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ABSTRACT An important service in the wireless systems for the human daily life is the information of a
mobile user location. Wireless sensor network is a structure that can be used to determine the mobile user
position. The time-difference-of-arrival (TDoA) technique is often considered for wireless localization due
to the low cost of the sensor network. In this work, the error covariance matrices are derived for predicting
the error performance of the conventional closed-form constrained total least squares (CTLS) estimator.
More importantly, three new Newton’s methods are proposed for computing the CTLS solution in the TDoA
localization. In addition, theoretical performance of both new Newton-based approaches is provided in
closed forms. Numerical simulation is conducted to compare the derived theoretical prediction with the
corresponding actual estimation error. It is illustrated that the two new Newton-based techniques provide
better performance, in terms of lower bias and root mean square error, less computational time, and more
reliability, than the former Newton-based algorithms. Furthermore, the derived expressions for the theoretical
error covariance well coincide with the actual random estimation results.

INDEX TERMS First-order Taylor’s series expansion, error covariance, localization, time difference of

arrival, Newton’s method.

I. INTRODUCTION

The use of electronic technology for the control of ground
transportation systems including traffic aid systems, traffic
control systems, automatic vehicle identification, location,
and monitoring systems receives much attention nowadays.
The information of a mobile user location is an important
service in the wireless systems for the human daily life.
Wireless sensor network (WSN) is a fundamental wireless
structure that still receives much attention [1], [2], [3],
[4], [5], especially for localization [6], [7], [8], [9], [10].
The measured quantity that can be used for finding a user
location in a WSN includes received signal strength (RSS)
indicator [11], [12], time of arrival (ToA) [13], angle of
arrival (AoA), time difference of arrival (TDoA) [14], [15],
[16], [17], [18], [19], [20] etc. Orthogonal frequency division
multiplexing (OFDM) is taken into account in distance
estimation for combating the fading effect, which is caused by
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multipath propagation. As benefitting from perfect periodic
autocorrelation, Zadoff-Chu sequences are transmitted in
the preambles of the OFDM in [21]. A pair of right-hand
circularly polarized helical antennas result in the accuracy
on the order of centimeter under occupying 20 MHz of
bandwidth. The implementation of AoA localization can
be found, e.g., in [22]. Phase interferometric approach is
adopted therein to deal with multiple sources. The phase
interferometric approach is validated in an experimental
setup, where multiple transmitting units are separated from
each other and the receiver is a 4-element microstrip uniform
linear array antenna connected to four individual custom
designed radio frequency frontends.

Various aspects of wireless localization are discussed
in [23] and [24]. RSS approach is a simple and cost-
efficient technique, yet prone to fading effect or multipath
propagation and path loss [25]. The AoA method can achieve
high localization accuracy, but incurs directional antennas,
complex algorithms, and complex hardware. The ToA
technique can provide high localization accuracy only when
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the time synchronization between the transmitter and the
receiver is perfect. The TDoA technique plays a prominent
role in wireless localization due to the low cost of sensor
network [26], [27], [28]. While the ToA localization requires
a precise synchronization between the wireless node and the
mobile station, the TDoA needs the strict synchronization
among several wireless sensors [23]. In other words, the
TDoA gets rid of the stringent synchronization between the
wireless node and the mobile user [24].

The TDoA localization problem can be cast into a
second-order polynomial equation [29]. Due to its nonlinear
nature, the least squares fit is adopted to the TDoA
localization in [30] and [31]. TDoA measurement and sensor
position are considered to impose the errors in [32]. The
mean square error (MSE) caused by the receiver location
subject to an error is investigated in [33] by means of
frequency difference of arrival and the TDoA. In [34], the
sensor positions are subject to random errors and each signal
emitter does not share the same time and frequency. Under
both conditions, the solutions to the weighted least squares
criteria are derived in closed forms. Constrained least squares
criterion is considered for determining the mobile position
in [35]. In [36] and [37], a constrained weighted least squares
criterion is proposed for the TDoA localization.

Constrained total least squares (CTLS) criterion is intro-
duced in [38]. It is a special case of total least squares
(TLS) method [39], [40], [41], when the perturbations in the
modeling matrix A and the received measurement vector b are
known to be algebraically related. This TLS variant is applied
in [38] to the problems of sinusoidal frequency estimation
and angle-of-arrival estimation. In [42], the CTLS criterion
is addressed when the constraint is unitary. It is pointed out
in [43] that the CTLS objective in [38] is equivalent to the
structured TLS idea in [44], where the matrices have a special
structure.

Apart from the eigenvalue problems [45], the CTLS can
be solved by the Newton’s method (NM) [46], [47], [48],
[49], [50], [51], [52], [53]. The CTLS criterion solved by
the NM is adopted for sensor localization by means of the
bearing angles [46], the TDoA [47], [48], [51], differential
received signal strength [53], joint TDoA and angle of
arrival [50], joint TDoA and wave velocity [52], and a general
framework [49]. In this work, we pay attention to only the
TDoA localization.

A. SHORTCOMINGS OF [47]

When the objective function in an optimization can be
differentiated up to the second order, the NM often attracts
much attention to solving an unconstrained problem. This is
because it can offer the second-order or quadratic speed of
convergence, provided that an initialized point is sufficiently
close to the true value. The NM is adopted in [47] for the
TDOA localization. This work is also considered in [54],
[55], and [56]. The disadvantage of the NM in [47] is that
the gradient and Hessian involve cumbersome expressions.
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Their complicated forms lead to inefficient computation and
incur ill conditions for the inverse of the Hessian matrix.
In addition, the theoretical error performance of the proposed
method is not validated therein. In this work, the gradient
and Hessian are expressed in concise forms, which lead to
an efficient computation and alleviates the ill condition for
the inverse of the Hessian matrix.

B. SHORTCOMINGS OF [48]

Total least squares approach still spans its application to the
TDoA localization, e.g., in [48], [52], and [57]. The NM
in [48] follows the framework in [47]. The key idea is that
the second-order term of the noise is incorporated into the
algorithm design at the beginning. Although the performance
of the NM-CTLS in [48] outperforms that in [47] in terms of
localization error, the shortcoming of the CTLS in [48] is that
exploiting the quadratic term of the TDoA measurement noise
gives rise to more complexity due to larger size of matrices.
Theoretical performance analysis in terms of error covariance
is also derived therein, based on the results in [47].

C. SHORTCOMINGS OF [51]

Alternating direction method of multipliers (ADMM) is
an algorithm that can solve several convex optimization
problems by breaking them into smaller pieces, each of
which are easier to solve. Due to this advantage, it is applied
to a number of areas. The ADMM method for the TDoA
localization is introduced in [51] and also discussed in [58],
[59], and [60]. The error expressions therein are concentrated
on the relative mobile user position vector, yet not the mobile
user position vector as same as in [47] and this work. The first
downside of the work in [51] is that the unknown parameter
vector includes a redundant quantity, which is the norm of the
relative mobile user position. The redundant parameterization
can deteriorate localization accuracy, because an additional
search dimension introduces more local minima for the
optimization and increases the computational effort in each
iteration. The second drawback in [51] is that the gradient
and Hessian also appear to be complicated, leading to
computational demand. Third, the ADMM brings about an
additional parameter, i.e. the regularization parameter, that
needs to be chosen. This issue remains open and undiscussed,
if one would like to obtain the minimal localization error from
choosing an optimal value for this parameter. Furthermore,
the benefit of convex optimization is not explored for the
ADMM [51].

D. CONTRIBUTION OF THIS WORK

In this work, we derive the error covariances of the previous
CTLS estimate that is expressed in a closed form [61].
The derivations are based on the first-order Taylor’s series
expansion (FOTSE). All expressions we drive herein are
represented in closed forms and there is no need for
further computing any expectation term. More importantly,
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we propose an implementable version of the typical CTLS
using a fixed-point iteration and two improved versions of
the CTLS based on the NM.

Numerical simulation is conducted to

« investigate the closeness between the predicted theoret-
ical errors and the actual CTLS estimation errors, and

« demonstrate better error performance of the proposed
CTLS methods.

Simulation reveals that the new derived expressions of
the theoretical error covariance are accurate, i.e. can well
capture the simulated MSEs at a high signal-to-noise ratio,
a large number of sensors. In addition, the two new CTLS
methods involving Newton’s method provide less mobile
position estimation error and less computational time, which
can fulfill the requirement of compact computing power
in [27].

Contribution of this work thus includes

o the expressions of the error covariance given by the
CTLS estimator
and

« the proposed CTLS algorithms based on the fixed-point
iteration and Newton’s method for sensor network
localization using the TDoA.

o The error expressions concentrating on the mobile user
position for both proposed CTLS approaches are also
derived.

« Simulation is provided to validate the accuracy of the
proposed theoretical prediction.

Merit of this work lies in

« the accurate theoretical prediction of the CTLS estima-
tion error performance
and

« two new accurate methods in determining the mobile
user position.

E. PAPER ORGANIZATION
The structure of this paper is arranged as follows.
« Introduction
— Shortcomings of [47]
Shortcomings of [48]
Shortcomings of [51]
Contribution of This Work
Paper organization
o Localization via Time Difference of Arrival
— Time Difference of Arrival
Linear Model of TDoA Perturbation
Noise Approximation
Noise Assumptions
Model Limitation
o Previous Methods
— Constrained Total Least Squares
— Constrained Total Least Squares Using Alternating
Direction Method of Multipliers
— Constrained Total Least Squares Using Newton’s
Method
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TABLE 1. Mathematical notations and their meanings.

