSMs,
our method provides gain relative to JEDI-based FSMs
(22.46%), One-hot-based FSMs (27.69%), and Pg-based
FSMs (3.88%). It is interesting that there is the equal
performance for Pgc and Pc FSMs. Apparently, these two
models have the same state code length. As a consequence,
they have the same number of logic levels (and, therefore, the
same values of maximum operating frequencies). For other
types of FSMs (2, 3 and 4), our method allows producing
the fastest circuits. There is the following gain in FSM
performance: 18.27.6% compared with JEDI-based FSMs;
28.33% compared with OHC-based FSMs; 7.41% compared
with CSC-based FSMs; 12.87% compared with ESC-based
FSMs.

So, the proposed approach allows increasing perfor-
mance in comparison with other methods under study.
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TABLE 9. Experimental results (the maximum operating frequency for all
benchmarks, MHz).

TABLE 10. Results for benchmarks of different types (maximum
operating frequency, MHz).

One PC PE PEC

Benchmark | JEDI Hot FSM FSM FSM Type
bbtas | 206,12 | 204,16 | 206,12 | 206,12 206,12 0O
dk17 | 199,39 | 167,00 | 199,39 | 199,39 199,39 0
dk27 | 204,18 | 201,90 | 204,18 | 204,18 204,18 | 0
dk512 | 199,75 | 196,27 | 199,75| 199,75 199,75 0
ex3| 195,76 | 194,86 | 195,76 | 195,76 195,76 | 0O
ex5| 181,16 | 180,25 | 181,16 | 181,16 181,16 | 0
lion | 202,35| 204,00 | 202,35| 202,35 202,351 0
lion9 | 206,38 | 185,22 | 206,38 | 206,38 206,38 | 0
mc | 196,87 | 19547 | 196,87 | 196,87 196,87 0
modulo12 | 207,13 | 207,00 | 207,13| 207,13 207,13 0O
shiftreg | 276,26 | 263,57 | 276,26 | 276,26 276,26 | 0
bbara | 212,21 | 193,39 | 262,22 | 252,44 262,22 1
bbsse | 182,34 | 169,12 | 248,07 | 238,38 248,07 1
beecount | 187,32 | 166,61 | 249,13 | 241,72 249,13 | 1
cse | 178,12 163,64 | 252,43 | 247,86 252431 1
dk14 | 193,85 172,65 | 233,63 | 223,84 233,63 | 1
dk15| 194,87 | 185,36 | 236,02 | 226,97 236,02 1
dkl6 | 197,13 | 174,79 | 264,93 | 253,82 26493 1
donfile | 203,65 | 184,00 | 258,11 | 248,19 258,11 1
ex2| 200,14 | 198,57 | 251,45| 241,61 25145| 1
ex4 | 192,83 | 177,71 | 247,14| 237,31 247,14 1
ex6| 176,59 | 163,80 | 248,21 | 238,35 248,21 1
ex7| 200,60 | 200,84 | 250,14 | 240,83 250,14 1
keyb | 168,43 | 14347 | 235,01 | 224,98 235,01 1
markl | 176,18 | 162,39 | 237,76 | 227,47 237,76 | 1
opus | 178,32 | 166,20 | 223,26 | 213,40 22326 1
s27| 199,13 | 191,50 | 248,04 | 238,53 248,04 | 1
s386 | 179,15| 173,46| 228,63 | 218,87 228,63 | 1
s8| 181,23 | 178,95 | 223,04 | 213,65 223,04 1
sse | 174,63 | 169,12 | 215,53 | 205,41 215,53 | 1
exl| 176,87 | 139,76 | 191,01 | 176,82 201,12 2
kirkman | 156,68 | 154,00 | 182,19| 177,15 199,17 2
planet | 187,14 | 132,71 | 198,78 | 190,54 208,12 | 2
planetl | 187,14 | 132,71 | 198,78 | 190,54 208,12 | 2
pma| 169,83 | 146,18 | 184,17 | 179,83 192,23 2
sl| 157,16 | 135,85| 186,09 | 177,47 198,41 2
s1488 | 157,18 | 131,94 | 188,03 | 174,31 197,14 2
s1494 | 164,34 | 145,75 | 187,24 | 172,05 193,01 2
sla| 169,17 | 176,40 | 189,17 | 169,53 199,32 2
s208 | 178,76 | 176,46 | 188,42 | 179,28 201,70 | 2
styr | 145,64 | 129,92 | 187,53 | 172,24 198,19 2
tma| 164,14 | 147,80 | 189,18 | 178,59 199,09 | 2
sand | 126,82 | 115,97 | 149,65| 141,14 163,12 3
s420 | 117,25| 106,46 | 133,14 | 129,32 154,02 4
s510 | 118,32 107,65| 137,22 | 127,76 162,17 | 4
s820 | 116,58 | 103,16 | 129,26 | 118,15 157,13 | 4
s832 | 113,78 | 103,23 | 133,31 | 124,22 157,31 4
Total: | 8458,87 | 7821,22 | 9841,27 | 9487,92 | 10077,47
Percentage: 83,94 77,61 97,66 94,15 100,00

Moreover, the gain increases as the complexity of the FSMs
increases.

