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ABSTRACT Owing to operating condition switching and internal degradation mechanisms, the degradation
processes of some lithium-ion batteries (LIBs) exhibit non-monotone and two-phase patterns, which are
composed of a linear first phase and a nonlinear second phase. The existing Gamma process and Inverse
Gaussian process methods are limited to modeling the monotone degradation data. Besides, traditional
single-phase nonlinear models and two-phase linear models are insufficient to describe such a degradation
process effectively. Therefore, degradation modeling and remaining useful life (RUL) prediction of the
hybrid deteriorating LIBs is still a compelling practical issue. In this paper, a two-phase hybrid degradation
model with a linear first phase and a nonlinear second phase is formulated based on the widely used Wiener
process-based model. Taking into account the random effects caused by the unit heterogeneity and the
uncertainty of the degradation state at the changing point, we obtain the analytical solutions of the lifetime
estimation and RUL prediction under the concept of the first passage time (FPT). In addition, to conduct
model parameter identification, the expectation maximization (EM) algorithm in conjunction with a profile
log-likelihood function method are utilized for offline parameter estimation. Subsequently, the Bayesian rule
is adopted to conduct the online parameter updating. Finally, the numerical and practical experiments are
provided for verification and show that the proposed method could achieve high estimation accuracy for the
RUL prediction of the two-phase hybrid deteriorating LIBs.

INDEX TERMS Lithium-ion batteries, RUL prediction, two-phase degradation, unit-to-unit variability,
Wiener process.

I. INTRODUCTION
In recent years, with the rapid development of technol-
ogy, lithium-ion batteries (LIBs) have been widely used in
many fields, including electric vehicles, large-scale grid, and
aerospace power systems attributable to their high energy
density, low self-discharge rate and long service life [1], [2],
[3]. Despite the advantages, LIBs’ performance will decrease
gradually over time owing to the influence of dynamic envi-
ronments and internal mechanisms [4], [5]. Degradation of
LIBs will lead to equipment failure or even catastrophic
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eventualities [6], [7], [8]. Hence, prognostics and health man-
agement (PHM) are essential for maintaining high efficiency
and safe operation of LIBs [9]. Establishing suitable models
to characterize the degradation process and realizing accurate
remaining useful life (RUL) prediction are critical challenges
of LIBs’ PHM [10], [11], [12].

Generally, the RUL prediction approaches for LIBs can
be classified into model-based and data-driven [13], [14].
At present, the data-driven approaches have become research
hotspots in RUL prediction, as they exclusively rely on the
performance data collected by sensors and do not require
much knowledge about the physical and chemical mechanism
of LIBs [15], [16]. The data-driven approachesmainly consist
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of machine learning and statistical approaches [17]. Machine
learning methods such as neural networks and deep learning
require massive data to obtain high-quality training feature
variables andwill generate cumulative errors [18]. In contrast,
the statistical approaches attempt to combine the statistical
models with degradation data, which can effectively cap-
ture the uncertainty of the degradation process [19]. As one
widely used category of statistical approaches, stochastic
process-based methods can characterize the randomness of
the degradation process, provide the probability distribution
of RUL, and quantify the prediction uncertainty [20], [21].
Wiener process, Gamma process, and Inverse Gaussian pro-
cess are three commonly used stochastic process models [22].
Among them, the Wiener process model has attracted sig-
nificant attention owing to its good mathematical properties
in describing the non-monotone degradation trajectory [23],
[24], [25]. As to the Wiener process-based degradation mod-
eling method, the lifetime and RUL are usually defined as
the first passage time (FPT) when the degradation process
exceeds the preset failure threshold [26]. Since the degra-
dation increments follow the normal distribution, the linear
Wiener process is flexible in solving the analytical solutions
of lifetime and RUL based on the FPT concept and has
been extensively investigated over the last few decades [27],
[28], [29]. However, for nonlinear degradation devices such
as LIBs, nonlinearity is an important factor that cannot be
ignored in degradation modeling. To characterize the nonlin-
ear degradation process, Si et al. [30] first proposed a general
nonlinear degradation model and obtained the probability
density function (PDF) of RUL based on a well-known time-
space transformation. After this pioneering work, extensive
research has been conducted on the RUL prediction of non-
linear degradation devices [31], [32], [33], [34].
It is noticeable that the aforementioned Wiener process-

based RUL prediction methods primarily focus on single-
phase degradation cases. However, in practice, owing to
operation conditions switching and inner degrading mech-
anisms evolution, the degradation rate of many batteries’
degradation trajectories changes significantly and exhibits
obvious two-phase characteristics [35], [36]. Hence, it is
necessary to formulate a two-phase degradation model
for accurate lifetime estimation and RUL prediction. Over
the last few years, many advances have been made in
the two-phase Wiener process-based degradation modeling
method. Kong et al. [37] proposed a change-point Wiener
process model to describe the two-phase degradation trajec-
tory with abrupt jumps at the changing point and conducted
the system reliability assessments. Based on the two-phase
Wiener process, Zhang et al. [36] established a generalized
degradation model framework for LIBs, then derived the
analytical expressions of lifetime and RUL distribution under
the concept of FPT. Gao et al. [38] constructed a two-phase
Wiener process model with a changing point to analyze the
degradation process of systems affected by shocks. To facil-
itate the degradation analysis of LIBs, Chen et al. [39]

proposed an adaptive RUL prediction method combining the
two-phase linear Wiener model and the extreme learning
machine algorithm.

However, most of the current researches only focus on
the two-phase linear model, which may not be accurate in
some complex LIBs applications. It is encountered in practice
that some LIBs with two-phase degradation patterns exhibit
a slow and stable linear trend in the first degradation phase
while a fluctuating nonlinear trend in the subsequent degra-
dation phase [40], [41], [42]. From a practical perspective,
the reason for this phenomenon is that the internal active
material of LIBs will gradually lose during cycling, whereas
the internal resistance increases slowly [43]. When a certain
number of cycles is reached, the capacity of the batteries
will rapidly decrease, leading to nonlinear and non-monotone
degradation characteristics. Obviously, if the two-phase lin-
ear model is still utilized for modeling, it will be difficult
to describe the nonlinear degradation features of the second
phase accurately, which may lead to estimate bias. Thus,
determining how to model the two-phase degradation process
of such LIBs is a compelling practical problem. However,
only a few works refer to this issue [44], [45]. Shen et al. [44]
established a change-point Wiener and Inverse Gaussian pro-
cess model to characterize the two-phase degradation process
of the revolute joints. In this work, the first phase was
described by a linear Wiener process model, and the second
phase with accelerated nonlinear features was captured by
an Inverse Gaussian process model. It is noteworthy that the
Inverse Gaussian process is limited tomodeling themonotone
degenerate trajectories. Thus, the above methods for mechan-
ical devices are not suitable for LIBs degradation modeling.
Fortunately, the nonlinear Wiener process can effectively
characterize the nonlinearity of the non-monotone degrada-
tion process and could be used to derive the analytical form of
lifetime estimation under the FPT concept [23], [46]. There-
fore, it is more appropriate to utilize the linearWiener process
in conjunction with the nonlinear Wiener process to describe
the two-phase degradation paths of the aforementioned LIBs.

To achieve accurate degradation modeling and RUL pre-
diction for LIBs, several issues still need to be further
investigated. Previous studies generally assumed that the
occurring time of the changing point and its corresponding
degradation state (i.e., the initial value of the second phase)
are known or their distributions could be obtained through the
statistical analysis of numerous degradation data [47], [48],
[49]. Therefore, the randomness of the degradation state at
the changing point is neglected, which may lead to estimate
bias. In fact, due to the uncertainty of the first phase, the
degradation state at the changing point is a random variable
before the changing point appears, which is related to the
degradation rate of the first phase and the changing time [50].
In addition, due to the influence of internal and external
factors, unit heterogeneities exist in the degradation process
of LIBs within the same batch. Thus, it is more reasonable to
set the changing point and the degradation rates as random
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variables [51], [52]. Hence, characterizing the unit-to-unit
variability for the LIBs of the same specification based on
real-time monitoring data to increase the adaptability of the
degradationmodel is necessary. To the best of our knowledge,
very limited work is available to solve the degradation mod-
eling and RUL prediction problems for the two-phase hybrid
deteriorating LIBs with a linear first phase and a nonlinear
second phase in the existing literature, especially for the
situation where all the above issues are considered at the same
time.

Therefore, in this paper, a novel degradation modeling
and RUL prediction strategy based on the Wiener process is
proposed for two-phase hybrid deteriorating LIBs to bridge
the aforementioned research gaps. The main contribution of
this work lies in the following aspects.

1) A two-phase hybrid degradation model based on the
Wiener process is established to characterize the degradation
process of LIBs with a linear first phase and a nonlinear
second phase.

2) The analytical solutions for the lifetime and RUL esti-
mation considering the unit-to-unit variability and the random
degradation state at the changing point are derived based on
the FPT concept.

3) The offline parameter estimation is conducted by the
EM algorithm in conjunction with a profile log-likelihood
function method, and then the online parameter updating is
realized by the Bayesian rule.

4) The effectiveness of the proposed method is verified
based on the experiments of a numerical simulation and a
practical case study of the LIBs degradation dataset.

The remainder of this paper is arranged as follows.
Section II establishes a two-phase hybrid degradation model
of LIBs, and derives the analytical solutions of the RUL
estimation, then conducts the model parameter identification.
The implementation details of the experiments are provided
in Section III. Section IV presents the experimental results
and analysis. Section V concludes this paper.

II. METHODOLOGY
In this section, the degradation modeling and RUL predic-
tion methods of the two-phase hybrid deteriorating LIBs are
introduced. The proposed methodology could be split into
three major parts, namely the formulation of the degradation
model, the derivation of the lifetime and RUL distribution
under different conditions, and the model parameter identi-
fication. The details are described below.

A. MOTIVATION AND MODELING DESCRIPTION
Fig. 1 shows the capacity degradation data of five LIBs
adopted from the Stanford University battery dataset [53].
It is observable from Fig. 1 that the degradation trajecto-
ries exhibit obvious two-phase hybrid deteriorating features
with evident inflection points. Specifically, the LIBs’ capac-
ity decreases slowly in the first phase with a linear trend,
and after about 500 cycles, the power starts to dive rapidly
and show a nonlinear trend, which was disclosed by [41].

FIGURE 1. Degradation trajectories of batteries.

Furthermore, it is clear from Fig. 1 that the degradation trajec-
tories are non-monotone. In this case, the degradation process
could not be described well by the two-phase linear model.
Therefore, it is appropriate to model the degradation process
of such hybrid deteriorating LIBs based on the two-phase
hybrid degradation model with a linear first phase and a
nonlinear second phase.

It is known that among the stochastic process models, the
Gamma process and Inverse Gaussian process are limited to
modeling the monotone degenerate trajectory. However, the
degradation trajectories of the LIBs’ capacity in Fig. 1 are
non-monotone. Therefore, the Gamma process-based meth-
ods and the Gaussian process-based methods in the existing
literature are insufficient to model the LIBs’ capacity degra-
dation data.

Fortunately, the Wiener process has good mathematical
properties in describing the non-monotone degradation tra-
jectory. Thus, the Wiener process is employed in this paper to
describe the degradation process of the hybrid deteriorating
LIBs. For detail, the linear first phase of the LIBs degradation
data could be modeled by the linear Wiener process. Besides,
considering the nonlinear characteristics of the second phase,
we adopt the nonlinear Wiener process model to describe
its degradation features. The nonlinear Wiener process is a
type of diffusion process with a nonlinear drift term, which
is driven by the standard Brownian motion. The standard
Brownianmotion is a Gaussian process with amean of 0 and a
time-dependent variance, which is originally used to describe
random walks of tiny particles [30]. Therefore, the nonlinear
Wiener process is generally used to model the non-monotone
degradation process with the nonlinear trend.