Notation | Meaning

Il 12 the £2 norm or the Euclidean norm

x the estimated value of an unknown variable x

T the transpose of a matrix or a vector

()~ the inverse of a square matrix

En{} the expectation of a quantity with respect to
the random variable n

Iy the identity matrix of a size M x M

X0 the true value of the unknown variable x

2~ NR(Hz, 277) | the random variable z has a real-valued Gaussian

distribution with mean p,, and covariance X,

tr(-) the trace of a square matrix

rank(+) the rank of a matrix

D(.) the diagonal matrix whose diagonal is taken from
the vector -

® the Hadamard product

D?(") the product given by D(-)D(-)

D2() the product given by D~ (-)D~1(+)

D3() the product given by D~ (:)D~(-)D71(-)

D4() the product given by D~ (\D~1(-)D~1(-)D1 (")

1y the column vector containing only ones of size N
Oy the column vector containing only zeros of size N

o Proposed Methods
— Constrained Total Least Squares Using Fixed-Point
Iteration
— Constrained Total Least Squares Using Newton’s
Method with Two Steps
— Constrained Total Least Squares Using Newton’s
Method with One Step
o Numerical Examples
— Algorithmic Comparison
— Simulation Results
x Effect of the standard deviation of the TDoA
error
+ Effect of the number of sensors
* Effect of the imperfect synchronization
« Conclusion
« Appendices
— Preliminary Results
Proof of Lemma 1
Proof of Lemma 2
Proof of Lemma 3
— Proof of Corollary 1
All Mathematical notations in this paper are listed in
Table 1 and all abbreviations are provided in Table 2. Sec. II
addresses the localization model that adopts the TDoA as the
measured signal. In Sec. III, we review previous methods and
derive the theoretical error performance of the CTLS in the
closed form. Sec. IV presents three new methods based on
the CTLS for the TDoA localization. In Sec. V, numerical
examples are conducted to examine the closeness of the
theoretical error prediction to the actual CTLS estimation
error performance and to investigate the superior performance
of the proposed algorithms. In Sec. VI, concluding remark is
given to this work.

Il. LOCALIZATION VIA TIME DIFFERENCE OF ARRIVAL
Let p € R?*! be an unknown position of a mobile user in a
two-dimensional Cartesian coordinates, i.e.

X
p= [y} : ey
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TABLE 2. Acronyms and their full names.

Acronym | Full name

ADMM alternating direction method of multipliers
CTLS constrained total least squares
FOTSE first-order Taylor’s series expansion
FP fixed point
MSE mean-squared error
NM Newton’s method
OSNM one-step Newton’s method
RMSE root-mean-squared error
SNR signal-to-noise ratio
TDoA time difference of arrival
TSNM two-step Newton’s method
6D
(x7,y7)
&
@ dy ds (XS,YS)
(x2,2)
ds
d @ ‘
(x,3)
G ds ds (x6,¥6)
(x1,y1)
@ (x4, y4)

(x3,3)
FIGURE 1. Wireless sensors, namely sy, s5, ..., Sk, for K = 7 locate in the
vicinity of the mobile user m.

Wireless sensor network is a system that has a mobile user
and K fixed sensors with different positions

_ X
pi = |:)’k:| ; (2)

for k € {1,2,...,K}. An example of the geometrical
illustration is in Fig. 1. The model in Fig. 1 can be perceived as
the use of mobile radio on land with applications to dispatch
and control vehicles or status monitoring and reporting.

A. TIME DIFFERENCE OF ARRIVAL
Let d;, be the distance from the k-th sensor to the mobile user,
given by

dx = p —prll2
= Jox =02 + 0k — 2, 3)
where || - ||2 is the £2 norm of a vector -. Assume that
« all sensor positions, p, for k € {1,2,...,K}, are

perfectly known and
« the mobile user position p is unknown and needs to be
determined.

The TDoA strategy assumes that the first sensor is
designated as the reference node. The distance from the k-th
sensor to the first sensor can be expressed as [51, eq. (1)]

8k,1 = di —dy
=\/(xk —x)? + (% —y)z—\/(xl —x)2+ 01 —»)%
“
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In the absence of noise, there exists an equality
Aobo = by, (%)
where Ag € RE=D>3 is the matrix, given by

X2—Xx1 Y2—y1 021
X3—Xx1 y3—y1 031

; (6)

Ap =

XK = X1 YK = V1 Ok
6o € R3*! is the unknown true value vector, given by
X — X1

o= |y—y1 |, @)
di

and by € RE—Dx*1 i5 the observation vector, given by

(o —x1)? + (2 —y1)* — 53,1
(3 —x1)? + (3 —y1)* — 331

by = @®)

1
2 :

(x —x1)* + ok — y1)? — 31%’1
Under perfect time synchronization among K sensors, the
TDoA from the first sensor to the k-th sensor can be observed
without any noise. It has a relationship to the distance with
respect to the first sensor according to

1
Tkl = =01, )
C

where ¢ = 299,792,458 ~ 3 x 108 [m/s] is the speed of
light.

B. LINEAR MODEL OF TDOA PERTURBATION
In realistic measurement, it is difficult to keep the syn-
chronization among K sensors perfect. Let i 1 be a TDoA
measurement error, which is given by
Mt = 11, (10)
c
where 7y 1 is the corresponding relative distance error.
Therefore, the measured TDoA 7 1 encounters the additive
noise according to
1= Tl + Ikl
— —
=581 ) =gms (10)

1
= E(5k,1 + ng,1). 11
The data we can receive is given by
A0 =b, (12)

where A € RE—=D>3 is the noisy value of the true value Ag
according to

8.1 +n

831+ n31

X2 — X1 Y2 — )1

A3 — X1 Y3 — )1
A=

XKk —X1 YKk — Y1 Sk,1+nk1
=Ap+ A, (13)
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with Ay € RE—=D>3 that represents of the perturbation of A,
given by

00 na.1
00 n3;
Ax=1|. . . |, (14)
00 nKg.1
and b € RE=Dx1 ig the noisy value of the true value b
corresponding to

(2 — x>+ (2 — y1)? — (82,1 + n2.1)?
1] G —x)*+ O3 —y1)? — (83,1 +n3,1)?

b=-
2 :

(k. —x1)% + Ok —y1)* — Bk.1 +nk.1)?
= bo + dv, (15)

with 8, € RE=Dx1 that represents of the perturbation of b.
The perturbation of A can be expressed as [47, eq. (6)]

Ar=[0 0 n]. (16)

where n is the noise caused by the imperfect TDoA
measurement, written by

na.1

n3
n=| . |. 7)

nK,1

C. NOISE APPROXIMATION
The perturbation of b can be approximated as [47, eq. (6)]

&y = —D(6)n — %D(n)n
~ —D(d)n, (18)

where § € RE—Dx1 i5 the relative distance vector, written by

82,1

83,1
s=1| . |, (19)

Sk.1

and D(-) is the diagonal matrix whose diagonal is taken from
the vector -. In [48], the approximation in (18) is not taken into
account. However, the quadratic term of the additive noise
brings about more complexity. From (16) and (18), one can
see that there are errors at both sides of (12). The TDoA
localization can be considered as a structured TLS problem,
when the perturbations have a special structure as shown in
(16) and (18). Model description of Fig. 1 can be summarized
in Tbl. 3. From (6) and (19), there exists a relation

Ao =[5, 8 3], (20)
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where 8, € RK~Dx1 i the vector, given by

X2 — X1
X3 — X]

I = . ) 2D
XK — X1

and §y € RE=Dx1ig the vector, given by

2 =¥
y3—

Sy=1"" .7 |. (22)
YK — )1

D. NOISE ASSUMPTIONS

The TDoA measurement error is assumed to obey ng,1 ~
Nr(O, 0,?) for k € {2,3,..., K}, where oy is the standard
deviation of the TDoA measurement error, e.g., 0, = 10[ns]
[51, Sec. IV.A]. If the elements of the noise vector n have a
zero mean and an identical noise variance anz [47], we can see
that

&nfn} =0,

Enlnn"y = 62k,

(23a)
(23b)
where &, {-} is the expectation of - with respect to the random

variable n, .Tis the transpose of a vector - or a matrix -, and
Iy is the identity matrix of size N x N.

E. MODEL LIMITATION

The limitation of the TDoA localization in this model is that
the approximation in (18) causes the loss of the accuracy
for all methods designed to handle the TDoA localization
problem. To overcome this issue, one should avoid the
approximation in (18) and have to deal with the second-order
term of the noise. We shall leave this idea for future work.

Ill. PREVIOUS METHODS
A classical method in solving (12) adopts the LS criterion
[31, eq. (7], i.e.

égz = arg moin |A0 — b||%
= (ATA)"'ATp, (24)

where -~! is the inverse of a square matrix -. In what follows,
we review a few sophisticated approaches for achieving
higher localization accuracy.

A. CONSTRAINED TOTAL LEAST SQUARES
It is fruitful to note that

rank (D(d)) =K — 1, (25)
for

dy #d3 # ... # d, (26)
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TABLE 3. Model of Fig. 1.