To better visualize the results of experiments, we presented
them in the form of diagrams (bar charts). These charts show
the total number of LUTs (Fig. 7) and the total maximum
operating frequency (Fig. 8).

To construct the diagram (Fig. 7), we used data from
Table 7. The table includes the sums of LUTs required
for each FSM model within each group of benchmarks
(benchmarks of the same type). To construct the diagram
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One PC PE PEC
Methods | JEDI Hot FSM FSM FSM Type
Total: | 2275,35 | 2199,7 | 2275,35 | 2275,35 | 2275,35 0
Percentage: 100 96,68 100 100 100
Total: | 3576,72 | 3335,57 | 4612,75 | 4433,63 | 4612,25 1
Percentage: | 77,54 72,31 100 96,12 100
Total: | 2606,8 | 2285,95 | 2953,17 | 2778,94 | 3189,37 234
Percentage: | 81,73 71,67 | 92,59 87,13 100 =
66
Type 0 %;:J =
66
300
T I
337
] 596 L
Type 2 — [641 1 759 L
[ 806
89
Type 3 %* £ JEDI L
Ve £ One-Hot
. £ PC-FSM
Type 4 | 143 = PE-FSM -
1 240 = PEC-FSM
! ! ! ! ! !
0 200 400 600 800 1,000 1,200
LUTSs count
FIGURE 7. Total numbers of LUTs for each type of benchmarks.
T
Type 0 nl =
[ \‘ 1| ',“‘EI(;:.,—,
Type 1 — ] f— [4,612.75 |-
| 3,576.72
] 2,395.62
[2,138.35
Type 2 + l.th)‘ 17T B
2,014.05
163.12
Type 3 % 11565 9 JEDI I
YN £ One-Hot
630.63 = PC-FSM
Type 4 g SPEFSM |
6503 = PEC-FSM
! ! ! ! !
0 1,000 2,000 3,000 4,000 5,000

Frequency MHz

FIGURE 8. Total values of maximum operating frequencies for each type
of benchmarks.

(Fig. 8), we used data from Table 9. The table includes the
sums of maximum operating frequencies for each FSM model
within each group of benchmarks (types 0—4). We hope that
these diagrams provide a better understanding of the specifics
of the proposed state assignment method.

The main goal of the proposed method was to reduce the
number of LUTs (the chip area occupied by FSM circuit)
compared to this value for equivalent Pc and Pr FSMs.
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TABLE 11. Experimental results (the area-time products for all
benchmarks).

One PC PE PEC
Benchmark | JEDI Hot FSM FSM FSM Type
bbtas 24,26 24,49 24,26 24,26 24,26
dk17 25,08 71,86 25,08 25,08 25,08
dk27 19,59 24,76 19,59 19,59 19,59
dk512 45,06 50,95 45,06 45,06 45,06
ex3 45,97 46,19 45,97 45,97 45,97

ex5 55,20 72,12 55,20 55,20 55,20

lion 19,77 24,51 19,77 19,77 19,77

lion9 24,23 59,39 24,23 24,23 24,23

mc 20,32 35,81 20,32 20,32 20,32
modulo12 33,80 43,48 33,80 33,80 33,80
shiftreg 14,48 22,76 14,48 14,48 14,48
bbara 47,12 87,91 41,95 51,50 38,14

(=]

bbsse | 131,62 218,78 84,65 | 109,07 80,62
beecount 74,74 114,04 48,17 57,92 48,17
cse| 202,11 403,32 | 122,81 | 137,17 | 114,88

dk14 51,59 156,39 47,08 53,61 42,80

dk15 61,58 86,32 | 29,66 | 39,65 38,13
dkl6 | 60,87 194,52 | 3397| 4334| 33,97
donfile | 117,85 168,48 | 73,61 84,61 73,61
ex2| 3997 4532 31,82| 37,25 31,82
ex4| 62,23 73,15 40,46 | 46,35 40,46