Inspired by the single-phase nonlinear degradation model
discussed in [30] and [32] and the two-phase linear degrada-
tion model presented by [36], a two-phase hybrid degradation
model consisting of a linear first phase and a nonlinear second
phase can be formulated as follows,

X (t)=

 x0+λ1t + σ1B(t), 0 < t ⩽ τ

xτ +λ2

∫ t

τ

µ(ρ−τ ; ϑ)dρ+σ2B(t − τ ), t > τ

(1)

where X (t) denotes the degradation state at time t , τ rep-
resents the changing time. Thus, the degradation process is
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divided into two parts by the changing point τ . The time
from t0 to τ is the first phase, whereas the time from τ to
t represents the second phase. Therefore, x0 = 0 is the initial
value of the first phase, and xτ is the degradation state at the
changing time τ , as well as the initial value of the second
phase. Besides, λ1 and σ1 represent the drift and diffusion
coefficients of the first phase. λ2

∫ t
τ

µ(ρ − τ ; ϑ)dρ and σ2
represent the drift function and diffusion coefficient of the
second phase. λ2 is a proportional parameter that controls
the speed of the nonlinear degradation (i.e., drift rate of
the second phase), µ(t − τ ; ϑ) is a nonlinear function with
time t and an unknown parameter ϑ , which describes the
nonlinear characteristics of LIBs. B(t) denotes the standard
Brown motion. For simplicity, the two-phase hybrid degrada-
tion model proposed in Equation (1) is referred to as THDM,
and it is assumed that the two phases are independent of each
other.

Generally, according to the concept of FPT, the lifetime T
of the deteriorating LIBs described in Equation (1) can be
defined as:

T = inf {t : X (t) ⩾ w|X (0) ⩽ w} (2)

where w is a predefined failure threshold determined by the
relevant standards or engineering practice. Then, similar to
the definition of the lifetime, the expression of RUL at the
current time tk can be defined as:

Lk = inf {lk : X (tk + lk ) ⩾ w|X (tk ) ⩽ w} (3)

where lk is the time from tk to the failure time, and Lk denotes
the RUL with PDF fL(lk ).

B. RUL PREDICTION UNDER THE CONCEPT OF FPT
1) DERIVATION OF THE LIFETIME DISTRIBUTION BASED ON
THDM WITH DETERMINISTIC PARAMETERS
Firstly, if the changing time is fixed, and all parameters in
Equation (1) are known constant values, the lifetime distri-
bution based on THDM is derived without considering the
randomness of the parameters. Based on the research in [30],
[32], and [36], the PDF of the lifetime Tfor the two-phase
hybrid deteriorating LIBs can be formulated as follows,

(1) if 0 < t ⩽ τ

fT (t|λ1)=
w− x0√
2πσ 2

1 t
3
exp

[
−
(w− x0 − λ1t)

2

2σ 2
1 t

]
(4)

(2) if t > τ

fT (t|λ2, xτ )

∼=

w− xτ − λ2

(∫ t
τ

µ(ρ − τ ; ϑ)dρ − (t − τ )µ(t − τ ; ϑ)
)

σ2
√
2π (t − τ )3

× exp

−

(
w− xτ − λ2

∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

2σ 2
2 (t − τ )

 (5)

2) LIFETIME ESTIMATION AND RUL PREDICTION BASED ON
THDM WITH RANDOM EFFECT
In practical engineering, the degradation paths of different
LIBs from the same batch have heterogeneity, which is
called unit-to-unit variability. Generally, the individual fea-
tures of different devices are described by random parameters
in the degradation model [52]. However, the parameters in
Equations (4) and (5) are deterministic. Therefore, to describe
the unit-to-unit variability, a common method is assuming
the drift coefficient of the first phase and the drift rate of
the second phase in the THDM are random variables that
follow the normal distribution, i.e., λ1 ∼ N (λ1r , σ

2
1r ), λ2 ∼

N (λ2r , σ
2
2r ). Based on the prior information obtained from

historical data, the model parameters of a certain operat-
ing battery can be updated through real-time observations.
Hence, when the changing time τ is fixed and known, the
PDF of the lifetime T based on the THDM with unit-to-unit
variability can be obtained as follows,

(1) if 0 < t ⩽ τ

fT (t) =

∫
+∞

−∞

fT (t|λ1)p(λ1)dλ1

=
w− x0√

2π t2(t2σ 2
1r + σ 2

1 t)
exp

[
−
(w− x0 − λ1r t)

2

2(t2σ 2
1r + σ 2

1 t)

]
(6)

(2) if t > τ

fT (t|xτ )

=

∫
+∞

−∞

fT (t|λ2, xτ )p(λ2)dλ2

∼=
1√

2π (t − τ )2
[
σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

]3
×

[
(w− xτ )

(
σ 2
2r

(∫ t

τ

µ(ρ − τ ; ϑ)dρ

)2

+ σ 2
2 (t − τ )

)

−

(∫ t

τ

µ(ρ − τ ; ϑ)dρ − (t − τ )µ(t − τ ; ϑ)
)

×

(
(w− xτ )σ 2

2r

∫ t

τ

µ(ρ − τ ; ϑ)dρ + λ2rσ
2
2 (t − τ )

)]

× exp

−

(
w− xτ − λ2r

∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

2
(

σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

)

(7)

Proof: See Appendix A.
To facilitate calculation, the above-presented results

assume that the degradation state at the changing point is
determined and known. In fact, if the changing point does not
appear, the value of xτ should be a randomvariable rather than
a fixed value. According to the concept of FPT, the premise
for the degradation process to enter the second phase is that
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the battery has not failed in the first phase. That is to say, the
degradation path does not reach the failure thresholdw before
the changing point appears. Therefore, to obtain the PDF of
the lifetime T at the second phase, the transition probability
density from x0 to xτ should be derived first. It is defined that
hτ (xτ ) = Pr{X (τ ) = xτ |X (0) = x0,T > τ }Pr{T > τ }

denotes the transition probability function. After obtaining
the analytic form of hτ (xτ ), the PDF of lifetime T could be
derived based on the law of total probability.

According to the properties of the Wiener process, xτ
follows the normal distribution, i.e., xτ ∼ N (λ1τ, σ

2
1 τ ).

In addition, xτ is determined by the drift and diffusion coef-
ficients of the first phase, as well as the changing time.

Hence, to derive the analytic form of hτ (xτ ), Lemma 1 is
introduced according to [54].
Lemma 1: If X (t) = x0 + λat + σaB(t) represents a linear

Brownian motion with x0 = 0. Under an absorbing boundary
w, the transition probability density of the state from x0 to x
during time t could be expressed as follows,

h(x, t) =
1√

2π tσ 2
a

{
exp

[
−
(x − λat)

2

2σ 2
a t

]

− exp
(
2λaw
σ 2
a

)
exp

[
−
(x − 2w− λat)

2

2σ 2
a t

]}
(8)

Then, the analytical form of hτ (xτ ) could be obtained based
on Lemma 1, as follows,

hτ (xτ ) =
1√

2πτσ 2
1

{
exp

[
−
(xτ − λ1τ )

2

2σ 2
1 τ

]

− exp

(
2λ1w

σ 2
1

)
exp

[
−
(xτ − 2w− λ1τ )

2

2σ 2
1 τ

]}
(9)

It is noted that hτ (xτ ) will change due to the randomness of
the first phase model. Considering λ1 ∼ N (λ1r , σ

2
1r ), hτ (xτ )

should be rewritten as
∫

+∞

−∞
hτ (xτ |λ1)p(λ1)dλ1. Thus, based

on Lemma 2 in Appendix A, the analytic form of hτ (xτ ) could
be obtained [36].

hτ (xτ |λ1r , σ1r )

=

exp
[
−

(xτ −λ1r τ )
2

2(τσ 2
1 +τ 2σ 2

1r )

]
√
2π (τσ 2

1 + τ 2σ 2
1r )

−

exp
(

2λ1rw
σ 2
1

+
2(w2σ 4

1r τ+w2σ 2
1rσ

2
1 )

(σ 2
1 +τσ 2

1r )σ
4
1

)
√
2π (τσ 2

1 + τ 2σ 2
1r )

× exp

−

(
xτ − 2w− λ1rτ −

2wσ 2
1r τ

σ 2
1

)2

2(τσ 2
1 + τ 2σ 2

1r )

 (10)

Then, if λ1 and λ2 follow the normal distribution, i.e.,
λ1 ∼ N (λ1r , σ

2
1r ), λ2 ∼ N (λ2r , σ

2
2r ), the PDF of the lifetime

T based on the THDM considering unit-to-unit variability
and the randomness of xτ with a certain changing time τ can
be expressed as follows.

(1) When 0 < t ⩽ τ , the PDF of the lifetime T has been
formulated in Equation (6).

(2) When t > τ , the lifetime distribution could be obtained
based on Equations (7) and (10),

fT (t) ∼=

∫ w

−∞

fT (t|xτ )hτ (xτ |λ1r , σ1r )dxτ ∼= Q−R (11)

where Q = Q1 − Q2,R = R1 − R2, and

Q1 =

√√√√ r2a1
2π (t − τ )2(σ 2

α1 + σ 2
β1)

exp

[
−
(λα1 − λβ1)

2

2(σ 2
α1 + σ 2

β1)

]

×

λβ1σ
2
α1 + λα1σ

2
β1

σ 2
α1 + σ 2

β1

× 8

 λβ1σ
2
α1 + λα1σ

2
β1√

σ 2
α1σ

2
β1(σ

2
α1 + σ 2

β1)


+

√√√√ σ 2
α1σ

2
β1

σ 2
α1 + σ 2

β1

× φ

 λβ1σ
2
α1 + λα1σ

2
β1√

σ 2
α1σ

2
β1(σ

2
α1 + σ 2

β1)


Q2 =

√√√√ r2b1
2π (t − τ )2(σ 2

α1 + σ 2
β1)

exp

[
−
(λα1 − λβ1)

2

2(σ 2
α1 + σ 2

β1)

]

×

1 − 8

−
λβ1σ

2
α1 + λα1σ

2
β1√

σ 2
α1σ

2
β1(σ

2
α1 + σ 2

β1)


R1 = I1 ×

√√√√ r2a1
2π (t − τ )2(σ 2

α1 + σ 2
β1)

exp

[
−
(λα1 − λγ 1)

2

2(σ 2
α1 + σ 2

β1)

]

×

λγ 1σ
2
α1 + λα1σ

2
β1

σ 2
α1 + σ 2

β1

× 8

 λγ 1σ
2
α1 + λα1σ

2
β1√

σ 2
α1σ

2
β1(σ

2
α1 + σ 2

β1)


+

√√√√ σ 2
α1σ

2
β1

σ 2
α1 + σ 2

β1

× φ

 λγ 1σ
2
α1 + λα1σ

2
β1√

σ 2
α1σ

2
β1(σ

2
α1 + σ 2

β1)


R2 = I1 ×

√√√√ r2b1
2π (t − τ )2(σ 2

α1 + σ 2
β1)

exp

[
−
(λα1 − λγ 1)

2

2(σ 2
α1 + σ 2

β1)

]

×

1 − 8

−
λγ 1σ

2
α1 + λα1σ

2
β1√

σ 2
α1σ

2
β1(σ

2
α1 + σ 2

β1)


λα1 = λ2r

(∫ t

τ

µ(ρ − τ ; ϑ)dρ

)
, λβ1 = w− λ1rτ,

λγ 1 = −w− λ1rτ −
2wσ 2

1rτ

σ 2
1

,

σ 2
α1 = σ 2

2r

(∫ t

τ

µ(ρ − τ ; ϑ)dρ

)2

+ σ 2
2 (t − τ ),

σ 2
β1 = τσ 2

1 + τ 2σ 2
1r ,
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ra1 =

(t − τ )
(
σ 2
2 + σ 2

2rµ(t − τ ; ϑ)
∫ t
τ

µ(ρ − τ ; ϑ)dρ
)

σ 2
α1

,

rb1 =
(t − τ )σ 2

2

(
λα1 − λ2r (t − τ )µ(t − τ ; ϑ)

)
σ 2

α1

,

I1 = exp

(
2λ1rw

σ 2
1

+
2(w2σ 4

1rτ + w2σ 2
1rσ

2
1 )

(σ 2
1 + τσ 2

1r )σ
4
1

)
(12)

It is worth mentioning that 8(·) and φ(·) represent the
cumulative distribution function (CDF) and PDF of the stan-
dard normal distribution, respectively.