Problem | Figure |

Perturbation

| True Values [ Known | Unknown

TDoA localization | Fig.1 | Ay =[0 0

n], 8, ~ —D(0)n |

Ao.bo | Ab | p.n Ao bo

where rank(-) is the rank of a matrix - and d € RK—Dx1 jg
the vector given by

dy
d3
d=| . |. 27

dk
The observation model in (12) results in [47, eq. (8)]
A0 —b = (Ag+ Aa)0 — (bo + dv)

= Ayl + Ap 0 -b, - dp
:TO’;'(;) =[on (16)=[;ﬁ; @ ~=D(@)n; (18)
d

~ by — bo + 0(x — x1) + 0(y — y1)

+ ndy — (—D()n)
=din+ D(8)n
= D@) +dilg-1)n
= D@ +di)n
= D(d)n. (28)

Solving (12) for # in a minimal £,-norm sense of n subject to
the condition A0 — b = D(d)n in (28) gives [38]

[‘f@] —argmin|n|? st A9 —b=Ddn. (29)
Ry, [9

n

The above problem is known as constrained total least squares
(CTLS) [51], [61]. To reduce the computational effort, the
joint optimization problem in (29) can be decoupled into two
separate optimization problems.

Lemma 1 (CTLS solution for @): The CTLS solution of 6
in (29) is given by

b1, = argmin(46 — b)'D2d)A0 —b),  (30)

which becomes an unconstrained problem. Let the CTLS cost
function in (30) be
ferLs(9) = (A0 — b)'D2(d)(A6 — b). €1y
The gradient of the CTLS can be written as
go(0) = 24TD2(d)(A0 — b). (32)
The closed-form solution to (30) can be shown as
b0, = (ATD2@)A)'ATD2(@)b. (33)

Proof: The derivation is based on typical algebra. See
Appendix B. ]
The result in (33) corresponds to [61, eq. (31)]. The CTLS
estimation can be summarized in Algorithm 4. The CTLS in
Algorithm 4 requires a single calculation of its closed-form
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Algorithm 1 Constrained Total Least Squares (CTLS) [61]

Input: A € RE-D>3 p ¢ RE=Dx1 5 ¢ R?2*! for k e
{1,2,...,K}

Output: pop g € RV¥!

P —p2ll2

P —psll2
e .

lp —pxl2

b1, < (ATD2@)A)"'ATD2@)b
Pe,]1 < [0e,]1 + (P11

(Pe, ]2 < [00,12+ [p1 ]2
return p,,

solution. It finally converts the first two elements resided in
0 to the mobile position p.
Lemma 2 (The Hessian of the CTLS with respectto @): The
Hessian of the CTLS with respect to 6 can be expressed as
2

a
8080TfCTLS(0)

= 24D 2(@)A. (34)

Hgp(0) =

The expectation of (34) can be shown as

Hog(0) = En{Hpo(0)}
00 0
=2[AJD2(dA¢+ |0 0 0 ,
0 0 o2tr(D~2(d))
(35)

where tr(-) is the trace of a square matrix -.
Proof: The derivation is based on typical algebra. See
Appendix C. [ ]
Based on the FOTSE, the CTLS estimate can be approxi-
mated by [62, p. 281]

A — 1
Octis — 00 >~ —H yy (00)g4(00), (36)
where Hgg(0)) is given by (35) and g,(0o) is given by (32).
Lemma 3 (The error covariance matrix of the CTLS
estimate): The error covariance matrix of the CTLS estimate
is given by
So6@crrs) = En{@crrs — 00)Ocrrs — 00)' )
~ 0707 '0:07 (37)
where Q, € R3>*3 is given by
00 0
Q, =AD2dA¢+32|0 0 0 . (3%)
0 0 tr(D~2(d))
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and Q, € R3*3 is given by

00 0
0, =AD2(dA¢+02[00 0 |, (39)
00 o3
with a3 given by
K 1 K K 1
“3222?+szkdk' (40)
k=2 "k k=2ky=2 1772

Proof: The derivation is based on the FOTSE. See
Appendix D. [ |
Corollary 1 (The error covariance matrix of the CTLS
estimate for small noise variance): For a small anz, the error
covariance in (37) can be simplified into

. 7 — -1
lim Zos@cris) ~ o3 (49D *d)Ao) . (D)
oy —

Proof: The derivation is straightforward from (37). See
Appendix E. [ ]
To our best knowledge, the error covariance matrix in (37)
and its simplification in (41) are not available yet in any
previous work. The error covariance matrix of the mobile
position that is estimated by the CTLS in (33) is given by

XpBerLs)

. . T
= &a{BcrLs —Po)PerLs —Po)' }

. . T
=&a{@crLs —P1 —Po +PDBcrLs —P1 —Po+P1)' }

. . T
=&a{@crLs —P1 —Po —P))PerLs —P1 —Po —P1)' }

[ —_— —,— —_——
=[00]1:2,1 =[00]1:2,1

=[Bcrislia =[Bcrislia

= [Zoo(BcTLs)] 1:2,1:25 42)

which yields the first 2 x 2 sub-block matrix of Egg(éCTLs) €
R3*3in (37).

B. CONSTRAINED TOTAL LEAST SQUARES USING
ALTERNATING DIRECTION METHOD OF MULTIPLIERS

In [51], the ADMM is applied to the CTLS function in (31).
A constraint of

Ivil2 =di, (43)

is introduced, where v € R%*! is the vector that contains the
first two elements of @, i.e.

v=p—p; (44)

It is worth noting that

y
A0 —b = [A2 as) [dl] b
= Ay +azd; — b, (45)
where A, € RE—Dx2 jg the matrix that contains the first
two columns of A and a3 € RE-Dxl js the vector that
contains the last column of A. Extended from [47, eq. (13)],
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the objective function of the CTLS can be formulated as the
augmented Lagrangian according to

Lv.dy, p) = (Ao +azd; — b)'D2(d)(Arv + azd) — b)

1
+A(vlz —d) + 50(|IV|I2 —d1)’, (46)

where A € R'*! is the Lagrange multiplier and p € Rfl
is the regularization parameter. The partial derivatives of the
augmented Lagrangian in (46) with respect to v and d; can be
written as [51, eq. (21)-(26)]

d
—L =2AID72(d)(Av + azd; — b)

av
1 A
+-—0 (||V||2_d1 +—) v, 47)
vll2 P
o2 L =24TD %A, + ! p( LT
avovT 2 2 "\l
A 1
+\Ivle—di+—{I2— —w ]) 48
P Ivll5
9
oL =2aiD72 @) A2 +azdy — b)
1
—2(A2v 4 azd; — b)'D3(d)(Av + azd; —b)
A
—p(nvnz—dl +—), (49)
P
and
32

SL =2alD *(d)as —
1

8alD(d)(Azv + azd; — b)

— 2(A2 +a3dy — b)' DT @)Aow +azd) — b)

+p. (50)
The iterative computation of the CTLS using the ADMM can
be summarized as follows. The computation in Algorithm 2
is an iterative computation. Inside each loop, there are four
variables that need to beAupdated, such as two varigbles
in p[n], one variable in d;[n], and one VariableAin An].
Therefore, the Newton’s iterations for ¥[n] and d;[n] are

intensive in Algorithm 2.
Based on (42), we can find that

X p(P ADMM-CTLS)
. A T
= Ea{@Bapmm.cTLs — PO)PADMM.CTLS — P0) ' }
= Ea{@apMm.cTLS —P1 —Po +P1)
. T
(PapMMm.CTLS —P1 —Po +P1)' }
= &a{@Bapmm.cTLs —P1 —Po —P1))
—_— ——
=V ADMM-CTLS =0
. T
@ apmm-cTLs —P1 —Po —P1))' }
—_— ——
=V ADMM-CTLS =vo
= X, (PADMM-CTLS)- (51)
The result in (51) implies that the error covariance matrix of

PapMM-CTLS 18 the same as that of P ApmMM-CTLS-
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Algorithm 2 Constrained Total Least Squares Using Alter-
nating Direction Method of Multipliers (ADMM-CTLS) [51]

Algorithm 3 Constrained Total Least Squares Using New-
ton’s Method (NM-CTLS) [47]

Input: A € RE-D>3 p ¢ RE=Dx1 p ¢ R?*! for k e
{1,2,...,K}, €min € (0,1), Nmax € ZY', p € (0, 1),
PerLs

Output: ppym.cris € RV
n<20
V[0] < perrs —Pi
while €; > €nin A 1 < Npax do

n<n+1
32 15
f)[n] <—1A7[I’l - 1] - ( L v=p[n—1] ) —L v=v[n—1]
wovT i —aw-n/) v o —a-
8) r=iln—1] 7 r=Aln—1]
gL y=ln]
1 dy=d[n—1]
~ ~ (49) r=A[n—1]
di[n] < di[n—1]— 32
Y v=b[n]
3d12 dy=d;[n—1]
~——— i=in-1]
R R (50) R
Aln] 7[)»][n[— 11]]WL e(llP[n]ll2 — di[n])
. v[n]—v[n—1]|l2
€ < TRm-1,
end while
Py, < vInl+p,
return p,,
C. CONSTRAINED TOTAL LEAST SQUARES USING
NEWTON’S METHOD
Let vg € R?*! be the true value of v, i.e.
Vo =Ppo —P1- (52)
One can see that
(0]
0y = . 53
0 [Ilvollz} ©>3)

We can derive [47, eq. (A.4)]

0
g, = a_fCTLS(o)
)4
)
= 2(®D_2(d)ﬂ - Mv), (54)

vil2
and [47, eq. (A.9)]
2
vy’
— - (alD @B - gD @)

1 4
IL——w' |- —eD@py'
Ivl3 Ivl2

T4
% D z(d)ﬂ T_ 2 g @eT
V113 IvIl2
+20D72@)0", (55)