R e B LS NS NS T N (SR S NS R ST S i S S B S e e L e e B e Neo o o R e R = k=]

ex6 | 124,58 219,78 80,58 92,30 84,61
ex7 19,94 24,90 15,99 2491 15,99
keyb | 237,49 425,18 | 153,18 | 168,90 | 153,18
markl | 113,52 141,63 75,71 87,92 75,71
opus | 123,37 168,47 | 103,02 | 117,15 98,54
s27 30,13 93,99 28,22 33,54 32,25
s386 | 122,80 224,84 87,48 | 100,52 87,48

s8 49,66 50,29 40,35 56,17 40,35

sse | 171,79 218,78 | 125,27 | 141,18 | 120,63

exl | 299,66 529,48 | 193,71 | 248,84 | 169,05
kirkman | 248,91 376,62 | 170,15 | 208,86 | 145,60
planet | 470,24 987,11 | 362,21 | 456,60 | 317,12
planetl | 470,24 987,11 | 362,21 | 456,60 | 317,12
pma | 506,39 643,04 | 380,08 | 444,86 | 332,93

sl | 388,14 728,74 | 274,06 | 343,72 | 241,92
s1488 | 687,11 992,88 | 441,42 | 550,74 | 390,59
s1494 | 669,34 905,66 | 437,94 | 546,35| 404,12
sla| 254,18 459,18 | 200,88 | 277,24 | 175,60
s208 55,94 175,68 47,717 61,36 44,62
styr | 556,17 923,65 | 346,61 | 458,66 | 307,79
tma | 237,60 263,87 | 163,87 | 201,58 | 145,66
sand | 898,91 | 113823 | 648,18 | 765,20 | 545,61
s420 76,76 291,19 67,60 77,33 58,43
s510 | 270,45 44589 | 204,05 | 242,64 | 147,99
s820 | 583,29 794,88 | 417,76 | 499,37 | 305,48
s832 | 544,91 765,28 | 375,07 | 491,06 | 273,35
Total: | 9388,96 | 15000,91 | 6685,28 | 8141,82 | 5902,09
Percentage: | 159,08 254,16 | 113,27 | 137,95| 100,00

The results of experiments show that this goal has been
achieved. In addition, starting from average FSMs (type 2),
our approach simultaneously allows increasing the maximum
operating frequency. Due to it, our approach produces FSM
circuits with the best values of area-time products. The
corresponding values are shown in Table 11.

As follows from Table 11, our approach provides the
following average gain: 1)59.08% regarding JEDI-based
FSMs; 2)154.16% regarding OHC- based FSMs; 3) 13.27%
regarding CSC-based FSMs and 4) 32.05% regarding
ESC-based FSMs. We did not show it, but the gain obtained
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by our approach increases with the increasing the FSM type.
It is known [10], that the smaller the value of the product of
the number of LUTs in circuit 1 and its cycle time compared
to this product for circuit 2, the circuit 1 either requires fewer
LUTs or has a higher performance than circuit 2. Both of
these phenomena are inherent in our proposed method.

So, the results of our experiments show that the proposed
approach can be used instead of other models starting from
simple FSMs (type 1). Our approach allows improving
LUT counts, maximum operating frequency, and area-time
products compared with other investigated design methods.
We think that our approach has rather good potential and can
be used in CAD systems targeting FPGA-based Mealy FSMs.

VIl. CONCLUSION

Very often, modern digital systems are implemented using
FPGA chips. Current FPGAs are very complicated devices
having up to 7 billion transistors [17], [43]. Due to it,
a single chip can be used for implementing rather complex
circuits of various digital systems. As the complexity of these
systems increases, the contradiction between a significant
number of system inputs and a very small number of LUT
inputs increases, too. Modern LUTs have around 6 inputs.
Obviously, this value is rather small compared with numbers
of literals in SBFs representing FSM circuits. This leads to the
need for using different methods of functional decomposition
in LUT-based FSM design. It is known [20] that the
functional decomposition leads to multi-level LUT-based
FSM circuits having very complicated systems of spaghetti-
type interconnections.

To improve the characteristics of LUT-based FSM circuits
compared with their counterparts based on functional decom-
position, various methods of structural decomposition can be
applied [20]. As follows from our previous research [15],
[16], the characteristics of LUT-based Mealy FSM circuits
can be improved using either extended or composite state
codes. These approaches have both positive and negative
sides.

In our current paper, we propose a new method of state
assignment, namely, the assignment based on mixed state
codes. This approach allows combining positive features
of the methods based on either extended or composite
state codes. Also, the proposed method is free from the
disadvantages inherent in these two methods. As it is for
CSCs, mixed state code is represented by a concatenation
of a class code and the code of a state as an element of
this class. However, unlike CSCs, the mixed state codes
can have different lengths of partial state codes (this is
a positive feature borrowed from ESCs). The proposed
approach preserves the flexibility inherent in ESCs and the
almost minimum number of variables inherent in CSCs.
This approach leads to two-level FSM circuits which require
fewer LUTs than their counterparts based on other state
assignment methods. Moreover, the MSC-based FSMs have
slightly better performance as their ESC- and CSC-based
counterparts.
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