Proof: See Appendix B
It is noticeable that the above-presented lifetime estimation

equations are formulated for the whole degradation process of
the battery from time t0 to the FPT of the degradation path.
However, if the current time is tk , we need to further conduct
the RUL prediction of the battery. It is known that at time tk ,
the RUL of the battery is related to the actual degradation state
X (tk ). In such case, if t represents the FPT of the degradation
process {X (t), t ⩾ tk} , then the residual t− tk corresponds to
the realization of the RUL at time tk . For simplicity, t − tk
is defined as lk . Theoretically, through a certain time scale
transformation and failure threshold transformation, the RUL
at time tk is equal to the FPT of a new stochastic process
{Z (lk ), lk ⩾ 0} crossing the failure threshold wk = w − xk ,
where Z (lk ) = X (tk + lk ) − xk ,Z (0) = 0.Thus, taking
the transformation lk = t − tk ,wk = w − xk with lk ⩾
0 for Equations (6), (7), (11), and (12), then the RUL of the
degradation process {X (t), t ⩾ tk} could be obtained.

Let xk and lk denote the current degradation state and the
RUL of the battery at time tk , respectively. If the changing
time τ is a known constant, using the observations up to tk ,
the PDF of RUL based on the THDM considering unit-to-
unit variability and the randomness of xτ can be expressed as
follows.
Case 1: The current time tk is smaller than the changing

time τ (i.e., tk < τ )

fL(lk ) =



w− xk√
2π l2k (σ

2
1r l

2
k + σ 2

1 lk )

× exp

[
−
(w− xk − λ1r lk )

2

2(σ 2
1r l

2
k + σ 2

1 lk )

]
, 0 < tk + lk ⩽ τ

S − T , tk + lk > τ

(13)

where S = S1 − S2,T = T1 − T2, and

S1=

√√√√ r2a2
2π (tk + lk − τ )2(σ 2

α2 + σ 2
β2)

exp

[
−
(λα2 − λβ2)

2

2(σ 2
α2 + σ 2

β2)

]

×

λβ2σ
2
α2 + λα2σ

2
β2

σ 2
α2 + σ 2

β2

× 8

 λβ2σ
2
α2 + λα2σ

2
β2√

σ 2
α2σ

2
β2(σ

2
α2 + σ 2

β2)



+

√√√√ σ 2
α2σ

2
β2

σ 2
α2 + σ 2

β2

× φ

 λβ2σ
2
α2 + λα2σ

2
β2√

σ 2
α2σ

2
β2(σ

2
α2 + σ 2

β2)


S2=

√√√√ r2b2
2π (tk+lk − τ )2(σ 2

α2 + σ 2
β2)

exp

[
−
(λα2 − λβ2)

2

2(σ 2
α2 + σ 2

β2)

]

×

1 − 8

−
λβ2σ

2
α2 + λα2σ

2
β2√

σ 2
α2σ

2
β2(σ

2
α2 + σ 2

β2)


T1 = I2 ×

√√√√ r2a2
2π (tk + lk − τ )2(σ 2

α2 + σ 2
β2)

exp

[
−
(λα2 − λγ 2)

2

2(σ 2
α2 + σ 2

β2)

]

×

λγ 2σ
2
α2 + λα2σ

2
β2

σ 2
α2 + σ 2

β2

× 8

 λγ 2σ
2
α2 + λα2σ

2
β2√

σ 2
α2σ

2
β2(σ

2
α2 + σ 2

β2)


+

√√√√ σ 2
α2σ

2
β2

σ 2
α2 + σ 2

β2

× φ

 λγ 2σ
2
α2 + λα2σ

2
β2√

σ 2
α2σ

2
β2(σ

2
α2 + σ 2

β2)


T2 = I2 ×

√√√√ r2b2
2π (tk + lk − τ )2(σ 2

α2 + σ 2
β2)

exp

[
−
(λα2 − λγ 2)

2

2(σ 2
α2 + σ 2

β2)

]

×

1 − 8

−
λγ 2σ

2
α2 + λα2σ

2
β2√

σ 2
α2σ

2
β2(σ

2
α2 + σ 2

β2)


λα2=λ2r

∫ tk+lk

τ

µ(ρ − τ ; ϑ)dρ, λβ2 = w− xk − λ1r (τ − tk ),

λγ 2 = −w+ xk − λ1r (τ − tk ) −
2(w− xk )σ 2

1r (τ − tk )

σ 2
1

,

σ 2
α2 = σ 2

2r

(∫ tk+lk

τ

µ(ρ − τ ; ϑ)dρ

)2

+ σ 2
2 (tk + lk − τ ),

σ 2
β2 = (τ − tk )σ 2

1 + (τ − tk )2σ 2
1r ,

ra2 =
(tk + lk − τ )

σ 2
α2

×

(
σ 2
2 + σ 2

2rµ(tk + lk − τ ; ϑ)
∫ tk+lk

τ

µ(ρ − τ ; ϑ)dρ

)
,

rb2=
(tk+lk − τ )σ 2

2

(
λa2−λ2r (tk+lk − τ )µ(tk+lk−τ ; ϑ)

)
σ 2

α2

,

I2 = exp

[
2λ1r (w− xk )

σ 2
1

+
2
(
(w− xk )2σ 4

1r (τ − tk ) + (w− xk )2σ 2
1rσ

2
1

)(
σ 2
1 + (τ − tk )σ 2

1r

)
σ 4
1

]
(14)
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Case 2: The current time tk is larger than the changing time
τ (i.e., tk ⩾ τ )

fL(lk ) ∼=
1√

2π l2k

[
σ 2
2r

(∫ tk+lk
tk

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 lk

]3
×

[
(w− xk )

(
σ 2
2r

(∫ tk+lk

tk
µ(ρ − τ ; ϑ)dρ

)2

+ σ 2
2 lk

)

−

(∫ tk+lk

tk
µ(ρ − τ ; ϑ)dρ − lkµ(tk + lk − τ ; ϑ)

)
×

(
(w− xk )σ 2

2r

∫ tk+lk

tk
µ(ρ − τ ; ϑ)dρ + λ2rσ

2
2 lk

)]

× exp

−
(
w−xk−λ2r

∫ tk+lk
tk

µ(ρ−τ ; ϑ)dρ
)2

2
(

σ 2
2r

(∫ tk+lk
tk

µ(ρ − τ ; ϑ)dρ
)2

+σ 2
2 lk

)


(15)

It is worthmentioning that the changing time τ is a constant
value in the above derivations of lifetime estimation and
RUL prediction. In practice, due to the influence of operation
switching and state transformation, different LIBs within the
same batch have different changing times in their degradation
paths. Therefore, it is more appropriate to define the changing
time τ as a random variable to reflect such variability. In this
case, based on the law of total probability, the distribution of
lifetime and RUL could be derived as follows [36].

fT (t) =

∫
+∞

0
fT (t|τ )p(τ )dτ, fL(lk ) =

∫
+∞

tk
fL(lk |τ )p(τ )dτ

(16)

where p(τ ) represents the PDF of the changing time τ . Since
there is only one random variable in the above equation,
it could be solved by some numerical methods, such as
parabola approximation and trapezoidal approximation.

C. MODEL PARAMETER IDENTIFICATION
In this subsection, the unknown model parameters will be
estimated based on historical observations and real-timemon-
itoring data. The specific parameter identification process
consists of changing point detection, offline parameter esti-
mation, and online parameter updating.

1) OFFLINE CHANGING POINT DETECTION
It is assumed that the historical data of N LIBs from the same
batch are known, i.e., X = {X1,X2, · · · ,XN }. The degra-
dation data Xn = {xn,0, xn,1, · · · , xn,mn} of the n-th battery
is measured at time {tn,0, tn,1, · · · , tn,mn}, where mn denotes
the available number of measurements for the n-th battery.
We further define that1xn,j = xn,j−xn,j−1 denotes the degra-
dation increment of the n-th battery, where j = 1, 2, · · · ,mn.
For simplicity, it is assumed that the sampling interval is
fixed, i.e., 1t = tn,j − tn,j−1. In addition, let τn represents the

changing time of the n-th battery. To facilitate the computa-
tion, changing point location τ̃n = τn/1t ∈ {0, 1, . . . ,mn} is
assumed, videlicet, the changing point τn of each battery only
appears at the measurement time {tn,0, tn,1, · · · , tn,mn}. Thus,
{xn,0, xn,1, · · · , xn,τ̃n} is the observation in the first phase,
whereas {xn,τ̃n+1, xn,τ̃n+2, · · · , xn,mn} denotes the observation
in the second phase. According to the property of the Wiener
process, the degradation increment 1xn,j follows the normal
distribution. Thus, the log-likelihood function of Xn can be
formulated as follows,

lnL(λ1,n, σ1, λ2,n, σ2, ϑ, τ̃n|Xn)

=

τ̃n∑
j=1

ln
1√

2πσ 2
1 1t

exp

[
−
(1xn,j − λ1,n1t)

2

2σ 2
1 1t

]

+

mn∑
j=τ̃n+1

ln
1√

2πσ 2
2 1t

exp

−

(1xn,j − λ2,n
∫ tj
tj−1

µ(ρ − τn; ϑ)dρ)
2

2σ 2
2 1t

 (17)

where λ1,n, σ1, λ2,n, σ2, ϑ and τ̃n represent the parameters of
THDM for the n-th battery.

For each battery, given the changing point location τ̃n, the
maximum likelihood estimation (MLE) method is employed
to obtain the drift and diffusion coefficients. However, due
to the influence of the nonlinear drift function involved by
the parameter ϑ , it is difficult to derive the estimated values
of λ1,n, σ1, λ2,n, σ2, ϑ , and τ̃n by maximizing Equation (17).
To solve this problem, inspired by [32], a profile log-
likelihood function method with respect to ϑ is proposed as
follows.