HVV(V) =

fcrLs(9)
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Input: A € RE-D>3 p ¢ RE=Dx1 5 ¢ R>*! for k e
{17 21 ceey K}’ €min [S (Os l)s Nmax [S ZiX13ﬁCTLS
Output: pyy.crLs € RV
n<20
V[0] < Perrs —Pi
while €; > €pin A n < Npax do

n<n+1 1
P[] < ¥[n—1]1— (Hyw@ln—1]))  g,@n—1])
(55) (54)
R [IP[n]—P[n—11ll2
€ < TRh-11,
end while

Pe, < VInl+p,
return p,,

where ® € R>*K—D js given by
T, L 7
vll2

B € RE=Dx1j5 oiven by
B =Aw+|vlla3 —b. (57

An iterative computation using the gradient in (54) and the
Hessian in (55) is as follows. At the end of Algorithm 3, one
needs to convert ¥[n] to p,,, which is deemed the second step.
In Algorithm 3, there is only a single update for the Newton’s
iteration, rather than three updates needed in Algorithm 2.
Furthermore, it does not involve the regularization parameter
p as required in Algorithm 2. Based on the derivation
in (51), the error covariance matrix of the NM-CTLS estimate
PNM-CTLS = P, in Algorithm 3 is given by [47, eq. (20)]

X ppPamectLs) = Zw(PNM-CTLS)

< - T
= Ea{nmectLs — vo)(PNM-CTLS — Vo) ' }

-1
~ o2 (330*2(61)30) . (58)
where By € RE—D*2 5 given by

1
By=As+ ——v]. (59)
lvoll2

The NM-CTLS estimate pyy.crrs in Algorithm 3 is pro-
posed earlier than the ADMM-CTLS estimate p apvm-cTLS
in Algorithm 2. Note that in [51], the NM-CTLS estimate

Pnm-cTLs in Algorithm 3 is not compared to the ADMM-
CTLS estimate p spvm-cLs 10 Algorithm 2.

IV. PROPOSED METHODS
In this section, three new methods based on the CTLS are
presented for the TDoA localization.
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Algorithm 4 Fixed-Point Constrained Total Least Squares
(FP-CTLS)

Input: A € RE-D>3 p ¢ RE=-Dx1 5 ¢ R?*! for k e

(1,2,...,K)
Output: ppp.crs € RV

n<20

pl0] < prs

while €5 > €min A n < Nmax do

n<n+1
pln — 11 = p,li2
. pln — 11 — psll2
d «~ .
[pln — 11— pkli2

61, < (ATD2@)A)'ATD 2@
[plnll < (00,11 + [p1]1n
(plnll2 < 04,12 + P11

. 1p[n]—pln—11Il2
€ <

. Pin=1lll2
end while
return p,,

A. CONSTRAINED TOTAL LEAST SQUARES USING
FIXED-POINT ITERATION

The fixed-point CTLS (FP-CTLS) estimation can be summa-
rized in Algorithm 4. The FP-CTLS in Algorithm 4 entails an
iterative calculation of the implicit form in (33). In each loop,
it converts the first two elements residing in 6 to the mobile
position p.

B. CONSTRAINED TOTAL LEAST SQUARES USING
NEWTON’'S METHOD WITH TWO STEPS

The gradient in (54) and the Hessian in (55) appear to be
complicated, leading to computational demands. In what
follows, we derive a new simpler expression of both
quantities. Substituting (53) into (31), we obtain

T
_ v | -2 L
ferLs(v) = (A [||v||2] b) b @ (A [I|V||2:| b) '

(60)
By using the chain rule, one may find that
ad
g,(v) = %fCTLS(V)
= Jv9 (V) 8y (0)
~——
=2ATD~2(d)(A0-b); (32)
=2J,6(PA'DX(d)(A0 — b), (61)
and
2
Hw =
0) = o o wfets ()
=Jw®) He® TP
~——
=24TD~2(d)A; (34)
=2Jy (P)ATD_Z(d AT I@ @), (62)
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where J,9 € R?*3 is the Jacobian of 6 with respect to v,
which can be shown as

d
Jw®) = aoT

=[ZvT 2Zvll2]

- [12 dilv] . (63)

The incorporation of (61) and (62) into Algorithm 3 leads
to a new algorithm, which can be referred to as Constrained
Total Least Squares Using Newton’s Method with Two Steps
(TSNM-CTLYS).

Algorithm 5 Constrained Total Least Squares Using New-
ton’s Method With Two Steps (TSNM-CTLS)
Input: A € RE-D>3 p ¢ RE=-Dx1 5 ¢ R2*! for k €
(1,2, ..., K}, €min € (0, 1), Nmax € ZY", Peris
Output: pyy.crs € RV
n<«0
V[0] <= perLs — P
while €; > €nin A 1 < Npax do
n<n+1 .
il < 50— 11 = (1o )ATD2@AT )

JomATD2(d) (A[ ¢ ]—b)
Ivll2

[P[n]—P[n—1]]l2
[P[n—11l12

v=p[n—1]
€ <

end while

Py, < vInl+p,

return p,,

The Jacobian notion is introduced in Algorithm 5 in order
to differentiate Algorithm 5 from Algorithm 3. Based on
the derivation in (51), the error covariance matrix of the
TSNM-CTLS estimate prsny.ctLs = Py, in Algorithm 5 can
borrow the results in (37), yielding

X pp(PTSNM-CTLS)
= X,,(PTSNM-CTLS)

= En{(rsnm-cTLs — Y0)(PTSNM-CTLS — Vo) }
-1
~ 0p (1o00)@1T 500)  Jo(0)02T Ty(v0)
-1
(1000 Ty00) (64)

As same as (41), one can derive

lim Ozpp (Prsnm-cTLS)

2
oy —>

~ 02 (1wv)AID XA, 0v0)) . (65)

In the next subsection, a new approach is presented without
the conversion of ¥ to p;, as performed in both Algorithm 3
and Algorithm 5.
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C. CONSTRAINED TOTAL LEAST SQUARES USING
NEWTON’S METHOD WITH ONE STEP

As d; = |lp — p1 |2, another form of (7) can be written as
Po— P
0o = . 66
0 |:||P0 —plnz} (66)
The Jacobian J 9 € R2*3 can be shown as
d 5T
=—40
Jpo () op
=@ -p0" Zlp—pil:]
=12 G -p0]. (67)

The optimization search in (30) involves three variables in 6.
Note that this search is redundant, because it also includes
the additional parameter d;, which actually depends on p.
We propose an alternative estimation that entails only two
variables without the dedicated dy, i.e.

]
A . P—p -2

— A —b) D °d
P, arg“}:‘“( [np —plnz] ) @

p—pr |_
x (A [np—plnz] ”)‘ (68)

The problem in (68) is nonconvex for the variable p and
involves several local minima of the variable p. It is hard
to find a closed-form solution of (68) in a similar way
to (33). Approximately, given a good initialization p[0],
we would rather compute the solution p,, in an iterative
manner according to the Newton’s method. By using the
chain rule, one can find that

d
8,\p) = 5fCTLS(0)

= JpG (P) 8o 9)
——
=24TD~2(d)(A8-b); (32)
=2J,0@A'D A d) A0 —b), (69)
and
32
H,,(p) = aprTfCTLS(o)

=Jpop)  Hyo(9)
—_——

T3 @)
=24ATD2(d)A; 34)
=2/ (P)ATD2(d)AT 4 (p). (70)

For a maximum number of iterations, denoted by Npax, and
forn € {1,2, ..., Nmax}, the Newton’s iteration reads as

A —1
H pp(P [n]) )
————
=20y BInDATD 2 ()AT |, (Bln); (70)
g,Plnl)

N e’
=2J 5o (BInDATD2(d)(A0-b); (69)

-1
= bl = (T GUDATD AT, Gln))

pln+ 11 =p[n] — (
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Algorithm 6 Constrained Total Least Squares Using New-
ton’s Method With One Step (OSNM-CTLS)
Input: A € RE-D>3 p ¢ RE=Dx1 5 ¢ R?2*! for k e

{1,2,...,K}, émin € (0, 1), Nmax € Z2', pers
Output: posnm-crrs € RV

n<«0

plO] < pcrLs

while €5 > €nin A 1 < Nmax do

n<n+1

~1
pln] < pln— 11— (Jpe(P)ATsz(d)Aere(l’))

Tp—2 pP—p |_
Jro@)AD <d>(A[||p_p]||2} ”)

p=pin—1]
lpLn)—pln—111]

€ < -1l

end while
Py, < pln]
return p,,

R T plnl—p; |
x Jpo(@[n)A'D <d>(A[||p[n]—pl||z] b)'

(71)

This iterative computation can be proposed as follows. Sim-
ilar to (37), the error covariance matrix of the OSNM-CTLS

estimate pognm-cTLs = Py, in (68) is given by

Xpp(PosNM-CTLS)

. . T
= Ea{Posnm.cTLs — Po)Posnm.cTLs — Po) ' }

-1
~ o} (1600@iT3@0) T poP0)Qa] 3o(Po)
-1
% (60010 @0)) - )

As same as (41), one can derive

lim ¥,,(Posnm-cTLs)
gr—0

~ 02 (I OAIDAA o) . (T3)

At the true value 6, the Jacobian J 4 (vp) in (63) is equal to
the Jacobian J ,4(p,) in (67). Therefore, the error covariance
matrix in (64) is exactly the same as that in (72), as well as
the simplified expression in (65) is exactly the same as that in
(73). Hence, it is sufficient to investigate only each of these
coincident covariance matrices.