Firstly, ifϑ is known, theMLEvalues of λ1,n, σ1, λ2,n, σ2, ϑ

can be calculated as,

λ̂1,n

=

τ̃n∑
j=1

1xn,j

τ̃n1t
, σ̂1,n =

√√√√√ 1
τ̃n

τ̃n∑
j=1

(1xn,j − λ̂1n1t)
2

1t
(18)

λ̂2,n(ϑ)

=

mn∑
j=τ̃n+1

1xn,j
∫ tj
tj−1

µ(ρ − τn; ϑ)dρ

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2 ,

σ̂2,n(ϑ)

=

√√√√√√ 1
mn−τ̃n

 mn∑
j=τ̃n+1

(
1xn,j−λ̂2,n(ϑ)

∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

1t


(19)
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It is noted that λ̂1,n and σ̂1,n are independent of ϑ , which
means that the results in Equation (18) are the optimal esti-
mates. However, λ̂2,n(ϑ) and σ̂2,n(ϑ) in Equation (19) are
functions of ϑ , thus, we need to solve ϑ first.
Secondly, since the two phases are independent of each

other, by substituting Equation (19) into the second formula
in Equation (17), the profile log-likelihood function of ϑ can
be formulated as,

lnL(ϑ |Xn)

=

mn∑
j=τ̃n+1

ln
1√

2πσ̂ 2
2,n(ϑ)1t

× exp

−

(1xn,j − λ̂2,n(ϑ)
∫ tj
tj−1

µ(ρ − τn; ϑ)dρ)
2

2σ̂ 2
2,n(ϑ)1t


(20)

Thirdly, based on a search algorithm implemented by
the ‘‘fminsearch’’ function in MATLAB, the estimate of ϑ ,
i.e., ϑ̂ , can be calculated through maximizing the profile
log-likelihood function in Equation (20). Finally, substituting
ϑ̂ into Equation (19), the estimates of λ̂2,n(ϑ) and σ̂2,n(ϑ)
could be obtained, respectively.

Then, substituting Equations (18) and (19) into
Equation (17) gives the log-likelihood function lnL(τ̃n|Xn)
that is only related to the changing point location τ̃n.
By enumerating all possible values of τ̃n in range 1 <

τ̃n < mn to maximize lnL(τ̃n|Xn), the optimal chang-
ing time τ̂n of the n-th battery can be obtained as
follow,

τ̂n = 1t × argmax
τ̃n

lnL(τ̃n|1Xn) (21)

In addition, for the n-th battery that exhibits a two-phase
hybrid deteriorating feature, assuming the current time is tk .
If tk > τ̂n, it indicates that the changing point has appeared
and the changing time is a constant. On the contrary, tk < τ̂n
means that the changing point has not appeared. In this case,
a common way is to define the changing time as a random
variable and update its distribution.

It is assumed that the random changing time τ follows the
normal distribution, i.e., τ ∼ N (µτ , σ

2
τ ). Then, the estimated

value τ̂n can be treated as the observations of τ . Therefore, the
hyper-parameters of changing time can be obtained through
statistical analysis,

µτ =
1
N

N∑
n=1

τ̂n, στ =

√√√√ 1
N

N∑
n=1

(τ̂n − µτ )
2 (22)

2) OFFLINE PARAMETER ESTIMATION
When the changing time τ is obtained, according to
Equation (1), the unknown parameters of THDM are{
λ1, σ1, λ2, σ2, ϑ

}
. Among them, σ1, σ2, ϑ are fixed param-

eters that describe the common degradation characteristics
of LIBs from the same batch. λ1 ∼ N (λ1r , σ

2
1r ) and λ2 ∼

N (λ2r , σ
2
2r ) are random variables that reflect the unit-to-unit

variability. Therefore, the parameters that need to be esti-
mated in THDM are defined as the parameter vector 2 ={
λ1r , σ1r , σ1, λ2r , σ2r , σ2, ϑ

}
.

It is noted that the estimated values of
{

λ̂1,1, λ̂1,2, · · · , λ̂1,n

}
and

{
λ̂2,1, λ̂2,2, · · · , λ̂2,n

}
obtained in Section II-C-1) can

be treated as the observations of the random variables λ1
and λ2. Hence, λ1 and λ2 can be regarded as the latent vari-
ables driven by the hyper-parameters λ1r , σ

2
1r and λ2r , σ

2
2r ,

respectively.
The expectation maximization (EM) algorithm is a stable

and effective iterative approach, which has advantages in
solving the hyper-parameter estimation problem involving
hidden variables [55]. According to the EM algorithm, the
complete log-likelihood function of the n-th battery can be
formulated as follows,

lnL(2|X ,Y ) = ln p(X ,Y |2)

= ln
N∏
n=1

p(Xn,Yn|2)

=

N∑
n=1

ln (p(Xn|Yn, 2)p(Yn|2)) (23)

where Yn = {λ1,n, λ2,n} denotes the latent variables of the
n-th battery.
Let 2̂(k)

= {λ̂
(k)
1r , σ̂

(k)
1r , σ̂

(k)
1 , λ̂

(k)
2r , σ̂

(k)
2r , σ̂

(k)
2 , ϑ̂ (k)

} repre-
sent the parameter estimates in the k-th step. Then, ϑ̂ (k+1)

could be calculated through the profile log-likelihood func-
tion method, which is similar to the approach proposed
in Section II-C-1). Therefore, the next iteration 2̂(k+1)

could be obtained by calculating the conditional expecta-
tion Q(2|2̂(k)) in the E−step and computing 2̂(k+1)

=

argmax
τ̃n

Q(2|2̂(k)) in the M−step based on the EM

algorithm.

λ̂
(k+1)
1r

=
1
N

N∑
n=1

ϕ
(k)
1

σ̂
(k+1)
1r

=

√√√√ 1
N

N∑
n=1

[
ϕ
2,(k)
1 − 2ϕ(k)

1 λ̂
(k+1)
1r +

(
λ̂
(k+1)
1r

)2]
σ̂
(k+1)
1

=

√√√√√√√√√
N∑
n=1

[
τ̃n∑
j=1

1x2n,j − 2ϕ(k)
1

τ̃n∑
j=1

1xn,j1t+τ̃nϕ
2,(k)
1 1t2

]
N∑
n=1

τ̃n1t
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λ̂
(k+1)
2r

=
1
N

N∑
n=1

ϕ
(k)
2

σ̂
(k+1)
2r

=

√√√√ 1
N

N∑
n=1

[
ϕ
2,(k)
2 − 2ϕ(k)

2 λ̂
(k+1)
2r +

(
λ̂
(k+1)
2r

)2]
σ̂
(k+1)
2

=

√√√√√√√√√
N∑
n=1

[
mn∑

j=τ̃n+1
1x2n,j−2ϕ(k)

2

mn∑
j=τ̃n+1

1xn,jη(tj)+ϕ
2,(k)
2

mn∑
j=τ̃n+1

η2(tj)

]
N∑
n=1

(mn−τ̃n)1t

(24)

where

ϕ
(k)
1 = E[λ1,n|Xn, 2̂(k)]

=
(xn,τ̃n − xn,0)1t σ̂

2,(k)
1r + σ̂

2,(k)
1 1tλ̂ (k)

1r

τ̃nσ̂
2,(k)
1r 1t2 + σ̂

2,(k)
1 1t

ϕ
2,(k)
1

= E[λ 2
1,n|Xn, 2̂

(k)]

=
σ̂
2,(k)
1r σ̂

2,(k)
1 1t

τ̃nσ̂
2,(k)
1r 1t2 + σ̂

2,(k)
1 1t

+

[
(xn,τ̃n − xn,0)1t σ̂

2,(k)
1r + σ̂

2,(k)
1 1tλ̂ (k)

1r

τ̃nσ̂
2,(k)
1r 1t2 + σ̂

2,(k)
1 1t

]2
ϕ
(k)
2 = E[λ2,n|Xn, 2̂(k)]

=

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

1xn,j
∫ tj
tj−1

µ(ρ−τn; ϑ)dρ + σ̂
2,(k)
2 1tλ̂ (k)

2r

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

+σ̂
2,(k)
2 1t

ϕ
2,(k)
2 = E[λ 2

2,n|Xn, 2̂
(k)]

=
σ̂
2,(k)
2r σ̂

2,(k)
2 1t

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

+ σ̂
2,(k)
2 1t

+


σ̂
2,(k)
2r

mn∑
j=τ̃n+1

1xn,j
∫ tj
tj−1

µ(ρ−τn; ϑ)dρ+σ̂
2,(k)
2 1tλ̂ (k)

2r

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

+σ̂
2,(k)
2 1t


2

η(tj) =

∫ tj

tj−1

µ(ρ − τn; ϑ)dρ (25)

Proof: See Appendix C.
According to the convergence of the EM algorithm, the

optimal parameter estimates can be obtained by iterating the

E−step and M−step until the convergence criterion∥∥∥2̂(k+1)
− 2̂(k)

∥∥∥ is satisfied.

3) ONLINE PARAMETER UPDATING
For a certain operating battery, to reflect the individual
degradation features, the hyper-parameters of λ1 and λ2
need to be updated online. If the current time is tk , the
degradation data corresponding to {t0, t1, · · · , tk} could be
denoted as X0:k = {x0, x1, · · · , xk} . It is defined that the
degradation increment is 1xj = xj − xj−1, and the sam-
pling interval is 1t = tj − tj−1, j = 1, · · · , k . Hence,
1X1:k = {1x1, 1x2, · · · , 1xk} . Then, let λ1 r,0, σ1 r,0, and
λ2 r,0, σ2 r,0 attained in Section II-C-2) represent the prior
values of λ1 and λ2, an online parameter updating pro-
cedure based on the Bayesian rule can be summarized as
follows.

(1) When tk ⩽ τ , the changing point has not appeared,
which means that only the drift coefficient λ1 of the first
phase needs to be updated, thus all observations X0:k =

{x0, x1, . . . , xk} could be utilized for updating. Accord-
ing to the Bayesian rule, the following results can be
obtained,

p(λ1|X0:k ) ∝ p(X0:k |λ1)p(λ1) (26)

where

p(X0:k |λ1) =

k∏
j=1

1√
2πσ 2

1 1t
exp

[
−
(1xj − λ11t)

2

2σ 2
1 1t

]
,

p(λ1) =
1√

2πσ 2
1 r,0

exp

[
−
(λ1 − λ1 r,0)

2

2σ 2
1 r,0

]
(27)

It can be found that p(X0:k |λ1) and p(λ1) follow the normal
distribution. Thus, the posterior distribution p(λ1|X0:k ) could
be obtained based on the properties of the conjugate normal
distribution.

p(λ1|X0:k ) =
1√

2πσ 2
1r

exp

[
−
(λ1 − λ1r )

2

2σ 2
1r

]
(28)

with

λ1r =
σ 2
1 r,0(xk − x0) + σ 2

1 λ1 r,0

σ 2
1 r,0(tk − t0) + σ 2

1

,

σ1r =

√√√√ σ 2
1 r,0σ

2
1

σ 2
1 r,0(tk − t0) + σ 2

1

(29)

(2) When tk > τ , i.e., the changing point has already
appeared, the posterior distribution of λ2 could be updated
based on the observations Xτ̃ :k =

{
xτ̃ , xτ̃+1, · · · , xk

}
. Then

we can have the following results,

p(λ2|Xτ̃ :k )

∝ p(Xτ̃ :k |λ2)p(λ2) (30)
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p(Xτ̃ :k |λ2)

=

k∏
j=τ̃+1

1√
2πσ 2

2 1t
exp

−

(1xj − λ2
∫ tj
tj−1

µ(ρ − τ ; ϑ)dρ)
2

2σ 2
2 1t

 ,

p(λ2)

=
1√

2πσ 2
2 r,0

exp

[
−
(λ2 − λ2 r,0)

2

2σ 2
2 r,0

]
(31)

Similar to the first phase, the posterior distribution
p(λ2|Xτ̃ :k ) could be obtained as follows,

p(λ2|Xτ̃ :k ) =
1√

2πσ 2
2r

exp

[
−
(λ2 − λ2r )

2

2σ 2
2r

]
(32)

with

λ2r =

σ 2
2 r,0

k∑
j=τ̃+1

1xj
∫ tj
tj−1

µ(ρ − τ ; ϑ)dρ + σ 2
2 λ2 r,01t

σ 2
2 r,0

k∑
j=τ̃+1

(
∫ tj
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In this way, the estimates of λ1r , σ1r and λ2r , σ2r could be
updated based on the Bayesian rule.

4) ONLINE CHANGING POINT DETECTION
Another important task in the online phase is to perform
online changing point detection. For an operating battery,
based on Lemma 2 in Appendix A, we could construct the
log-likelihood function of the changing point as follows,

lnL(τ̂ |1X1:k )

=

τ̃∑
j=1

ln
1√

2πσ 2
1 1t

exp

[
−
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(34)

where σ1, σ2, ϑ are estimated offline through themethod pro-
posed in Section II-C-2), and λ1r , σ

2
1r , λ2r , σ

2
2r are updated

online via the Bayesian rule presented in Section II-C-3).
Then, the log-likelihood function lnL(τ̂ |1X1:k ) in
Equation (34) only has one unknown parameter τ . Sim-
ilar to the offline changing point detection method in
Section II-C-1), the optimal changing point τ̂ of the certain
operating battery could be obtained by the enumeration
approach. In addition, we need to determine whether the
changing point has appeared at the current time tk . As dis-
cussed in [36], if τ̂ = k1t , it means that the changing point
does not appear, and if τ̂ < k1t , the changing time is at τ̂ .

III. EXPERIMENTS
To verify the feasibility and effectiveness of the proposed
method, numerical and practical experiments are conducted
in this section. For better illustration, we compare the THDM
proposed in this work with the two-phase linear degrada-
tion model considering the random degradation state at the
changing point (Zhang’s method) [36], the two-phase linear
degradation model neglecting the randomness of the degra-
dation state at the changing point (Liu’s method) [47], and
the traditional single-phase nonlinear degradationmodel (Si’s
method) [32]. The implementation details are as follows.

A. NUMERICAL SIMULATION PROCEDURE
In this subsection, a numerical simulation is implemented
to verify the feasibility and effectiveness of the proposed
method for parameter identification and RUL prediction.
Without loss of generality, the following power function
is used to denote the nonlinear term in THDM, i.e.,∫ t
τ

µ(ρ − τ ; ϑ)dρ = (t − τ )a, thus, µ(t − τ ; ϑ) =

a(t − τ )a−1. This kind of power function has been widely
used in degradation modeling practice [32]. Then, the THDM
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defined in Equation (1) could be rewritten as follows,

X (t) =

{
x0 + λ1t + σ1B(t), 0 < t ⩽ τ

xτ + λ2(t − τ )a + σ2B(t − τ ), t > τ

(35)

where the parameter a replaces parameter ϑ .
Based on Equation (35), we adopt the Euler–Maruyama

discretization policy [56], [57] to generate the simulated
degradation data. In the following experiments, simula-
tion degradation trajectories of different sample sizes could
be generated based on the above-presented procedure, and
then the verification of Monte Carlo simulation, changing
point detection, offline parameter estimation, online param-
eter updating, and RUL prediction could be conducted,
respectively.

First, to demonstrate the derivations of the lifetime estima-
tion presented in this work, the Monte Carlo (MC) simulation
is employed to compare with the analytical solutions of the
lifetime. Here, we conduct the lifetime estimation with both
random changing time and drift coefficients. In this case, the
parameters are set as λ1r = 1.5, σ1r = 0.3, σ1 = 1, λ2r =

1, σ2r = 0.15, σ2 = 3, a = 1.5,w = 500, µτ = 100, and
στ = 1. For better illustration, 100,000 sets of degradation
trajectories are generated, and the discretization step size is
1t = 0.1. Then, the FPTs of these trajectories are collected
and regarded as the realizations of their actual lifetime. It is
noteworthy that the analytical results of the lifetime could
be obtained based on combining the results of Equations (6),
(11), (12), and (16) in Section II-B-2).
Second, to validate the feasibility of the offline parameter

identification method proposed in this work, we generate dif-
ferent sizes of degradation trajectories with random changing
time and drift coefficients using the aforementioned param-
eter settings. For each size of the degradation trajectories,
the changing points are detected by the method proposed in
Section II-C-1). Based on the estimates of the changing time,
the distribution parameters of τ could be obtained through
the statistical analysis method. Then, the EM algorithm in
Section II-C-2) is utilized to conduct the offline parameter
estimation.

In addition, five degradation trajectories are generated for
the verification of the online changing point detectionmethod
proposed in Section II-C-4). It is noted that for a certain
operating battery, the changing time and the drift coefficients
are fixed values. Hence, the true parameters for the data
generation of those paths are set and listed in Table 1. Then,
the online changing point detections are conducted for those
online paths.

Subsequently, Path1 in Table 1 is selected for RUL pre-
diction. Then, based on the detected changing time and the
prior information of the parameter estimation in the offline
stage, the online parameter updating is implemented through
the method proposed in Section II-C-3).

Finally, the PDFs of RUL at different sample points
could be obtained according to whether the changing point

TABLE 1. True parameter settings of the degradation trajectories for
online changing point detection.

appears. If the current time tk ⩽ τ , the changing point
has not appeared, thus the RUL could be estimated by
substituting the results of the offline parameter estimation,
changing point detection, and online parameter updating into
Equations (13), (14), and combining them with the conclu-
sion of Equation (16) in Section II-B-2). In contrast, if tk > τ ,
the changing point has already appeared, the RUL could be
directly estimated by Equation (15). For comparative pur-
poses, we further obtain the mean RUL prediction results of
Zhang’s method [36] and Si’s method [32]. To gain a fair
comparison, we also utilize the same parameter identification
method proposed in Section II-C. It is worth mentioning
that in the parameter identification process (including chang-
ing point detection, offline parameter estimation, and online
parameter updating) of Zhang’s method [36], by setting the
nonlinear parameter a to 1, the second phase of our parameter
identification process is changed to linear form to adapt
to the two-phase linear degradation model. Besides, in Si’s
method [32], the first phase of our parameter identifica-
tion process (only consisting of offline parameter estimation
and online parameter updating) is omitted to adapt to the
single-phase nonlinear degradation model.

B. PRACTICAL CASE IMPLEMENTATION DETAILS
In this subsection, the practical degradation data set
of LIBs obtained from the Massachusetts Institute of
Technology and Stanford University [53] are utilized to
illustrate our approach. Manufactured by A123 Systems
(APR18650M1A), these battery cells have a nominal capac-
ity of 1.1 Ah and a nominal voltage of 3.3 V. The bat-
tery dataset is divided into three batches (2017−05−12;
2017−06−30; 2018−04−12), each containing approxi-
mately 48 cells. For better illustration, the data of batch
2017−05−12 are adopted in our paper, which is widely used
in RUL prediction studies [58], [59]. All batteries in this batch
were cycled with one-step or two-step fast-charging poli-
cies (C1(Q1)−C2), and the charge-discharge cycle stopped
after cycling to 80% of nominal capacity (0.88Ah). Addi-
tionally, the batteries were tested in the chamber at the
same temperature of 30◦C. In particular, five batteries in
batch 2017−05−12 are selected and labeled as B01-B05, the
details are listed in Table 2. In the method verification, the
degradation data of B01-B04 are used for offline training, and
B05 is adopted to update the model and predict the RUL.
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TABLE 2. Charge protocol and cycle life details of the five battery cells.

In most applications, LIBs reach the end of life (EOL)
when the actual capacity is reduced to below 80% of the
rated value [60], [61], [62]. Thus, given the actual capacity
degradation processes of the A123 batteries, in this paper,
the failure threshold is set as 80% of the rated capacity, i.e.,
0.88Ah. It is noticeable that the practical experiments are also
composed of four major parts, namely changing point detec-
tion, offline parameter estimation, online parameter updating,
and RUL prediction. The specific details are similar to the
above-presented numerical simulation experiments, thus they
are omitted here due to space limitations.

IV. RESULTS AND DISCUSSION
In this section, the experimental results of Section III are ana-
lyzed and discussed. We first present and analyze the results
of the numerical experiments. It covers the presentation of
model parameter identification, lifetime estimation, and RUL
prediction. Subsequently, we discuss the practical experiment
results and compare the effectiveness of the proposed method
with other methods.

A. NUMERICAL SIMULATION RESULTS AND ANALYSIS
To verify the feasibility of life estimation, the comparison of
the PDFs between MC simulation results and our analytical
results is displayed in Fig. 2. It is clear from Fig. 2 that the
deviations between the theoretical curve and the statistical
histograms are small and acceptable, which means that the
proposed method can achieve accurate lifetime estimation.

Based on the model parameters settings provided in
Section III-A, Fig. 3 shows several typical simulated degrada-
tion paths with random changing time and drift coefficients,
which are used to validate the effectiveness of the changing
point detection and offline parameter estimation method pro-
posed in this work. It is observable from Fig. 3 that those
degradation paths exhibit two-phase hybrid deteriorating pat-
terns consisting of a linear first phase and a nonlinear second
phase. Besides, the actual changing point is marked in Fig. 3
for the following changing point detection bias evaluation.

The true values of the parameters and the estimated results
with different sample sizes are shown in Table 2. It can be
found that as the sample size increases, the results obtained by
our method can gradually approach the true value. Moreover,
it is noteworthy that compared to other parameters, the esti-
mates of hyper-parameters σ1r and σ2r are affected heavily
by the sample size.

FIGURE 2. Comparison of analytical and simulation results for lifetime
PDFs.

FIGURE 3. The simulated degradation trajectories.

To further demonstrate the superiority of the EM parameter
estimation method proposed in Section II-C-2), the MLE
method is used for comparison. We used the MLE method to
estimate the parameter values for 1000 simulated degradation
trajectories same as Table 2. The implementation details of
the MLE method can be found in [36]. It is noteworthy that
when constructing the log-likelihood function in the MLE
method, we changed the second phase of the log-likelihood
function to a nonlinear form to adapt to the nonlinear degra-
dation trend in the second phase of the simulated degradation
trajectories. Besides, since the estimates of the changing point
distribution parameters µτ and στ in Table 2 were origi-
nally based on the MLE method in Equation (22). Hence,
the estimated values of µτ and στ are not compared here.
The estimation results of each parameter based on the MLE
method are λ1r = 1.493, σ1r = 0.312, σ1 = 0.998, λ2r =

1.072, σ2r = 0.164, σ2 = 3.002, and a = 1.479. By com-
paring these results and the estimated parameters under the
sample size 1000 with the true values in Table 3, it can
be found that compared to the MLE method, the parameter
estimates of the EM algorithm proposed in this paper are
mostly closer to the true values, which indicates that the
proposed EM algorithm has higher estimation accuracy than
the MLE algorithm.
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TABLE 3. Parameter estimation results with different sample sizes.

In addition, the histogram of the changing time detection
results under the 1000 sample size is shown in Fig. 4(a). It can
be seen from Fig. 4(a) that the estimated changing points are
concentrated around t = 100, which are very close to the true
value of µτ . Furthermore, the deviations of the true changing
time and their estimates for 1000 trajectories are counted, and
the results are shown in Fig. 4(b). It can be found that the bias
is acceptable.

Following Fig. 5 shows the five online degradation tra-
jectories (i.e., Path1-Path5 generated based on the preset
parameters of Table 1 in Section III-A) for changing point
detection and the corresponding log-likelihood variation
trends. For those online paths, once the new observation data
is available, the log-likelihood lnL(τ̂ |1X1:k ) with respect
to the changing point τ is calculated based on the online
changing time detection method proposed in Section II-C-4).
It is noted that the time corresponding to the maximum
log-likelihood value is the optimal changing point.

The changing point detection results of these five online
paths are listed in Table 4. In addition, to quantitatively
evaluate the performance of the proposed online changing
point detection method, the relative error (RE) is utilized to
characterize the error between the detected changing point
and the true value, as shown in Table 4. It can be found
from Table 4 that the REs of the detected changing points
are smaller than 1%, which indicates the effectiveness of the
proposed online changing point detection method.