The design of the TSNM-CTLS and the OSNM-CTLS
methods comes from investigating the derivations of the
gradient and the Hessian of the CTLS objective function
in a previous work, i.e. the NM-CTLS in [47]. After an
exploration, we end up using the Jacobian matrix. This
technique leads to a smoother iteration for Newton’s method.
The smoothness is in the sense that there is no ill condition of
the Hessian matrix that can cause the deviation of the search
from the desired solution. The nature of Newton’s method
is that if Newton’s iteration can be well updated, it will
more quickly and more precisely reach the desired solution.
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TABLE 4. The novelty of the related works and the proposed methods and their motivations.

Algorithms [ References | Novelty [ Motivations

LS [31] closed-form solution simplicity

NM-CTLS [47] CTLS using NM fast convergence
ADMM-CTLS [51] CTLS using ADMM constraint manipulation
FP-CTLS proposed herein | CTLS using fixed point | straightforward iteration
TSNM-CTLS proposed herein | two-dimensional search | straightforward derivatives
OSNM-CTLS proposed herein | two-dimensional search | straightforward derivatives

TABLE 5. Number of realizations for each random variable.

Notation [ Number of realizations for

Nr | the random variable n

The quick iterative computation can be resulted from less
number of iterations and/or less computational burden in
each iteration. This is the reason why one will see that
the TSNM-CTLS and the OSNM-CTLS methods consume
less computational time than the NM-CTLS approach. More
precision to the solution of both methods can be observed
from the simulation results in terms of lower bias and
RMSE than the NM-CTLS approach. Hence, our objective
is to improve Newton’s iteration method, thus allowing for
both more mobile position estimation accuracy and lower
computational cost.

Complexity analysis of Newton-based methods, such as
Algorithm 3, Algorithm 5, and Algorithm 6 is as follows.
Let O(-) be the big ‘o’ notation of Bachman-Landau
symbols [63], [64]. For any Newton’s method, the n-th
iteration requires éN; + O(Nl%) multiplications per iteration
[65, p. 44], where N, is the size of the unknown position
vector p in Algorithm 6 or v in Algorithm 3 and Algorithm 5.
One can see that for a two-dimensional localization problem,
there are two unknown variables, such as x and y,i.e. N, = 2.

The convergence of Newton-based methods, such as
Algorithm 3, Algorithm 5, and Algorithm 6 can be observed
as follows. If the initialized values for either p or v are
sufficiently close to their true values for some iteration
indices n and if the true values of the Hessian matrices
are positive definite, the Newton’s method converges at the
second order [65, p. 46].

V. NUMERICAL EXAMPLES

A. ALGORITHMIC COMPARISON

For any value of the first sensor position p, the first 2 x 2 sub-
block matrix of Xgy represents the error covariance of the
mobile position estimate given by the CTLS in (33). We refer
to

« the square root of the trace of the first 2 x 2 sub-block
matrix of Xy in (37) as CTLS approximation,

o the square root of the trace of the first 2 x 2 sub-
block matrix of Xgp in (41) as simplified CTLS
approximation,

« the square root of the trace of X,,, in (58) as NM-CTLS
approximation,
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« the square root of the trace of X, in (72) as OSNM-
CTLS approximation, and
« the square root of the trace of X, in (73) as simplified
OSNM-CTLS approximation.
Note that except for (58), the above four quantities are,
to our best knowledge, unavailable in the former works. All
these four amounts are provided herein in order to verify
whether our estimation results coincide with their theoretical
approximations or not. Regarding the estimation methods,
we refer to
o the output ppp.crLs of Algorithm 4 as FP-CTLS
estimate,
o the output papmm.ctrs Of Algorithm 2 as ADMM-
CTLS estimate,
o the output pay.crrs of Algorithm 3 as NM-CTLS
estimate,
« the output prgnym.ctLs Of Algorithm 5 as TSNM-CTLS
estimate, and
« the output pognm.cTrs of Algorithm 6 as OSNM-CTLS
estimate.
The initialization values, such as »[0] required in Algorithm 2,
Algorithm 3, and Algorithm 5, as well as p[0] needed in
Algorithm 4 and Algorithm 6, are taken from the LS estimate
éLS in (24). We use Npax = 100 and €pin = 107 in all
iterative algorithms and p = 10~ in Algorithm 2.

B. SIMULATION RESULTS

Similar to [51, Sec. IV], we divide the simulation into two
scenarios, such as the case in which the standard deviation of
the TDoA error changes and the case in which the number of
sensors increases.

1) EFFECT OF THE STANDARD DEVIATION OF THE TDOA
ERROR
We consider the TDoA localization that has K = 7 sensors.

For the (x, y)-coordinates in meter, the sensor location entails
[51, Sec. IV.B]

P=Ip, pr - px]
|0 =260 —80 160 360 700 —200 (74)
— [0 300 400 180 60 —120 730 |’
and the mobile user is at
1,200
p‘[%O] (75)

In Fig. 2, the bias norm given by each algorithm is shown
as a function of TDoA error standard deviation. The greater
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102

10!

x x FP-CTLS estimate in Algorithm 4

&) ADMM-CTLS estimate in Algorithm 2 [51]
NM-CTLS estimate in Algorithm 3 [47]

-+ TSNM-CTLS estimate in Algorithm 5

O OSNM-CTLS estimate in Algorithm 6

En {|IP — Poll2}: Bias norm (in [m])

oy The standard deviation of the TDoA error (in [s])

FIGURE 2. Bias norm as a function of TDoA error standard deviation o
from Ng = 1,000,000 independent runs.

the TDoA error standard deviation, the larger the bias norm
we can get from each method. In terms of the first-order
error, i.e. bias, one can see that the proposed TSNM-CTLS
and OSNM-CTLS approaches provide the lowest error,
followed by the FP-CTLS and the ADMM-CTLS method,
respectively. The NM-CTLS algorithm is the same as the
proposed TSNM-CTLS and OSNM-CTLS approaches for a
small TDoA error variance. It heavily deviates from other
algorithms for a large TDoA error variance. This unexpected
result is caused by the ill condition of the Hessian matrix,
leading to a large perturbation during its inverse.

In Fig. 3, the error performance on the second order in
terms of the RMSE is shown as a function of the TDoA
error standard deviation. One can see that the simplified
CTLS approximation in (41) can well capture the RMSE by
the FP-CTLS estimate in Algorithm 4, while the simplified
OSNM-CTLS approximation in (73) well coincides with
the proposed TSNM-CTLS estimate in Algorithm 5 and the
proposed OSNM-CTLS estimate in Algorithm 6. On the other
hands, the theoretical prediction of the NM-CTLS in (58) has
a significant mismatch with respect to the actual estimation
by Algorithm 3.

In Fig. 4, one can clearly see that the proposed
TSNM-CTLS estimation in Algorithm 5 and the proposed
OSNM-CTLS estimation in Algorithm 6 provide lower
RMSE than the ADMM-CTLS estimate in Algorithm 2
presented in [51], which has higher RMSE than the FP-CTLS
estimate in Algorithm 4. The RMSE predictions directly
given by the FOTSE in (37) and (72) do not exactly match
the actual estimation errors. This mismatch is obvious when
the TDoA error standard deviation is large.

In Fig. 5, the computational time consumed by the
ADMM-CTLS is greatest, followed by the NM-CTLS,
the TSNM-CTLS, the OSNM-CTLS, and the FP-CTLS,
respectively. This is because
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—-—-—- Simplified OSNM-CTLS approximation in (73)

FP-CTLS estimate in Algorithm 4
CTLS approximation in (37)
Simplified CTLS approximation in (41)
ADMM-CTLS estimate in Algorithm 2 [51]
NM-CTLS estimate in Algorithm 3 [47]
NM-CTLS approximation in (58) [47, eq. (20)]
TSNM-CTLS estimate in Algorithm 5
OSNM-CTLS estimate in Algorithm 6

— OSNM-CTLS approximation in (72)

102

Q

\

Q ¥
RV

T
"X
\

L

Root-Mean-Squared Error (in [m])
—
o

100 | | | ‘\ |

oy The standard deviation of the TDoA error (in [s])

FIGURE 3. RMSE as a function of TDoA error standard deviation ¢, from
Ng = 1,000,000 independent runs.

FP-CTLS estimate in Algorithm 4
CTLS approximation in (37)
Simplified CTLS approximation in (41)
ADMM-CTLS estimate in Algorithm 2 [51]
NM-CTLS estimate in Algorithm 3 [47]
NM-CTLS approximation in (58) [47, eq. (20)]
+  TSNM-CTLS estimate in Algorithm 5
O  OSNM-CTLS estimate in Algorithm 6
— - — OSNM-CTLS approximation in (72)
—-——- Simplified OSNM-CTLS approximation in (73)
T T T

101A9 - |

-10~8
on: The standard deviation of the TDoA error (in [s])

FIGURE 4. A zoom of Fig. 3, which represents the RMSE as a function of
TDoA error standard deviation o;, from Ng = 1,000,000 independent runs.

« the computational time taken by all iterative methods
includes the closed-form LS estimation time due to
the use of their initializing values, such as »[0] in
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1072 | E
~ r ]
o) r 1
£ r 7
- - . . . —

= x FP-CTLS estimate in Algorithm 4
g [ ADMM-CTLS estimate in Algorithm 2 [51]
g - NM-CTLS estimate in Algorithm 3 [47] -
=% -+ TSNM-CTLS estimate in Algorithm 5
g - O OSNM-CTLS estimate in Algorithm 6
3 1073 E
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o 5066066666086 08060
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o The standard deviation of the TDoA error (in [s])

FIGURE 5. Computational time as a function of TDoA error standard
deviation o, from Np = 1,000,000 independent runs.