To improve the accuracy of RUL prediction, the results of
n = 1000 size in Table 3 are treated as the prior information
of λ1 and λ2. Besides, the changing point detected result of
Path1 in Table 4 is used for online parameter updating and
RUL prediction. As shown in Fig. 6, when newly observed
data are coming, the estimates of the hyper-parameters can
be updated through the method in Section II-C-3). Despite
the deviations between the prior parameter estimates and the
true values of this online path, the parameter updating curves
could gradually approach the actual values. In addition, it is
observable that σ1r and σ2r are gradually decreasing as the
observations accumulate, indicating that the uncertainty of
estimation is reduced. It is worth noting that the unit is

FIGURE 4. The offline changing point detection results for
1000 degradation trajectories.

TABLE 4. The online changing point detection results.

omitted in Figs. 2-6 as the degradation paths are generated
through simulation.

Since the preset failure threshold w is 500, it can be
seen from Fig. 5(a) that the actual lifetime of the online
degradation trajectory (Path1) is T = 150 according to
the concept of FPT. Then, based on the updating results
of the parameter estimates, the PDFs of RUL at different
sample points are obtained and shown in Fig. 7(a). It can
be seen from Fig. 7(a) that the estimated RULs and the
actual values almost coincide, indicating that our method
can effectively predict the RUL of the two-phase hybrid
deteriorating LIBs. For better illustration, the mean RUL
prediction results obtained from our work are compared with
the results of Zhang’s method [36], Liu’s method [47], and
Si’s method [32], as shown in Fig. 7(b). It can be found that
the mean RUL prediction results of our method are more
accurate than the other three methods.
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FIGURE 5. The online degradation trajectories and changing point detection process.

Furthermore, the mean RUL curve of Zhang’s method [36]
is relatively stable during the first phase, however, it has a
large estimation bias in the second phase. That is mainly
because the online degradation path exhibits a two-phase
hybrid deteriorating pattern, especially since the second
phase has nonlinear characteristics, which may not be
well fitted by the two-phase linear model established by
Zhang’s method [36]. Besides, the mean RUL curve of Liu’s
method [47] has a large bias in both phases, and there is a
significant change near the changing point. That is because
the degradation model of Liu’s method [47] is a two-phase
linear degradationmodel without considering the randomness
of the degradation state at the changing point as well as the
nonlinearity of the second phase. In addition, It can be seen

from Fig. 7(b) that the deviations between the estimatedmean
RUL and the actual values of Si’s method [32] are large in the
first phase but the biases decrease in the second phase. The
reason is that Si’s method [32] is a single-phase model and
does not consider the impact of the changing point. Therefore,
it leads to significant RUL estimation bias throughout the first
phase. However, after the changing point appears, the online
degradation path is equivalent to a single-phase nonlinear
degradation process. Thus, Si’s method [32] could effectively
fit the degradation path in the second phase.

Overall, the simulation study demonstrates that the pro-
posed method can achieve accurate RUL prediction, which
could illustrate the feasibility and effectiveness of our
approach in theory.
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FIGURE 6. The updating of parameter estimates for a certain online
degradation process.

B. PRACTICAL CASE RESULTS AND ANALYSIS
For the results of the practical experiments, Fig. 1 presents
the capacity degradation trajectories of the five batteries
mentioned in Section III-B. It can be seen from Fig. 1
that the degradation paths exhibit two-phase hybrid deteri-
orating characteristics. Furthermore, the LIBs of the same
specification show significant heterogeneity in cycle life,
which may be caused by different charging protocols.
Based on the parameter identification method proposed in
Section II-C, the detected changing times of Battery B01-B04
are 418, 435, 468, and 570 cycle, respectively. Besides, the
parameter estimation results and the distribution parameters
of the changing time are listed in Table 3. It can be found
that the estimated values of the drift coefficients’ hyper-
parameters are relatively small. The reason is that the LIBs
capacity only decreased by approximately 0.2 Ah after about
1000 cycles, thus, the degradation trajectories are flat and
the degradation rates are low. Furthermore, it is worth noting
that the hyper-parameters of λ2 in the second phase are
much smaller than the hyper-parameters of λ1 in the first
phase due to the influence of the nonlinear term parameter
a. In addition, the parameter estimation results of Zhang’s
method [36] and Si’s method [32] are summarized in Table 3.
It is noted that we adopt the EM algorithm developed in
Section II-C-2) to estimate the unknown model parameters
of Zhang’s method [36] and Si’s method [32] to keep a fair
comparison. Then, to compare the fitness of the three models,
the Akaike information criterion (AIC) is applied [30].

AIC = 2 (p− maxL) (36)

where p denotes the number of estimated model parameters,
and maxL is the maximized likelihood function value.

Since the AIC considers both the number of model param-
eters and the log-likelihood, it can be adopted to select the
best fitness model in engineering practice. Thus, the model
complexity and fitting accuracy could achieve a balance. It is
noticeable that the smallest value of AIC corresponds to the
most suitable model.

The results of the model selection, i.e., AIC are detailed
in Table 5. It is clear from Table 5 that our model has the

smallest AIC among the four models, which demonstrates
that the two- phase hybrid degradation model with a linear
first phase and a nonlinear second phase is most appropriate
to fit the data of the LIBs.

Next, the data of battery B05 is selected to illustrate
the RUL prediction process. Based on the online chang-
ing point detection method proposed in Section II-C-4), the
log-likelihood lnL(τ̂ |1X1:k ) is updated when new degrada-
tion data becomes available, and the log-likelihood variation
trend is presented in Fig. 8. It can be observed from Fig. 8
that the detected changing time of battery B05 is 623
cycle.

Then, the online parameter updating could be realized
through the method in Section II-C-3), as shown in Fig. 9.
It can be found from Fig. 9 that the values of σ1r and σ2r
are gradually decreasing, indicating that as the cycles of the
battery accumulate, the uncertainty of parameter estimation
decreases.

After updating the parameters’ estimates based on the
Bayesian rule, the estimated PDFs of RUL at different
sample points are obtained as shown in Fig. 10(a). In addi-
tion, we further obtained the estimated RUL of Zhang’s
method [36] Liu’s method [47], and Si’s method [32] as
shown in Fig. 10(b)-(d), respectively. It can be seen from
Fig. 10 that the RUL PDFs of our method are closely dis-
tributed around the actual RUL values, indicating that our
method can effectively conduct the RUL prediction of the
battery degradation data.

It is noticeable that in Fig. 10, the red dashed lines
represent the mean RUL estimation results, and the black
dashed lines denote the actual RUL. It can be observed from
Fig. 10 that although the estimated RULs of our method,
Liu’s method [47], and Si’s method [32] have deviations
in the early phase, the accuracy of RUL prediction grad-
ually improves as the number of cycles increases in the
following phase. Because the biased prior information has
a significant impact on the accuracy of RUL prediction in
the early phase. Fortunately, as the available observation
data increase, the model parameters are updated in real-time,
thus, the RUL prediction bias decreases in the following
phase.

Besides, it is clear from Fig. 10 that the deviations between
the mean RUL estimates of Zhang’s method [36] and the
actual RUL values are large in the second phase. This is
mainly because the degradation trajectory of battery B05
exhibits two-phase hybrid deteriorating features, especially,
the second phase has nonlinear characteristics. As a two-
phase linear model, Zhang’s method [36] is inadequate to
characterize the nonlinearity of the second phase effectively.
In addition, influenced by the random degradation state at the
changing point, the RUL estimation bias of Liu’s method [47]
and Si’s method [32] is relatively large in the first phase.
However, the RUL estimation bias of Si’s method [32]
decreases faster than Liu’s method [47] in the second phase
owing to the ability of Si’s method [32] to capture the
nonlinear degradation characteristics. From the overall RUL
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FIGURE 7. RUL prediction results for the online degradation path.

prediction results in Fig. 10, It can be found that our method
has a higher accuracy in RUL prediction compared to the
other three methods.

For better illustration, the quantitative evaluation metrics
of mean squared error (MSE) [63], absolute error (AE), and
RE are utilized to evaluate the RUL prediction performance
of the three models. The MSE at each monitoring time point
could be denoted as follows,

MSEk =

∫
+∞

0
(l̃k − lk )

2
fL(lk )dlk (37)

where l̃k denotes the actual RUL at tk , and fL(lk ) is the
corresponding PDF of the RUL.

The AE between the predicted RUL and the actual RUL
values at each monitoring time point could be defined as,

AEk = l̃k − l̂k (38)

where l̂k denotes the estimated RUL at tk .
The RE of the estimated RUL and the actual values at tk

could be represented as,

REk =

∣∣∣l̃k − l̂k
∣∣∣

l̃k
(39)

It is worth noting that the smallest value of the above
metrics corresponds to the best RUL prediction result.

TABLE 5. The parameter estimation results of battery B01-B04.

FIGURE 8. The log-likelihood variation trend of battery B05.

FIGURE 9. The online parameter updating process for battery B05.

Subsequently, we calculated the values of MSE, AE, and
RE of the estimated RUL, as presented in Fig. 11. It can be
found from Fig. 11(a) that compared to Zhang’s method [36],
Liu’s method [47], and Si’s method [32], the MES values
of our method maintain a relatively low level. Then, it is
observable from Fig. 11(b) and (c) that the AE and the RE
values of the proposedmethod are smaller than the other three
methods. The quantitative results of these three criteria indi-
cate that our method has higher prediction accuracy. Besides,
it can be found from Fig. 11 that the MSE, AE, and RE
values of Liu’s method [47] and Si’s method [32] are larger
than our method and Zhang’s method [36] in the first phase.
That is mainly because the degradation models constructed
by Liu’s method [47] and Si’s method [32] did not consider
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FIGURE 10. PDFs of RUL prediction for battery B05.

the influence of the random degradation state at the changing
point, which lead to significant RUL estimation biases in the
first phase. In addition, after the changing point appears, the
nonlinear model of our method and Si’s method [32] could
characterize the nonlinear features of the second phase well,
thus, the MSE values are smaller than Zhang’s method [36]
and Liu’s method [47].

FIGURE 11. Performance evaluation of RUL prediction based on battery
B05 degradation data.

In addition, It is observable from Fig. 11 that Zhang’s
method [36] has a large MSE value at the 800-th cycle in
the second phase, which is much greater than the results of
the other three methods. To investigate the reasons for this
phenomenon, we further present the PDFs of the estimated
RUL at the 800-th cycle, as shown in Fig. 12. According to the
definition of MSE in Equation (37), a flat PDF curve means
that the variance of the RUL estimate is large. Meanwhile, the
large deviations between themeanRULprediction results and
the actual values, combinedwith the large variance, will result
in a large MSE value. It can be observed from Fig. 12 that the
deviation between the estimated RUL of Zhang’s method [36]
and the true value is relatively far compared to the other three
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FIGURE 12. Comparison of RUL PDFs at the 800-th cycle.

methods, besides, its PDF curve is flatter than the other three
methods, which leads to its maximumMSE value at the 800-
th cycle. In contrast, it can be found that the estimated PDF
of our method can cover the actual RUL well. Furthermore,
even though the steepness of our PDF curve is similar to that
of Si’s method [32], the mean RUL prediction result of our
method is closer to the actual RUL value compared to the
other three methods, which demonstrates the superiority of
our approach.

To further compare the RUL prediction performance of the
proposed approach with the existing methods quantitatively,
threemetrics are employed as evaluation indicators, including
the total mean-squared error (TMSE) [32], the mean abso-
lute error (MAE) [64], and the cumulative relative accuracy
(CRA) [65].