Algorithm 2, Algorithm 3, and Algorithm 5 as well as
pl0] in Algorithm 4 and Algorithm 6, respectively, and
o both the ADMM-CTLS and the NM-CTLS incur heavy
Newton’s iterations.
The NM-CTLS estimate in Algorithm 3, the FP-CTLS
estimate in Algorithm 4, the TSNM-CTLS estimate in
Algorithm 5, and the OSNM-CTLS estimate in Algorithm 6
take less time in computation than the ADMM-CTLS
estimate in Algorithm 2, because they have only an update,
compared to three updates required by the ADMM-CTLS
estimate in Algorithm 2. Especially, the two updates in
Algorithm 2 are computationally intensive due to the
nature of Newton’s iteration. It is worth noting that the
OSNM-CTLS estimate in Algorithm 6 consumes less compu-
tational time than the TSNM-CTLS estimate in Algorithm 5.

2) EFFECT OF THE NUMBER OF SENSORS

We consider the TDoA localization that varies the number
of participating sensors from K = 5 to K = 9 sensors. For
the (x, y)-coordinates in meter, the sensor location entails [51,
Sec. IV.C]

P 0 —260 —80 160 360 640 320 220 370
~ |0 300 400 180 60 280 150 120 —30|’

(76)

and the true position of the mobile user is the same as that
in (75).

In Fig. 6, the norm of the biases caused by each method is
shown as a function of the number of participating sensors.
One can see that when more information of the TDoA from
the sensors is available, the localization system can gain more
accuracy in terms of bias.

In Fig. 7, the RMSE is shown as a function of the number
of sensors K. Similar to Fig. 6, one can see that when the
wireless sensor network receives more knowledge of the
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102 |- % FP-CTLS estimate in Algorithm 4 B

o ADMM-CTLS estimate in Algorithm 2 [51]
NM-CTLS estimate in Algorithm 3 [47]

+ TSNM-CTLS estimate in Algorithm 5

O OSNM-CTLS estimate in Algorithm 6

101A8 [ ® ° ® |

En {|Ip — pol|2}: Bias norm (in [m])

\ \ \ \ \
5 6 7 8 9

K: The number of sensors

FIGURE 6. Bias norm as a function of the number of sensors from
Ng = 1,000,000 independent runs.

FP-CTLS estimate in Algorithm 4
CTLS approximation in (37)
Simplified CTLS approximation in (41)
ADMM-CTLS estimate in Algorithm 2 [51]
NM-CTLS estimate in Algorithm 3 [47]
NM-CTLS approximation in (58) [47, eq. (20)]
+  TSNM-CTLS estimate in Algorithm 5
O  OSNM-CTLS estimate in Algorithm 6
— - — OSNM-CTLS approximation in (72)
——— Simplified OSNM-CTLS approximation in (73)

1.4 -
10 | | | | |

5 6 7 8 9

K: The number of sensors

FIGURE 7. RMSE as a function of the number of sensors from
NR = 1,000,000 independent runs.

distances, its localization performance in terms of the RMSE
improves.

Again, in Fig. 8, the ADMM-CTLS encounters intensive
updates in the Newton’s iteration, thus consuming the greatest
amount of the computational time. It is followed by the NM-
CTLS, which also involves Newton’s iteration yet with less
computational burden. Note that when the number of sensors
is sufficiently large, the inverse of the Hessian matrix inside
the Newton’s iteration is not stringent. In this situation, the
TSNM-CTLS method takes less computational time than the

VOLUME 12, 2024



B. Tausiesakul, K. Asavaskulkiet: TDoA Localization in WSNs Using CTLS and Newton’s Methods

IEEE Access

_ L i
o
=) | X X X b
a2 » FP-CTLS estimate in Algorithm 4
g ADMM-CTLS estimate in Algorithm 2 [51]
s 1072 |- NM-CTLS estimate in Algorithm 3 [47] =
3 B + TSNM-CTLS estimate in Algorithm 5 -
) [ 0 OSNM-CTLS estimate in Algorithm 6 ]
8 - -
o t i
=}
) L i
£
=
= [ i
o
2
g
] Q
m 10-3 (] © o |
. @ X X —
[ X ]
L1 | | | L]
5 6 7 8 9

K: The number of sensors

FIGURE 8. Computational time as a function of the number of sensors
from Ng = 1,000,000 independent runs.

OSNM-CTLS approach. The FP-CTLS consumes the least
amount of computational time.

3) EFFECT OF THE IMPERFECT SYNCHRONIZATION

In reality, multipath and shadowing may arise in electromag-
netic wave propagation. Furthermore, the first sensor and
the k-th sensor may not share the same exact time in their
clocks [66]. These effects can be realized as an additional
term to the right-hand side of (11) according to [67, eq. (5)]

1= Tl + Dk
—~— —~—

%Sk,l; )

+07

= =Lme1; (10)
1
= E((Sk,] +ng,1) + 0 (77)

where 6, , € R!'*! is the offset time between the first
sensor and the k-th sensor caused by the synchronization
error and the propagation fluctuation, such as multipath
and shadowing. We shall see the characterization and the
deterioration of all algorithms considered in the former
comparison, when the offset time 8, , occurs in the previous
simulation setups and is not compensated or removed. The
estimation and the compensation of the unknown offset time
dr,, are beyond the scope of this paper and can be performed
in terms of, e.g., multi-hop synchronization, etc. [68].

Following from (13), we find that the noisy value of the
true value Ag now becomes

Xy — X1 y2—Yy1 0621 +n21+cdqy,

A X3—Xx1 y3—y1 631+n31+cdy,

XK — X1 YK — Y1 Ok,1 +ng 1+ Sy
=Ao+ A, (78)
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where the perturbation matrix Ay € RE=D*3 js given by

00 ny | +C6T2,1

00 n3,1—}—c<ST3V1
Ap=|. . .

00 ng 1 —}-CarK’]
=[0 0 n+cé], (79)

with §; € RE-Dx1 j5 the vector that contains K — 1 time
offsets, i.e.

81'2,1
873,1

81’ = . . (80)

8771(.1

The vector b € R&=Dx! can be expressed with time
offsets as

(2 — x1)? + (2 —y1)* — (82,1 + n2.1 + ¢85, ,)?

b 1] (3 —x0)?+ (3 —y1)* — (83,1 +n3,1 + 8, ,)*
=3 f

Gk —x1)? + 0k — y1)? — Bk,1 + k1 + 8,

= bgy + &p, (81)

where the perturbation 1, can be approximated as

8p = —D(6)(n + cd;) — %D(n 4+ céd;)(n+céy)
~ —D(8)(n + cd;). (82)

For simplicity, we assume that the synchronization and
propagation errors in §; are uniform with

=80, = b1, (83)

8y =803, = ...
thus resulting in
Sr = 81’ 1[(—17 (84)

where 8§; € R!! is a common time offset and 1y
is the column vector containing only ones of size N.
In the mismatch simulation caused by the asynchronization,
multipath, and shadowing, let the offset time be §; = 20 [ns].

Figs. 9 and 10 replicate the simulation framework of
Figs. 2 - 5, except that the timing offset in (77) is assumed to
occur instead of adopting the perfect synchronization in (11).

In Fig. 9, for oy less than 30 [ns], the FP-CTLS
bias is lower than those by the other methods and the
typical NM-CTLS bias is slightly lower than the proposed
TSNM-CTLS and OSNM-CTLS algorithms. However, for
oy greater than 30 [ns], the proposed TSNM-CTLS and
OSNM-CTLS algorithms outperform the other methods. It is
worth noting that the proposed FP-CTLS method and the
ADMM-CTLS approach do not significantly suffer from the
existence of the time offset.

In Fig. 10, the RMSE tendency is similar to the bias trend
in Fig. 9. However, most derived theoretical predictions of the
RMSE fail to capture the actual RMSE from the estimation,
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FIGURE 9. Bias norm as a function of TDoA error standard deviation o,
from Ng = 1,000,000 independent runs.
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FIGURE 10. RMSE as a function of TDoA error standard deviation o, from
Ng = 1,000,000 independent runs.

except for the coincidence between the FP-CTLS RMSE and
the simplified CTLS approximation in (41) for o, greater than
20 [ns]. Note that in this region, the conventional NM-CTLS
method is unreliable to provide the acceptable RMSE.

Figs. 11 and 12 represent the error performance of all
localization algorithms in Figs. 6, 7, and 8, where the number
of sensors changes according to (76). Their simulation setup
is similar to that in Figs. 6 - 8, except that the TDoA offset
in (77) is taken into account.

For o; = 4 |[ns], in Fig. 11, the proposed methods,
such as the TSNM-CTLS and the OSNM-CTLS approaches
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FIGURE 12. RMSE as a function of the number of sensors from
Ng = 1,000,000 independent runs.

provide the lowest bias and are followed by the ADMM-
CTLS and the FP-CTLS algorithms, respectively.