The TMSE is defined as the sum of the MSE at each
observation point over the whole life cycle, which can be
represented as,

TMSE =

m∑
k=1

MSEk (40)

where m denotes the number of observations.
The MAE characterizes the average absolute deviations

between the estimated result and the true value. Based on the
AEk defined in Equation (38), the MAE can be formulated
as,

MAE =
1
m

m∑
k=1

AEk (41)

The third metric CRA is adopted to evaluate the relative
prediction accuracy of the RUL over time, which could be
defined as,

CRA =
1
m

m∑
k=1

(
1 −

AEk
l̃k

)
(42)

where l̃k is defined in Equation (37).
It is worth noting that smaller TMSE andMAE values indi-

cate higher accuracy in RUL prediction. By contrast, a higher
CRA value that is close to 1 means the RUL estimation
method is more accurate.

TABLE 6. Comparison results of RUL estimation based on TMSE, MAE,
and CRA.

The quantitative comparison results of the estimated RUL
according to the aforementioned metrics are detailed in
Table 6. It is observable from Table 6 that our method yields
lower TMSE and MAE values compared with the other three
methods. As to the CRA metric, our method has the highest
CRA value among the four methods, which indicates that our
method can achieve more accurate RUL estimation results.

In summary, the practical experiments indicate that our
method is effective and applicable for the hybrid deteriorating
LIBs.

V. CONCLUSION
This paper investigates the degradation modeling and RUL
prediction issues for the two-phase hybrid deteriorating LIBs
with a linear first phase and a nonlinear second phase. To this
end, a two-phase hybrid degradation model based on the
Wiener process is presented to characterize the considered
deteriorating patterns. Then, the analytical forms of the life-
time and RUL distribution are derived according to the FPT
concept. Specifically, to fully consider the random effects
caused by the unit heterogeneity, the drift parameters, chang-
ing time, and corresponding degradation state at the changing
point are assumed to be random variables in the degradation
model. In addition, the EM algorithm and the Bayesian rule
are utilized to conduct the parameter identification jointly.
For detail, incorporating the historical observations of the
analogous LIBs, the EM algorithm in conjunction with a
profile log-likelihood function method is adopted for offline
parameter estimation. Subsequently, once the new observa-
tion becomes available, the online parameter updating is
realized by the Bayesian rule for a certain operating battery.
Finally, the effectiveness of our approach is validated based
on the experiments of a numerical simulation and a practi-
cal case study of LIBs. The quantitative comparison results
of the metrics MSE, AE, RE, and TMSE, etc. demonstrate
that the proposed two-phase hybrid degradation model-based
RUL prediction method is more accurate than the two-phase
linear degradation model and traditional single-phase non-
linear degradation model, thus, opens a new avenue for the
degradation modeling and RUL prediction of the two-phase
hybrid deteriorating LIBs.

Although the proposed method can provide accurate RUL
prediction for the two-phase hybrid deteriorating LIBs, there
are several directions worth further investigating in the future.

First, in this work, only the two-phase hybrid degrada-
tion model is considered. However, in practice, due to the

43592 VOLUME 12, 2024



X. Cui et al.: Remaining Useful Life Prediction for Two-Phase Hybrid Deteriorating LIBs

complex changes in internal degradation mechanisms, the
degradation processes of some LIBs may exhibit two-phase
nonlinear characteristics or multi-phase features with linear
and nonlinear degradation phases. Hence, the RUL prediction
of such LIBs needs to be further explored. Second, this paper
mainly focuses on the case that the observations are perfect
measurements for degradation. However, the monitoring data
of batteries usually have measurement errors in practice.
Therefore, the hybrid degradation modeling and RUL predic-
tion method considering the measurement variability will be
challenging but practical research.

APPENDIX A
PROOF OF EQUATIONS (6),(7)
To calculate the PDF of the lifetime T , Lemma 2 [30] is
introduced.
Lemma 2: If Z ∼ N (λb, σ 2

b ), ξ,U ,V ∈ R, and W ∈ R+,
then the following forms are formulated,

EZ

[
exp

(
−
(ξ − VZ )2

2W

)]

=

√
W

V 2σ 2
b +W

exp

(
−

(ξ − Vλb)
2

2(V 2σ 2
b +W )

)
(43)

EZ

[
(ξ − UZ ) exp

(
−
(ξ − VZ )2

2W

)]

=

√
W

V 2σ 2
b +W

(
ξ − U

Vσ 2ξ + λbW

Vσ 2
b +W

)

exp

(
−

(ξ − Vλb)
2

2(V 2σ 2
b +W )

)
(44)

Based on Lemma 2, the PDF of the lifetime T for THDM
with unit-to-unit variability could be obtained.

(1) if 0 < t ⩽ τ ,

fT (t) =

∫
+∞

−∞

fT (t|λ1)p(λ1)dλ1

=

∫
+∞

−∞

w− x0√
2πσ 2

1 t
3
exp

[
−
(w− x0 − λ1t)

2

2σ 2
1 t

]

×
1√

2πσ 2
1r

exp

[
−
(λ1 − λ1r )

2

2σ 2
1r

]
dλ1

= Eλ1

 w− x0√
2πσ 2

1 t
3
exp

[
−
(w− x0 − λ1t)

2

2σ 2
1 t

]
=

w− x0√
2π t2(σ 2

1r t
2 + σ 2

1 t)
exp

[
−
(w− x0 − λ1r t)

2

2(σ 2
1r t

2 + σ 2
1 t)

]
(45)

(2) if t > τ ,

fT (t|xτ )

=

∫
+∞

−∞

fT (t|λ2, xτ )p(λ2)dλ2

∼=

∫
+∞

−∞

w−xτ −λ2

(∫ t
τ

µ(ρ−τ ; ϑ)dρ−(t−τ )µ(t − τ ; ϑ)
)

σ2
√
2π (t − τ )3

× exp

−

(
w− xτ − λ2

∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

2σ 2
2 (t − τ )


×

1√
2πσ 2

2r

exp

[
−
(λ2 − λ2r )

2

2σ 2
2r

]
dλ2

∼=
1√

2π (t − τ )2
[
σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

]3
×

[
(w− xτ )

(
σ 2
2r

(∫ t

τ

µ(ρ − τ ; ϑ)dρ

)2

+ σ 2
2 (t − τ )

)

−

(∫ t

τ

µ(ρ − τ ; ϑ)dρ − (t − τ )µ(t − τ ; ϑ)
)

×

(
(w− xτ )σ 2

2r

∫ t

τ

µ(ρ − τ ; ϑ)dρ + λ2rσ
2
2 (t − τ )

)]

× exp

−

(
w− xτ − λ2r

∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

2
(

σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

)

(46)

In this way, the proof has been completed.

APPENDIX B
PROOF OF EQUATIONS (11),(12)
When t > τ , based on the law of total probability, the PDF of
the lifetime can be formulated as Equation (47) at the bottom
of the next page.

To facilitate the calculation of Equation (47), the following
parameter simplification definition is provided.

A=

√√√√2π (t − τ )2
[
σ 2
2r

(∫ t

τ

µ(ρ − τ ; ϑ)dρ

)2

+ σ 2
2 (t − τ )

]
,

B= (w−xτ )(t−τ )
(

σ 2
2 +σ 2

2rµ(t − τ ; ϑ)
∫ t

τ

µ(ρ−τ ; ϑ)dρ

)
,

C= (t − τ )σ 2
2(

λ2r

∫ t

τ

µ(ρ − τ ; ϑ)dρ − λ2r (t − τ )µ(t − τ ; ϑ)
)

,

D = σ 2
2r

(∫ t

τ

µ(ρ − τ ; ϑ)dρ

)2

+ σ 2
2 (t − τ ),

E = exp

−

(
w− xτ − λ2r

∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

2
(

σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

)
 ,

F = exp

[
−

(xτ − λ1rτ )

2(τσ 2
1 + τ 2σ 2

1r )

]
,
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G =

√
2π (τσ 2

1 + τ 2σ 2
1r ),

H = exp

(
2λ1rw

σ 2
1

+
2(w2σ 4

1rτ + w2σ 2
1rσ

2
1 )

(σ 2
1 + τσ 2

1r )σ
4
1

)
× exp

−

(
xτ − 2w− λ1rτ −

2wσ 2
1r τ

σ 2
1

)2

2(τσ 2
1 + τ 2σ 2

1r )

 (48)

fT (t) ∼=

∫ w

−∞

fT (t|xτ , λ2)hτ (xτ |λ1r , σ1r )dxτ

∼=

∫ w

−∞


1√

2π (t − τ )2
[
σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

]3
×

[
(w− xτ )

(
σ 2
2r

(∫ t

τ

µ(ρ − τ ; ϑ)dρ

)2

+ σ 2
2 (t − τ )

)

−

(∫ t

τ

µ(ρ − τ ; ϑ)dρ − (t − τ )µ(t − τ ; ϑ)
)

×

(
(w− xτ )σ 2

2r

∫ t

τ

µ(ρ − τ ; ϑ)dρ + λ2rσ
2
2 (t − τ )

)]

× exp

−

(
w− xτ − λ2r

∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

2
(

σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

)


× hτ (xτ |λ1r , σ1r )
}
dxτ

∼=

∫ w

−∞


1√

2π (t − τ )2
[
σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

]

×

 (w− xτ )(t − τ )
(
σ 2
2 + σ 2

2rµ(t − τ ; ϑ)
∫ t
τ

µ(ρ − τ ; ϑ)dρ
)

σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

−

(t − τ )σ 2
2

(
λ2r

∫ t
τ

µ(ρ − τ ; ϑ)dρ − λ2r (t − τ )µ(t − τ ; ϑ)
)

σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )



× exp

−

(
w− xτ − λ2r

∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

2
(

σ 2
2r

(∫ t
τ

µ(ρ − τ ; ϑ)dρ
)2

+ σ 2
2 (t − τ )

)


×

exp
(

−
(xτ −λ1r τ )

2(τσ 2
1 +τ 2σ 2

1r )

)
√
2π (τσ 2

1 + τ 2σ 2
1r )

−

exp
(

2λ1rw
σ 2
1

+
2(w2σ 4

1r τ+w2σ 2
1rσ

2
1 )

(σ 2
1 +τσ 2

1r )σ
4
1

)
√
2π (τσ 2

1 + τ 2σ 2
1r )

× exp

−

(
xτ − 2w− λ1rτ −

2wσ 2
1r τ

σ 2
1

)2

2(τσ 2
1 + τ 2σ 2

1r )



 dxτ (47)
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Then, Equation (47) could be rewritten as:

fT (t) ∼=

∫ w

−∞

{[
1
A

×

(
B
D

−
C
D

)
× E

]
×

(
F
G

−
H
G

)}
dxτ

∼= Q−R (49)

where Q = Q1 − Q2,R = R1 − R2, and

Q1 =
1
G

∫ w

−∞

(
1
A

×
B
D

× E × F
)
dxτ ,

Q2 =
1
G

∫ w

−∞

(
1
A

×
C
D

× E × F
)
dxτ ,

R1 =
1
G

∫ w

−∞

(
1
A

×
B
D

× E × H
)
dxτ ,

R2 =
1
G

∫ w

−∞

(
1
A

×
C
D

× E × H
)
dxτ

To conduct the above integral, Lemma 3 [36] is introduced.
Lemma 3: If y is a Gaussian random variable follow-

ing N (λd , σ 2
d ), then the definite integral of its function

exp
[
−

(y−λc)
2

2σ 2
c

]
and y exp

[
−

(y−λc)
2

2σ 2
c

]
hold the following

forms,∫ w

−∞

exp

[
−
(y− λc)

2

2σ 2
c

]
1√
2πσ 2

d

exp

[
−
(y− λd )

2

2σ 2
d

]
dy

= J (1 − 8(−K )) (50)∫ w

−∞

y exp

[
−
(y− λc)

2

2σ 2
c

]
1√
2πσ 2

d

exp

[
−
(y− λd )

2

2σ 2
d

]
dy

= J

(
λdσ

2
c + λcσ

2
d

σ 2
c + σ 2

d

8(K ) −

√
σ 2
c σ 2

d

σ 2
c + σ 2

d

φ(K )

)
(51)

where

J =

√
σ 2
c

σ 2
c + σ 2

d

exp

[
−

(λc − λd )
2

2(σ 2
c + σ 2

d )

]
,

K =
w(σ 2

c + σ 2
d ) − λdσ

2
c − λcσ

2
d√

σ 2
c σ 2

d (σ
2
c + σ 2

d )

It is worth noting that 8(·) and φ(·) denote the CDF and
PDF of the standard normal distribution, respectively.