In Fig. 12, when the time offset of 4 [ns] exists, the
sophisticated TSNM-CTLS and OSCTLS algorithms still
work well but they deviate from their theoretical RMSE
prediction. The ADMM-CTLS method coincides with the
above two algorithms when the number of involved sensors
is 9.
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VI. CONCLUSION

We propose three alternative techniques for the CTLS solved
by the fixed-point iteration and the NM. By using the
chain rules, the new derived gradient vectors and Hessian
matrices can be elaborated in compact forms, thus leading
to i) less computational burden than the former approaches
and ii) more computational reliability, in terms of no
degenerate matrix inverse caused by the ill condition of the
Hessian matrix, than the previous methods. Theoretical error
performance prediction is also provided for the conventional
CTLS estimate and each proposed algorithm. It is validated
through numerical simulation that the simplified RMSE
expressions well comply with the corresponding actual
estimation results. Future work would be the design of
an algorithm that can handle the imperfect synchronization
raised in (77). This idea can be done by keeping the time offset
at the beginning, i.e. the formulation of the CTLS objective
function.

APPENDIX A

PRELIMINARY RESULTS

Based on (136), the expectations of some scalars for u €
RE=DxIand y € RE=D*1 can be determined by

En{u"D(d)nn"D(d)v)
=u'Dd) Enfnn'} D@y
——
=02lg_1; (23b)
= o u'D*d)v, (85)
En{u"D(d)nn"D(d)n)
= u'D(d)En o
2.1

K
n3,1 => dn? ; (17, (27)
=l . an &

n'Ddmn )
———

"K,1

2
5n{”/2,1”k,1}
————

Enfni 1} k=k,
——
=0; (103)

2
gﬂ{n£,l}gn{nk,l}f
~——

=0; (23a)

K
=u'D(d) ) di
k=2 = i s

ke{2,3,...K}
=0, (86)
En{n"D(d)nn"D(d)v)
= En{n"D(d)nn"} D(d)v
ot -

=0"; (86)
=0, (87)
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and
En{n"D(d)nn"D(d)n)

=&f{ n'D@n n'Ddn )
————

——
K K
= Z din? 13 (17), 27) :kzz din? 13 (17), 27)

K

2 > dd

gn{nﬁl,lnlzz,l}
=2 kp=2 D c—

ki =k =k,

:30;‘; (104)

5“{”%1,1} 5“{”132,1}’
—— ——
=Ur%; (23b) =U§; (23b)

ki # ky

K

K
Doz + D) didioy

1=2 _27ékl

cf;‘(2id + Z deldkz)

k=2 =2 k=

=~

=

= otay, (88)
where « is given by

ar = 2de + Z Z diy . (89)

=2 k=
The expectations of (16) and (18) are given by
[0 0 &ufn} |
——

EnfAn} =
=0; (23a)
= O -1)x3, (90)
and
Enfdp} = —D(8) Enln)
——
=0; (23a)
= 0k —1)x1- oD
Let us consider the products
Aj®A) =[5, 8, 3] ®[8, 8, 3]
_SI
= | 8] | [®6x @5, ®5]

s

51 @5, 8] @5, 8] @5
= 5?5,( 5$<1>5y 31@5 : (92)
sT®s, 5'@s, @5

Al®AL=[0 0 n]"®[0 0 n]
T
= (0T |[0 0 @n]
nT
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[0 0
=10 0 , (93)
0

AJ®AL = [8x

=100 8lon|, (94)
Aloa,=[0 0 n]" ®[3, 3, 3]

= |07 | [®6, @8, @S]

"

0 0 0
= o o o |.
_nT<I>6x nT<I>6y nT<I>6:|
Al®s, =[0 0 n]" ®(—D(@)n)

o
=—|o0T

0
=— 0 : (96)
| nT®D(8)n

®D()n

Let us consider the expectations

Eaf{AL®S,) = Ea{[0 0 n]" ®(— D))}

(96)

0
_ — O
En {nT®D(8)n}

0
0

=~ t(®D@) En{nn'} )
e e’

:onzIK,l; (23b)
0
0 , 7
tr(®D(S))

2
_—O'n

and

GfaATeby =& AT @ b |
=AJ+AL; (13)  botdp: (15)

= EnfA] @by + A] B8, + AL ®by + AL DS, )

—AJ® by +A[® Ealdn)
~— ~——
=Aobo; (5) =0; 1)
+ En{AR} @b + En{AL B}
—— —————
=0; (90) 7)
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0
= A} ®A¢0) — 07 0 . 98)
tr(®D(3))

From

Ab=AJ+ Ax Do+ & )
—~— —~—

:[0 0 n]; (16) ~—D(8)n; (18)

0
~ AJ (bo — D(8)n) + 0 . (99)
n' (bo — D(8)n)
the product AThbTA can be written as
ATbbTA = Al (bo — D($)n) (b] — n"D(8))Ao
+A(bo— D)) [0 0 nT(bo — D©S)n)]
- 0 5

+ 0
| 1T (bo — D()n) |
= 0 =
+ 0
| nT (bo — D()n) |

(by —n"D(5))Ao

[0 0 nT(bo—D(S)n)].

(100)

From (98), the expectation of (99) can be found from

0
EnfATD} = AJAB0 — 02 tr(D(8)) {0} ) 101)
1

Further multiplication of (99) gives
ATbbTA = Albobi Ao — Albon D(8)Ag

— AlD@)NbiA) + AlD()n DA,
+[0 0 Al (bo — D©®)n)(b] — n"D(&))n]

~ o7
+ o'
Ln" (bo — D(&)n) (b) — n"D($))A}
[0 0 0
+({00 0
10 0 nT(bo —D(@)n)(b) —n"D©))n
(102)
Basic calculus reveals that for u, = 0, we have
00 1 — L (—pn)?
3 202 —
| ——)e % dn =0, (103)
/700 (an 2w )

and

o0 1 _ 1 (Vl*/Ln)z
4 202 _ 4
n e 2on dn = 30;. (104)
/—oo (Gn\/ 27T) "

The expectation of each term in (102) becomes
EnfAJ (bo — D)) (b — n"D(8))Ao)
= A{bobJAo — Alby Ex{n} D(®)Ao

———
=0"; (23a)
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—AJD() Enln} bJAG+AIDG) Enfnn'} D©®)Ag
S——

—
=0; (230) =02Ik_1; (23b)
= Abobi Ao + 0 2AlD(8%)A0, (105)
EnfAJ (bo — D(S)n) (b] — n"D(8))n)
= A}bob] Enln) ~AlboEn{ n'D@)N )
=0; (23q) =tr(D(&)nnT)
—AJD@®)En] @ } +A{DG)En{nnT D@n }
=nnThy =D(n)$
= —Albotr (D@) En{nn'} ) —AID®) Ex{nn'} by
=02lg_1; (23b) =02lg_1; (23b)
+AJD(S) & nn'D(n) )8
=[nn3 nn} - nn%]

=0; (23a), (103)

= —o2tr (D(8))AJbo — oA D(&)bo, (106)
Enf{n' (bo — D()n) (b] — n"D(8))Ao)
= ({4 (b0 — D®n) (b] — n"D@)n) )T
=—a2 tr(DE)A bo—a2A  D(®)bo; (106)
= —o2tr (D(8))bi Ao — o2bi D(8)A0, (107)

and
Enf{n" (bo — D()n) (b] — n"D(8))n}
=& nTbobgn } - Sn{nTbonTD(S)n}
————
=tr(bobl nnT)
— Ea{n"D(@)nbn} + Ea{n"D(@Enn"D($)n)
=0: (87)

=1r (b()bg En{nnT} ) + G:al
—_———
=02 k_|

= oy lIboll5 + oy 1.
According to (102), it follows from (105), (106), (107), and
(108) that

EnfATBBTA} = AJboblAo + 02ALD(8*)A0
—o02[0 0 tr(D()AJbo +AJD(G)bo]
OT
— GI% o’
tr (D(8))bjAo +biD(@®)A¢

000
0. (109)
1

=0; (86)

=otay; (88)

(108)

+ (a2 1bol13 + oy ar)

o o

0
0
Let us consider the expectations

En{G+n) @3y}
=@+ Enin) ) @

N
=0; (23a)
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= 5T @5y, (110)
Enf{8] @5 +n))
= &a{8T @G+ Enin) )
—
=0; (23a)
= En{8] ®3), (111)
En{@+m)' @6 +n)
= &{tr (@@ +m@+mT)}
—tr(®(88T + Enfn} 8T +8 Enln'} +  Enfmn} )
—— ——

——

=0: (23a) =0T: (23a) =olIk_1; (23b)

=tr (®(88" + 02k _1))

=8T®5 + o2 tr(®), (112)
EnfaT @A)
S 2 3T @3, Enf{8] @5 +n))
=81 ®5; (111)
5] @6y 5] @5y En{dy 9 +m)}
_ _—

=8] ®8; (111)
En{ +m) T ®8x) En{6 +m) @8y} En{6+m) @G +n))

=5T®sy; (110) =8T®sy; (110) =31 ®d+07 tr(®); (112)
[sT@s, 57 @5, sl s
= 5?5,( agmy 5] @8
sTos, sT@sy §T®8+o2tr(@)

00 0
—Ajeag+|00 o |. (113)
0 0 o2tr(®)

Substituting ® = Ix_1 into (113), we obtain
00 0

EafATA} = AJIx_1A0+ |0 O 0
00 o2tr(Ig_1)

(114)

n

S O O
—_— o O

0
=AlAg+ (K —1)o2 |0
0

APPENDIX B
PROOF OF LEMMA 1
First, we consider

iy, = argmin |n|3 st. A0 —b = D(d)n
n
_ D (ml AT —b— =
= arg arg Inlz + X" (A0 —b —D(d)n)) =0 A
n A on

9 2 o T _
= (1m13 42740 — b — D@m) = 0)
=argarg(2n — D)L =0 A A0 —b — D(d)n = 0)
n
1
= a’rlg aig(n = ED(d)X ANAO —b=Dd) n

=1ID@n
(115)
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From (25), the solution of n in the minimal ¢>-norm sense
becomes

fig, = arg(x = 2(D(d)D(d))" (A0 — b) A

n = D) A
2 N——"
=2(D(d)D(d))~1(A0—b)
= D@)(D@)D@)) "' (A0 — b)

=D '(d)A0 —b). (116)

Substituting (116) into ||z ]|3, we obtain

lie, 13 = (D™ @6 ~ b)) D@6 by
= (A0 —b)' D (d)D ' (d)(A0 — b)
= (A0 —b)'D2(d)(A0 — b). (117)
Substituting (116) and (117) into (29), we obtain
0, = arg min(Af — b)'D2(d)(A0 — b)
st. A0 —b =Dd)D'(d)A0 — b)
= argmin(46 — b)'D2(d)(A0 — b)
st. AG—b=A0—b

= arg min(4 — b)'D~2(d)(A0 — b). (118)

By using few straightforward differentiations, we find that

0 0
—Dd)= —D(
39 D@ = 57— — D@
——
=x—x1; (7)
=0, (119)
0
—D(d) = — D
25, P@ = 5 D@
——
=y—y1; (7)
=0, (120)
d d
—D) = D
79, P@ = 75— D@
—
=d; (7)
—0, (121)
0 0
— D Yd)=-D! — D(@d))D!
@ @( 55 P@)D"@)
—
=0
=0; nel{l, 2,3}, (122)
0 oo (0 -1
ae,lD (d)_(aenD (d))D )
[ —
=0; (122)
0
-1 9
+D (d)(aenD @)
———
=0; (122)
—0: ne{l,23). (123)
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The gradient of the CTLS can be derived from

9

8y(0) = ﬁfCTLS(a)
_ % ((Ao —b)'D2(d)A0 — b))
=24"D2(d) (A0 — b)

[ (a6 — b)T( 8%1)—2(01) )(Ao —b)

| ——
a:o;(lza)

A0 —b)(—D2d) )(A0 — b
L | @8- (50 @ )me - b)
| —
a=0;(123)

A0 —b)' ( —D2 AQ —
(40 — b) (393 @)) (6 - b)
[ —

—=0; (123)

= 2A?D_2(d)(A0 —b). (124)

Solving (124) for 6 leads to (33). In other words, the problem
in (30) can be solved as

0, = arg HbinfCTLS(o)
= arg (86(0) = 0)
— arg (2ATD—2(5)(A0 b= 0)
]
— arg (ATD*2(d)A0 —ATD (@) = 0)
[’}
= (ATD @A) 'ATD2(@)b. (125)

APPENDIX C

PROOF OF LEMMA 2
It is simple to show that
2

0
H(0) = 3 fcrLs(0)

aoaaT
_ 7,7
= 880g9(0)
= 55246 - b)'D 2d)A
I )T (T2 I T2
=2( =60"ATD2(d)A - —b"D2d)A
(800 (@A — "D ),
——

N————— e —
=I =0

= 24D 2(d)A. (126)

The expectation of the Hessian in (34) can be derived from
Hop(8) = Ea{24"D7*(@)A}
=2&{ATD2(@)A).
—_—

(113)

(127)

APPENDIX D

PROOF OF LEMMA 3
Let us consider the outer product (A8 — b)(A6 — b' from

(A0 —b)AO—b) =(A0 —b)OTAT —b")
—A00TAT—b0TAT—A0D" +bb".
(128)
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Substituting (18), (13), and (15) into each term of (128),

we obtain
A00TAT = (Ao + An)BO (Ao + AT
= (AoB0T + AABOT)A] + A))

The correlation of the CTLS gradient can be determined by

Rop = Ea{gy(0)g}(0)}
= £.{24TD2(d)(A0 — b)(2ATD2(d)(A6 — b))}

= 4&{ATDX(d) (A9 — b)(A0 — b) D2(d)A)}

=D(d)nn"Dd); (133)
(134)

= Agf 0TAL + Ar007A]
S~ —— N ——
=bo T =dn T = 4&{ATD " d)nn ' D~ (@)A).
TAT TAT
+ @0 Art Aéfﬂ Aa Let A € R3*3 be a perturbation matrix, which is given by
=bo —g T =din _g,T
A=A ®AA+AJ®AL+ AL @A
= bob + dinb} + d\bon" + d?nn", (129) A J0TTEAT AT
BOTAT = (b + 6)0 (Ao + An)T ©) O o
0 0 S, ®n
= (b8 + 80T)AJ + A)) }
T T = 0 0 8%_<I>n (135)
=bo0 Ay + & 0 Ag n' ®§, nT<I>8y n'®n + 3§ ®n+n'ds
—pT =—D(é)n —pT
(')I' T OT T The noisy product AT®A can be written as
+ by A+ 5 0 Ay T T
—— —
=7 Tow o AToA =A]®A)+ A
135
— boby — D(@E)nbY + dibon’ — diD(@)nn’, ) (139 ] ]
(130) 6)( <I’5X 3x<1>5y 5){ (I)(8 +n)
=| & @ 5] @8y 3, ®(8 +n)

AObT = b0TAT)T
g
(130)
- (bobg — D(§)nb] + dibon” — dlD(S)nnT)

= bob] — bon"D(8) + d\nb} — dinn"D(5),
(131)

B+n) @ S+n) @5 S+n) @G +n
(136)

Based on (136), the expectations of some scalars for u €
RE=DxI and y € RE=D*1 can be determined by

En{u'D™ d)nn" D~ @)y}
=u'D7'@d) &afnn"} D7'@yw

and
——
bbT = (bo + 8v)(bo + 8p)" =oplk-1: (23)
2. Tp—2
=bobl + v by+ho & + & & = oyu D@y, (137)
— —_—— —_ —— Tp—1 Tp-1
=—D(é)n =—I1TD(5) =—D(é)n =—nTD(8) gn{u D (d)nn D (d)n}
Tp—1 Tp-1
— boby — Db} — bon"D(8) + D(6)nn"D(5). w D" déaf  n n D dn |}
(132) o :§ La2 cam, @)
= . [ = ko
Substituting (129), (130), (131), and (132) into (128), ey
we obtain - -
(A0 — b)AO — b)T En{n 171}
= bob} + dinb} + dibon” + d?nn” : .
T T T T T A Enfi ). k=Fk,
— (boby — D(8)nb}, + dibon" — diD(8)nn") =u'D7'd)> % oo
— (bob — bon"D(8) + d\nb] — d\nn" D(3)) S T g N Ea{nd ). k£
+ boby — D(8)nb] — bon"D(8) + D(8)nn" D(6) =0; (23a)
= dinn" + D(@&)nn'D($) + d\D@)nn" + dynn" D(8) i |
= (D(8) + di)nn" (D(8) + diI) ke(2.3,...K)
=D() =D(3) =0, (138)
= D(d)nn" D). (133)  &{n'D ' @)nn"D7 @)}
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=&a{n' D7 d)nn"} D @)

=0T; (138)
=0, (139)
En{n'D (@nn "D~ (d)n)
=&{ n'D'@n n'D Y dm )

K K
=3 gonp s UD.@D =3 gong 15 (17, 27)
k=2 k=2

K K |
-3y Enlry 11,1}
k=2 k=2 i
&,{nﬁ,l}, ki = ko =k,
——
_ | =30 (104
Enfnt ) Ealni, ) ki # ke
—_—
=07 (23b) =a2; (23b)
K K
1 1
=S 5302+ on
2 2% n
k=2 dkl ko=2#k) i diy
K 1 K K 1
4
(X X X )
o4 (oD bk
a3
_ 4
=o0,03. (140)

From (136) and by using the results in (137), (138), (139),
and (140), the matrix Ryg in (134) can be shown as

1D @8 3ID @3y SID2d)s
Rop = 407 510—2@1)3)( sgp—z(d)ay 8, D2(d)s
| 8'D7X )8, 8'DTHd)Sy §TD ()8 + 0]
8, D) 00 0
=402 | | 8ID72@) | [8x 8y 8]+ |00 0O
8¥D*2(d) - - 0 0 azo?
3 00 0
=402 | | 8! | D2dAo+02]|0 0 0
6%’- 00 a3
——
=A]}
000
=402 [AD2( DA +062|0 0 0 (141)
00 a3

The error covariance matrix of the CTLS estimate can be
calculated by

Xgg = 5n{(éCTLS —00)@cris — 90)T}
~ En{H 5 (00)24(00)2) (00)H 5 (69))
= H,,) (00) Eafgs(B0)2] (00)} H pp (80).
S —

=Ryy; (134)

(142)
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Substituting (35) and (141) into (142), we obtain

H(600) )~
——

=2E,{ATD2(@)A}; (35)

oo = (

—
00 0
=402 AID2@)Ao+62|0 O 0 | |: 4D
00
( Hgo(00) )~
N e’

=2E{ATD2(@)A}; (35)
= o2(&{ATD2@)A)) !
N ——

(113)
000
AJD X d)Ag+02 |00 0
00 o3

(&afATD2@)A}) ", (143)
—

(113)
which yields (37).

APPENDIX E

PROOF OF COROLLARY 1

For a small 02, a simplified error covariance can be found
from

lim Zgg ~ o (AgD2(d)A0) " (AJD2(d)Ay)

02—0
x (AJD~2(d)A) !

= 62(A]D2(@d)A0) . (144)
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