Then, the analytical results of Equations (11) and (12)
in Section II-B-2) could be obtained by calculating
Equation (49) based on Lemma 3.

In this way, the proof has been completed.

APPENDIX C
PROOF OF EQUATIONS (24),(25)
According to the EM algorithm, the parameter estimation
procedure is composed of the following two steps.
E−step: Calculating the conditional expectationQ(2|2̂(k)).

Q(2|2̂(k))

= EY |X ,2̂(k) [lnL(2|X ,Y )]

=

N∑
n=1

EY |X ,2̂(k) [ln (p(Yn|2)p(Xn|Yn, 2))]

=

N∑
n=1

EY |X ,2̂(k) ln

 1√
2πσ 2

1r

exp

[
−
(λ1,n − λ1r )

2

2σ 2
1r

]

×

τ̃n∏
j=1

1√
2πσ 2

1 1t
exp

[
−
(1xn,j − λ1,n1t)

2

2σ 2
1 1t

]

×
1√

2πσ 2
2r

exp

[
−
(λ2,n − λ2r )

2

2σ 2
2r

] mn∏
j=τ̃n+1

1√
2πσ 2

2 1t

× exp

−

(
1xn,j − λ2,n

∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

2σ 2
2 1t



(52)

To calculate the above-presented equation, the posterior
distribution of random variables λ1,n and λ2,n need to be
solved first. Given the observations Xn and the parameter esti-
mates 2̂(k) in the k−th iteration, the posterior distributions
of λ1,n and λ2,n still follow the normal distribution, and

could be formulated according to the Bayesian rule.

p(Yn|Xn, 2(k)) ∝ p(Xn|Yn, 2(k))p(Yn|2(k)) (53)

where Yn = {λ1,n, λ2,n}. Thus, based on the property of
the normal distribution for the Bayesian rule, the conditional
probability p(λ1,n|Xn, 2(k)) and p(λ2,n|Xn, 2(k)) could be
obtained as follows,

p(λ1,n|Xn, 2(k))

=
1√

2π
σ̂
2,(k)
1r σ̂

2,(k)
1 1t

τ̃nσ̂
2,(k)
1r 1t2+σ̂

2,(k)
1 1t

× exp

−

(
λ1,n −

(xn,τ̃n−xn,0)1t σ̂
2,(k)
1r +σ̂

2,(k)
1 1tλ̂ (k)

1r

τ̃nσ̂
2,(k)
1r 1t2+σ̂

2,(k)
1 1t

)2

2σ̂ 2,(k)
1r σ̂

2,(k)
1 1t

τ̃nσ̂
2,(k)
1r 1t2+σ̂

2,(k)
1 1t


(54)

p(λ2,n|Xn, 2(k))

=
1

√
2πN

exp

{
−

[
λ2,n −M

]2
2N

}
(55)

where

M =

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

1xn,j
∫ tj
tj−1

µ(ρ − τn; ϑ)dρ + σ̂
2,(k)
2 1tλ̂

(k)

2r

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

+ σ̂
2,(k)
2 1t

,

N =
σ̂
2,(k)
2r σ̂

2,(k)
2 1t

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

+ σ̂
2,(k)
2 1t
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Then, we can attain λ1,n, λ 2
1,n and λ2,n, λ 2

2,n as follows,

E[λ1,n|Xn, 2̂(k)]

=
(xn,τ̃n − xn,0)1t σ̂

2,(k)
1r + σ̂

2,(k)
1 1tλ̂ (k)

1r

τ̃nσ̂
2,(k)
1r 1t2 + σ̂

2,(k)
1 1t

E[λ 2
1,n|Xn, 2̂

(k)]

=
σ̂
2,(k)
1r σ̂

2,(k)
1 1t

τ̃nσ̂
2,(k)
1r 1t2 + σ̂

2,(k)
1 1t

+

[
(xn,τ̃n − xn,0)1t σ̂

2,(k)
1r + σ̂

2,(k)
1 1tλ̂ (k)

1r

τ̃nσ̂
2,(k)
1r 1t2 + σ̂

2,(k)
1 1t

]2
E[λ2,n|Xn, 2̂(k)]

=

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

1xn,j
∫ tj
tj−1

µ(ρ − τn; ϑ)dρ + σ̂
2,(k)
2 1tλ̂ (k)

2r

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

+ σ̂
2,(k)
2 1t

E[λ 2
2,n|Xn, 2̂

(k)]

=
σ̂
2,(k)
2r σ̂

2,(k)
2 1t

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ − τn; ϑ)dρ
)2

+σ̂
2,(k)
2 1t

+


σ̂
2,(k)
2r

mn∑
j=τ̃n+1

1xn,j
∫ tj
tj−1

µ(ρ−τn; ϑ)dρ+σ̂
2,(k)
2 1tλ̂

(k)

2r

σ̂
2,(k)
2r

mn∑
j=τ̃n+1

(∫ tj
tj−1

µ(ρ−τn; ϑ)dρ
)2

+σ̂
2,(k)
2 1t


2

(56)

Based on Equation (56), the conditional expectation
Q(2|2̂(k)) in Equation (52) could be calculated as follows,

Q(2|2̂(k))

=

n ln
1√

2πσ 2
1r

−

N∑
n=1

ϕ
2,(k)
1 − 2λ1r

N∑
n=1

ϕ
(k)
1 + nλ 2

1r

2σ 2
1r

+

N∑
n=1

τ̃n ln
1√

2πσ 2
1 1t

−

N∑
n=1

τ̃n∑
j=1

1x2n,j − 2ϕ(k)
1

τ̃n∑
j=1

1xn,j1t + τ̃nϕ
2,(k)
1 1t2

2σ 2
1 1t


+

n ln 1√
2πσ 2

2r

−

N∑
n=1

ϕ
2,(k)
2 − 2λ2r

N∑
n=1

ϕ
(k)
2 + nλ 2

2r

2σ 2
2r

+

N∑
n=1

(mn − τ̃n) ln
1√

2πσ 2
2 1t

−

N∑
n=1

mn∑
j=τ̃n+1

1x2n,j−2ϕ(k)
2

mn∑
j=τ̃n+1

1xn,jη(tj)+ϕ
2,(k)
2

mn∑
j=τ̃n+1

η2(tj)

2σ 2
21t


(57)

where

ϕ
(k)
1 = E[λ1,n|Xn, 2̂(k)], ϕ2,(k)

1 = E[λ 2
1,n|Xn, 2̂

(k)],

ϕ
(k)
2 = E[λ2,n|Xn, 2̂(k)], ϕ2,(k)

2 = E[λ 2
2,n|Xn, 2̂

(k)],

η(tj) =

∫ tj

tj−1

µ(ρ − τn; ϑ)dρ

M−step : Computing 2̂(k+1) by maximizing Q(2|2̂(k))
with respect to 2.
After obtaining Q(2|2̂(k)), the unknown parameters

2̂(k+1) could be obtained by calculating ∂Q(2|2̂(k))
/

∂2 =

0. However, the above results of Q(2|2̂(k)) are affected by
the nonlinear drift function involved by the parameter ϑ .
Hence, it is difficult to obtain 2̂(k+1) through maximizing
Equation (57) directly. Here, 2̂(k+1) is calculated by the
profile log-likelihood functionmethod, which is similar to the
procedure proposed in Section II-C-1). The detailed steps are
as follows.
Firstly, given ϑ , the results of 2̂(k+1) in the (k+1)−th step

could be obtained as follows (58), shown at the top of the next
page, where ϕ

(k)
1 , ϕ

2,(k)
1 , ϕ

(k)
2 , ϕ

2,(k)
2 , η(tj) has been defined in

Equations (56) and (57).
It can be found in Equation (58) that if 2̂(k) is given,

λ̂
(k+1)
1r , σ̂

(k+1)
1r and σ̂

(k+1)
1 are independent of ϑ , which means

that their results in Equation (58) are the optimal esti-
mates in the (k + 1)−th step. However, λ̂

(k+1)
2r (ϑ), σ̂ (k+1)

2r (ϑ)
and σ̂

(k+1)
2 (ϑ) in Equation (58) are functions of ϑ . Thus,

to obtain the final estimates of these three parameters,
we need to calculate ϑ first. According to the independent
assumption of THDM, the profile log-likelihood function
of ϑ could be constructed by substituting the expressions
of λ̂

(k+1)
2r (ϑ), σ̂ (k+1)

2r (ϑ) and σ̂
(k+1)
2 (ϑ) into the formulas of

the second curly bracket in Equation (57). Due to space
limitations, it is omitted here. In this way, the estimate of
ϑ in the (k + 1)−th step, i.e., ϑ (k+1), could be obtained
by maximizing the profile log-likelihood function based on
a search algorithm. Here, the MATLAB function ‘‘fmin-
search’’ is utilized for this aim. Then, substituting ϑ (k+1)

into Equation (58), the estimates of λ̂
(k+1)
2r (ϑ), σ̂ (k+1)

2r (ϑ) and
σ̂
(k+1)
2 (ϑ) in the (k+1)-th step could be derived, respectively.

Through this procedure, all parameters in (k + 1)-th could be
obtained.

It is noteworthy that after obtaining 2̂(k+1), the estimated
values of all parameters in the (k+1)-th step including ϑ (k+1)

will be treated as the initial values of the next EM iteration.
Thus, the final parameter estimates could be obtained when
the convergence criterion is satisfied.

In this way, the proof has been completed.
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λ̂
(k+1)
1r =

1
N

N∑
n=1

ϕ
(k)
1 , σ̂

(k+1)
1r =

√√√√ 1
N

N∑
n=1

[
ϕ
2,(k)
1 − 2ϕ(k)

1 λ̂
(k+1)
1r +

(
λ̂
(k+1)
1r

)2]

σ̂
(k+1)
1 =

√√√√√√√√√
N∑
n=1

[
τ̃n∑
j=1

1x2n,j − 2ϕ(k)
1

τ̃n∑
j=1

1xn,j1t + τ̃nϕ
2,(k)
1 1t2

]
N∑
n=1

τ̃n1t

λ̂
(k+1)
2r =

1
N

N∑
n=1

ϕ
(k)
2

σ̂
(k+1)
2r =

√√√√ 1
N

N∑
n=1

[
ϕ
2,(k)
2 − 2ϕ(k)

2 λ̂
(k+1)
2r +

(
λ̂
(k+1)
2r

)2]
σ̂
(k+1)
2

=

√√√√√√√√√
N∑
n=1

[
mn∑

j=τ̃n+1
1x2n,j − 2ϕ(k)

2

mn∑
j=τ̃n+1

1xn,jη(tj) + ϕ
2,(k)
2

mn∑
j=τ̃n+1

η2(tj)

]
N∑
n=1

(mn − τ̃n)1t

(58)
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